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F SOLUTIONS OF REAL 
S OF SECOND -ORDER.*** ` 


THE ASYMPTOTIC ARCUS 
LINEAR DIFFERENTIAL EQUA 


By PHILIP HARTMAN and AUREL WIN'TNER. S 


“fs 


| l. Let ¢ be a real independent variable which tends to + œ, and let 
primes denote differentiations with respect to t. Consider the differential 
equation : : 


(1) , a” -+ wgs = 0, 


where » = w(t) is a positive, continuous function defined for large t. Under 
suitable conditions on the behavior of w = w(t) as t—> œ, certain explicit 
asymptotic formulae are known for z(t) and w(t), where x= x(t) is an 
arbitrary solution of (1); ef. [1], [6], [7]. These asymptotic formulae 
imply, among other things, asymptotic formulae for the number of zeros of 
a(t) on a large t-interval. In what follows, an asymptotic formula of this . 
latter kind will be obtained under less restrictive conditions on (¢) ; conditions 
which turn out to be the best possible of their kind. 


(I) Let o = o(t), where 0 St < œ, bea positive, continuous function F 
a= a(t) any real-valued non-trwial (540) solution of (1); finally, N (t) 
the number of zeros of «(r) on the interval OS rt. Then the asymptotic 


rule 
t 


(2) N) wat f sar sass 


0 


holds whenever w(t) has a (continuous) derivative satisfying 
(3) w == 0 (w°) as too. 
Condition (3) is the best possible of its kind: 


(Ibis) In (I), the relation (2) can fail.to hold if the o in (3) és 
relaxed to Q; in fact, 


(3 bis) w == O(w?) as t —> œ 
and 
(3*) w> © ast 0 Í 


+? 


* Received May 20, 1947. 
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together are compatible with the failure of (2), and not even the additional — 
restriction that w be monotone ts of avail. 


As an illustration, choose 
w(t) =t (lSt< æ), 


where « is a (real) constant. Then (1) becomes a normal form of Bessel’s 
equation (cf. [3]), condition (3) its satisfied if « > — 1 (but the restriction 
(8*), which is superfluous, is fulfilled only if œ > 0), and (2) gives 


N (t) ~ Bt", where B+ =r (& + 1) (« > — 1), 
in agreement with the asymptotic formula of Bessel’s functions. 


2. Needless to say, if N, (t) and Na(t) are the functions N (t) belonging 
to two different solutions, then, in view of Sturm’s separation theorem, the 
absolute value of the difference V,(¢) — N2(t) cannot exceed unity and is, 
therefore, O(1). On the other hand, in (2), 


co 


(4) f R T eT (uso), 


0 


. if (8), or for that matter just (3 bis), is assumed. In fact, (3 bis) means 
that the absolute value of the derivative of 1/w(¢) is O(1). Hence, 1/w(t} 
= O(¢), and so w(t) > const./t holds for a positive constant as {> œ. 
This implies (4). 

What will be used in the proof of (2) is somewhat less than the existence 
of the derivative w(t) and (3); namely, just 


(5) e(t)= Lub. | logo(v)/o(u)|/(1 +f w(r)dr) ~0 as t> œ. 
t<ucv< © : . 


Since, if (3) is assumed, 


log w(v)/o(u) = f {a (r)/o(r)}dr = of f K (r)dr) 


holds uniformly fòr u < v < æ, as u—> œ, it is clear that (3) is sufficient 
for (5). 

With reference to the non-increasing, non-negative function e(t) defined 
by (5), choose a positive, monotone function X(t) satisfying 


(6) X(t) > œ as t> œ, 
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and 
(7) X(t)e(t) +0 as t> œ, 
finally 
t 
. (8) zaf o(r)dr— 0 ast œ. ` 


0 


In view of (4), and since e(t) —> 0, such functions X(¢) exist. Define 


monotone sequence to, tı, f2,° © - by placing to == 0 and 
tk ; 
(9) f w(r) dr = X (tr) (k= 1,2, : °). 
r-i 


According to (4) and (6), this defines ¢ in terms of fy. in such a way th 
(10) ty —> © as k— œ. 
Since (5) implies that 
| log o(v)/o(u)| S e(te1) (1 + f o(r)dr) if tiS u <v < w, 
u 
it follows from (9) that 
| log w(v) /w (u) | = e(ty-2) (1 -- X (tr) ) if tra Eu LV = tics 
and,so, from (5) and (7), that 
log wo(v)/o(u) 0 as k -> œ, where ni Sucvstk. 


This means that 


(11) Mr/mr—> 1 as k> œ, 
where 
(12) Myr == max w(t) and m, = min o (t) for tr- StS tr 


In addition, 
tk 
(13) b—o( | w(t)dt) as k> o. 
0 


“This is clear from (6) and (9). 


8. The truth of (2) will now be deduced by applying Sturm’s con 
parison theorem to (1) on the successive intervals to Sti, StS at 
By (12), the number of zeros of a solution of (1) on the interval tr- StS 
is not more than the number of zeros of a real-valued, non-trivial.solution < 
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y” + Mi?y = 0. But this latter sation admits of the solution y = cos Myt. 
Consequnty, the number of zeros of a solution s= a(t) of (1) on 
ty1 St S tx is not greater than w*Mz(t, — tr-1) + 1. Hence, if N n denotes 
the number of zeros defined before (2), 

(14) Nit) Sr? 5 Mi (te — te) + 3 1. 
feast 


But it is clear from (13) that 
t 


(15) | 3 i=0( | o(r)dr). 


tr EÈ 
On the other hand, from (12) and (9), 
Mi (te — tr-1) = (Ma/mx) me (te — tea) SS (Ma/mn) X (ter) 
so that (8) and (10) imply 


(16) A AE it f SC gn. 
Thus, from (14), (15) and (16), 
(17) =N (t) S 3 Melita) +0( S say, 


Since, by the definition, (12), of mz, 
t 


f o(r)dr = a , ma ti ~— t+), 


0 


it follows from (17) that 
© t 
N) f o(r)drS 3 Ma(i—t1)/ 2 ma(fe—ta) + 0(1), 
trSst tr 
0 


as k-> œ. Hence, by (11) and (10), 


t ; 
lim sup =N(8)/ f wo(rjdrSi. 
->00 i 
, 0 
It is clear that, if the “Sturmian majorant,” y” + Mn’y= 90, of (1) 
is replaced by the corresponding minorant, y” + ms’y = 0, the preceding 
deduction leads to . 


nal 
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lim inf SOYA | o(r)dr = 1, 
E00 
0 


and therefore to (2). < 


4. This completes the proof of the sufficiency of (3) for (2). What 
remains to be proved is the insufficiency of (3 bis) and (3*) together (even 
if w(¢) is to be monotone). The possible failure of (2) under the latter 
conditions will now be proved by an example. It results from the following 
construction : 

Define a decreasing sequence of positive numbers co, e1% © - which tend 
to 0, and a sequence of positive integers nò, n’ +, by placing eo == 1, no = 1 
and, if €,° + °, €m and 1,° * `, nm have been defined, by choosing ems1 so as 
to satisfy the equalities 0 < emi < em and 


(18) X Ne / en + m < — Em log Em+ls 
k=1 


and then nm so as to satisfy the inequality 


(19) i — log ems + Z na/ + M < fmn 
zí 


In terms of these two sequences, define the coefficient function of (1) by 
placing 


1/ (T — t) if T7,—eSti< Ty ~~ Geers 
t) = ; 
(20) o( ) f L/€kat if Ti — ek < t < Tiä —~ €b+15 
where 
k . 
(21) Ty, = 2 n; | (4—0,1,- >). 
, 7=0 


This function (t), consisting of hyperbolic ares and segments of constancy, 
is continuous; it has only right and left hand derivatives at a sequence of 
isolated points but, as far as the following considerations go, the curve 
o == w(t) could be rounded off so as to have a continuous derivative throughout. 
For the sake of simplicity, this will be omitted; so that, at the corners, the 
derivative occurring in (3 bis) will be meant only as either of the unilateral 
derivatives. i E | 

In this sense, it is clear from (20) that ’(/) is either #?(¢) or 0; 
hence, (3 bis) is satisfied. Since w’(¢) is nowhere negative, w(t) is mono- 
tone; hence, (3*) is satisfied, o (t) = O (1) being prevented by the second line 
of (20), where esa —> 0.. Accordingly, what must be verified is that (2) fails 
to hold in the present case. 
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First, it is seen from (20) that, if t is on the interval 


(22) Ty "e Ekl — St < Tkr mee EtL 


then (1) reduces to 
T” + L/ek = 


and admits, therefore, of the solution 
a(t) = cos (t/r). 


Since the number of zeros of this function on the interval (22) cannot differ 
by more than one from the product of 1/7e,, and the length of ve interval 
(22), and since this length is 


(Tas — era) — (Tr — ern) = Tra — Ty = Nea, 
by (21), the contribution of the interval (22) to N (t) is 
(23) Nia /T iar + O(1) as k— æ 
(in fact, | O(1)| S£ 1). 


In order to evaluate the contribution to N (t) of the intervals compli- 
mentary to (22), that is, of the intervals 


(24) Ty—e S t < Tr— €k+1s 


it is convenient to replace the independent variable ¢ by the new independent 


variable 
t 


(25) gees: f w(r) dr 


6 


(Liouville). Since w(t) is positive, t and s are increasing functions of each 
other. .Clearly, (25) transforms (1) ‘into 


(26) . D (oDer) + ot = 0, 

where 

(27) D == d/ds (while ’== d/dt). 
ESS 


Since (25) and (27) imply*that 


(28) D(wDe) = wD*t + (Do) (Dz) = Dz + (o Dr) /o, 


Fe 
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(26) can be written as l 
(29) Dg -+ (w/o) De + t= 0. 
In view of the first line of (20), this becomes 
l D?g + Dez + t= 0 


on that s-interval which, by virtue of (25), corresponds to the ¢-interval (24). 
The last differential equation admits of the solution 


a(t(s)) = e> cos (3%s/2). 


Hence, in virtue of (25) and the first line of (20), the equation (1) admits 
of the solution 


a(t) == (Ty — t)? cos { (83/2) log (Tr— t)} 


on the interval (24). 


Consequently, the number of zeros on the interval (24) cannot differ by 
more than one from the product of 32/27 and 


— log (Tr — Tr + er) + log (Lu — Te + &) = log (a/e). 
Hence, the contribution of the interval (24) to N(#) is 
(£30) (32/22) log (ex/er1) + O(1) as k —> œ 
(in fact, | O(1)| S1). 


For a fixed m, let k run from 0 to m in both (22) and (24). Then, 
since the contribution to N (4) of the respective intervals is given by (23) 
and (380), 


GD aN (Tm — max) = — (34/2) log emer + 3 tx/er + O(m) 
k=1 
and 
mti 
(32) ah (Tma oe emia) me ee (83/2) log C41 + > Nk Ek -|- O(m), 
k=1 


as m—> œ. Clearly, (31) and (18) imply that 

(33) aN (Tm — em) = — (34/2) log emsı — O (em) log emer, 

while (82) and (19) imply that 

(34) aN (Tinsi H em) = Mhmsr/emar  O (emer) nms Emer : 


On the other hand, the first and second lines of (20) show that the con- 
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tributions of the k-th of the intervals (22) and (24) to the integral which _ 
multiplies 7* in (2) amount to 


Newa/ee and log (en/ Err) 
respectively. Hence, 


Tm-Emaz 


w(1) dr == — log emi +3 Nr/ ex- 
, k=1 


and 


FmygrEmt 
M+ 


o (r) dr == — log emn + X mx/ex, 
k=1 


0 


JÈ follows, therefore, from (18) and (19), respectively, that 


T m-Em41 
(35) w (1) dr —- log Emag AT Q (em) log €m+1 
z 6 
s and 
Prnsi-Emas 
(36) J w (r) dr = Tones /Em+1 -- O (ems) Mma / Emer 


0 


If (35) is compared with (33), and (36) with (34), it is seen that 


aN (t)/ S w(r)dr 


tends to 34/2 or 1 according as ¢ tends to oo through the values t = Tm — emit 
or t == Tia —" Emer. Hence, (2) cannot hold. 


5. If (1) is written as a system of differential equations of first order 
for ¢==2z(t) and y = zx (t) and if 


p(t) = arg z(t), where z(t) = s(t) + w(t), 


then N (t), the number of zeros of z, is identical with the variation of the 
arcus @ (that is, with the number of completed circuits of the z-curve about 
the point z == 0), since 

p = arc tan (2’/z). 


According to this interpretation (cf. [4]), the relation (2) refers to the 
asymptotic behavior of v’(¢)/x(t). Hence, the following theorem can be 
interpreted as a dual of (I): 


ais 


We 
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(II) The assertion of (I) remains true if 


(36) ge” — wt == 0) 
and . l 
(37) au’ (t)/a(t) ~ & o(t) (t—> œ) 


are read instead of (1) and (2), respectively. 
Again, (3) is the best condition of its kind: 


(II bis) In (II), the relation (87) can fail to hold if the assumption 
(3) of (IL) is relaxed to (3 bis) ; in fact, not even the additional assumption 
(3*) and the monotony of w(t) are of avail. 


In order to prove (IT), define a new independent variable, s, by (25). _ 
Since w(t) is positive, ¢ and s are strictly increasing functions of each other, 
and 
(38) S—> œ% as t o, 


by (4). Clearly, (25) transforms (1) into 
D(eDzr) — os = 0, 


where D = d/ds; cf. (27). In view of (28), the last equation can be written 
in the form 
| D’x +- (w/w?) Da — g = 0, 


This is a homogeneous linear differential equation 
Dz +- a(s) De +- b(s)e = 0, 


in which a(s) and b(s) are (continuous) functions having finite limits 
a(o) = 0, b( œ) = — 1, the first of these relations being precisely the 
assumption (3). Since the limiting characteristic polynomial, 


A? + a( 0 )A-+ b( co) =X — 1, 


has the zeros A == + 1, it follows that the logarithmic derivative of every non- 
trivial solution satisfies one of the limit relations 


(Dz)/e—>tlass> ù% 


(Poincaré; Perron [5]). In view of (88) and (25), where D = d/ds, this 
is equivalent to (87), where ’ == d/dt. ae 

This proves (II). In order to prove (II bis), it is sufficient to choose 
w(t) in (36) to be the function (20), which was used in the proof of (I bis). 
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Actually, the verification of the failure of the alternative (27) in the 
case (20) can be avoided. In fact, it could be concluded from the results 


e 


-of [2] 


that if w(t) is a positive continuous function defined for large t, then 


(5) is necessary and suficient in order that the alternative (87) hold for 
every non-trivial solution of (36). Hence, (II bis) can be concluded from the 


fact that the function œ(t), defined by (20), is monotone, satisfies (3 bis) 


and (8*), but fails to satisfy (5). 


THE JOHNS HOPKINS UNIVERSITY. 


[5] O. 


[6] A. 


L7] 





REFERENCES 





Bécher, “ On regular singular points of linear differential equations of the second 
order whose coefficients are not necessarily analytic,” Transactions of the 
American Mathematical Society, vol. 1 (1900), pp. 40-52. , 


Hartman, “Unrestricted solution fields of almost-separable differential equa- 
tions,” to appear ibid. 

Klein, Vorlesungen über die hypergeometrische Funktion (ed. O. Haupt), Berlin, 
1933, p. 157. 

Levi-Civita, “Sur les équations linéaires à coefficients périodiques et sur le 
moyen mouvement du nœud lunaire,’ Annales Scientifiques de VÉcole 
Normale Supérieure, ser. 3, vol. 28 (1911), pp. 325-376. 

Perron, “ Ueber lineare Differentialgleichungen, bei denen die unabhängige 
Variable reell ist,” Journal für die reine und angewandte Mathematik, vol. 
142 (1913), pp. 254-270; vol. 143 (1913), pp. 28-50. 

Wintner, “Asymptotic integrations of the adiabatic oscillator,” American 
Journal of Mathematics, vol. 69 (1947), pp. 251-272 (Appendix, pp. 270-272). 

, “On the normalization of characteristic differentials in continuous spectra,” 

Physical Review, vol. 72 (1947), pp. 516-517. 


ON THE CRITICAL POINTS OF FUNCTIONS POSSESSING 
CENTRAL SYMMETRY ON THE SPHERE.* 


By J. L. WALSH. 


—_— 


The object of this note is briefly to consider rational and harmonic 
functions defined on a sphere (the Neumann sphere) and which in each 
pair of diametrically opposite points take the same value. We establish 
results concerning the location of the critical points, namely the zeros of the 
derivative of a rational function and the points where both first partial 
derivatives vanish for a harmonic function. 


1. The symmetry required here is precisely the symmetry required in 
Klein’s classical model of elliptic geometry. Theorem 1 is the analog of 
results already established for euclidean and hyperbolic geometries: 


THEOREM 1. Let f(z) be a rational function of z whose zeros and | 
whose poles occur in pairs in diametrically opposite points of the sphere. Let 
P be an arbitrary point of the sphere, and let S denote the (open) hemisphere 
containing P whose pole is P. Suppose the great circle C through P separates 
all zeros of f(z) in S but not on C from all poles of f(z) in S not on C, 
where we assume f(z) to have at least one zero or pole interior to S not on Č. 
Then P is not a finite zero of F (z) unless tt is a multiple zero of f(z). 


Corresponding to an arbitrary rational function f(z), either on the 
sphere or in the extended plane, we consider a fixed particle at each zero, 
repelling with a force equal to the inverse distance, and a fixed particle at 
each pole, attracting with a force equal to the inverse distance; multiple zeros 
and poles are represented by multiple particles. It then follows? that the 
finite critical points of f(z) are precisely the positions of equilibrium in the 
field of force and the multiple zeros of f(z). 

We choose, as we may do with no loss of generality, the point P as the 
origin: z = 0 in the Gauss plane, and the image of S as S’: |z| <1. The 
image of C is a line C’ through P. 

Tf zı is a zero of f(z), so is the point —1/z2,, and the forces at P due 


* Received May 21, 1947. 
1 Bécher, Proceedings of the American Academy of Arts and Sciences, vol. 40 (1904), 
pp. 469-484; Walsh, Transactions of the American Mathematical Society, vol. 19 (1918); 
pp. 291-298. 
11 


12 J. L. WALSH. 


to the corresponding particles are respectively —1/2Z, and 2,; the sum of 
these forces is 

(1), a—(/a)=—a (5), 

so that, if z; lies interior to 8’, this force is directed from z, to P. If 2, lies 
on the unit circle, this force is zero. Under the conditions of Theorem 1, 
each pair of zeros of f(z) not on the unit circle has but one member z, interior 
to 8’; the total corresponding force exerted at P due to the pair of particles 
is directed from z, toward P, hence if z, does not lie on C” this force has a 
non-vanishing component orthogonal to C’; each pair of poles of f(z) not on 
the unit circle has but one member zs interior to S’, and the total corresponding 
force exerted at P is directed from P toward 22, hence if z, does not lie on ©’ 
this force has a non-vanishing component orthogonal to C” in the same sense 
as the component of the force due to each pair of zeros of f(z) not on C’. 
Since f(z) has at least one zero or pole interior to 8’ but not on C’, the point 
P cannot be a position of equilibrium, hence cannot be a zero of f(z) unless 
it is a multiple zero of f(z). Theorem 1 is established. 

Theorem 1 is analogous to a result on rational functions in the euclidean 
plane [Bécher and Walsh, loc. cit.], and to a result on rational functions in 
the hyperbolic plane.’ 

We note incidentally that if we modify the hypothesis of Theorem 1 so 
as to allow all zeros and poles of f(z) to lie on the great circle one of whose 
poles is P, and if the zeros and poles of f(z) are chosen on this great circle, 
then P is a position of equilibrium and critical point of f(z). Likewise if 
the hypothesis of Theorem 1 is modified so as to permit all zeros and poles 
_ of f(z) to lie on C’, and if all zeros and poles of f(z) do lie on C’, then P 
may be a critical point of f(z) even if not a multiple zero of f(z) ; indeed P 
may be a point of symmetry for the zeros and poles of f(z). 

We proceed to a stmple application of Theorem 1. By a circular region 
we mean a closed region of the plane or sphere bounded by a circle. Where 
confusion will not result, we use the same notation for a circular region as 
for its boundary. Let the function f(z) possess the symmetry required in 
Theorem 1, let the zeros of f(z) lie in two diametrically opposite circular 
regions C, and 0; of the sphere, and the poles of f(z) lie in two diametrically 
opposite circular regions C2 and C, disjoint from C, and Cs. Construct the 
circular region Ss (k == 1,2, 3,4) which is the locus of points (assumed not 
empty) P such that every point of the region Cz is at a spherical distance 
from P not greater than 7/2. Thus the circular regions Cz and S» have the 


2 Walsh, Bulletin of the American Mathematical Society, vol. 45 (1939), pp. 462-470. 
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same poles, and the measures of their spherical radii are complertientary: 
Denote by T the open region (assumed not empty) common to S; and Sə. 
If P is a point of T, the open hemisphere whose pole is P and which contains 
P contains the regions Cı and Ca, and contains no point of Cs or Cy. Taken 
together with suitably chosen ares of C, and C2, the great circles T, and T% 
tangent to C, and C, and separating those circles separate T into three regions 
Rı Ra R, of which R, and R: may be empty. The region È consists of all 
points P in T which lie on great circles which separate C, and C2, and R 
is open. The region R, closed: with respect to T is disjoint from #, and 
consists of all points of T not in & which lie on great circles cutting-both C1 
and Cz, but on the maximal arcs of those circles bounded by points of C, and 
of the boundary of T, arcs in T containing no points of Oz; the region Re 
is similarly defined by permuting subscripts. The regions A, and Rə may 


contain the whole or parts of the regions C, and C2.respectively. Both A, - 


and R are convex with respect to great circles. It is an immediate conse- 
quence of Theorem 1 that all finite critical points of f(z) in T lie in Rı and 
Ray no finite critical point of f(z) lies in RE. We have constructed the 
geometric configurations C,, Ce, Ry, Ra, R, T for the purpose of simplicity 
of exposition; under suitable conditions corresponding regions Ri, Re, R, T 
may be used without the introduction of circular regions Ox. 

Another result is also not difficult to establish: 


THEOREM 2. Let f(z) be a rational function of z whose zeros and 
whose poles occur in pairs in diametrically opposite points of the sphere. 
Let P be an arbitrary point of the sphere, and let S (considered closed)’ 
denote the hemisphere containing P whose pole is P. Let all zeros [or poles | 
of f(z) in S lie exterior to the circular region O, containing P and bounded 


by a small circle in & of the sphere whose pole is P. Let all poles [or zeros] 


of f(z) in S lie in the circular region Ce interior to Cy but not qonay P. 
Then P is not a finite critical point of f(z). 


We prove Theorem 2 by interpreting the configuration in the plane 
instead of on the sphere with the image of P (also denoted by P) in z= 0, 
the image of S as S':|z| <1, the image of Cı as 0⁄1: |z] Æ pr and the 
image of C. as O'z}. For definiteness suppose the zeros of f(z) in 8 to lie 
exterior to Cı. 

Let 2n denote the degree of f(z). For each zero 2 of f(z) interior to 9” 
it follows from (1) that the force at P for the corresponding pair of zeros 
of f(z) is in magnitude less than 

1 


pı 


‘ 
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so that the total force at P due to particles at all the zeros of f(z) is less 
than n(1— p1”)/pr 

Construct an auxiliary circle Co containing in its interior the interior 
of C’s, so that Ce passes through P and lies interior to C’;; we assume for 
definiteness the center of Co to be the point p/2, on the positive half of the 
axis of reals. Ifa pole (r,@) of f(z) lies in or on Co (r30), the force 
exerted at P by the corresponding pair of particles is in magnitude (1/1) —r, 
and the component of this force in the positive horizontal direction is (1 — 7°) 
(cos 8)/r. But since the pole les in or on Cy we have 


an2 — r? 

eeeetai=e), aratni 

this inequality merely expresses the fact that for each pair of poles, of which 
one representative lies in or on Cy (but not at P), the corresponding force 
exerted at P has a horizontal component in the positive sense not less than 
it would be if the representative coincided with the point (p,0). Thus under 
the conditions of Theorem 2 the total force at P due to the particles at the 2n 
. poles has a horizontal component in the positive sense which is greater than 
the total force at P due to the particles situated at the 2n zeros of f(z). 
Thus P cannot be a position of equilibrium nor a multiple zero of f(z), so 
that P is not a critical point of f(z). 

We mention an immediate application of Theorem 2. Let f(z) have the 
symmetry required in Theorem 2, and let all zeros [or poles] of f(z) lie in 
‘diametrically opposite circular regions C, and Cs of the sphere. Let no pole 
[or zero] of f(z) lie in the circular region Ca which has the same poles as C, 
and which contains Cı. Denote by pı and pe (< 7/2) the spherical radii of 
Cy and Cs, and suppose pz > 3p;. Then the (open) zone bounded by C, and 
‘the circle C in Co having the same poles as C, and spherical radius (p2— ps) /2 
contains no finite critical points of f(z). If P is an arbitrary point of this zone, 
whose spherical distance from the pole of the region Cı is denoted by p, the 
circular region containing P whose pole is P and spherical radius p ~- pı 
contains C, but contains no point of the circle C.; the hemisphere containing 
P whose pole is P contains no point of C3; the conclusion follows from 
Theorem 2. 

In the proof of Theorem 2 we notice that if T is the great circle through 
P orthogonal to the great circle through P orthogonal to C», then the zeros of 
f(z) in © which are on T or separated from Cs by T need not lie exterior to 
C,; the proof already given is valid if we notice that pairs of zeros represented 
by points in S separated from Ce by T yield a non-negative component at P 
in the direction and sense from P toward the center of C2. Thus we have the 


x $ 


vm 
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COROLLARY. Let f(z) have the symmetry required in Theorem 2, let P 
be an arbitrary point of the sphere, and let 8 be the closed hemisphere con-'` 
taining P whose pole is P. Let each zero [or pole] of f(z) in S lie either 
exterior to the circular region O, containing P and bounded by a small circle 
of the sphere in S whose pole is P, or lie not at P but on a great circle T 
through P, or be separated by T from a circular region O in 8 not containing 
P whose boundary ts orthogonal to the great circle through P orthogonal to T. 
Let all poles [or zeros] of f(z) in 8 lie in Co. Then P is not a finite critical 
poini of f(z). 


As a simple application of Theorems 1 and 2 we establish 


THEOREM 3. Let f(z) be a rational function of z whose zeros and whose 
poles occur in pairs in diametrically opposite points of the sphere. Let all 
the zeros lie in diametrically opposite circular regions C, and C3 and all the - 
poles lie in diametrically opposite circular regions Ca and Ca, where all the 
regions Cy are mutually disjout. Denote by Z, and Z, the (closed) zones of 
the sphere which are the loci of the great circles whose poles he in C, and C; 
and in Ca and O, respectively. Suppose that for the circles C, and C2 (and 
likewise Ca and Cz), the (spherical) length of the common tangent T (chosen 
as the shorter arc of a great circle separating the regions Cı and Cz) is not 
less than the sum of the (spherical) diameters of those circles? Then all - 
finite zeros of F(z) lie in the regions Cy and in Z, and Zo. 


Let a point P of the sphere not in a region Cz vı a sune Zp be a finite zero 
of f (z) ; we shall reach a contradiction. The hemisphere § whose pole is P and - 
which contains P must contain in its Interior the whole of one of the regions 
Cı and C3, and no point of the other of those regions, for P does not le in 
Zı; similarly for the regions Cə and Cy. Let us suppose S to contain 0, 
and C's. . 

No great circle through P can separate Cı and C2, by Theorem 1. For 
definiteness suppose the pole of C, in S to be nearer P than that of C2 in 8.’ 
There exists a great circle C through P which cuts C, and C- at supplementary 
angles, those circles being oriented in the same sense on the sphere; thus C 
may be defined as the great circle through P and through the intersection of 
the common tangents T to C, and Ca. Then C cuts C, and Ca in such a way 
that the points P, Ai, Bı, As, Be lie in that order on an are of C in S, where 
A; and By lie on Cx; the points A; and By do not coincide unless Ç is tangent 


3 This condition is merely a convenient one for use in the proof; it may be replaced 
by other conditions less restrictive. 
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. to. Cz at Ax. The spherical distance A,B, is not less than the length of T, 
which by hypothesis is not less than the sum of the diameters of C, and C2. 
The circle T whose pole is P and whose radius is PB, less the spherical measure 
of the diameter of C2 cannot cut C2. Also, I cuts C between A; and B: ata 
point whose distance from A, is not less than the diameter of Ci, so that T 
cannot cut C,, and C, is separated by T from C. It follows from Theorem 2 
that P is not a critical point of f(z); this contradiction completes the proof 
of Theorem 3. 


2. Theorems 1 and 2 are both results which, referring to the zeros and 
poles of f(z) located in a hemisphere S which contains its pole P, assert 
that if the zeros of f(z) lie in a suitable circular region C, and if the poles 
of f(z) lie in a circular region C which has no point in common with C; 
and satisfies auxiliary conditions, then P is not a critical point of f(z). The 
question suggests itself whether some auxiliary conditions are here necessary, 
a question which we answer in the affirmative: 


THEOREM 4. There exists a rational function f(z) of degree four whose 
-zeros and whose poles occur in pairs in diametrically opposite points of the . 
sphere; there exists a point P which is a finite critical point of f(z); there exist 
two diametrically opposite circular regions Cı and Cz each of which contains 
precisely two zeros of f(z) and which do not contain P nor intersect the great 
circle T one of whose poles is P; the poles of f(z) are double and lie exterior 
to Cı and C2. 


Theorem 4 is trivial if we omit the requirement that C, and Ca shall 
not intersect T, for if P is arbitrary and all zeros and poles of f(z) lie on T, 
then P is a position of equilibrium and hence a critical point of f(z). 

Let P be given, together with the arbitrary diametrically opposite circular 
regions C, and C, which neither contain P nor intersect T. We fasten our 
attention on the representatives in C, of the pairs of zeros of f(z). Given 
two zeros z, and zə of f(z) in C., the corresponding two pairs of zeros of f(z) 
can be replaced by a single pair of double zeros (possessing the required 
symmetry) without altering the corresponding force exerted at P. If P is the 
point z = 0 and T is the unit circle, the equation to be solved for one of these. 
double zeros Zo is 


(2) GST Ae (1/4) 2 = 1/2) 


Tt will be noticed that equation (2) with the first member not zero defines 
Zo in | 2. | < 1 uniquely; we merely write - 


ir 
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Zo C = Á s 0, arg Zo = arg A, 


200 


- f L— 2% 
ZoZo (= )~ AA; 
this last equation defines |z| uniquely, subject to the condition | % | <1. 
If for suitable choice of O., z,, and Za, the point zo cannot be chosen in the 
region Cı, we need merely choose the double poles of f(z) in 2 and in — 1/20 
in order to establish Theorem 4. 

The entire question, now reduced to the location of the point zo, can be 
further transformed.’ To every point z, of the circular region C, we make 
correspond the point w, = zı — (1/21) ; if the locus of the points w, is convex, 
then to every pair of points zı and zə in Cı corresponds by (2) a point zo 
also in C, equivalent to z, and Zz in the sense that a double particle at’ zo 
(together with its mate at —1/Z,) exerts the same force at P as do the pairs 
corresponding to zı and zə} On the other hand, if the locus of the points wi 
is not convex, then for suitably chosen z2, and zə in C; the pair zo and — 1/2 
defined by (2) has no representative in C,, and the double poles of f(z) in 7 
Theorem 4 may be chosen in the points % and —1/% exterior to Cy, and 
Thesrem 4 is established. We proceed, then, to study the convexity of the 
locus of w,. Here it is a slight convenience algebraically to choose C, as 
exterior to | z | == 1; this is a choice merely of studying one of the two members 
of a symmetric pair rather than the other. 

If the point z is exterior to | z | = 1, the point w defined by the equation 
w = z — (1/Z) == 2(2%2 — 1)/22 lies on the half line from the origin through z, 
and (it is sufficient here to investigate real z) | w | increases as | z | increases. 
Let C, be the circle |z—a|—r with a >1+7, since C, is exterior to the 
‘unit circle. It is no loss of generality to choose a real, which we do, setting 
z = qa -+ ret, w= u 4- iv. Straightforward algebraic computation of du/d¢ 
and dv/do then yields 

dv — (@? + r?°) cos ġ — Rar + cos (a? -+ 1? + 2ar cos)? 
du — siu ġ[| (a? — 1°) + (a? + 1? + 2ar cos ġ)’] ` 


This denominator vanishes only when sin ¢ == 0, for we havea œ> r. Further 
computation shows that the algebraic sign of d(dv/du)/dẹ is the same as the 
algebraic sign of the function 


F(p) = (a? + +* + Rar cos ¢)? — 2r(r + acos $) (a? + r? + 2ar cos $) 
+ 8a°r sin? p (r + a cos p) — (a* — r°) ; 
in writing this equation we have suppressed a factor a? -+- 17 -+ 2ar cos ¢, 
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which is equal to 2% and positive. It may be verified that F(0) and F'(7) are 
both positive, and that when 7 is small in comparison with a the function F'(¢) 
is positive for all values of ¢.* ) 

We now choose specifically r== 1, cos ġ = — 2/a, and set a= 2 + e, 
«> 0. Then we have P(¢) = — 16e -+--> :, where only powers of e higher 
than the first are omitted. Consequently for suitably chosen e we have 
F(¢) < 0, the locus of w is not convex, and Theorem 4 is established. 


3. Theorems 1, 2, and 3 have application to the study of harmonie 
functions defined on the surface of the sphere and possessing there suitable 
symmetry. The analog of Theorems 1 and 2 is 


THEOREM 5, Let R be a region of the sphere bounded by a finite number 
of mutually disjoint Jordan curves, and let R possess central symmetry. Let 
the function U(a,y) be harmonic in R, continuous in the corresponding 
closed region, equal to zero on a symmetric set Jy and to unity on the remaining 
set J, of the curves bounding R. Let P be an arbitrary point of the sphere, 
and let S denote the closed hemisphere containing P whose pole is P. . 


Suppose that the great circle C through P separates all points of Jorin S 
from all points of J, in S. Then P is not a critical point of U(a,y). 


Suppose that all points of Jo [or of Jı] in S lie extertor to the circular 
region Cı containing P and bounded by a small circle in S§ of the sphere whose 
pole is P. Suppose that all points of J, [or of Jo] in S le in the circular 
region Cs interior to C, but not containing P. Then P is not a critical point 


of U(a,y). 


The function U (æ, y) is the harmonic measure of J, in the point (z, y) 
with respect to the region R, and the function 1— U (æ, y), which has the 


t Indeed, F(@) is positive whenever 7*-+ a@cos¢ is positive. Thus for suitably 
restricted circles C, and also for suitably chosen other regions Æ whose boundaries may 
contain arcs of circles C,, the locus of w is convex. Under such conditions let us say that 
R has Property a; this property here depends on a particular point P. If the rational 
function f(z) has the requisite symmetry, if P is an arbitrary point, if S denotes the 
closed hemisphere containing P whose pole is P, and if disjoint closed regions R, and R, 
interior to S not containing P and having property a contain respectively all zeros and 
all poles of f(z) in S, then P is not a critical point of f(z); compare Theorem 3. By 
way of proof it is sufficient to note that in the field of force, without altering the total 
force exerted at P, all positive particles in S may be concentrated at a single point which 
lies in R, and all negative particles in S may be concentrated at a single point which 
lies in Ra, without altering the symmetry. Thus the total force at P cannot vanish, and 
P cannot be a critical point of f(z). 


u 
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same critical points as U(x, y), is the harmonic measure of Jo in the point 
(x,y) with respect to R. 

. We represent U(z,y) by integrals taken over the sets of curves Jy and J 1 
if these’ curves are analytic, and otherwise taken over neighboring sets of 
analytic level curves of U (a, y), curves J’, and J’; in R found from Jo and J; 
by slight deformations: * 

U(2,y) —«=— (1/20) f log r (3U /ðv) ds — (1/2r) f log r (3U /av) ds, 
J’ 7 SY 
| (x,y) in R; 
here v indicates exterior normal, and x is a suitable constant. If we introduce- 
the new variable o by setting 


== — (0U/dv)ds on J’, do = (dU /dv)ds on J's, r= f, do -= f4 do, 


we may write 


Ulz, y)—= + f1 + (log rde 
(£, Y —= z f, og rdo — z f, ogr 


= Z jim Et log Taa -t > $ log Yan, a 
T noo n l 
E lim pm + 108 ons F -> * + 108 pon 
RT n~>00 n 


-Where Tar = | Z — nk | , pue = | Z — Bux |, and oz and Bnz are suitably chosen 
on J’, and J’; respectively. Convergence is uniform on any closed preassigned | 
set interior to Æ. 

By virtue of the symmetry of È and U (x, y), the sets of curves J’o aad J'i 
may also be chosen to be symmetric in the center of the sphere, and likewise 
the sets of points on, and Bnw, where n is taken as even. In the neighborhood 
of an arbitrary point of È, a constant multiple of the function U (s, y) — x 
is thus the uniform limit of the logarithm of a sequence of rational functions 
Ra(z) whose zeros and poles lie outside of that neighborhood; indeed the > 
functions Rx(z) possess the symmetry demanded of U (z, y), and their zeros 
and poles can be chosen to lie respectively in the regions required in Theorem 5 
for J, and Jı. Theorems 1 and 2 apply to the functions Ra(z). If a point P 
satisfies the conditions of Theorem 5, so do all points in a suitable neighbor- 
hood of P; no point of such a neighborhood is a critical point of an Ba(z). 
Each critical point of U (v, y) in R is a limit of critical points of the Rn(z), 
so that Theorem 5 follows. 


5 Walsh, Interpolation and Approwimation (New York, 1935), § 8. 7. 
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The reader will have no difficulty in formulating and proving the analog 
` of Theorem 3. 


4 


4. The relation between Theorem 1 and its analog in hyperbolic geometry 
is closer than mere analogy. Theorem 1 deals with the point P:z—0 as a 
possible critical point of the rational function f(z), whose zeros are the points 
a, and —1/o, (k—=1,2,--+,m), and whose poles are the points S and 
— 1/8, (k=1,2,:--+,n)3; we choose this notation so that we have 
| an| Æ 1, | Bx |S1. So far as concerns the force exerted at P, the field of 
force corresponding to f(z) is equivalent to the field of force corresponding 
to the rational function F(z) whose zeros are the points %, and 1/;, and 
whose poles are the points By and 1/a (4=1,2,- --,n); we omit from this 
_ enumeration points ex, Bx, 1/&, and 1/8 of modulus unity. The zeros and 
poles of F(z) interior to the unit circle C are precisely those of f(z) interior 
to C; the zeros and poles of #(z) exterior to C are precisely the negatives of 
the poles and zeros respectively of f(z) exterior to C. It will be noted that 
the zeros of F(z) are the inverses of the poles of F(z) with respect to C; 
the function F(z) is of constant modulus on C. The point P is a critical 
point of f(z), whether a multiple zero or a position of equilibrium in the 
field of force, when and only when P is a critical point of F(z). It is thus 
a consequence of Theorem 1 that if a line L separates the zeros of F(z) 
interior to O: |z | =1 not on L from the poles of F(z) interior to C not 


= on L, and if C contains at least one zero or pole not on L, then P is not a 


critical point of F(z) unless P is a multiple zero of F(z). The property 
possessed by F(z), that its zeros are inverse with respect to its poles in a 
circle, is characteristic of all rational functions having constant modulus on a 
circle, and is invariant under linear transformation. We thus. have from 
Theorem 1 by proceeding from a given F(z) to the function f(z), a result 
on a rational function f(z) of constant modulus on an arbitrary circle, a 
result involving the images of lines L through P and the analog (loc. cit.) 
of Theorem 1 for hyperbolic geometry: 


If the rational function F(z) has its poles inverse to its zeros in a circle 
C, if P is an arbitrary point interior to C, and if a non-euclhidean line L 
through P separates all the zeros of F(z) interior to C not on L from all the 
poles of F(z) interior to O not on L, where we suppose at least one such zero 
or pole to exist, then P is not a critical point of F(z) unless P is a multiple 
zero of F(z). ) 
At first sight it might appear as if this last result were established only 
for a. rational function F(z) of special type, having the same number of zeros 
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as poles interior to C. However, in proceeding from a given F(z) to the 
corresponding f(z), we may provide the latter artificially with any number 
of zeros or poles situated on C itself and possessing the required symmetry. 
With this interpretation, these two analogous theorems of the elliptic and 
hyperbolic geometries respectively can be considered equivalent, in the sense 
that either can be trivially proved from the other. 

The result on hyperbolic geometry is of some interest in -the theory of 
functions, for by a suitable conformal map it applies to the study of a function 
meromorphic in an arbitrary simply connected region, of constant modulus ~ 
on the boundary. 

Results of the present note other than Theorem 1 can also be applied by. 
the reader in the study of hyperbolic geometry. We state merely the analog 
(the equivalent) of Theorem 2: Let E be a simply connected region provided 
with a non-euchdean hyperbolic geometry by means of a conformal map onto 
a-circle. Let P be a point of R, let Ry be the closed subregion of R contaiming 
P bounded by a (non-euclidean) circle whose (non-euclidean) center is P, 
and let R, be a closed subregion of Ry not containing P bounded by a (non- 
euclidean) circle. If f(z) is meromorphic in R and of constant modulus on 
the boundary of R, if the zeros [or poles] of f(z) in R are n in number and 
lie exterior to Ro, and if the poles [or zeros] of f(z) in R are not fewer than 
n in number and lie interior to Ry, then P is not a finite critical point of f(z). 
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ON THE LOCATION OF CONTINUOUS SPECTRA.* 


By AUREL WINTNER. 


The following considerations collect a few rules which in various cases 
lead to the possible position of the essential portion of the spectrum of a 
differential equation 


(1) Y” + (A+ F(@))y=90, © 0St< ow, 


in a direct manner, namely, in terms which do not postulate the delicate 
knowledge needed for the determination of spectral forms (densities). The 
latter, which concern “normalizations” (Hellinger), depend on sharp esti- 
mates of asymptotic behavior; estimates which are not at all, or not easily, 
available in many cases in which the location of the set formed by the con- 
tinuous spectrum and the cluster points of the point spectrum (that is, 
by the set representing the “essential” portion of the spectrum) can be 
determined a priori. The method will consist of appropriate adaptations of 
that indicated in [5] for the particular case in which the f(z) in (1) is a 
lattice potential (a case in which the range, OS v < œ, of ay becomes 
replaced by — œ < qz < œ). 

The possibility of such a direct approach is due to the fact that the 
spectrum itself can be defined without an involvement of the Hilbert-Hellinger 
theory of spectral forms (the points of increase of the latter define the 
spectrum itself). Needless to say, what has a spectrum, or a spectral form, 
is' not (1) itself, where f(z) is any given real-valued continuous function, 
but is represented by (1) and the boundary condition together. On the 
other hand, the boundary condition is two-fold: for æ = œ, it is assigned 
by the (L?)-requirement of Hilbert’s space, whereas for s= 0 it is any 
homogeneous, linear assignment, | 


(2) y(0) cos @-+ y (0) sin 8 = 0; 


for instance, y(0) = 0 or y’ (0) = 0, where 6 ==0 and 6 = 4r, respectively, 
Accordingly, the set of A-values representing the spectrum depends on the 9 
occurring in (2). However, as pointed out by Weyl ([3], p. 231), what 


* Received May 1, 1947. 
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was above called the essential portion of the.spectrum is independent of 6. 
Consequently, it is possible to speak of the essential portion of the spectrum 
of (1) itself. 

The direct definition of the spectrum of (1) (belonging to a fixed 8), 
that is, the definition not involving Green functions and spectral forms, 
is based on the totality of the inhomogeneous equations belonging to ((1), 


(3) y” + (A +f) )y = 9(2), 


where f(s) is a fixed, and g(x) an unspecified, continuous function on the 
half-line 0 Sa < co. In fact, with reference to a fixed 6 in (2), the spectrum 
f (1) can be defined to be the set of those real A-values corresponding to 
which there exists some function g(x) of class (L?) having the property that 
no solution y(x) == y,(#) of (8) satisfying (2) is a function of class (L?) 


' 


(since f, g, y are continuous throughout, an (L?)-condition affects, of course, ` 


the behavior at v == œ only). This definition -of the spectrum (cf. [8], 


p. 251) agrees with that based on spectral forms (Hilbert, Hellinger; Toe- . 


plitz). Correspondingly, the point spectrum of (1) (and of (2), where 0 is 
fixed) must be defined as the set of those real A-values corresponding to which 


the homogeneous differential equation (1) has a solution y(x) £0 of class | 


(L°). It should be noted that f(z) is not required to be of class ae in 
either of these definitions. 

It is known that, for every fixed 8, the spectrum is a closed set; that 
the point spectrum is contained in the correr onding spectrum; finally, 


that the set of the cluster poimts of the spectrum, being identical with what 


above was called the essential portion of the spectrum, is independent of 0. 

Actually, the above definitions of “point spectrum” and “spectrum ” 
are meaningful only if f(z) is not of the Grenzkreis type, that is, only if not 
_every solution of (2) is of class L? (for some A, but then, by necessity, for 
every A; cf. [3], p. 238). It will, however, be part of the first of the assertions 
to be proved, that the assumption to be imposed on f(s) prevents the occur- 
rence of this degenerate case. 

The first of the criteria in question ii is one based on stability (in phase 
space), since it can be formulated as follows: 


(I) If f(x), where 0S a < œ, is a continuous function satisfying 


—o Š lim sup f(z) < œ, 
2-00 


and if there exists a parameter value às corresponding to which both 


(4) y(z) —O(1) and y (£) = 0(1) (z> «) 
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hold for every solution (that is, for a pair of linearly independent solutions) 
of the case à = ào of (1), then (1) is of the Grenzpunkt type, and ào 1s a 
cluster point (hence, a point) of the spectrum of (1). 


In other words, Ao is either in the continuous spectrum or in the deriva- 
tive of the point spectrum (perhaps in both). 

Here and in the sequel, all data and solutions are adasi to be 
real-valued. 

It should be noted that the stability assumption of (I) concerns the 
phase space, (y,y’), rather than just the configuration space, (y), of 


(5) y” -t (Ao + f(e) )y = 0. 
The purpose opposite to that of (I) is served by the following criterion : 


(II) Let f(x) be continuous on the half-line 0S æ < @ and let there 
exist a parameter value ro corresponding to which the differential equation 
(5) possesses two linearly independent solutions, y = yı (£) and y = y2(2), 
having the following property: For every function g(x) of class (L?) on the 
half-line, 


O gta) =n) J O+ yle) S nO 


is a function of class (L°) on the half-line (which implies, of course, that 
ya(x) is of class (L°) there). Then, if (1) .is of the Grenzpunkt type, ào 
cannot be a cluster point of the spectrum of (1). l 


In other words, ào is either not in the spectrum of (1) (for any choice 
of 0 in (2)) or, if it is (for some 8), then it is in the point spectrum (for 
the same @); in which case A» is an isolated point of the spectrum (for the 
same 6). 

Clearly, (6) can be written in the form 


(6 bis) g*(z)= | K(x, t)g(#)at, 
0 
where ( 
K(a,t) = K(t,2), 0Se< ow; 


and what (II) requires is that this symmetric kernel be bounded (in the 
sense of Hilbert’s theory of bounded linear transformations). 
As an ‘illustration (which covers various cases investigated in the 
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literature, as well as more elaborate cases, not available to the usual treat- 
ments, which are based on explicit or asymptotic formulae), suppose that 
(1) has the following property: For some Ao, the differential equation (5) 
has two linearly independent solutions corresponding to which there exist — 
five positive constants satisfying 


AE? < yi (x) < Be and Cee < yale) < De, 


as z—> œ. Then(1) is of the Grenzpunkt type, and ào cannot be a cluster 
point of the spectrum of (1). 

In order to conclude this from (II), it is sufficient to observe that, by 
virtue of the last formula line, the expression on the right of (6) becomes 
majorized by an integral (6 bis) in which K (æ, t) is represented by a constant 
multiple of exp (—c|a—-t|) (and g by | g]). In fact, it then follows that 
it is sufficient to ascertain the boundedness of the “ Laurent kernel ” K (a, t) 
==k(|2—t|) in the case &(s) = exp (—c |s|), where c>0. But the 
boundedness of this particular kérnel (Weyl-Picard) is the simplest instance 
of the integral variant of the general “ Laurent” (or, rather, “ Fourier ”) 
criterion of Toeplitz; cf. [1], pp. 354-356. 


Proof of (1). Suppose that the first assertion of (I) is false. Then 
(1) belongs to the Grenzkreis type. This means that (1) has two linearly 
independent solutions of class (L7) for some and/or every A; hence, for the 
particular A = A, occurring in (5). It follows, therefore, from the second of 
the two assumptions (4), that (5) has two linearly independent solutions, say 
y = y, (x) and y = y2(), having a Wronskian which is the sum of two terms 
each of which is of the form O(1)y:(x), where both functions yi(z) are of 
class (Z*). Consequently, the Wronskian itself is of class (Z*). This 
contains, however, a contradiction. For, on the one hand, the Wronskian of 
any two linearly independent solutions of (5) is a non-vanishing constant 
and, on the other hand, a non-vanishing constant is not a function of class 
(L°), the domain of integration being the half-line 0S g < œ. 

This contradiction proves the first of the assertions of (I). It may be 
noted that neither the second of the two assumptions of (4) nor the limsup- 
assumption of (I) was used thus far. 

In order to prove the second assertion of (I), suppose that this session 
is false. Then à is not a cluster point of the spectrum of (1). Hence, ào 
is either not in the spectrum for any choice of 6 in (2) or else Ay is in the 
point spectrum for some choice of 0 in (2) (and ào represents, in the second 
case, an isolated point of the spectrum belonging to the 6 in question). These’ 
two possibilities will have to be ruled out separately. 
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The second of these possibilities can be disposed of as follows: Its 
assumption implies that (5) has a solution*y = yo (£) 3£0 of class (L°). It 
follows, therefore, from the limsup-assumption of (I) and from Theorem (i) 
in [4], that the derivative y’o(xz) is of class (L°). On the other hand, since 
yo(v) £0, it is possible to choose a solution y==y°(z) of (5) which is 
linearly independent of y == yo(z). Then the Wronskian of yo(s) and y°(x) 
is a non-vanishing constant. Hence, if the O-assumptions (4) are applied 
to y°(w) and its derivative, then, since y.(z) and its derivative are of class 
(Z*), there results the same contradiction as above. 

What remains to be ruled out is the first possibility, that in which A» is 
not in the spectrum for any choice of @ in (2). In view of that definition 
of the spectrum (belonging to a fixed 6) which.is based on (8), this possibility 
can be characterized as follows: For every continuous g(s) of class (L?) 
and for every choice of # in (2), the case A == às of (3) has a solution of 
` -Jass (L°) satisfying (2). Since every solution satisfies (2) for some 9, this 
means simply that j 


(7) of’ + (do + f(z) )y = g (2) 


has a solution of class (L°) whenever g(x) is of class (Z°). This leads, 
however, to a contradiction. 

In fact, Theorem (iv) in [4] implies that, if f(z) is a continuous 
function satisfying the limsup-assumption of (I) and having the property 
that (4) holds for every solution of (5), then (7) cannot have a solution 
of class (L?) for every choice of a continuous g(s) of class (L°) unless the 
following condition is fulfilled: Every solution y= y(x) of (5) and every 
continuous g = g(x) of class (L°) determine a constant a—a(y,g) for 
which the function 


a— | ygd 


becomes of class (Z°). But it will now be shown that such an a = a(y, 9) 
cannot always exist in the present case. This will complete the proof of (I). 

Suppose that a =a(y, g) always exists. Keep the (arbitrary) solution 
y == y(x) of (5) fixed and, starting with an unspecified continuous g(x) of 
class (L?), replace g(x) by the.function | g(x)| sgn y(x). Since the latter 
function is again continuous and of class (L?), the function defined by the 
last formula line must become of class (L°) after the replacement, if the 
value of the constant a is altered in a suitable way. Accordingly, there belongs 


+ x ` 
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ry" 


to every continuous g(x) of class (L?) (and to the fixed solution y (s) of (5)) 
a constant 6 for which the functién 


g 


b— f | y(é)g(t)| dt 
0 
becomes of class (L°). But the latter function is monotone and cannot, 
therefore, be of class (Z*) unless it tends to 0 as ~—> œ. Consequently, 


"00 
b— {| y(t)g(t)| dt. 
0 
Accordingly, 


f y (a) g(x) da 


must exist, as a Lebesgue integral, for every continuous g(x) of class (LZ). 
Ze at therefore exist for every g(x) of class (Z>) (in fact, the continuous 
functions of class (L°) are dense on the space of all functions of class (L?)). 
In view of the well-known “converse of Schwara’s inequality,” this is possible 
only if the fixed “kernel,” y(x), occurring in the last formula line, is of 
class (Z*). But y(z) was chosen as an arbitrary solution of (5). Hence, — 
every solution of (5) is of class (Z?). This. means that (1) is of the Grenz- 
kreis type and contradicts, therefore, the first assertion of (I). . 
The proof of (I) is now complete. 


Proof of (II). Suppose that (8) satisfies the assumptions of (II). 
Since the solutions yı (£), y2() occurring in these assumptions have a non- 
vanishing Wronskian, the latter can be chosen to be any non-vanishing 
constant, and it is clear that, without violating the assumptions of (IT), 
it can be supposed that 


(8) (9) y2(0) — y2 (0)y (0) = 1. 
‘Then, since the Wronskian does not depend on g, 
(9) | y'1(%)y2(2) — y’2(@) y (1) = 1. 


Since yı(x) and y2(x) are solutions of (5), two differentiations ‘show 
that, (9) being assumed, the function 


(10) S O — vlna 


~ 
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is a solution, y(x), of (7) (for every continuous g(z)), and that both y(0) 
and y’(0) vanish for this y(#). Consequently, the general solution of (7) 
results if (10) is added to the general solution, cayı (£) + coye(x), of (5), 
and the initial values (v==0) of the resulting solutions and their first 
derivatives will be the same for (7) as for (5) ; namely, 


C143 (0) + czy (0) and c14/1(0) + cay’2(0) 
for both (5) and (7). 


Since (II) assumes that y.(z) and g(s) are of class (L*), and since 


_ the product of two functions of class (£7) is of class (Z*), 


Cy = — @ and c: = 0, 
where 


(11) a= | y(2)g(2)da, 


is a possible choice of c, and cə. Clearly, this choice reduces the preceding 
initial values to — ayı (0) and — ay’,(0). It is also seen from the last two 
formula lines that cıyı (£) + C242 (x) plus the function (10) can be contracted 
into — g¥ (æ), if g” (x) is defined by (6). Accordingly, 


. (12) y* (s) =— g” (2) 


is a solution of (7) and belongs to the initial values 
(13) y* (0) ==—ayi(0), y% (0) =— ay’, (0), 
if g*(z) denotes the function (6), and æ the constant (11). 


This fact will now be combined with the following remark: If ¢ is an 
arbitrary constant, and if 


(14) y(z), Yy2(x) 
is a pair of solutions of (5) which satisfy the assumptions of (II), then 
(15) yi(@) + CYy2(x), Y(T) 


is another pair of such solutions of (5). In fact, if (14) is replaced by 
(15) in (6), the resulting modification of the function (6) is seen to consist 
of the additional term 


RCY2 (x) f Yo (t) g(t) dt. 
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Hence, it is sufficient to ascertain that this additional term is a function of - 
class (L°) whenever g(x) is. But (II) assumes that y2(x) is of class (27). 
Consequently, it is sufficient to ascertain that the integral multiplying Y(T) 
in the last formula line (exists and) is a bounded function of x. This, how- 
ever, is obvious, since both y.(x) and g(x) are of’ class (£?), and so their — 
product is of class (Z*). 
Accordingly, (14) in (II) can be replaced by (15), where c is arbitrary. 
On the other hand, since the replacement of (14) by (15) is equivalent to 
the substitution 


y (0) —> yı (0) + cy (0), y'ı(0) —> y: (0) + cy:(0) ; 
Y2 (0) —> y2 (0), y’2(0) > ¥2(0), 


and since this substitution clearly is such as to leave the determinant {8) 
unaltered, (9) remains true (for every x, the Wronskian of two solutions of 
(5) being independent of x). Finally, it is seen that the substitution defined 
by the last formula line transforms (13) into . . 


(16) y*(0) = — ay, (0) — acy: (0), y* (0) = —ay’s(0) — acy’ A0). 


It follows that, if g(x) is any continuous function of class (£7), and 
if (5) satisfies the assumptions of (II), then (7) has a solution y = y* (æ) 
of class (L?) satisfying (16). In fact, the assumptions of (II) require that 
(6) be a function of class (L°), and so the assertion follows from (12) and ` 
from the fact that (14) in (6) can be replaced by (15). 

It should be emphasized that the constant « occurring in (6) is inde- 
pendent of the arbitrary constant c. This follows from the circumstance 
that the replacement of (14) by (15) alters y:(v) only, whereas the Senor, 
(11), of œ contains y2(x) only. 

It is seen from (16) that the solution y*(z) = y*(æ;c) of (7), a 
solution which is of class (LZ?) for every c, satisfies the boundary condition 
(2) (belonging to a fixed @) if and only if c satisfies (with reference to that e) 
the condition 


(17) a{y,(0) cos 6 + y'ı(0) sin 6} + ac{ya(0) cos 0 -+ y’2(0) sin 6} = 0, 


where the four constants y:(0), y':(0) are those belonging to the pair, (14), 
of solutions of (5) which have been chosen originally (in other words, the 
four values y;(0), y:(0) occurring in (17) are independent of both 8 and e). 

Clearly, there exist values of @ for which the linear equation (17) can 
be satisfied by a certain ¢ = c(6). Hence, there exist values of @ corre- 
sponding to which the inhomogeneous differential equation (7) has, for 
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every continuous g(x) of class (£7), a solution of class (L°) satisfying the 
boundary condition (2). This means that there exist values of 6 corresponding 
to which the spectrum belonging to (1) and (2) does not contain the 
particular parameter value, AAs, occurring in (5) and (7). Since the 
set of A-values consisting ‘of the continuous spectrum and of the cluster points 
of the point spectrum is independent of the choice of @ in (2), it follows that 
ào cannot be cluster point of the spectrum. This completes the proof of (II). 
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MEMOIR ON ELLIPTIC DIVISIBILITY SEQUENCES.* 


By Morean Warp. 


I. Introduction. 
1. By an elliptic divisibility sequence we mean a sequence of integers, l 
(h): ho; hi, Me," © + hmt >e 
which is a particular solution of 
(1. 1) OmenOn-n == Oms1Om1On” = Ong1On-1Om™ 


and such that An divides hm whenever n divides m. Simple instances of such 
sequences are: | 


(1. 2) hn=n;3 

(1. 3) . : hn = (1/8) 

where (n/p) is Legendre’s symbol; l 

(1.4) hn = (—8/n) 

where (d/n) is Kronecker’s symbol.” 

(1. 5) hn = Q9- Ty ; 
where P=a-+b, Q = ab and 

(1. 6) Un = (a® — b”) /(a— b) 


is a polynomial in P and Q satisfying a linear recurrence of order two. This 
polynomial is one of the two? fundamental numerical functions studied by 
Edouard Lucas in the first volume of this Journal (Lucas [1], [2]. See also 
Lucas [3]). Lucas continually emphasized the connections between his 


* Received February 12, 1947. 

+ The case when the h are rational is not essentially more general. 

? See Landau, Vorlesungen, I, p. 51. In the present case, (—8/n) = 0 if n is even, 
and (—8/n) = {—~-1){[n/4] if n is odd, where [n/4] denotes the greatest integer in n/4. 

? The other function F „== an + bn does not lead to a solution of (1:1) despite 
Lucas’ assertion to this effect (Lucas [1], p. 203). See Bell [1]. We assume that 
P and Q are chosen so that (1.6) is an integer; for example, P an integer and Q plus 
or minus one. 
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wumerical functions and the trigonometric functions, and claimed to have 
made a remarkable generalization connecting numerical functions defined by 
a linear recurrence of order three or four with the elliptic functions. (See Bell 
[1] for a review and evaluation of Lucas’ claims. Lucas apparently published 
nothing on the subject sate scattered hints.) 

Since (1.1) is the fundamental relation on which the real multiplication 
theory of elliptic functions rests,* a systematic study of (%)-sequences should 
throw some light on Lucas’ conjecture. In addition (f)-sequences are of 
arithmetical interest on their own account; they appear to be the simplest 
type of non-linear ® divisibility sequence, and yet most of the properties of 
Lucas’ linear (U)-sequence carry over to them. The investigations which 
follow show conclusively that if any such generalization as Lucas conjectured 
exists, it must be looked for in the direction of the complex multiplication 
theory of elliptic functions. The arithmetical properties of elliptic divisi- 
bility sequences turn out to be quite different from those of numerical func- 
tions defined by linear recurrences or order greater than two.® 


2. The main results of the memoir are as follows. We may confine 
ourselves to sequences in which hy == 0, hı = 1 and not both hs and hs vanish.’ 

A solution of (1.1) satisfying these conditions is an elliptic divisibility 
sequence if and only if he, hs, h4 are integers and he divides h4. Every such 
solution is uniquely determined by the initial values of he, hg and h4 and may 
be parameterized by elliptic functions provided that h and hs are not zero.® 
The invariants gz and gs of the associated g function are rational functions 
of ho, ha and Aas.. 

Every divisibility sequence with hk: = 0 is essentially equivalent to the 
solution (1.4) of the previous section and every rational solution of (1.1) 
with ho = 0, hy == 1 and not both he and hs zero is essentially equivalent to 
an integral elliptic divisibility sequence. 


(h) reduces essentially to the solution (1.2) of Section 1 if and only if 


t w = o(nu)/o(u)n* satisfies (1.1) where o(z) is the Weierstrass sigma function, 

5A divisibility sequeuce is suid to be linear if it satisfies a linear recurrence 
relation. See Hall L1]. 

*The theory of such functions was initiated by Carmichael. (Carmichael [1]}. 
See also Ward [1] and the references given there. 

7Tf both h, and hs vanish, there exist integral solutions of (1.1) which are not 
divisibility sequences and which are not determined by any fixed number of initial 
values. These and other special sequences are discussed in Chapter VII. 

SIf k, or hy is zero, h, is trivially a product of powers of + hs or + h, and ha 
(This case is discussed in Chapter VIT). 
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gz and gz both vanish, and (A) reduces essentially to Lucas’ solutions (1. 5Y 
if and only if neither g2 nor gs vanishes, but the elliptic discriminant 
g2° — 2Y gs? vanishes. 

An integer m is said to be a divisor of (k) if it divides some term Ax 
with k > 0. If m divides hy; but does not divide A: when 1 divides k, then 
‘kis called a rank of apparition of m in (A).° Every prime p which does not 
divide both hs and h4 has precisely one rank of apparition p, and (h) is 
periodic modulo p with period pr where r is a certain arithmetical function 
of p and (A) -which can be exactly determined.*® Similar results hold for a- 
composite modulus m. | 


If the least positive residues modulo m of the successive values Uo, Ui, 
U»: + + of any Lucas function are calculated, the pattern of residues exhibits 
interesting symmetries.™ These symmetries extend to elliptic sequences, and 
find their ultimate explanation in the periodicity of the second kind.of the 
Weierstrass sigma function. 


3. The plan of the paper is sufficiently indicated by the chapter titles. 
We develop first those arithmetrical properties of the sequences which can 
be proved without the use of elliptic functions; the important modular 
periodicity, however, depends on the elliptic function representation. © Our 
conclusions regarding Lucas’ conjectures are given in the final chapter. 


The terminology describing the arithmetical properties of the elliptic 


sequences is chosen to agree with that used for linear sequences (Hall [1], -- 


Ward [2]). We use the standardized arithmetical notations of Landau’s 


ce 


Vorlesungen; in P if a,b,’ - + are integers or ideals, a |b for “a 
divides b ” and (a,b,- - -) for the rte common divisor of a,0,:--. We 
denote the least common multiple of a, b “by Tebl 


The results of elliptic function a which are used in Chapter IV 
may be found in any standard text; the account of (1.1) in Halphen’s 
Treatise is pdrticularly complete, and many of his results may be restated as 
theorems about elliptic sequences. 


7 


° This definition is due to M. Hall. See Hall [1]. 

10In the terminology of the theory of linear recurrences, p is the “restricted 
peurlud “ of (Ub) mutlulu y. Gee Carmichael [I]. 

u Typical examples are given by the residues of the Fibonacci sequence 0, 1, 1, 2, 
3,- - » for small integral moduli. See also the table of elliptic sequences modulo three 
in Section 7 of Chapter ITI. 
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II. Elementary Properties of Sequences. 


4, We shall confine ourselves in the next five chapters to sequences whose 
first two initial values are zero and one. If in addition neither the third 
nor the fourth value vanishes, we call the sequence “general.” Sequences 
which violate one or more of these restrictions are called “special,” and are 
discussed in detail in Chapter VII. It turns out that the only sequences (A) 
which have any arithmetical interest satisfy the following conditions: 


(4. 1) ho = 0, hy == 1; not both he and hs zero. 


We call such sequences “proper.” Proper sequences include as well as the 
general sequence, two special sequences in which either h= 0, h35£0 or 
ha 5&0, ha —0.' We shall begin by proving the following basie theorem. 

O THEOREM 4.1. Let (h) be a proper solution of (1.1) so that (4.1) 
holds and also 


(4. 11) hinsnlom—n = hmahmahn? a hing lnm’, m = n = l. 
Then (h) is an elliptic divisibility sequence if and only if 
(4.2) ho, ha and h, are integers; 


(4. 3) ha divides h4.. 


Furthermore, the sequence (h) is uniquely determined by the three initial 
values ho, hs and hia. 


Proof. Assume first that 
(4. 31) he Be 0. 


Since the necessity of the conditions (4.2) and (4.3) 1s evident, assume 
conversely that (7) is a solution of (1.1) for which (4.1), (4.2), (4.3) and 
(4.31) all hold. We shall first prove by induction that all terms of (A) are 
integers and that A divides hen. We theu wake a second inducliun lu pruve 
that (A) is a divisibility sequence; that is 


(4. 4) h, divides hs if r divides s. 


A third and final induction shows that if n is greater than four, hy is 
uniquely determined if ho, hi,-- +, hn» are uniquely determined. 
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We obtain the following important formulas from (4.11) on taking | 
first m = n + 1, n =n and then m =n -+ 1 and n=n -+41:77 


(4. 5) hons G hinsgsh?, = hin? nary n = 1. 
(4. 6) onhe e hn (hash? n-s 74 hn-2h?nss ) 3 Nn = Re 


We begin the first induction by assuming that 
(a) ho, hı, + +, haa are integers; 


(8) he divides hor, 2r<n3n=Zd. 


Tf n is odd, say n == 2k + 1, we conclude from («) and (4.5) with 
n == that hn is an integer. If n is even, say n = 2k, then k = 3 and (4.6) 
gives | 
(4. 7) inho = ha (Resch? ka Sgr hx-2lt7x4) i 


Since k+ 2 < 2k and the suffices k +2, ky 1 are of opposite parity, 
* Rese? — hr-2ħ°rs1 is an integer divisible by Ae Hence hn is an integer. 
But if k is even, hx is divisible by fe. and if k is odd, h*x1 and hx. are 
divisible by h*,. Hence in either case tn is divisible by hz. The first part 
of the theorem follows then by induction on n. 

We prove (4.4) by a second induction. Assume that 


(y) hr] hs provided that r i s for rSs<n. 


We observe that (y) is true ifn = 5. Hence we may assume that n > 5. 
Now consider hn, and suppose that n = uv. We wish to show that hu | huv 
and it is evidently allowable to assume that u = 2 and v = 2. 

Suppose first that hy=<0. Then if v is even, (4.6) gives 


huvhs = hue (hcuvs2)42h? (W0/2)-1 77 h cuv/2)-2h? (una) +1 ) . 


The parenthesis is divisible by ho. But by (y), hu | huve Hence hu | he. 
If v is odd, u and wv are of the same parity. Hence on taking 
m + n= uv and m — n = u in (1.1) we obtain the relation 


hushu a Nina enh a a hnrihn-ih m 


Since m = u(v + 1)/2 and n == u(v—1)/2, we conclude from Ge that 
the right side of this expression is divisible by A's. Hence since hu £ 0, 
hy | re 


12 As will be evident, if we define a sequence (A) recursively by (4.5) and (4. 6) 
(taking hy == 0, h, = 1, h: < 0 and ha, h, arbitrary) then conversely we obtain a solution 
of (1.1). 


* 
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Now assume that hu = 0. We shall need the following lemma which will 
be important in other connections. We shall postpone its proof until we have 
completed the proof of the theorem. 


LEMMA 4.1. Let (h) be any solution whatever of (1.1) with initial 
values ho = 0, hy = 1 and not both he and hs zero. Then if two consecutive 
terms of (h) vanish, all terms of (h) vanish beyond the third. 

Since hy = 0, hucv-1) is zero by (y). Then on taking m = w and n = u 
in (4.11), we obtain | 


huv haces) — huvsihuv-iht u are hushu- uv 


Hence either hus == 0 or hunhu-ı = 0 so that two consecutive terms of (h) 

vanish. Then by the lemma, hy = h4 = hs' < == hun= 0. Hence in all 

cases, hy divides hus. (4.4) now follows by induction on n in (y). 
Finally, the unicity of (A) follows directly from the formulas (4.5) and 

(4.6) by a brief induction. 
It remains to discuss the case when fe vanishes. Then h,5£0 and we 

shall prove in Theorem 23.1 of Chapter VII that the general term of. (h) 

is as follows: ** 

0, n even; ` 

i (23. 4) hn == (— 1) [n/41},, (n®-1) /8, n odd, hs =Q. 


Hence Theorem 4.1 holds in this special case, too, completing the proof. 


The lemma is proved as follows. If two consecutive terms of (%) vanish, 
then two consecutive terms of smallest suffix vanish; let them be hr and fra. 
Then r= 8, and in the interval 0< n <r, not both An and. Ans are zero. 
I say that hn 40 in this interval. For if r= 3, h, and he are not zero. 
‘Assume then that r> 3, and h —=0. Then 254 Sr—2 and by the 
minimal property of r, 

(4. 8) Nahin ~ 0. 

Now if k < 7/2, choose 7 so that 1-+-4—r and take m=1 and n =k 
in (4.11). Since he—hr—0, we obtain — lw-ihmhi — 0. Hence by 
(4.8), hi==0. Now replace 7 by 7-+1. Since hra = hr = 0, we obtain 


13 It is shown in Chapter VII that this lemma is not necessarily true if both h 
and h, are zero. If, however, (hk) is assumed to be a divisibility sequence, the vanishing 
of h, and h, entails the vanishing of all subsequent terms. 

74 If hg = 0, hg = 1 we obtain the particular periodic solution k „= (—8/n) men- 
tioned in the Introduction. | 
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— Ay hah? ta, == 0. Hence hu == 0. But hi = his, == 0 contradicts the mini- 
mal property of r. Next, if k = 7/2, we take l = k -+ 1 and find that hei = 0, 
contrary to (4.8). If k > 1/2, we take k -+ =r and take m = k and n =L - 
in (4.11), obtaining as before hı = 0. Then replacing J by 1+ 1, we find 
his == hı = 0 contradicting again the minimal property of r. Hence we may 
assume 

(4.9) hr==0, hra =0, n0, Ocn<r. 


I say that r= 3. For if r > 3, hg =&0 by (4.9). Hence on taking 
m -+ n = 3r — 3 and m — n = 3 in (4.11), we obtain the relation 
lor-sħs = ħryħr-h?r-3 — hr-shr-oh?, 
where all the suffices are = 0. Hence by (4.9), har- = 0. But by (4.5) 
with n = r — 2, ; 
= E == hh eps — Real eg == ele EN a 


Hence either Ay. or Ar- is zero, contradicting (4.9). 


But if r==3, then he0 but h; == ha = 0 and we find by a brief 
induction from (4.5) and (4.6) that me == 0 for n = 3. This completes the 
‘proof of the lemma. 


5. An integer m is said to be a divisor of the sequence (%4) if it divides 
some term with positive suffix. If m divides hp but does not divide hr if r 
- divides p, then p is called a rank of apparition of m in (4). 


THEOREM 5,1. An elliptic divisibility sequence admits every prime p 
as a divisor, Furthermore, p has at least one rank of apparition smaller than 
2p -+ 2. í 
Proof. If none of hi, hos: + +, Pps hpse is divisible by p, each of the p 
numbers 


hr-shr.. 
Fa (r= 2,3,-- +, p+ 1) 
is congruent modulo p to one of the numbers 1,2,---,9--1. Hence at 


least two are congruent to one another; say 


laaan a Tmk L o (mod p) 
when S&S n <mS p+ 1 and c isan integer. But then (4. 11) gives the 
congruence 
hminhim- n = Q (mod p). 
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Since m—n<p+2 and p is prime, msn is divisible by p. Hence the 
smallest rank of apparition of p is at most m + n and hence less than or equal 
to 29-++1. 2%p-+1 is the best upper bound possible. For if p=}? and 
ho = 0, Ny = he = hy = hi = 1, then p = 5. 


THEOREM 5.2. Let p be a prime divisor of an elliptic sequence (h), and 
let p be its smallest rank of apparition. Then if 


(5.1) how S=0 (mod p), 
(5.2) hn =0 (mod p) if and only if n= 0 (mod p). 
Proof. By the definition of p, 
(5. 3) hp =0 (mod p), hr 320 (mod p), O<r<p. 


Since (h) is a divisibility sequence hp divides n if p divides n. Hence 
h,==0 (mod p) if n==0 (mod p). We prove the converse by mathematical 
induction. Assume that (5.2) holds for n < k. We can clearly assume that 
k=p+2. Consider hy If hys£0 (mod p), we cannot have k= 0 (mod p). 
Hence (5.2) will then hold for n < k -+ 1. If ha = 0 (mod p), divide k by p 
and let the quotient be q and the remainder r: 


(5. 4) k = qp +r, | Srp 


We shall show that the assumption that r > 0 in (5. 4) leads to a contradiction. 
(5.2) then immediately follows by mathematical iùduction on k. 

Assume then that r> 0 in (5.4). Then taking m = qp and n =r in 
(4.11) Amin ==hm==0. Hence we obtain the congruence 


hapsihgprh?, == 0 (mod p). 


Now qp—1 < k and qgp—1 is not divisible hy p. Hence hap-1 3&0 
(mod p} by the hypothesis of the induction. 
Also hy s£0 (mod p) by (5.3). Hence since p is a prime, 


hapa = 0 (mod p). 
lf g==1, (5.1) is contradicted. If qg = %2, then on taking m =p in 
(4.5), we find that Reps: = hpo? p — howh p+. Hence . 
hpsal3p_1 = 0 (mod p). 


Since p is a prime, either hp, == 0 (mod p)or hp. = 0 (mod p), con- 
tradicting (5.1) or (5.3). Hence g>2. Now take m = (qg—1)p and 


~ ' k 4 
T E te ee 


x A g 
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u‘? * 


; t oo 
m—=p-+1 in (1.2). Then m—n >0 and since hmn = hm==0 (mod ý), 
we obtain the congruence 


hq-aypsal(q-1) p10 pa == 0 (mod.p). 


But since 0 < (¢q—1)p—1< (q—I)ptl<gqpe+i1Sk, hiap- and 
Acg-typ11 are incongruent to zero modulo p. Hence since p is a prime, 
how. = 0 (mod p), contradicting (5.1). Hence r must be zero in (5.4), and 
the proof is complete. 


6. The following theorem is a companion to Theorem 5.1. 


TuHEoreM 6.1. Let p be a prime divisor of an elliptic sequence (h), 
and let p be its smallest rank of apparition. If 


(6.1) hows == 0 (mod p) 
then p= 3 and 
(6. 2) hn == 0 (mod p), 1 = p. 


Proof. By definition of p, 


(6. 3) hp = 0 (mod p), hy x= 0 (mod p), 0 < T <p. 
We shall show first that the assumption 
(6. 4) p> 3 


leads to a contradiction with (6.1) and (6.3). If (6.4) holds, h: 5£0 
(mod p). Taking m + n = 2p —? and m— n= 3 in (4.11), we obtain 
the relation 

hop-sħs = hprihp-iht?p-3 — Ap-ahp-2hp 


where all the suffixes are = 0 by (6.4). Thus since p is a prime, 
hep-3 == 0 (mod p). 


Now taking n == p — 2 in the relation (4.5), we find that hzp-3 = Aph"»-2 
—Hp-sh?p+1. Hence hp-sh”p- == 0 (mod p). Since p is a prime, either hp- 
- or hp-s is divisible by p contrary to (6.3). Hence p & 3. If p= 2, han = 0 
(mod p) since ha divides hen. Since ha = 0 by (6.1), hs == 0 by (4.5) with 
n = 2, It is now easy to prove by induction from (4.5) that hens == 0 
(mod p). Hence if p = 2, hn = 0 (mod p), for n È p. l 

If p= 3, hos£0 (mod p) and we easily prove from (4.5), (4.6) and 
hs =h,==0 (mod p) that hn»==0 (mod p) for n23. This completes the 
proof of the theorem. 
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The following. two theorems follow directly from Theorems 5.1 and 6. 1. 


THEOREM 6.2. A necessary and sufficient condition that a prime p have 
exactly one rank of apparition in an elliptic sequence (h) is that p is not u 
common divisor of hz and hs. 


THEOREM 6.3. A necessary and sufficient condition that every prime have 
precisely one rank of apparition in an elliptic sequence (h) is that hg and ha 
have no common factor. 


The following theorem now follows from a known result: (Ward [3]) 


THEOREM 6.4. If (h) is an elliptic sequence in which the initial values 
hs and hs are co-prime, then (hn, hm) = honn. 


III. The Numerical Periodicity and Symmetry Modulo p of Sequences. 


7. A sequence (s) of rational integers is said to be numerically periodic 
modulo m if there exists a positive integer z such that l 


(7.1) ' Snr == Sn (mod m) 


for all sufficiently large n. If (7.1) holds for all n, then (s) is said to be 
purely periodic modulo m. The smallest such integer m for which (7.1) is 
true is called the period of (h) modulo m. All other periods are multiples 
of it. 

We shall show in this chapter that any elliptic sequence is numerically 
periodic for any prime modulus and purely periodic for all primes which 
do not divide both hz and hy. The culminating result is the following theorem 
which shows precisely how the period and rank are connected. 


THEOREM 11.1. Let (h) be an elliptic divisibility sequence and p an 
odd prime whose rank of apparition p is greater than three. Let e be an 
integral solution of the congruence 


(11. 1) e = hħz/hp-2 (mod p), 


and let « and x be the exponents to which e and hp-1 respectively belong ` 
modulo p. Then (h) is purely periodic modulo p, and its period m is given 
by the formula m == mp where 


(7.11) r= 26, x]. 


15 Since ha divides h, a common divisor of h, and hs is a common divisor of hs 


` 
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Here [e,«] is the least-common multiple of « and x and the eaiponent a 
is determined as follows: Á 


a = -+ 1 if and only if e, « are both odd, 


== — 1 if and only if e, x are both even and both divisible by precisely 
the same power of 2; 


a==( in all other cases. 


I have been unable to establish the numerical periodicity of (A) sequences 
by elementary means; that is, without the use of their elliptic function repre- 
sentation. It turns out that the two invariants go and gs of ihe elliptic 
function associated with this representation are each expressible as a poly- 
nomial in he, hs and ha with integral coefficients divided by a product of 
powers of he, ha, two and three. The arithmetical consequences of the 
elliptic function representation do not therefore apply to the primes two and 
three, or more generally to any prime dividing hə or hs. We shall begin by 
discussing these exceptional primes. 

There are eight a priori possible types of elliptic sequences modulo two 
distinguished by the possible residues of ho, hg and h, modulo two. But 
since hə divides h4, sequences with h:= 0 (mod2) and h,==1 (mod 2) 
cannot occur. The six possibilities which are left are listed in the following 
table.. 

ELLIPTIC SEQUENCES MODULO TWO 


Residues of hj modulo two 


Type Number ho hy he h h h Rank p Period r 
: '’ 0 1 0 0 0 0 2 l 
2 0 1 1 0 0 0 3 l 
3 0 1 0 1 0 1 2 2 
4 0 1 1 0 ł i 3 3 
5 0 ] 1 1 0 J 4 4 
§ 0 1 l i I 0 5 5 


Theorem 11.1 however is not true for the two types five and six for which p 
is greater than three. In both cases e= x = 1 so that the formula (7.11) 
gives m == 2p instead of m == p. Thus the restriction to odd primes is necessary. 
The twenty-one possible types of sequences modulo three are listed below. 
In each case when the rank p is greater than three, e and x are listed and 
also the multiplier t = 2*[e,x]. The ranks and periods were obtained by 
direct computation for each type from the formulas (4.5) and (4.6) taken 
modulo three. The table thus shows that Theorem 11.1 is true if p = 3. 


t8 See Chapter IV, Section 13, formulas (13.6) and (138.7). 
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ELLIPTIC SEQUENCES MODULO THREE 


Type Rank Period Exponents 
No. ha h, h, hg h, Ihe he hn he Ro Pag hu hi hne Rhu €E K T 
1 0 1000 2 l 

2 0 11 0 0 3 1 
- 8 0 1 2 0 0 3 ] 

4 01060 10 2 6 2 2 8 

5 0102 021 0 2 2 4 

G O 1 109 I 1090922 9ß2 23 3 12 

7 0 L1 102 2 3 6 

8 0 1.2.0.1. 2 3 3 

9 0 1 202102 1I] CO Lt 8 3 12 

10 0 11102 2 2 4 8 1 1 2 
1] 0O l11d1di14éé02 2283 2 5 10 1 l1 2 
12 0 1I 1 1 2 10 2 122 2 6 12 2 1 2 
13 0 1 120 12 2 4 8 1 2 2 
14 9 2 1 2 Iı 2 2 0 a 1 22 122 7 7 2 2 1 
15 O0 1 2 2 2 2 1 0 2 1 I? 1 1 2 7 14 l1 1 2 
16 0 i Ii 12 290 5 5 2 2 I 
w orz ror 4 8 1 1 2 
18 0 1 2 í 1 0 2 2 2 I 1 6 12 2 1 2 
19 O12 1 2 0 5 5 a E: 
20 0 I2 290 1 I 2 4 8 1 2 2 
21 0 12 2 1 0 2 1 4 2 2 5 10 1 l 2 


This table affords simple illustrations of the modular symmetry of 
sequences which was alluded to in the introduction. For example, consider 
type 14 and 15. For type 14, we have hp-n = — hn (mod 8). For type 15, 
hp-n = hn (mod 3); hon == hp-n (mod 3). We shall see that for primes other 
than two and three, the origin of this symmetry is the periodicity of the second 
- kind of the elliptic sigma functions. 

Now consider primes which divide the initial values hz and hz. We have 
shown in Section 6 that primes which divide both As and h, divide every 
subsequent term of (A). We call such primes “null divisors” of (A). 
-If p is a null divisor, then (4) is numerically periodic modulo p with the 
period one.*S Since hy divides hu, primes which divide both he and hz are 


17 The terminology is borrowed from the theory of linear divisibility sequences. 
See Ward [2]. 

18 The first types listed in the tables of elliptic sequences modulo two and modulo 
three afford simple illustrations. If (kh) is a null sequence modulo p, it appears to be 
very difficult to specify the exact power of p dividing h, given only the initial values. 
of (h). 
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also null divisors. On excluding null divisors, we have as well as the “ general 
case ” ' : 


(7.2) hoh, 320 (mod p), 

two special cases: 

(7.3) ho ==0 (mod p), hs £0 (mod p); 
(7. 4) hs == 0 (mod p), ha s=0 (mod p}. 


These cases are disposed of by the following theorem which is a simple 
consequence of the theorems on special sequences given in Chapter VII. 


THEOREM 7.1. If condition (7.3) holds, then 
hon ==0 (mod p), hons = (— 1) 41h, (mod p). 
If condition (7.4) holds, then 
han = 0 (mod p), 
hansı == (— 1) 2D /2h,n (n1) 2h 7 (0+1) /2 (mod p), 
Rane Ss m (— 1) rlnrt) 2p 212841) /2h, o (n-1) /2 (mod p). 
We see that in either case (h) is purely periodic modulo p. Its period 


depends in a simple way on the exponents to which its initial values belong 
modulo p. ) 


8. The general case depends upon the following theorem which is proved 
in Chapter V, by the use of elliptic functions. All further developments in 
this chapter are obtained from this theorem by elementary means. 


THEOREM 8.1. Let p be a prime greater than three*® which divides 
neither ha nor hz. Then if p is its rank of apparition thew exist two integers x 
a and b such that , 


(8.1) hon == a"bh, (mod p), (n= 0,1,2,- *-,p)- 


If we calculate successively the least positive residues modulo p of the — 
first p terms of (h), the theorem states that there is a certain symmetry in 
the distribution of these residues. The theorems which follow not only lead 
to the proof of the periodicity of (A) modulo p, but also state symmetries in ` 
the pattern of least positive residues of successive blocks of p terms of (h). 
The final result of these symmetries is to determine the residues modulo p of 


1° The table of sequences modulo three shows that this theorem is also true if p = 3. 


/ 
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all terms of (h) in terms of the integers a and 6 of the theorem and the 
residues of the first [p/2] terms. The next theorem shows How a and b may 
‘be determined modulo p. 


THEOREM 8.2. If aand b are the integers specified in Theorem 8.1 and 
of c is determined by the congruence 


(8. 2) ac==1 (mod p) 


then the following congruences hold modulo p: 


(8. 3) a == hp-2/h2hp-s ; b =h oh? p-1/hp-2 ; b= hp-1¢. 
(8. 4) ob? == 1; P= b, 
(8. 5) a? == — ho-1/hpsr3 os — hpsshp.2- 


Proof. Let n successively equal 1 and p — 1, in (8.1). We obtain: 
(8. 6) hp. = ab (mod p) 


and ? 1 ==h,=0?*bhp.. ==a°b?. (8.4) now follows and (8.6) and (8.2) 
imply that b == hp-.c which is the last part of (8.3). 
Next, put n equal to two in (8.1). Then 


hp-2 = @ bh, = ahp-rhe (mod p) > 


the last step following from (8.6). This result is equivalent to the first part ' 
of (8.3). The second part follows now by (8.6). It remains to prove (8.5). 
Consider hp... Assume first that p is odd: 


(8.7) p=? +125. 
Then on putting n equal to c -+ 1 and o in (4.6), we obtain 
(8. 8) host = hicats a= honhon oa 
(8.9) hp-1 = hohoak o heheh ai 
But by (8.1) and (8.7), the following congruences hold modulo p: 





hai = ar bho, s hose == abhor. 


3 The modulus p will be omitted here and elsewhere when no confusion can arise. 


t 
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On substituting these expressions into (8.8) and simplifying, (8.9) gives 
the congruence 
(8.10) hips. = — a7? *b*hp_, (mod p). 


When p is even, this cOngruence may be shown to hold in essentially the 
same way. 

Now by (8.2) and (8.4) Theorem 8.2, a?*b*==1(modp). Hence 
(8.10) implies that Apis. ==—a“*hp-, (mod p), and this congruence is equi- 
valent to the first part of (8.5). The second part of (8.5) now follows by 
(8.6), completing the proof. á 


9. The theorems of this section give the fundamental symmetries of (4) 
modulo p. 


LEMMA 9.1. With the notation of Theorems (8.1) and (8.2), the 
following congruence is valid for all positive integers n: 


(9.1) hown = — be*h, (mod p). 
Proof. Assume first that OS n & p. Since. 


hpinhp-n nee hosshp-rhn? DEA hnsihn-ihp? 
and p divides hp, we obtain from (8.5) the congruence hpinhp-n =— b hr” 
(mod p) or by (8.1), Apsna"bhn == — b7hy? (mod p). If 0 <n < p, we may 
cancel bhn. We then obtain (9.1). on multiplying by c”. Since the cases 
n==0 and n= p are trivially satisfied, (9.1) is true for OS nZ kp of k 
equals one. 


We now proceed by induction on k. Suppose that (9.1) is true for 
On kp and assume that kp & n & (k+ 1)p. Then since 


AN PEE EN E S AE palin hes 
and p divides hp, we obtain from (8.5) the congruence 
(9.2) hniphn-p = b*h,? (mod p). 
Now 0 S&S n—p S kp. Hence by the hypothesis of the induction, 
(9.3) hn-p == —(a”P/b)hna (mod p). 


Hence if kpo<n< (k+1)p, (9.2) and (9.3) give the “congruence 
bhn == a" Ron (mod p). Since arb? == 1 by (8:4) and a%ce*==1 by (8.1), 
this last congruence gives (9.1) on multiplication by-a’c*. Since (9.1) holds 
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trivially for n = kp or n = (k -+ 1)p, and has been proven true for 0 Sn Sp, 
the induction is completed: | 


THEOREM 9.2. Under the hypothesis of Lemma (9.1), 


(9.5) — Axpan = (— 1) *c*"b*hy (mod p), (k,n = 0,1,2, °°). 
Proof. (9.5) is true when k= 1 by Lemma 9.1. Its general validity 
_ follows directly by a brief induction on k. 


10. We can now establish the numerical periodicity of (A) modulo p.” 


THEOREM 10.1. Let (h) be an elliptic divisibthty sequence, and let p 
be any prime which divides netther-h. nor hs. Let p be the rank of apparition 
of p in (h), and let + be the least positive integer such that 


(10. 1) (— 6)" =], c’ == 1 (mod p) 


when b and c are the integers specified an Theorems 8.1 and 8.2. Then (h) 
is purely periodic modulo p with period zp. 


Proof. The proof of this theorem depends on the following lemma whose 
proof is left to the reader. 


Lemma 10.1. If 7 is defined as in Theorem 10.1 and if k is an integer 
. such that . 

(10. 2) (— b)? =1, c*==1 (mod p) 

then t divides k. 


We see from (10.1) and the congruence (9.5) of Theorem 9.1 that tpe 
„is a period of (h) and (A) is purely periodic modulo p. Hence by Theorem 
5. 2, any other period r of (A) modulo p is a multiple of p; say v == kp. But 
if kp is a period, then on taking n equal to 1 and 2 in (9.5), we obtain the 


congruences : 
(—c)*>* =], (— c)*c*b = 1 (mod p). 


Since k and k? have the same parity, (10.2) follows. Hence, r divides k, 
so that rp divides m. This completes lhe proof of the theorem. 


11. This section is devoted to the proof of the Theorem 11.1 quoted in 
Section 7 in which the integer r was explicitly determined. We shall need 
the following arithmetical lemma whose proof we leave to the reader. 


| enn eeanniatel 


** Periodicity for an arbitrary modulus m is an easy consequence. See Chapter VIII. 
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Lemma 11.1. Let p be an odd prime,” d an integer prime to it, and 
belonging to the exponent 8 modulo p. Then if 8 is odd, there exists no integer 
xz such that the congruence 


(11. 2) d? = — 1 (mod p) 


` 


1s satisfied. But if è is even, (11.2) ts satisfied if and only if ¢ is an odd 
multiple of 3. 


We observe first that the congruences (11.1) and (8.3) allow us to ` 
identify the integers c of Theorems 11.1 and 8.2. Since p is a prime, the 
congruence (8.4) implies that b is congruent to either plus or minus one. 
Assume that 
(11. 3) b" = -+ 1 (mod p}. 


Then by (10.1), (—b)° = (— 1) = 1 (mod p). Hence r must be even. 
Now by (8.3), b7 == hpc. Since c7 == 1 by (10.1), (11.8) gives 


(11. 4) hp- = 1 (mod p). 


Then by (11.1), (10.1), 
(11. 5) e7 == 1 (mod p). 


Let o = [e, x] be the least common multiple of the exponents to which e 
and hp. belong modulo p. Then (11.4) and (11.5) imply that «x | 7, e| r. 
Hence 
(11. 6) o|r. 


' On the other hand, Ap- = 1 and e == 1(mod p). Hence by (11.1) 
and (8.3), | 
(11.7) cf =I, b7 == 1 (mod p). 


Now if o is even, (11.7) implies that c° = 1, (— b)" == 1 (mod p). Hence 
by Lemma 10. 1, r | o, so that by (11. 6), t =v. 

o is odd if and only if both « and x are odd. In this case (11.7) implies 
that c= 1, (—b) =] (mod p). Hence by Lemma 10.1, 7| 20. But 
7 is even and by (11.6), ø divides r. Hence r= 2c. This disposes of the 
first case of the theorem. 

Assume now that 
(11. 8) b7 ==— 1 (mod p). 

Then by (8.3), 


Meee eme 








2: The lemma is false if p = 2. 
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(11. 9) h7-1==—1 (mod p), 
> and by (8.3) and (11.1) 
(11. 10) eT = — 1 (mod p). 


Now by Lemma 11.1, (11.9) and (11.10) imply that both x and. e are 
even, and that r is both an odd multiple of x/2 and an odd multiple of «/2. 
_ But if o now denotes [¢/2, x/2], 


(11. 11) a |r. 

Hence o must be an odd multiple of both ¢«/2 and «/2. It follows that 
if (11.8) holds, both « and x must be even and both divisible by precisely 
the same power of two. 


Assume, conversely, that the last mentioned conditions are satisfied. 
Then o is an odd multiple of both «/2 and «/2, so that by Lemma 11.1 


hp. = — 1, eo ==—-1 (mod p). 
But then by (11.1), (8.3) and (8.8) 
cC =l, b%=—1 (mod p). 


Hence (— b)” = (— 1) 4-1. Therefore by Lemma 10.1, r |e. Hence 
by (11.11) r =ø. This completes the proof. 


IV. The Representation of Elliptic Sequences by Elliptic Functions. 


12. If (h) is a proper elliptic divisibilty sequence, we have seen that 
if either hs or hg vanishes, the general term of the sequence becomes a simple 
product of powers, and the arithmetical properties of the sequence are patent. 
Consider now a general elliptic divisibility sequence so that the first five 
values of (A) are integers and 


(12. 0) = 0, hy aca 1, hhg sA 0; he | hs. 


We shall devote this chapter to the proof of the following fundamental 
result. 


THEOREM 12.1. Jf (h) is a general elliptic divisibility sequence, there 
exist two rational numbers go and gs and a complex constant u such that if 
Q (w3 92,93) ts the Weierstrass function with invariants g: and gs, then 


(12.1) . hn = ya(u) = o(nu)/o(u)™. 


Here o(w) is the Weierstrass sigma function. 
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Proof. Let (h) be a general elliptic divisibility sequence. Since ¥n(w) 
is always a solution of (1.1) and yo(w) == 0, yı (w) = 1, it suffices to show 
that we can determine go, ga and u so that: 


(12.2) (a) ya(u) = hes (8) : ya(u) = ħa; (Y): ya(u) = he 

We quote for reference eight familiar formulas of elliptic function theory : 
(12.3) a(w) =— p’ (w). 
(12.4)  ya(w) 804(w) — %gu?(m) — 397P (w) — Mog 


(02.5) 9 (2w) — 9 (u) = % (EL) 39 (w) 





9’ (w) 
(12.6) @ (8w)— P (w) = PP (w) (P(w) —ys(w) 9” (w)) = y (w) .- 
yı (w) ys (w) | 
(12. 7) PE) eE acy 
ypa(w)ya (w) 
(12.8) P (8w) — P (w) Dag 


(12.9) @%(w) =4p° (w) — 9:8 (w) — gs- 
(12.10) 97(w) = 6° (w) — 92/2. 
From (12. 10) : 
(12.11) ga=12Ẹ?(w)) —29” (w). 
From (12.9) and (12.10): oz 
(12.12) gs—= 20 (w) (P(w) —4p* (w) — P ° (w)). 


_ 18. Proof (Continued). Now assume that the conditions (12.2) (a), 
(8), (y) can be satisfied. Then since yı (u) = 1, (12.1), (12.8), (12.7) and 
(12.8) give: 


(13.1) @7(u) =— hn, 
(18.2) Q (2u) — P (u) = — he/he?, | 
(13.3) @(3u) —@ (u) = — heha/he?. 
Now by (12.6), (13.3) and (13.1): 
— heha/hs? = he? /ha? (Int — h9” (u)). 
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Hence solving for Q” (u): 
(18.4) @7 (uw) == (heb + hg) /hohs. 
Next, using (18.2), (12.5) and (13.1), (18.4): 
— hig/ho? = ${ (h + he) / — hh}? — 39 (u). 
Hence solving for @ (u): 
(13.5) Q (u) = (h + hha + hoha? + he), 12h21h,?. 
Next, using (12.11), (18.5) and (13.4): 
(18.6) ga = (Iho? + Afva?hy — 16hg!*he® + Chaha? — Shathshy 
+ 4hohg? + 16heths® + 8hoha ha? + hat) — 12h28h,'. 
Finally, using (12.12), (13.5), (18.4) and (138.6): 
(18.7) ga = — (h: +- 6he?? hg — 24ho™*hg? + 15h h4? — 60h: hs ha 
+. 20h? + 1120h th — 36h ?h hg? + 18h! hg! 
— 48h ha ha + Lho haha? + bhath? + häh," 
+ 48hoth ha? + 12ha ha hst + haf) — 2216h: h3, 
(3. 5), (13.6) and (13.7) are necessary conditions that the equations 
(12.2) hold. Now since by (12.1) neither A. nor hs is zero, we can start by 


defining gz, 9s and u (13.6), (13.7) and (13.5). Then u is determined save 
for sign up to a period of @ (w). 


On combining (13.5) and (138.6), we find that 
Jo — 12 @* (u) = — 2 (hoe + hg) /hohs. 


Hence (13.4) follows from formula (12.11). 
Now combining (13.7) with (18.5), (138.4) and (13.6), we obtain the 
formula 


ga— 29 (u) lp a —4@2(u)] =—hee 


Hence by formula (12.12), @’(w) = h. .We now choose the sign of u so 
that (13.1) is satisfied. w is now fixed up to a period of the g function. 
But then (12.2)« follows immediately from formula (12.3). 
Next, using (12.5) and substituting in it for @’(u), p” (u) and Ẹ (u) 
from (13.1), (18.4) and (13. 5), we find that p (2u) — Ẹ (u) =— A, /h.’. 
Hence (12.2) follows from (12.7), (12.2) and the fact that ¥,(u) = 1. 


ve 

echt 

* : et 

cn “a ł 
f 
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Finally on substituting on the right of (12.6) for p' (u), p” (u) and 
Yalu), we find that @ (8u) — @ (u) = — Aghs/h;?. 
Hence (12. 2)y follows from (12.8 and (12.2)a and B. 


V. The Relationship Between the Numerical Periodicity of a Sequence 
and the Periodicity of the Corresponding Elliptic Functions. 


14. We shall now prove Theorem 8.1 of Chapter III. Throughout this 
part of the paper, (h) denotes a fixed general elliptic sequence, and p a fixed 
prime greater than three dividing neither h nor hs. For convenience of 
printing, the rank of apparition of p in (h) will be denoted by r, rather than 
by p as heretofore. 

It follows from the results of Part IV that 


(14.1) hn == Un (tt). 


Furthermore go, gs and @(%) are integers modulo p. 

We commence by stating the results of elliptic function theory which 
we shall need.” If we regard w in Ya(w) as a complex variable, yn (w) may 
be expressed in terms of the Weierstrass signma function as follows: 


(14. 2) | tn(w) = o(nw) /o(w)”. 


If 2 is a period of the g function, then with the usual notations of 
the theory of elliptic functions, 


(14. 3) olw + 20) == — en wo) o(w). 
On the other hand, if z = @ (w), ya(w) may be expressed as a polynomial 
in z, say F(z), of the form l 
(14. 4) pusk =h > Aart" 
where the TE q of Fn(z) in z is (n? — 1)/2 or (n? — 4)/2, and eq is 1 


or h2/2 according as n is odd or even. The coefficients A of F'a(z) are poly- 
nomials in g»/4 and gs with rational integral coefficients: 


(14. 5) Ax = Axn( 2/4, 93) l k = 0, L,- yg 


Hence each Az is an integer modulo p. Furthermore Az is homogeneous of 
degree k if gə is given the weight two and gs the weight three. In particular, 


ag 


23 See Fricke, Die Hlliptischen Funktionen ... II, Berlin, 1922, pp. 184-205. 
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(14. 6) Ao = in, 
(14. 7) Ax = 0, A, = bg2/4, Ag = C935 Ag == dg/16 


where b, c, d are integers depending of course on n. 

It is also well known that if we consider the roots ¢ of F(z) == 0 (where 
it will be recalled that r is the rank of apparition of p in (#)) then each @ 
may be expressed in the form 


' (14. 8) f= P (20/r) 
where 2w is some period of the p function. 


15. Let #@ denote the field obtained by adjoining all the roots of 
F,(z) = 0 to the field of rationals, and let p denote any prime ideal divisor 
of p in œ. By Theorem 5.1, the rank of apparition r of p is less than 
2p +- 2. Hence either r is prime to p, or r= p, or r= 2p. 

We shall assume that r is prime to p in this section. It follows from 
the results on #n(z) stated in the previous section, that all the roots ¿ of 
F(z) =0 are algebraic integers modulo p and that we have the congruence 


hr = Cr H (P (u) —€) (mod p) 


where cr is an integer prime to p. But by the definition of r, hy is divisible 
by p. Hence we have the congruence in R: I(@ (uw) —f) =0 (mod p). 
Since p is a prime ideal, there must exist by (14.8) a period 2w of the @ 
function such that 


(15. 1) P (u) =P (2w/r) (mod p). 
We deduce from (14.4) and (14.1) that 
(15.2) hn == ya (20/r) (mod p) 


for n = 0, 1,2, °°. , 
Consider now y¥r-n(2w/r) where OS n&r. By formulas (14.2) and 
(14. 3); 
Wrn (20/7) = o (— 2nw/r + 20) + o (Zor) ernn? 
= a" Ba (2nw/r) — o (Rw/r)” = 4 Bin (2w/7). 
Here a == etno/ro (2w/r)", and 8 = e?™-+o(2w/r)”, and we have used the 


fact that o(— w) =—o(w). (15.2) now gives the congruences 


(15. 3) hr-n = a" Bhn (mod p). 
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Letting n equal one and two in- (15.3), we see that «8 and «8 are 
` congruent to rational integers modulo p. Hence « and 8 are congruent 
modulo þp to two rational integers; say a and 6. Thus (15.3) becomes 


hrn = a"bhy (mod p). 
Since all the Roman letters denote rational integers, we deduce that 
hr-n = a”bhn (mod p). 


On replacing r by p, we obtain Theorem 8.1 for the case when the rank 
of apparition of the prime p is not p or 2p. 


16. It remains to discuss the more difficult case, when the rank of 
appartition r of p equals p or 2p. It follows from the form of the coefficients 
Ax of F,(z), that if p divides both gz and gs, it divides every coefficient of 
F,(z). The converse is also true. . 


Lemma 16.1. <A necessary and sufficient condition that p divide every — 
coefficient of F(z) or Fap(z) is that p divide both gs and gs. The rank of 
apparition of every such prime is p. 


Proof. We need only prove the necessity of the condition. Assume that 
r= p and : 
Ax, =0 (mod p), k= 0, 1, -,q = (p?—1)/2. 


Let & denote the Galois field obtained by adjoining to the field of rationals 
the three roots e, ez, es of 4%°— gor— 9; =Q. Then with the usual 
notation, e; = @ (wi), (i = 1, 2, 3) where 2w; is a period and œ, + w2 + os = 0. 
The numbers e; are integers modulo p since p is odd. Now let p be any prime 
ideal divisor of p in $. Then by (14.2), (14.4) and our hypothesis on 
the An, ` 


(16. 1). o(po;)/o(wi)™ aon Wn (wi) == êg È Aerer = 0 (mod p). 


On the other hand on writing p= (2p—1)/2+1 and using the 
periodicity of the sigma function, 
o(poi) = (— 1) 2) 2g2n(o-2) /2we4L -1)/2100) o (0). 
But , 
RTO ne (e: = €;)*(e eee er) Ao (we) > 
Hence 
o( pwi) == (6i — ej) (p?-1) /4(e4 — er) (1) /4g (w). 
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so that 
Yolo) = (ei — ej) (P974 (e; — ep) YY, 


Hence by (16.1), 
(e; — ej) PYM (e; — ep) P- /t= 0 (mod p), i, J, k = 1,2,38,15 j, tÆ k. 


Since p is a prime ideal, we deduce that e, == e = e (mod p). But then 
for every integer € of &, 4? — gé — g, = 4(E— e,)? (mod p}. Hence 


€, == €z =e, (mod p) so that gz = g; = 0 (mod p). 


Since g, and gs are rational integers modulo p, it follows that go == 9, = 0 
(mod p). This completes the proof of the lemma for the case when r= p. 
The proof for the case when all the coefficients of wep(w) are divisible by p 
is similar and will be omitted here. 


17. In view of Lemma 16.1, we need consider only the case 
(17. 1) hr = 0 (mod p), r= p or r == 2p; 


(17. 2) gand gs not both divisible by p. 


We first develop some simple arithmetical concepts which are needed in 
the proofs that follow. Let p be a prime ideal of an algebraic number field, 
and g any field element. Then the principal ideal [a] has a unique repre- 
sentation of the form [a] == p“bc-? where D and c are integral ideals which 
are co-prime and also prime to p, and the exponent a is a rational integer. 
We call a “the index of « (modulo p).” «æ is said to be integral modulo p if 
and only if its index is negative or zero, and fractional modulo p if and only 
if its index is positive. 

The following lemmas follow readily, and their proofs are left to the 
reader. i 


Lemma 17.1. If ais a fraction modulo p and B is an integer modulo Y, 
a +B is a fraction with the same index as a, and the index of aß is not 
greater than that of a. 


Lemma 17.2. If a, @2,* + -,% are fractions modulo p, the index of 
their product is the sum of the indices of the separate factors. 


LEMMA 17.8. If 1, Qo’, æn are fractions modulo p, the index of 
(p — a1) (p — 22) (p—s) ts the same for all @ which are integers 
modulo p, and equals the sum of the indices of a, %2,° > +, Qk 
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18. We may now complete the proof of Theorem 8.1 as follows. With 
the notation of Section 16, let the roots of F’-(z) =0 be i, 2> > `, Ca, The 
leading coefficient of F(z) is divisible by p but not by p° by formulas (14. 4) 
and (14.6). Furthermore, there exists at least one coefficient A; which is 
not divisible by p. Consequently, if p as before denotes a prime ideal divisor 
of p in the field R, not all the roots € are integers modulo p. We shall now 
prove 


Lemma 18.1. Not all the roots € of F+(z) = Q are fractions modulo p. 


Proof. Let @ denote a variable whose range*is the set of all field 
elements of æ which are integers modulo p. Then if all the € are fractions, 
the index of ($ — £1) ($ — £2), - : ($ — éa) by Lemma 17.3 is a positive 
number independent of the choice of ¢. But by formula (18.5), z = @ (u) 
is an admissible value of ¢, since p is prime to 6h2hs. But by formulas (14. 1). 
and (14. 4), l g 


(18. 1) hr = F(z) == pl (z — €,) (z — b2) © > + (2 — ta) 


where / is an integer depending on r but prime to p. 


Now suppose that the highest power of p dividing p is the k-th. Then 
by (17.1), the index of the left side of (18.1) is at most — k. But by 
Lemma 17.2, the index of the right side of (18.1) is greater than — k. This 
` contradiction establishes the lemma. 

- Now let ĉi, ća" °- ,čs be the roots‘of Fr (z)==0 which are nies 
modulo p, and s+ £519," * +, be the roots which are fractions modulo p. 
In view of what we have just proved, both these sets of nen are non-empty. 
Now re-write (18.1) as 


teei o (2 — és) ] [(2 — ban) > > > (2 — ĉa) ]. 


The index of the right side is at most equal to the index — k of p. But the 
index of [(2—ĉs1)' ©- (—q)] is positive. Consequently the index of 
[(z— é) < < (2—£s)] must be negative. But this implies that (2— 1) 
- + (g—{s) ==0 (mod p). Since p is a prime ideal and each term z— ģ&, 
-z — s; is an integer modulo p, there exists a € such that @(u) =z 
==£(modp). Hence we obtain again from (14.8) the congruence (15. 1) 
for a suitably chosen period 2e of the @-function. The remainder of the 
proof now follows exactly as in Section 15 for the case v prime to p. 
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VI. Equivalent Sequences. Singular Sequences and Their 
Representations by Circular Functions. 


19. Two sequences (u) and (v) (which need neither be integral, nor 
solutions of (1.1)) are said to be “ equivalent ” if and only if there exists a 
constant c£ 0 such that 


Un = Cy, (v0, 152.2"); 


We write (u) ~ (v) or (u) = c(v) if it is desired to bring the constant 
c explicitly in evidence. , ~ is evidently an equivalence relation in the technical 
sense. We shall show in Chapter VII that there are only four types of non- 
equivalent solutions of (1.1), of which the elliptic function and circular 
function solutions are the two most important. We shall continue the further 
development of the properties. of equivalence in section twenty-one of this 
‘chapter. 

Let (A) be a general elliptic sequence. We have seen in Chapter IV 
that there then exists an elliptic function @(w) = @(w;49s,gs) whose 
invariants g» and gs are certain rational functions of the initial values of (h), 
such that for a properly chosen value u of the complex variable w, 


(19.1) ` hp = o (nu) /o(u)™. 


By the “discriminant” of the sequence (h) we mean the discriminant 
of the corresponding @-function: 


(19. 2) A == g — 2793". 


We write A == A(h), or A == A (hs, hs, ha) if we wish to emphasize the 
dependence of A on the initial values of (A). 

If we substitute for go and g, in (19.2) their expressions in terms of 
he, hg and ha given by formulas (13.6) and (13.7), we find that 


(19.3) A(he, hs, ha) = 1/heobha? {hat + Bhh + (8h + 8h) hy? 
4 hho! (ha€ — 20hg®) ha + hotha? (16h: — ha) }. 
The sequence (A) is said to be “ singular ” if and only if its discriminant 
A(h) vanishes. We shall show that a sequence is singular if and only if it 


is essentially a Lucas function. The main step in the proof of this result 
is the following theorem: 


THEOREM 19,1. Necessary and sufficient conditions that a general elliptic 
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sequence (h) be singular are that there exist integers 1 r and s such that 
rs(r* — 8s?) Æ 0 and 
(19.4) ` he =r, ‘hg = s(r?— 8°), hy = rs? (7? — 28°), 

20. This section is devoted to the proof of Theorem 19. 1. We first 
prove that the conditions (19.4) are ncessary for (4) to be singular. Assume 
then that (k) is a general elliptic sequence for which A(#) vanishes. 


Since hs and hs are not zero and he divides h4, it follows from (19.3) 
that if we let 


(20. 1) u == h,  v=h, w= h,/ho, 
then A vanishes if and only if the diophantine equation 
(20.2) 160? — (u? + 20uw — 8w?)v + w(u + w)? =0 
has solutions of the form (20.1); that is, u a perfect fourth power and v = 


perfect cube. 
If we solve (20.2) for v by the ete formula, we find that 


(20. 3) Bw = w? + 20uw — 8w? + Vu(u— 8w)’. 


Hence it is necessary that u(u— 8w) be a square. But u is a square 
by (20.1). Hence we may write 


(20. 4) — u= P= hf, 
(20. 5) pe By tet the 
where / and m are integers, Then 
(20. 6) w= (F — m?) /8. 
We find from (20.4) and (20.6) that 
uw? + Ruw — 8w? = 4( 2714 — 118P m? — mt), 
Vu(u— 8w)? = lm, 


On substituting these expressions into (20.3) and a east by eight, 
we find that 256v = 2714 — 18]?m? + Blm? — m+. 


. The right hand side of this expression factors into (1 + m) (31 =m). 
Hence on multiplying by two and substituting ha? for v, we obtain the formula 


(20.7) > (Shs)? == (21 + 2m) (31 $ m)*. 
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Hence 21: 2m is the cube of an even integer, and we may write 
21 +: 2m = (2s)? where s$ is an integer. Now 31 = m-+4s?== 41. Hence 
31 =: m in (20.7) is divisible by four. We thus have for integral s and q 


(20. 8) , | + m = 48, 3l £ m = 4q, 
and (20.7) becomes (8%) = (8sq)’. Hence 
(20. 9) hs = sq 
and on solving (20.8) for 7 and m, we find that 
(20. 10) = GF +. q, m = + (88° — q). 
On substituting these expressions for / and m into (20.6), we find that 
(20. 11) h/h = w = $ (q — è). 
- Finally, (20.4) and (26.10) give 
(20. 12) ho? = + q. 


Now let ha =r. Then by (20.12), q = r?— sè. Then on substituting 
this expression for g into (20.9) and (20.11), we obtain the formulas (19. 4). 
The accessory condition rs(r?— s*) ~0 is needed to insure that (h) is 
general, The necessity of the conditions (19.4) is thus established. 

The sufficiency of the conditions (19.4) is evident on retracing the 
steps of the proof of their necessity in reverse order. The sufficiency also 
follows directly by substituting into the formula (19.3) for A(he, hs, ha) the 
expressions for he, hg and hs in terms of r and s. The result vanishes iden- 
tically in r and s. | 

The following theorem may be proved by elementary algebra on substi- 
tuting into the formulas (18.6) and (18.7) giving gz and g, the expressions 
for he, hg and h4 given in (19.4). 


THEOREM 20.1. If (h) is a singular elliptic sequence, then with the 
notation of Theorem 19.1, 


(20.13) ga = 3{(r?—4s*)/6s%}2, gg = — { (r° — 48°) /68"}}. 
Now if e, e, and e, denote as usual the roots of 
(20. 14) 42° — goz — gs = 0, 


then A = 0 if and only if two or more of the roots e: are equal. Suppose that 
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(20. 15) A=0, éb. 
Then 

(20. 16) l3 = — Bey 

and 

(20. 17) Jo = 363’, Je = 83°. 


Hence we obtain the following corollary to Theorem 20.1: 


THEOREM 20.2. If (h) is a singular sequence, then the roots of (20.14) 


are 

—— (1? — 48°) /6s?, (73 — 4s?) /128?, (r? — 48?) /12s*. ` 
Furthermore 
(20. 18) ge = 9a =0 tf and only if 1? = 48. 


In this case, e1 = ls == e; = Q. 


21. We shall now resume our discussion of the notion of equivalence of 
sequences introduced at the beginning of this chapter. 

A sequence («) of algebraic numbers is said to be “ essentially integral ” 
if it is equivalent to an integral sequence; that is, if there exists an algebraic 
number 8 other than zero such that 8”™^taæn» is a rational integer for every n. 


THEOREM 21.1. If a sequence (u) is a particular solution of (1.1), so 
are all sequences equivalent to it. Furthermore, if (u) is general, so are all 
its equivalent sequences. 


THEOREM 21.2. If an elliptic sequence (h) admits an elliptic function 
representation by means of Q (w) = P (w3 ga gs) and (k) =c(h) is any 
equivalent sequence, then (k) admits an elliptic function representation by 
means of P (w) =Q (w; 9’2,9'3) where w = w/c, g'a = tge, g'a = 0°93. 


Equivalence is thus the analogue of the Ø -function homogeneity relation : 
P (w/c; fga, 89s) = 67) (w; g2, 93). 

The proofs of these two theorems are almost immediate and are left to 
the reader. 


THEOREM 21.3. Every proper solution of (1.1) in rational numbers is 
essentially integral, and equivalent to an integral divistbility-seguence. 


Proof. Let (a) be a proper rational solution of (1.1) so that a, = 0, 
a, = 1 not both ae, a vanish and @» is rational. If az is zero, the theorem is 
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obvious from Lemma 4.1 of Chapter II, formula (4.13); for we may take 
c® equal to the denominator of as. If a» is not zero, (a) is clearly uniquely 
determined by the initial values of a2, @; and ads. Now we may write a2 = 62/4, 
Gg = C3/, de == C4/& Where Ce, Ca, Ca and a are integers and ce=<0. Then 
by Theorem 4.1, (b) is an pe integral divisibility sequence if 
bn = (Cot) tan. 

We may now prove a converse to Theorem 12.1 of Chapter IV. 


THEOREM 21.4. If the invariants g: and gs of the function Ø (w) are 
rational numbers and if u is such that ọ (u) is rational, then Gn =Yn(u) ts 
equivalent to an integral elliptic divisibility sequence. 


Proof. By (14.4), all the a» are rational. But Yn(w) satisfies (1.1). 
Hence the result follows from the previous theorem. 


22. We shall resume the development of the properties of singular 
solutions by establishing the following theorem: 


THEOREM 22.1. Every singular elliptic sequence is equivalent either to 
the sequence 
(22.1) 0.1, 25%3 Yon * 


of the positive integers or to a Lucas sequence 
(22. 2) Uo U, Us 3 a Un at 


where Un = (a*—b")/(a—b), Q = ab = 1, and P =a -4-b is in general, 
a quadratic irrationality. 


Evidently such a Lucas sequence may be written in the form 
Un = sin n@/sin @ for a suitahly chosen complex number 0, and is hence 
parameterized by circular functions. 


Proof. Let (h) be a singular elliptic divisibility sequence so that 
A(h) =0. Suppose first that g: == ga = 0. Then it follows from Theorem 
20. 2 that 
(22. 3) r? = 4s? 


where r and s are the integers introduced in Theorem 19.1. But the dio- 
phantine relation (22.3) implies that there exists an integer c such that 
r == 2c, s= c°. Then by (19.4), he = c82, ha = 0°38, ha = c4, 

Hence by Theorem 4.1, (h) is equivalent to the solution (22.1). 
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- Now assume that not both gz and gs are zero. We first develop some 
lemmas. i 


LEMMA 22.1. Let « and B be two distinct numbers neither of which is 
zero, and let p= a + B, q = aß, un = (a” — 8B”) / (a — B). Then 


(22.4) qE Paty 
is a solution of (1.1). 


This lemma, as was mentioned in the introduction, is due to Lucas. 
We call (22.4) a “ Lucas solution” of (1.1), or a “ Lucas sequence.” 

In Lucas’ arithmetical theory, p and q are rational integers so that a 
Lucas solution is not generally an integral sequence, although it is evidently 
equivalent to an integral sequence. 

We may however restate the lemma of Lucas in a way which overcomes 
this defect and is more convenient for our purposes. Since neither « nor g. 
is zero, we may let a = Va/6 and b= V8/a. Then P=at+b=p/V¢ 
and Q == ab = 1 while Un = (a” — b")/(a— b) = q%™ Pun. Hence we may 
State the following modification of Lemma 22. 1. 


LEMMA 22.2. Every Lucas solution of (1.1) is of the form | 
(22. 5) Un = (a" — b")/(a— b) 
where P=a+b and Q=ab—1. 


We shall assume that *4 P= 0, as otherwise (U) is not general. 
The initial values of the Lucas solution (22.5) with Q = 1 are 


0,1, P,P? —1, P? — 2P. 
On comparing these values with (19.4), we obtain the following result: 


Lemma 22.3. A necessary and sufficient condition that a general” 
elliptic sequence be a Lucas solution of (1.1) ts that it be a singular solution 
with r= P and s =1. 


Now. consider any singular sequence (h) with gə and gs not both zero. 
By Theorem 19. 1, 


(19. 4) h: =f, hs = s(7? — 8è), ha = rs? (1°? — 28°) 
where r and s are integers and rs(r? — s?) =Æ 0. 
*4 Lucas solutions of (1.1) with P = 0 are discussed in Chapter VII. 


25 Solutions with h, = 0, h, z 0 are equivalent to a Lucas solution. Solutions with 
h, 340, hı = 0 are not generally Lucas solutions. See Chapter VII. 
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Now let r= cP, s = ¢. Then c is in general a quadratic irrationality. 
Hence P is in general a quadratic irrationality; namely 


(22.6) > P = rV s/s. 
Then (19.4) becomes | 


ho = cP, hg = Ee (P? —1), h, = c (PP — 2). 


Hence (h) is equivalent to a Lucas solution with P given by (22.6) and 
Q==1. This completes the proof of Theorem 22. 1. 


VII. Special Sequences. 


23. We have seen that any sequence (A) whose initial values satisfy 
the conditions 
(23. 1) ho = 0, hy =s T he a 0, hs sph 0 


may be parameterized by elliptic or circular functions. We discuss now the 
special sequences which arise when one or more of the conditions (23.1) are 
violated. Until further notice, (4) denotes a sequence of complex numbers 
satisfying (1.1), so that 


(4. 11) hunsnlimn = hmhm- === Ning hen_shen? > m = n z> 1. 


Sequences in which hı? sÆ1 are uninteresting. For on first letting 
m = 3? and n = 2 in (4.11) and then letting m = n, n = 1; n == n, we obtain 
the relations 
(23. 2) holta = 0, (hy? = 1) hrala a 0, n = i 
(23. 3) holtan — Q. 


“ 


Now if h? 3&1, then Ansin ==0. Hence since n is arbitrary, 
Rnsnlimn = 0 for m= n= 1. Since the integers m + n and m— n are of 
the same parity, there can be at most two non-vanishing terms in (A) and 
their suffices must be of opposite parity. 

Tt is evident conversely that if k and 7? are any integers = 0, thon 
hn = 0, nsÆ&k, ns&k + 2+15 hr, hru arbitrary, defines a solution 
of (1.1). 

We shall assume henceforth that kı? =— 1. There is no loss of generality 
in assuming then that 4, = 1; for if An is a solution of (1.1), so is (—1)*ha. 

We consider next solutions with hg=-0. We see from (23.2) that a 
sufficient condition that he = 0 is that ho ~0. The simplest example of such 
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a solution is the Lucas sequence hn = sin mr/2, »>0. This solution is 
periodic with period four and purely periodic if and only if ho==0. The 
' Kronecker symbol solution (— 8/n), mentioned in the introduction, equals 
(— 1) @) sin m/2, and is hence essentially a Lucas solution, but of period 
eight instead of four. Evidently the fourth term of this solution is not zero. . 
We shall now show that there is essentially no other such solution. 


THEOREM 23,1, Every solution (h) of (1.1) with hı = 1, hze = 0 and 
hs 0 is equivalent to the Kronecker symbol solution, and is hence a Lucas 
solution; that is for n > 0, 

0 n even 
(23. 4.) hin = (= 1) [n/t] h (n2-1) /8 n odd. 


Proof. It is easily verified that [(2n-+1)/4]==n+1+n(n+1)/2 
_ (mod 2). Hence an equivalent way of stating (23.4) is: 


(23. 5) Ron = 0, — honi = (— 1)" (— hg) PO”, (n = 1,2, 38, ` ). 


Now since (h)-satisfies (4.11), we obtain on taking first m = 2n and 
n = 2 and then m = 2n — 2 and n = 3 the two relations . 


(23. 6) Rsiccltsp6 E hihshon, n = 1: A 
(23. 7) hon+ihon-s TS hon-shon-shs”, n = 3. 


Since hz vanishes, the first part of (23.5) follows by a brief induction 
from (23.6). Since hı == 1, we can calculate hen. for n = 2 and n = 3 from 
(4. 5) : hones = hnsshn® — hn nas: ) 

We thus find that hs = h3’, hı = — h,°, so that (23.5) is true for n & 3. 
Its general validity now follows readily by an induction based on (23.7). 


24. We next discuss solutions with vanishing fourth term. We see from 
(23.3) that if oÆ 0, all terms of positive even suffix vanish. But since we 
are assuming that h, = 1, it follows by a brief induction based on (4.5) that 
all terms of odd suffix vanish save hı. Conversely 


(24. 1) hn = 0, l n >1 
is evidently a solution of (1.1) regardless of the values of ho and ha. We 
shall therefore assume henceforth that 
(24.2) ho—0, h =l, hg==0. 

There exist an infinite number of essentially distinct solutions of (1.1) 


meeting these conditions. For let J denote a fixed odd number greater than ` 
one and define a numerical. function of n and l, An == Àn (l) as follows: 
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0 if n+ 1 (mod!l); 
(24. 3) Ààn= 1 if n==+1(modl); 
— 1l if n=— 1 (modl). 


THEOREM 24.1. If cis a constant and not zero then 
(24. 4) Le == Aner 
as a solution of (1.1) whose wutial values satisfy the conditions of (24.2). 


In particular, on taking c==1, we see that An itself satisfies (1.1). 
If I == 3, Àn reduces to the Legendre symbol solution (n/3) mentioned in the 
introduction. We see incidentally that (1.1) has integral periodic solutions 
with any preassigned odd period J; but such a solution is a divisibility 
sequence only if J = 3. 


‘Proof. The initial values given by formula (24.4) are evidently lo = 0, 
lı == 1] and lą = 0, so that (24.2) is satisfied. If we substitute 7, into the 
basic recurrence (4.11), the left hand side vanishes unless m + n == + 1 
(mod 7) and m—n=+1 (mod/). Hence, since 7 is odd, there are only 
four cases when the left side-of (4.11) is not zero; namely ** (1) m=I, 


n= 0; (1) m=0,n=1; (ii) m=0, n=—1; (iv) m= — 1l, n=0. 


Now of the two terms on- the right hand side of (4.11), Imualmaln® 
vanishes unless m == 0 and n = + 1, and lnslnsly? vanishes unless n == 0 and 
m== + 1. Hence (4.11) is satisfied except, perhaps, in the four cases just 
listed. The following table lists the values of Àm,- for each of the 
four cases and the computed values of the terms of (4.11) which result. A 
glance at these completes the proof. 


TABLE OF VALUES OF (1) 


Case Am Àn Amat Am-1 Aner An- Aman Am-n Umanbm—n lmarlmrln? = bn-rbneslm™ 


G) 42 0 0 0.4—1 1 1 c™ 9 o2-2m 
(i) 0° 1 1—1 0 0 1—1—ohm — om j 
(iii) 0—i 121-—1 0 0—1 1ean — rn 0 
(iv) —1 0 0 0 1=1—1—1 cm 9 ootem. 


=e Ap satisfies (1.1) if pi == 4, but Theorem 24.1 is untrue in this case for c’s chosen 
arbitrarily. 
27 We suppress the modulus 7 when no ‘confusion can arise. 
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25. We shall next show that the solutions (/) just investigated are 
essentially the only type of solution of (1.1) with fourth term zero. 


THEOREM 25.1. Every solution (h) of (1.1) with ho = 0, hy = 1 and 
hs == 0 either has all its other terms zero with at most one exception, or it ts 
equivalent to a solution (1) of the type described in Theorem 24.1. 


Proof. Let (k) be a solution of (1.1) satisfying the conditions hy = 0, 
hı = 1 and ha ==0. Then (4.5) holds: 


(4. 5) haky = hixsolix3 = ltr-ihtis k = i, 


If all terms of (h) with even suffices vanish, we find by a brief induction 
based on (4.5) that all terms of (A) of odd suffix vanish save hı, and we have 
the trivial solution (24.1) again. 


If not all terms of even suffix vanish, there is a first term which does ~ 


not vanish. Consequently, there exists an odd integer J not less than three 
such that 


(25. 1) ho = ħa =" + < == hig = 0; 
(25.2) his £0. 
I say that 
(25, 3) hi =0 
and 
(25. 4) hn=0 for l<n<l—1 if >83. 


For (25.3) is true by hypothesis if /== 3. If] > 4, then (25.4) is true 
for even n by (25.1). Hence if (25.4) were false, there would exist an 
integer k >1 such that fn=0 for Lon<2e+1<l but hens 50. 
However, by (4.5) harn == 0, since 1 S k—1<k#+2< 2h +1. This con- 
tradiction establishes (25.4). (25.3) now follows from (25.4) on taking n 
equal to (1 —1)/2 in (4.5). 

It may happen that hım = 0. If so, it may be readily ‘proved by induction 
that hn = 0 for n>1+1.% It is evident that conversely, ho = 0, hi = 1, 
hn = 0, n =Æ l — 1 gives a solution of (1.1). The first part of the theorem 
is thus established, and we may assume for the remainder of the proof that 


(25. 5) his 36 0, 


*° For odd n, we use (4.5) as a basis for the induction. For even n, we use the 
formula Royer = Ry, silia in? ena hn_tm? Obtained by letting m = k + (l—1)/2 


and n = k— (l-—~1)/2 in (4.11). 
5 
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I say that | 
(25. 6) hkn==0 for lti<cn<2—1 if I>3; 
(25. 7) het. = hih; her = 0; hira = — haha. 


For if n is even, then by (4.11) 
(25. 8) Anhi-1 ice h instar) /2ħens+t-8) 72" (n—t41)/2— h en-taay soft cn—t-1) sof? (natty 72 


Now if n=1 -+ 3, he n-t43)/3 = hs = 0 and lt n-1-1) /2 = he == 0, Ifn > l -}- 3, 
then 1 < (n —1—1)/2 < (n — l- 1)/2 < 1/2 < I—1. Hence hrin-121)72 = 0 
by (25.4). Hence hn = 0 by (25.5). If n is odd, say n = 2k + 1, hn == 0 
directly by (4.5) and (25.4). The first and third equations of (23.7) 
follow directly from (4.5), and the second equation follows from (25.8) on 
putting n equal to 2l. 

We can now prove that 
(25. 9) hn = a1 Apct nAn 
where 
(25.10) a= (— hiaha p n, ¢ == (— hia) PP PA, DBP, 


Since Anc?” is a special (7) solution, this step will complete the proof 
of the theorem. . 

If n is less than 27 + 2 and not congruent to + 1 modulo l, (25.9) gives 
ha = 0 in agreement with (25.4) and (25.6). It is readily seen that (25. 9) 
also gives the values for Ai. and fete: already found. 

We now proceed by induction. Suppose that we have proved that the 
formula (25.9) gives the solution (4) for 0 S n < m, where we are entitled 
by what proceeds to assume that m = 21+ 2. Since (h) satisfies (4.11), 
we obtain on taking n equal ‘to / the relation 


(25. 11) limetoa TRER oema leash met ee 


Now if m 56 + 1 (mod 7), then hm. = 0 by the hypothesis of the induc- 
tion. Hence Am == 0 unless m = + 1 (mod!). Hence by the definition of An, 
(25.9) is true if n = m and ms +1 (mod l). 

Now assume that m==-+1 (mod 7). Then on replacing m by m — l in 
(25.11) we obtain the formula 


(25. 12) ln ——— hitshiphemi/hm-2t- 


For since m = 21 -+ 2, we have m— 21 > 0 and hm-21 0 by the hypothesis 
of the induction. We may now evaluate hm by substituting in (25.12) for 
Amz and hme. from (25.9). But we obtain in this manner (25.9) with n 


3 
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replaced by m. Thus we have shown that if (25.9) holds for OS < m, 
then it holds for OS n <m-+1. Hence it is generally true by ‘induction. 
That conversely (25.9) is a solution of (1.1) is a trivial consequence 
of Theorem 24. 1. 
If we exclude from consideration the trivial solutions of (1.1) already 
discussed in which all except a finite number of terms are zero, we may 
summarize the results of Chapters IV, VI and the present sections as follows. 


THEOREM 25.2. Any non-trivial solution’ of 
(1. 1) Omin m-n == my1 Om-10n" Tm Wn $1©n-1Om" 
is equivalent to one of the following four solutions: 
hn =n; hn==sinn6/snéd; hi=a(nu)/o(u)™; ha=Anch™, 


26. We have already remarked that the only non-trivial solutions of 
(1.1) with fourth term zero which can be divisibility sequences are those 
for which | = 3 so that hs is zero, but he and h4 are not zero. The formulas 
of Theorem 25.1 then give the general term of the sequence (h). 

The question arises whether or not such a solution can be parameterized 
by elliptic functions, so that with a proper choice of invariants, hn = ya(u). 
But (Halphen, Traité des fonctions elliptiques, Part I (1886), p. 96) we 
have in the notation of Chapter IV, 


ha = pa (u) = — P‘ (u); hs = y(u); 
ha = ya(u) = Q' (u) (P” (u) — ya (u) P” (u)). 


Consequently, if hg = 0, it is necessary that h4 == — h: for such a para- 
meterization to be possible. But if this condition is satisfied, hn reduces to 
(—h) ‘2 (n/3), so that (h) is equivalent to the Legendre symbol solution - 
(n/3). Now the Legendre symbol solution is equivalent to (n/3)(— 1)*/®)"; 
for (-— 1) = (— 1) ("/9)n — (— J) nr (n/8)) = + 1 if n is not divisible 
by three. But (n/3)(—1)* /9)" is the special An solution for l == 3 and 
c = — 1; and this is evidently expressible as the Lucas solution 


Un == (sin 2n1/3) /(sin‘27/3) 


satisfying the recurrence Un, = Unis — Un. We may thus state the following 
theorem. 


THEOREM 26.1. If (h) is an elliptic divisibility sequence with the 
initial values 0,1, he, 0, ha where heh, 0, then (h) cannot be parameterized 
in terms of elliptic functions unless h, == — h. If this condition is satisfied, 
(h) is equivalent to the Lucas solution sin (2n7/8) /sin (27/3). 
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VIII. Periodic Sequences. 


27. We shall determine in this chapter all periodic elliptic sequences 
other than the special periodic sequences (A) already discussed in Section 24 
of the preceeding chapter. We shall be concerned here then with sequences 
(h) with ho =0, hy = 1 and not both ha and hz zero. By Lemma 4.1 of 
Chapter IV, if two consecutive terms of such a sequence vanish, then all 
terms vanish beyond the third, and we have the trivial solution 0, 1, he, 0, 0, 0, 
- - + of period one. It is easy to see conversely that this solution is the only 
one of period one. We shall now show that every other periodic sequence 
is purely periodic. 

THEOREM 27.1. Let (h): 0,1, ha, hat be a solution of (1.1) in 
which no two consecutive terms vanish. Then if (h) is periodic, (h) is purely 
periodic. 


Proof. Since if he is zero, hs is not zero, and the conditions for periodicity 
in this case are trivial, it suffices to show that if no two consecutive terms of 
(h) vanish, then the assumptions 


(27.1) hn = hn, nZaži, KER; 
(27.2) ha-ise F her; 
(27. 3) he 03 


lead to a contradiction. (These conditions simply state that (1) becomes 
periodic with period « > 1 after a non-periodit terms.) 

We shall begin by showing that 
(27. 4) he == 0. 

For, taking m = a + k — 1 and n = a + 1 in the basic recursion (4.11), 
we obtain from (27.1), kehe = 0. Honce either hr, or hsa == 0. But if 
hears = 0, then on taking m == 2a + 2 +x and n =x in (4.11), we obtain 
0 = hoanhoashr”. Since neither hanı nor hons can vanish, he = 0. 


We next show that 
(27, A) Either he == 0 or hess — 0. 


For taking m = 4& +- x and n =a in (4.11) we find that 


hoah == harha? (Rare — ha-1) , 


Hence (27.5) follows from (27.4) and (27.2). Since h.=0, it follows 
from (27.5) and (4.6) that either hoe = 0 or haz = 0. Hence 


(27. 6) . hea £ 0. 
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We can now show that 
(27. 7) ħa = 1, he = — 1. 


For taking m =a + x -+ 1 and n = q in (4.11) and reducing by (27.1) 
and (4.5), we find that hzamhxıı == hoar Hence by (27.6), he = 1. Next, 
taking m ==a + 1 -}-2x and n==q in (4.11), we obtain the formula 


Roahene == hoa. Hence han =1. But by (4.5), herm = — he-he 
completing the proof of (27.7). 

Next, 
(27. 8) heat ==). 


For taking m = a — 1 +x and n =x in (4.11), we obtain by (27. 4) 
and (27.7), Ra-rsscle1 == haane: Since by (27.1) and, (27.2), -Madak 
= hewn F£ haa, (27.8) follows. 

Finally, 

(27. 9) iors bre heel ha ierti 


For by (27.5), either han or ha equals zero. But ha = 0 implies hase = 0 
contrary to (27.8). Hence han == 0. Consequently ha z£ 0 and haw. 70; 
har 0 by (27.2) and (27.8). 

We may obtain a contradiction of (27.9) as follows. Take m =a + 1 -+x 
and n = a — 1 -+x in (4.11). Then hn = n = 0 so that Aminhm_n = hache 
=— 0. Hence by (27.3), hoe—0. But by (4.6), | 


=== hoalo some ha (hash? a1 a hah’ar) or alia aa = 0, 
contradicting (27.9) and completing the proof of the theorem. 


28. We have already shown the existence of periodic solutions of (1.1) 
with he or hs zero of periods one, three, four, six and eight. The three 
theorems which follows are useful for deciding whether or not a given sequence 
is a periodic solution of (1.1). They may be proved either by mathematical 
induction of more briefly, by using the elliptic function representation theorem 
of Chapter IV. 


THEOREM 28.1. Let (h):0,1, he, hs, > be a general solution of (1.1), 
so that neither ha nor hg is zero. Then any one of the following three sets 
of conditions is necessary and sufficient for (h) to be periodic with period x: 


Gi Taegealie CEN ECEE 
(28. 1) (ii) hen —— hn (n = 0, A; mos K) 


(iii)  Rejzin == — hn (x even; n= 0, 1, > -,x/2). 


“ 


” 
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THEOREM 28.2. Let ho, hu > +, hx be a set of k -+ 1 numbers satisfying 
the conditions (28.1) (ii) or (28.1) (iii), and also satisfying the basic 
“recursion (4.11) form -+ n & x. Then if kn denotes the least positive residue 
of n modulo x, and if hn is defined to be he, for n= 0, then (h) is a periodic 
solution of (1.1) with period x. 


THEOREM 28.3. If (h) is any integral general elliptic sequence and if 
m is an integral modulus prime to both he and hs, then the previous two 
theorems hold if the periodicity is understood to mean numerical periodicity 
modulo m and if the equalities in the conditions (26.1) are replaced by 
congruences modulo m. 


To illustrate the theorems, suppose that we start with the initial values 
ho = 0, hy = 1, hp = b ~ 0, hg = 1 and h, = 0 and compute from (4.5) and 
(4.6) hs = — 1, he = — b, hy —=—1 and hg = 0. Then the nine numbers 
0, 1, b, 1, 0, — 1, — b, —1, 0, satisfy (28.1) (ii) for x= 8. They therefore 
define a periodic solution of (1.1) of period eight: which is an elliptic divisi- 
bility sequence if b is an integer. Itis easy to prove that any elliptic divisibility 
sequence with hha 5&0 and hy=0 is equivalent to this periodic solution. 

Again, let us start with the initial values ho = 0, h = 1, he—I, 
hg = — 1, hy = — 1. We find that hs 0. Hence (28.1) (ii) is satisfied 
with x == 5. If we start with the initial values 0,1, b, b, 1 we find that As = 0, 
he = — 1, hı =— b, hg = — b, hy =—1, hio = 0. Hence (28.1) (i) is 
satisfied with «x = 10, and we have two periodic solutions of (1.1) of periods 
five and ten, respectively. 

We shall show in the next section that there are essentially no other 
periodic elliptic sequences. 


29. A sequence (A) will be called a “normal solution” of (1.1) if 
(29.1)  Ainagnhmen = hmaħm-iħn* — hinhaahm’, man; 
(29.2)  ho=0, hı = 15 he, hg, ha and ha/ha integers; 

(29. 8) (hg hg) = 1. 

By Theorem 6.1 of Chapter III, if (4) is normal 

(29. 4) (ha, hnn) = 1,  (n=1,2,3,:- -) 


and by Theorem ô. 4, 
(29. 5) (hns hm) = hinm). 


Every purely periodic elliptic divisibility sequence is normal, for if (h) 
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is purely periodic with period «22, then hem: = hı = 1. Consequently 
(hs, ha) = 1 by Theorem 6.1. 
Let (A) be any normal solution. Then if- 


(29. 5) hp =0 but fn -~0, 0<n<p, 
then (h) is said to be of rank p. 


THEOREM 29.1. If (h) is a normal solution of (1.1) of rank p, then(h) 
is purely periodic and its period is either p or 2p. 


Proof. Let OSnSp, and take m=n+p in (29.1). Then 
hmihm-ihn? = hnihn-itm. But by (29.4), ha is prime to hnuha+. Hence 
hy? divides hm?. Similarly, hm? divides An?. Hence hnp = + ha, (0S np), 
and it is easily shown that either the plus sign or the minus sign must be 
taken with every n according as hpn == + 1 or hpn ==— 1. Hence by 
Theorem 28.1, (2) is purely periodic with period p or 2p. 


THEOREM 29.2. If (h) is purely periodic, its rank is less than sia. 


In other words, integral periodic elliptic sequences can have only the 
periods 1, 2, 3, 4, 5,6,8 or 10. That each of these periods may actually occur 
has already been demonstrated. The proof of Theorem 29.2 rests on a series 
of lemmas which we establish in the next section. The proof of the theorem 
concludes the section and chapter. 


380. Lemma 30.1. If (h) ts any solution of (1.1) and mZ n Zp >09, 
then 
(30. 1) hmsnlim-nhy? = hinsphmpln? aed haspltn_plin”. 


This result easily follows on substituting for Amaphm-p and hnsphn-p on the: 
right of (30.1) their expressions obtained from (29..1). 


Lemma 80.2. Let (h) be an elliptic divisibility sequence and hr any 
non-vanishing term of (h). Then if kn = hnr/hr, (n = 0,1,2,° °°) (k) is 
an elliptic diwistbility sequence. Furthermore if (h) is normal, so is (k). 


For taking p =r, m = mr and n= nr in (30.1) and dividing by ha’, 
we find that (k) satisfies (1.1). (æ) is evidently integral and ko == 0, kı = 1. 
while &,/k, is an integer. Hence (k) is an elliptic divisibility sequence. Now 
if (h) is normal, (hsr, har) = hr by (29.5). Hence (ks, ka) = 1 and (k) 
is normal. 
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LEMMA 30. 3. If p is a prime greater than five and (h) is normal, 
then hp is never zero. 


Proof. Since p is a prime, if hp = 0, (h) is of rank p and hence (A) is 
purely periodic with period p or 2p by Theorem 29.1. Since (hs, hs) = 1, 
(h) is purely periodic modulo three and hence p must be divisible by the rank 
of apparition of three in (4). But it was shown in Chapter ITI that p= 7. 
Hence p equals seven. But if h; = 0, then he = + land hs = + 1 by (29.5). 
Hence ha== + 1, ha== + 1 and hj=+1. Since hs = haha — hg? ~0, 
Aj = + 2. But then hr = hshgi — hoh = £2 + 1 a 0. This contradiction 
completes the proof of the lemma. 


Lemma 30.4. If p is the rank of (h), then p can contain no prime 
factor other than two, three or five. 


For if p is any prime factor of p, write p = pq. Then hg3*0 by the 
definition of rank. Hence if kn = hng/ha, (k) is a normal sequence of rank p 
by Lemma 30.2. Hence by Lemma 30. 3, p equals two, three or five. 


Lemma 30.5. Let (h) be a normal sequence of rank p. Then p is not 
equal to any one of the following numbers: 


(30. 2) 6,8, 9, 10, 15, 25. 


The proof proceeds by examination of cases; it suffices to give two 
examples. Suppose that p=6. Then h; == +1, ln 0, 0<n<6 and 
hehe = ha (Ash — h) =0. Hence hs = £ 1, h = £ ho But hs = hah? 
— h’. Hence one or the other of the diophantine equations X* == 1 + FY”, 
X*+ 1 = Y°’ must have non-zero integral solutions. But it is easily seen 
that neither has non-zero integral solutions. Hence p£ 6. 

Now suppose that p==10. Then hg== + 1, so h= +1, and since 
hs = 0, h= +1 so h= 1 Now 0 = ioh = hs (hth — hehe’). 
Hence hè? = hè, h= > 1, he= £ ha Next, Ache = ha (hsh? — h). 
Hence ha | ha, ha = + hoe. But then hohe = + ho? = hsh? (hs — 1). Hence 
hs — 1 = + 1, and since hs £0, hs = 2. But ho = hoha? — hah’. Hence 
cit L == + haf = 8 or hat = 7 or 9 which is impossible. Hence p410. The 
other cases may be disposed of similarly. 


Lemma 30.6. Let (h) be a normal sequence of rank p. Then p is not 
divisible by any one of the numbers (30.2). 


For let m be any one of the numbers (30.2) and assume that p = Im, 
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L= 1. Then hi 0 and kn = hin/hi defines a normal sequence (Ie) of rank m 
contrary to Lemma 30. 5. 


Proof of Theorem 29.2. Let (h) be normal of rank p. By Lemma. 30. 4, 
the only prime factors of p are two, three and five and by Lemma 30.6, 
p is not divisible by 2°, 3°, 5? or 2 X 3, 2 X 5, 3% 5. Hence p must equal 
two, three, four or five. 


IX. Conclusion: Lucas’ Conjecture. 


31. The results obtained in Chapters VI and VII make it clear that 
the only solutions of (1.1) that can be related to solutions of linear 
recurrences of order three or four are the general elliptic function solutions. 
Now the arithmetical behavior of a sequence of integers (W): Wo, Wi, We, °° 
defined recursively by 


Wass = P W nse -+ QW ns + BW, 
or 
Wes = P W nes + OW nse + RWns + TW n 


P, Q, R, T fixed integers, is well known. (Carmichael [1], Ward [1].) First 
of all, such a sequence is only exceptionally a divisibility sequence (Hall [1], 
Ward [2]), and if it is a divisibility sequence, the rank of any prime p in it 
divides p(p*— 1) or p(p*—1) according as the recursion is of order three 
or four. Since there exist elliptic sequences in which the rank of every 
prime is five and since there are an infinite number of primes p such that 
Ps = 1 is not divisible by five, no direct connection with recurrences of order 
three seems possible. In particular, there cannot exist a formula hy == KW, 
analogous to Lucas’ hy == q0) Un. 

If (h) is singular and hence essentially a Lucas function, the rank of 
apparition of any prime in (2) may be shown to divide p(p*--1). But this 
is not true if (A) is non-singular. For consider the sequence with the initial 
values 0,1,1,1,5. We find that hs; = 4, hg == — 21, and h; == — 121. Hence 
the rank of apparition of the prime 11 is 7. But 11-(11*—-1) = 2*-3-5 
- 11-61 is not divisible by 7. 

If (W) is not a divisibility sequence, the prospects are even worse, for two 
consecutive terms of such a sequence may be divisible by a prime p without 
having almost all terms of (W) divisible by p, contrary to Theorem 6. 1. 

Although the analogy between an elliptic sequence (A) and a Lucas 
sequence (U) is a close one, I should like to point out in concluding one 
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very significant difference. For a Lucas sequence, (and more generally for 
any linear divisibility sequence) it is possible to name in advance terms 
which will certainly be divisible by a given prime p; for example Up. for 
the Lucas function proper. Consequently, the rank of apparition of p is 
arithmetically restricted since it must divide either p— 1 or p+ 1. But for 
the general elliptic sequence (A), computational experiments disclose no such 
simple arithmetical connections between a prime and its rank of apparition; 
it appears to be impossible to name in advance a particular hy which will be 
divisible by a given prime p. 


CALIFORNIA INSTITUTE OF TECHNOLOGY. 
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METHODS OF SUMMABILITY WHICH EVALUATE SEQUENCES 
OF ZEROS AND ONES SUMMABLE C,.* 


By RALPH PALMER AGNEW. 


1. Introduction. It is the object of this paper to show if A is a method 
of summability belonging to a general class, and if each divergent sequence 
of zeros and ones which is evaluable by the Cesaro arithmetic mean method 
C, is evaluable A to the same value, then A must be regular. . 

Let ai(t),d2(t),- + + be a sequence of complex-valued functions defined 
over a set T, in a metric or Hausdorff space, having a limit point to. These 
functions determine a sequence-to- -function transformation 


(A) a(t) = Sarl t)s. 


by means of which a sequence 8;,S2,: © + of complex numbers is evaluated 
to o if the series in (A) converges, when ¢ is in T, to a function o(¢) such 
that o(t) ~o as t— ty. We shall use the symbol As, = c to abbreviate the 
statement that A evaluates the sequence sn to the value o. The transforma- 
tion A is regular if As,—lims, whenever lim s» exists. The standard 
necessary and sufficient conditions for regularity of A are 


(e ©) 
(1) > | ax(t)| < 2 teT 
(2) lim sup Ş |a | =M < © 
t—to kal 
(3) lim a(t) = 0 Io me 1, 2,8,°°- 
t~>tq 
"9 
(4) lim $ a(t) == 1. 
t->ty k=1 


A familiar subfamily of transformations of the form A is that for 
which T is the set of positive integers and tj) = -++ œ. Such transformations 
have the form 
(A’) i On == S Ankõks 


k=1 


* Received September 5, 1946; Presented to the American Mathematical Society, 
August 19, 1946. 
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a sequence s, being evaluable A’ to o if the series converge to numbers 
01,02," °° such that lim on =o. . 
A sequence Sn» is evaluable to o by C, (the Cesaro method of order 1) if 


(5) lim (s HsH: +++ &)/n=o, 


THEOREM 1. If Asn == CıSn whenever Sn is a divergent sequence of 0’s 
and Ls for which Cis, exists, then A must be regular. 


Actually, we shall prove the following stronger theorem with weaker 
hypotheses. 


THEOREM 2. If Asn = $4 whenever Sn is a sequence of zeros and ones 
ending with 0, 1,0,1,0, 1, < +, and if Asn = 0 whenever Sn is a divergent 
sequence of zeros and ones for which Cys, = 0, then A must be regular. 


That Theorem 2 is in fact stronger than Theorem 1 is a consequence 
of the following trivial example. -The transformation 


(6) On = (S3 + Se F S9 +> * * + San) /n 


satisfies the hypothesis of Theorem 2, but not that of Theorem 1. 


2 Remarks. Borel [4] discovered the fact that almost all sequences 
” of zeros and ones are evaluable C, to 1/2. Hence the hypothesis of Theorem 1 
implies that almost all sequences of zeros and ones are evaluable A to 1/2. 
But the hypothesis that almost all sequences of zeros and ones are evaluable 
A to 1/2 does not imply that A is regular. In fact, the transformation 


n [$ ©) 
(7) an = (1/n) Z s+ X, (—1)*(1/k)skr 
: . k=1 k=nth 
with matrix 
(8) Lt he She 
E 4-4 4-4 3 
$ 3 4 4 —ł 4 
+4 44-2 4 


is nonregular since, for each n, the series whose terms are the absolute values 
of the elements in the n-th row is divergent. The Borel theorem cited above 
says that, for almost all sequences of zeros and ones, the first term in the 
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right member of (7) converges to $ as n—> œ. Denote the second term in 
the right member of (7) by o’n and write it in the form 


(9) on = 4S (—1)*(1/) a(t) + 4S (— DCI) 


where ¢ is the number in the interval 0 S t 1 equal to the dyadic number 
S182832 © © and Tn(t) = 2sSn — 1 is the n-th Rademacher function. We now 
‘use Rademacher’s elegant theorem (See Rademacher [6] or Kacmarz and 
Steinhaus [5]) that if 3 |ar|? < 0, then Saxrz(t) converges for almost 
all t. This implies that, for almost all t, the first term in the right member 
of (9) converges to 0 as n—> œ. The second term converges to 0. Hence, 
for almost all t, o'n —> 0, on —> 4, and the transformation (7) has the property 
in question. 


3. A lemma on sums of complex numbers. Before passing to the proof 
of Theorem 2, we state and prove a simple lemma which we shall use. 


LEMMA 1. If 21, 22,°°+,2n is a finite set of complex numbers, then 
there is a set 61, 02,° © >,8n of numbers, of which each element is 0 or 1, 
such that 


wt n 
(10) Zla! S6] SOx |. 
het pay 
If Q is a suitably selected one of the four quadrants into which the real 


and imaginary axes cut the complex plane, and if 6;=-1 when zx lies in the 
closure of Q and fg == 0 otherwise, then 


n n 
(11) AETS 
kzi k=1 


Since the members of (10) remain unchanged when the z’s are all multiplied 
by the same power of i, we may suppose Q is the first quadrant. Then, 
when Z; = dz -+ 16x, 


n n 
(12) È| Oe |S 2 (Orau + Orbe) 
k=l =1 
, Nn n 
S 2% | E (Orar + irbr)| = 2% | E Oxex | - 
kaL kzi 
Since 4(2)% = 32% < 6, the conclusion of Lemma 1 follows. 


4. Proof of the theorems. Let A satisfy the hypothesis of Theorem 2. 
To prove regularity of A, we show that (1), (2), (8), and (4) must hold. 
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To prove (4) let sx and tt be respectively the sequences 0,1,0,1,-- - and 
1,0,1,0,--+. Then Cır = 4} and Cıs”r = 4; hence 


oe) f oo 
(13) lim © doja(t) = 4, lim 3 ay (t) =% 
: t~dtg j=l tty j=1 

and this implies (4). 


To prove (8), let q be a positive integer. Let s’ and s”; be the sequence’ 
0,1,0,1,0,1,- + > except that s’g==1 and s“g7=0. Then Cs’, = 0,8”; == 4. 
Hence 


(14) a(t) =E a(i atam 


as t — ġo, and (3) is proved. 


To prove (1) suppose, intending to establish a contradiction of our 
hypothesis, that (1) fails. Then, for some fixed ¢ in T, 


oO 
(15) > | aw (é)| = o. 

k= 
Then, as the author [1] has proved, there is a (necessarily divergent) sequence 
S1; S2,° © ` of zeros and ones such that Cs; = 0 and X ax(¢)sx is not convergent. 
This contradicts our hypothesis and proves that (1) must hold. The referee 
pointed out to the author that existence of the sequence s1,S2,: © © can also 


be inferred from a theorem of Auerbach [3] on subseries of divergent series 
of positive terms. 

To prove (2) suppose, intending to establish a contradiction, that (2) 
fails. Then 


(16) lim sup S | a(t) | = œ. 


tto kzt 


Let t, t -- be a sequence of points of ¢ such that tn —> te and 
i 0O 
(17) lim Š | ax(tn)| = 0. 
To simplify typography, let 
(18) a(n, k) = a;(tn) n, k= 1,2,3, °° 


so that (17) becomes 
CO 
(19) lim > | a(n, k)| = œ. 


nc k=1 
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We have also the conditions 


(20) lim a(n, k) = 0, $| aln, k)| < œ 


for each & and n, respectively. These conditions enable us to choose, in the 
order listed, integers 


(21) Gi, Mis Ris Ao, Ne; Bz; X3, Ne, Bs, .f 


satisfying the conditions below. Let «a, == 1. Choose n, and then 8ı such 
that 


00 By-1 

(22) > | a(n, &)| > 6, > | a(n, k)| > 6 
k= k=az S l 

and then choose @. such that 


QQ 
(23) a > 1- fr, > |a (n k)| <1. 
Ezag . 
When %p-1, Bp-1, and-%p» have been defined, choose np such that np > np, and . 
Gp-1 oO 
(24) > | a(t, k) | < p>. > | a (np k) | > 6p’. 
k=l k=ap 


Then choose Bp such that 
' Bo~d 
(25) Bp = &p + Dyp, > | a (np, k) | > 6p’, 


where yp is a positive integer; and then choose. @,, such that 


09 
(26) Cpr > P + Êr R> |a (np, e) | < p>. 
PEL 
For each p = 1,2, 3,° > 


p- Yet , Pyl 2 
(27) È S |alnp % + k+ jp)| = È | (np, k)| > 6p?; 
i k=0 j=0 H=ap 
hence there must be an index ky such that 0 = kp < p and. 
Yr-1 3 
(28) © | a(t» ap + Eo + ip)| > Op. 
Let sn = 0 when Op E Nn <L Mp. except that Sn = 1 for those values of n in 


the set 
n == Op + kp + Jp 7} = 0, 1,: * +, Yp —1 
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(30) PS a(o, ey + ko + ip) 8 (as + hy + jp)| > p, 


this selection of the s’s being possible because of (28) and Lemma 1. Then 


S ~L 
(31) p> 1 A (1p, ke) 8u| >p. 
If kı, ko, ©- denote in increasing order the values of k for which s= 1, 


the construction of the sequence sy implies that kg1—hkg—-> © as qe ©; 
this, with the fact that sx is always zero or one, implies (5) with o = 0; hence 
Cisn == 0. But, for each p = 2, 3,: - 


(32) | È ae (tno)sr | — | È a(n, t)ar | 
2 — S | a(n b) s+ |S (ty, ean | — $ | alnn L) | se 


=— p> + p— p”. 


' Thus Sax(¢)s, fails to have a limit as t—>to, Asx fails to exist, and (2) 
must hold. This completes the proof of Theorem : and hence also that of 
Theorem 1. 


5, A variant of Theorem 2. 


THEOREM 3. If Asn = 4 whenever Sn is a sequence of zeros and ones 
for which Cisw= 4, then A must be regular. 


We prove this theorem hy showing that its hypotheses imply those of 
Theorem 2. Since each sequence ending with 0,1,0,1,0,1,-- -> is evaluable 
Cı to $, the first part of the hypothesis of Theorem 1 is implied. Now let S'n 
be any sequence of zeros and ones evaluable C, to 0. Let sn be the sequence 
0,1,0,1,0,1,--- except that s”n = 0 for each n for which sa = 1. Then 
O18", == 4 and C1{87n + 3n} — 4. Therefore, since both sn and sn -H s'n 
are sequences of zeros and ones, Asn = $ and A{s”n + S'n} == 4. Since A is 
linear, A{s’n} = Asn + Sn — Sn} er +. sn} — Asn = $—4—O; 
thus the second part of the hypothesis of Theorem 2 is implied. 


6. Conclusion. While the hypothesis of Theorem 1 implies that A is 
regular, it does not imply that A includes (,, that is, that Asn = Cis, for 
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every sequence s» for which Cys, exists. In fact, if 0<r< 1, then the 
Cesdro transformation Crp has the form A. But (see Andersen [2]) 
CrSn = C18, Whenever Sn is a. bounded sequence for which Cis, exists, and 
C, fails to include Ci. 
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THE EXCEPTIONAL SIMPLE JORDAN ALGEBRAS.* 


By R. D. SCHAFER. 


A Jordan algebra is a non-associative algebra 9 of finite order over a 
field %} which is commutative and in which 


(1) a° (ab) = a(a*b) 


holds for all a, b in W. The examples which come most easily to mind are 
the so-called Jordan algebras of linear transformations. Let Yt, be the algebra 
of all linear transformations on a vector space & of dimension n over %, and Wf 
be a linear subset of Wn which is closed with respect to “ quasi-multiplication ” 


(2) ab = $ (a:b + b-a), 


where a- b denotes the ordinary (associative) multiplication of transformations 
a, b in Wa. In this case A with multiplication defined by (2) is a Jordan 
algebra over % and is called a Jordan algebra of linear transformations ([3]). 

A. A. Albert bas recently developed a structure theory for Jordan 
algebras over nonmodular fields. In [4] he shows that the radical ¥t of A 
is the unique maximal solvable ideal of W, and is even strongly nilpotent. 
The difference algebra 2 — Nt is the direct sum of simple Jordan algebras, 
while the theory of simple Jordan algebras corresponds to the original work 
in 1934 of Jordan, von Neumann, and Wigner ([6]) and Albert ([1}): all 
simple Jordan algebras are Jordan algebras of linear transformations with 
the exception of a class of algebras which have degree 3 and order 27 over 
their centers. These algebras we call the exceptional simple Jordan algebras. 

Simple Jordan algebras are central simple (i.e., simple for all scalar 
extensions) over their centers. It is shown in [4] that the exceptional central 
simple Jordan algebras W over a nonmodular field % have Mt,° as split algebra. 
That is, there exists a scalar extension & of finite degree over % such that A g 
is the Jordan algebra Mè of 3-rowed Hermitian matrices with elements in 
the unique Cayley-Dickson algebra D over & having norm form å?’ + é? 
+- +--+ é, multiplication in Wt, being given by (2) where a:b denotes 
the ordinary matrix product. 


* Received April 20, 1947; Presented to the American Mathematical Society, April 
26, 1947. 
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In this paper we show that these exceptional central simple algebras M 
are reduced algebras (i. e., their primitive idempotents remain primitive under 
scalar extension), and that they consist of the J-symmetric elements, of 
Mis X ©, where © is any Cayley-Dickson algebra over %, and J is the involution 


(3) J: a —> ad == pap 


of M X €, p a non-singular diagonal matrix in M, Multiplication in W- 
is that given by (2) where a:b denotes the (non-associative) multiplication 
in Ms X C. If & is formally real, then there exist inequivalent Jordan 
algebras over % with M? as split algebra. 


1. The non-associative algebras Yt, X ©. The Cayley-Dickson algebras 
€ over % (of arbitrary characteristic) are central simple alternative algebras 
of degree 2 and order 8 over % defined as follows: let Q be a (generalized) 
quaternion algebra over %} with involution qg —> ĝ = t(q)1 — q for q in Q; 
then € = Q +- vO, v? = y 0 in %, gu = vg, so that every element x of © 
may be written in the form s = qı + vga. We have 2? — t(s)s + n(z)i = 0, 
and the correspondence 


(4) z — Ë= t(s) l — t = hi — Qe 

is an involution of © satisfying | 

(5) gt + == t(2)1, CE = ty = n(x) 1. 
Multiplication in © has the explicit form 


(6) (qa +- vg2) (qa + vga) = (4198 + yle) + v (Jaqa + G2g2) 
for q; in Q. | 


If the characteristic of % is not two, there is a convenient normalization 
of the basis in a Cayley-Dickson algebra ©. For then we may write 
C == (1, U e,ur) with w? = y0 in F, Uuj = — Uju; = + ux for 
tj. Now $t(sẸ) is a symmetric bilinear form in the coefficients of elements 
s, y in © such that the corresponding quadratic form is n(x) == $t(2Z). 
Written in matrix notation, 
(7) - ileg) = sy, n(x) = elr, 
where C is the non-singular diagonal matrix 


(8) C = diag{1,— y1,° " "3 — yr). 
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We denote by D the unique Cayley-Dickson algebra over § with yi = — | 
(i==1,:--,7). For this algebra C =Z and 4t(2#) = cay’; we denote the 
norm form za’ by d(x). Right and left multiplications R, and Lz of elements 
of D have the property 
(9) Rg = Rz, Le = Lz. 


In the solution of our problem we are led to consider the direct products 
‘Mn X C—that is, the (non-associative) algebras of all n-rowed square matrices 
with elements in ©, a Cayley-Dickson algebra over %. In particular, we 
require the case n = 3. 

The algebras Yt, X © are involutorial central simple algebras of order 
8n? over B. For (Min X ©) a= Mn X Cg is certainly simple for any scalar 
extension ® of %. Moreover, the correspondence a —> @ in Ma X © induced 
by m—> m in Yih, © > = in ©, is an involution. We are concerned with the 
more general involution (3) induced in Mt, X € by x > in © and 


(10) m—>pm'p* in Mn, 


where p is any non-singular diagonal matrix in Wa. To see that (3) is an 
involution we write any elements a, b of Mtn X © as a== (aij), b = (yj) 
where wij, ys are in © (4,7,h—==1,---,n). Then ab = (xi;) (ym) 
= (Bjeiiyin), (ab) = p(Zitijyi) P = p(z) p™ where zri = SjYie%iz. On 
the other hand, bJ ` aJ == p(y) p p (Ea) p = p(siz)(tix)p* = p (Zisijti) p” 
where Sij == Yii> tix, == Ëk; SO that BsSigtyn = Sry jtk = Rik, (ab) J = bd ad. 
Also aJ? = paJ’ p = p(pa/p*)'p = p (p'ap) p = a since p = 7 = p' while 
(3) has already been shown to be an anti-automorphism. 

If n is odd, any involution U of WM, is cogredient with an involution of 
the form (10). For by [2], Theorem 10.11, we have mU == tm’t" for some 
non-singular t = + ¥ in Pen. Since n is odd, ¿ would be singular in case 
it, were skew. Hence ¢, being, symmetric, is congruent to a non-singular 
diagonal matrix p in Wta, and U is cogredient with (10). That is, U and 
(10) are merely different representations of the same abstract involution 
of Mn. 

If n == 2k is even, an involution U of Yt, may be either cogredient with 
(10) or, in case t = —?’, cogredient with 


(11) m—>gm'g* where g = diag{f,- - -, f} f= a E 


for in this case ¢ is congruent to g. Since any element of to, == Mir X Mz 
may be written as a matrix (mij), mi; in Me, (4,7 = 1,- > <, k), the involution 
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(11) is induced in Wn by transposition in Mt, and the involution mi; >fmijf 
in Mee. l 
Corresponding to the quaternion subalgebra Q of © = Q + vO there is 
an associative subalgebra W =Ma X Q of Mn X ©. Moreover, M, X © 
— W + uW, where u = diag{v,: > -,v}. Multiplication in Wn X € may be 
written 


(12) (wy + wwe) (ws + uw.) = (wis + yW:04) + u(Tıwa + Dz Ws) 


for w; in W, wow being the correspondence induced in % by q—q in Q. 
This multiplication resembles (6), but differs in that w— w is not an 
involution of W. 


2. Exceptional central simple Jordan algebras. It is known ([4]) 
that the set of Hermitian elements (i. e., a = 4d’) of Mts X D with multiplica- 
tion defined by (2) is a central simple Jordan algebra of degree three and 
order 2% over %; we customarily write Wt? for this algebra. Any exceptional 
central simple Jordan algebra W over a nonmodular field % has Wt, as split 
algebra: there exists a scalar extension & of % such that Ag = (M?) Q. 

It is clear that a necessary and sufficient condition that a central simple 
Jordan algebra X of degree & be a reduced algebra is that YX contain k pair- 
wise orthogonal idempotents. Furthermore it is easy to see that if elements 
of any linear space are pairwise orthogonal idempotents when multiplication 
is denoted by a:b they.remain so when multiplication is defined by (2). 

We require the following lemma concerning certain central simple Jordan 
algebras of linear transformations, namely, the algebras of odd prime. degree 
which have split algebra of type (3) (L3], p. 554). These algebras X have 
degree k and order 2k? — k over %, and for each there exists a scalar extension 
Q of F such that the split algebra Ag consists of all 2k-rowed matrices 
a==aT (with elements in &) defined by aT = ga’g™ for g in (11). 


Lemma. Let be a nonmodular field and let k be an odd prime. IfA 
is a central simple Jordan algebra (of linear transformations) of degree k 
over & having split algebra Ag of type (3) ([3], p- 554), then A is a reduced 
algebra. 


For by [7], Theorem 7, there exists a central simple associative algebra 
B over § with involution U such that Bg is the total matric algebra of degree 
2k over ® and YX is the set of U-symmetric elements of B. Hence V has degree 
2k over %, and B =— By X Bo where Bm. has degree m over F (m = ?, k). 
In each case m is a prime, so Bm is either Wm or a division algebra Dris First, 
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we see that B} = Wt, for otherwise either B = D: X M, or B = D; X De 
and, since B has involution U, it would follow in either case that Dx also 
has an involution ([2], p. 156). But this is impossible since Dy has exponent 
k, while an involutorial central simple associative algebra must have exponent 
either one or two ([2], p. 161). 

Hence either B = We X De or B = My X M — Mor. In the latter case, 
if U were cogredient with (10), then 2 would have a split algebra of type (2) 
([3], p. 554) with degree 2k, a contradiction. Hence, if B = Mar = Vi. X Wee, 
the involution U is cogredient with (11) which induces transposition in Pèr. 
In case B = Mr X Qe, U induces an involution in Wy which, since k is odd, 
is cogredient with (10). In either case we have k pairwise orthogonal idem- 
potents in My C B which are U-symmetric and are therefore in W. By the 
remark above, X is a reduced algebra. 


THEOREM 1. All exceptional central simple Jordan algebras A over a 
nonmodular field % are reduced algebras.* 


For AC Ag C (Ms X D)o = Wea + uBWe where u? =— 1 and mul- 


tiplication is given by (12) with y == — 1. Then every element of W (being 
in % and therefore Hermitian) may be written uniquely in the form 
& = Wa + uw*, for Hermitian elements Wwa = We and uw*,——wuw*,’ in 


We — (Ms X Q)e and UWg respectively. Let S be the set of all wa and 
Y the set of all uw*. for ain W. Then © and & are linear sets of dimensions 
s and t respectively over % such that A C S -+ T. Hence 27 S s +t. Now 
Gg is contained in the set Mg We of all Hermitian elements in We 
(a linear set of order 15 over &). Hence s & 15. Similarly Zg is contained 
in the set Ue [| ul» of all Hermitian elements in Wg (a linear set of 
order 12 over &), so that $12. Then © -+ ©% has order s -+ t = 27 over 
% and we have N = G+ Ẹ, s = 15, t = 12. That is, the elements we of © 
are actually elements of N, and also Gg =Ag [I We. Then © is a Jordan 
algebra of linear transformations since ©?—G and Wg is associative. 
Since Gg is the set of Hermitian elements w = w of Bq, it follows that © 
has split algebra of type (8) ([3], p. 554), the degree being three. By the 
preceding lemma, k = 3, we have © a reduced algebra. But then M, con- 
taining ©, contains three pairwise orthogonal idempotents and is itself a 
reduced algebra. 


1 Thanks are due to C. Chevalley for the correction of an error in the original proof 
of this theorem. 
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3. Reduced algebras. For any Cayley-Dickson algebra © over % of 
characteristic not two, the set X of J«symmetric elements of M, X ©, with 
involution J as in (3), is an exceptional central simple Jordan algebra over §. 
For X has WM? as split algebra. If © has norm form n(x) =2Cz’ with C 
as in (8), while p = diag{m, m2, 73}, we merely adjoin to % the square. roots 
of the scalars — y; and r; to obtain the necessary scalar extension @ over % 
such that We = (M). For then H = diag{1, V—y,-- +, V— yr} is 
the matrix of a linear transformation on Ca such that 1H = 1, HH’ =Q. 
Then d(H) = (tH) (2HY = cHH’s’ = Cr = n(x) so that De and Ge 
have equivalent norm forms. Then ©g =De ([5]; p. 777). Hence 
(Ms X C) a =M X Cge =M: X De so that We consists of the J-symmetric 
elements of M, X D a Let s= diag{ V ai, V ae y Ta). Then Xg and 
(Mê) are equivalent under the correspondence | 


(13) QA => sas, 


For 3 = p and s = § == s imply that (stas)’ = sii’s* = spaps* = sas if 
and only if a== pap. Hence s> as is in (Mt,°)@ if and only if a is in 
Xg. The correspondence (13) is then obviously an equivalence between Ue 
and (Dt:)g. Thus any such algebra Y is an exceptional central simple 
Jordan algebra over %. 

The J-symmetric elements of Di; X © may be written as matrices (s:;) 
with Tij == minj Tj in O (4, j = i; 2, 3). For 14 we have Cig = Li = É; 
in %. Hence any element a of 2 has the form 


Š& ` Tiz ming Ügy 
(14) ` Q == | mam, Ly. Èz Tag 


Tsi ; mana Lag Es 


Theorem 1 insures that, if % is nonmodular, Y is a reduced algebra. 
However, to see in general that Ñ is a reduced algebra it is easiest simply 
to pick out the three pairwise orthogonal idempotents e; of Y with 1 in the 
i-th row and t-th column of (14), zeros elsewhere. 

We write 
(15) = (é; Eo, E35 Tia, €235 B31) 


as a vector of dimension 27 over §. Then if b = (m, yo, 48) Y125 Year Yai)» We 
have ab == ba == c = (ér, £0, Čs, 212, 228, 231), Where, for cyclic permutations 
(i,j,k) of (1, 2,3), 
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(16) Le = Sina + nymi t (wiis) + mime t (Triye) in g 
and ; 
(17) Beag == (Ee + Es) yes + (p + 9) ti + miry” (niin + Grif) in G. 


In the special case Wa, we have ¢(z7) = 2ay’ = 3yr and r; = 1 (i= 1,2, 3) 
so the right multiplication Ra for a in Mt? has matrix 


Res 0 0 Lie 0 Tgı 
0 RÉ 0 Tiz Log 0 
0 0 2s 0 Tog T31 
(18) $| 2m 2a 0 (té) Lms Ras | 
0 Dtos Baez” EPS] (£2 + É) Lað 
2ga 0 LsL Lag VS (é + é) 


where Rs and Lo are right and left multiplications in ® and 
` (19) S = diag{1, — Ir} 
is the matrix of the involution z — Z in Ð. 


THEOREM 2. An exceptional central simple Jordan algebra X over a 
nonmodular field X is the set of J-symmetric elements of Nts X ©, where © 
is a Cayley-Dickson algebra over X and J is the involution (3) of M: X ©; 
mulirplication in Y is defined by (2). If % has characteristic not two, then 
a reduced Jordan algebra over Y, having M as split algebra, has this form. 


The first statement in the theorem follows directly from the second and 
Theorem 1. Therefore we consider a Jordan algebra W over Ẹ (of charac- 
teristic not two) with three pairwise orthogonal idempotents e; such that 
1 =e, + l: + 63, and a scalar extension & of % such that Up = (M)g. I 
we had assumed % nonmodular, we could write immediately 


(20) A= e + eo + es + Wie + Woo + Uo, Wey = Wes (4) N We, (4), 


‘since X is a reduced algebra of degree three ([4], §15). However, one may 
see from [4], §§ 10, 14, that the decomposition of X into the supplementary 
sum of the spaces Mis Mi; (1547) is valid over any field of characteristic 
not two. Therefore we have W = Xii + Woo + Mas + Wie + Wes + Mare We 
abbreviate (Wt) as Mt, and denote the equivalence between Wo and M 
by P. Now eP = h; for pairwise orthogonal idempotents hi of W satisfying 
1 = h, +h + hg and WM = MR H hR A haW + Whe + Mos + Ma, for 
Mey = Ma (4) N Ma (4). But (Wale P =hg and (Aiz)a P =M; so 
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that W = ec. ` That is, (20) holds. Moreover, if we write any element a 
of N in the form (15) corresponding to the decomposition (20) we have the 
matrix 

(21) 2 4 P == diag {Is, P12, Pes, Ps} 


of the equivalence P between Ag and WM, where J; is the 3-rowed identity 
‘and the Pi; are nonsingular 8-by-8 matrices with elements in &. The right 
multiplication Ra of a in Y then has the form 


(22) Ry, = PRypP* 


where Ra is the right multiplication (18) of a in M,* It is important to 
note that if a has coefficients in 3, the elements of Ra and Ra are in § 
even though the elements of P are in R. 

We compute RF, from (18), (21), (22). The first three rows are the 
same as in (18). Below them in the first three columns we must replace 
Qi; by i 
(23) QP 3 P4j Bij. 


In the remaining 24-by-24 matrix the scalar submatrices are unchanged but 
we must replace Es, 5 by 


(24) Pike, Py SP it 
and Le,,S by 
(25) Pixlin Py Pe 


for cyclic permutations (i, j, k) of (1, 2, 8). The elements of the matrices 
(23), (24), (25) are in % for all vi; with coefficients in %. In particular, 
it follows that the non-singular symmetric matrices Pi;P;;’ have elements 
in %. Hence there exist changes of basis in Wi; (over %) such that 


(26) | PaPa = Ci; 


are non-singular diagonal matrices with elements in %. We assume that such 
a change of basis has been made. We write e for the 1-by-8 vector (1,0,---, 0) 
in W; Then pi; = ePi; may be regarded as elements of D gq? and we have 
A( pis) = (ePiz) (ePi y = eCie AO in 3. We define, for cyclic permu- 
tations (1,7,%) of (1, 2, 3). 

(27) d( pi) = mk >= 0 in F. 


It follows from (24) that the vector h = CP os Repa S Pir" = (Poser) SPa 
has coefficients in §. Hence by (24) and (27) the matrix | 
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H = ma P BrP SP o = ry PS Lpp. 2 
has elements in %. Moreover, 
(28) eH = m2" { (Pasar) Par} Pas = posPos* = €. 
By (25) the matrix . 
G == PyoDep,S8Pe37 == Piolo SP 23 
also has elements in %. Write Qi: == G-'Py2, Qos = Pos, Qoi == H Pae Then 
(29) Viebedn = Q28 = Qa heoy 


For GP Len py, = PosS Lpp Lern == Po38 by (28). Since eG" Pip = Pos Lpy * 
== T3 Ps1 D23 We have also HPs, Reqp,, == Pag lpn S Ringo, == P38. 

Since G and H have their elements in % we are able to effect changes of 
basis (over %) in M: with matrix G* and in Ws, with matrix H~. The 
right multiplication Ra has the same matrix as before except that Pi; has 
been replaced throughout by Qi. Now we change notation, writing Ps; for 
Qij, so that Ra has its original matrix, while (29) yields 


(30) ProLiy a Pag Te Pak. 


This change has not affected Poz so P23P23’ = Caa in (26) is still a diagonal 
matrix with elements in %. From (30) we have 


(31) P31 ` Pio == P3 = Par’ Pre 


for all z in ©. Since d(x) permits composition, this yields m:d(£Piı:} 
== a (Pe) == msd (P31). Moreover, 


(82) Ds1 P12 = Pos 

also follows from (81). Hence 

(33) Tots =— Ti 

and 

(34) maz d (Pia) = yd (sP) = mo td (@P er) 


for all z in ©. Equivalently, me PaPa = 711 Po3P os = oP aiPai’ since 
the matrices ws1Pi;Pi;’ of the quadratic forms (34) are symmetric. Since 
the matrix P23Pe3;’ = Cog is a nonsingular diagonal matrix with elements in 
5, SO Is l 

(35) == my PaPa = ag OFT 


y 
for cyclic permutations (t, 7, k) of (1, 2, 3). 
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Since the matrices (25) have elements in % for all 2 with coordinates 
in %, we may define a (non-associative) algebra © of order 8 over Ẹ by. 
writing multiplication yor = yR, in © where 


(36) i (0) = Prher DP 2g” = PiS Rerys P 2 
Then the left multiplication Ls(® in © is 
(37) Le) — PoS Loras Pas. 


Now e is the unity quantity of © since Re® == PioLpa SP2 =I and 
Le = Pgi8 Lpd 23 = Por Rp SP = I by (30). Moreover, © is isotopic 
(over @) to D. Hence Ce =D g and C is a Cayley-Dickson algebra over 3 
([8], Theorem 4). Then © has. a norm form n(s) satisfying 


{n (2) ¥ = | Re) | = | PreLerySPoe | = | Paz |> | Pos | *- | Lore | 
ES | Lops | at | Lary, | foo {rtd (a@Ps1) }* 


by (80). Hence n(x) = ero*d(@Psi1) where ==1. For «=e we have 
1==n(e) =e, so n(x) equals the common value of (34). That is, n(z) 
== gOz for C in (85). Also € has the involution S» satisfying cS) 0 s = n(x) e 
by (5). Hence 


TIo = n(x) eR, O = n(x) DoslaPn s“ SP = no Posea S 127 
== qra (Pos j £P3ı) SP 127) == m EP g Lpa DP i 
so that 
(38) So = mPa Lpa SPa. 


Since So = 8 we have also So = ms Pio Epa OP 3r". 


We write Te == nma Solis = mi Per Lpa D, Tas == ma Pos, Tai = SP si 
= 273 PieBp S. Using (9), it is easy to verify that 


(39) | TuT = mijm O 

for O in (35). Also 

(40) T kihon, S yy = nink Lee (0) 6 o i 
and 

(41) T jxLer, STe = mgr La 8o 


for cyclic permutations (i, J, k) of (1,2,3). Verification of the six equations 
. (40), (41) depends only on the verification of one equation in each of the 
corresponding pairs, for the products on the left and right sides of - 
corresponding pairs are equal. That is, 
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(Tushar, STi) (T irLor DTe) = d(sT;)I == miny Nn (x) T 
since 
d (Tij) ot ol 4; L 42’ == rimi z0r = mjni n (2) 
by (89), while 
(ajar Re (9) So) (miri tLe (0) $5) == mjm; N (x) I 


also. The proof of (41) for (¢, 7, k) = (8, 1, 2) follows re from the 
definition (86): 


TieDaTa ST = mang N Prob @8oP 31 SPo3* = morg > 8 oes, (0) see mong tLe Og 0» 


and equation (40) for (i, 7, k) = (1, 2, 3) similarly from (37). To prove 
equation (40) for (4, 7, k) = (2, 3, 1) we need to apply twice a lemma of 
~Moufang ([8], Lemma 1). First we note that P18 == 728 oParLpn by (388), 
so that by (30) and (32) we have 


Pro = 1128 oP ro Ling, Rippa = TS oP islam (Peggle) 
az SoPreLiog (Lilien) = ts 8P hs, = TrelinR tie 
Using this, we have | 
mery Ra So = wet PS Repas Par So == ws" T iLp Ra Repas Rog P aS o 
= rT a (LgaBiaRoras LE) 8 Pao = rr Tae (Ring opas) ST sx 


== mo T'y2Rapps9 L317 
by (31), or narı Re (0) So = T iaRe.a DT g? as desired. 


We again change basis in Wi; (over %), this time with matrix 7s78o 
in Wis mI in Was, and So in Ms. The right multiplication Rel of the 
element a in A has the same matrix as before except that Pi; has been replaced 
throughout by Tiz. That is, the first three rows of Ra are the same as in 
(18). A comparison of (23), (24), (25) with (39), (40), (41) shows that 
below the first three rows we have in the first three columns substituted 
Raji Cz: for the 2v1;/ in (18), while in the 24-by 24 matrix remaining the 
scalar submatrices are unchanged but we have mjm Re, © So instead of Rz,,8 
and meri Lo So instead of Le, 8. But then Ra) has exactly the matrix 
of the right multiplication yielding (16) and (17), where © is the Cayley- 
Dickson algebra with multiplication yor = yR, involution s — Ë = Mb, 
and associated symmetric bilinear form t(s oY) —aCy’ corresponding to 
n(x) = Ox’. Our theorem is proved. 
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4, Inequivalent exceptional Jordan algebras. The only exceptional 
central simple Jordan algebra over an algebraically closed nonmodular field 
is Mt. In order to show that the algebras defined in 3 are a valid generaliza- 
tion of Mè, we ought to exhibit fields % over which there exist inequivalent - 
algebras of that type. 

Let the base field % be formally real; then there exist inequivalent 
Jordan algebras over % with Wt, as split algebra. For then ® is a 
division algebra over % and cannot be equivalent to the (unique) Cayley- 
Dickson algebra over 7 which has divisors of zero; the existence of inequivalent 
central simple Jordan algebras over 9} then follows from the following sharper 
result. 


THEOREM 3. Let © and &* be inequivalent Cayley-Dickson algebras over 
@ of characteristic not two. Then the exceptional central simple Jordan 
algebras U and U* consisting of the 3-rowed Hermitian matrices with elements 
in © and &* respectively, multiplication being defined by (2), are inequivalent 
over Y. 


Since there is (in the sense of equivalence) only one Cayley-Dickson 
algebra over 7} which has divisors of zero, at least one of the algebras ©, @* 
is a division algebra over %}; say it is ©. We take normalized bases in © and 
&* so that each has involution (19). The associated symmetric bilinear forms 
are $t(ay) and 4t(x *) respectively and the corresponding norm forms aré 


(42) n(x) = Zi (së) and n*(x) = ġt(z * ë). 


Writing the general element a of X and X* in the form (15), multiplication 
in Wis given by (16) and (17) with m= 1 (i= 1,2,3), and in W* 
by a*b = b * g = c" = (£%1, 6% 2, "3, 212, 2% 23, 2%31) Where we have, in 
particular, | ) 
(43) E Ém +- thti Tie) + t (234 i Ysi) 


Our proof is indirect. If % and A* are equivalent, the equivalence P 
has matrix (21) for. noti-singular Pi; with elements in 3. ‘Then c*P 
= (a*b)P=aP-bP implies, in peace 


(44) = Evm + t(@2P 2° JaPa) -+ Gare YsıPs1). 


Let Yiz = 12, Yı = 0. Then by (42), (43), (44) we have ém + 20* (a2) 
iag É -+ 20 (f12P 12) or 
(45) në (s) = n(zPie) 
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for all a in @*. Now 1Pic = pi2 £ 0 in © since Piz is non-singular. Since 
Œ is a division algebra, we have Lp, non-singular, and may write H = PigDpg. 
Then 1H =1P3.Lp,77 = piolp,t==1, and by (45) we have 


n* (x) = n(2H Lp) =n (p12: tH) = n(pojn (tH) =n(sH) 


since n(pı2) = "(1Pi2) = n* (1) =1. Hence n*¥(x) and n(x) are equi- 
valent norm forms, and © = @* ([5], p. 777), a contradiction. 


Remark. We have shown incidentally the existence of an exceptional 
central simple Jordan algebra over the field 3 of all real numbers which is 
different from Wt,°. Of course this algebra is not an “ r-number system ” 
([6]) ; it fails to be a “ formally real ” algebra, and actually contains elements 
- whose squares are zero. 
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SOLUTION OF A PROBLEM OF R. L. WILDER.* 
By R. H. Brine. 


The following problem was proposed by R. L. Wilder in “ Concerning | 
Simple Continuous Curves and Related Point Sets,” American Journal of 
Mathematics, vol. 58 (1931), pp. 39-55: Suppose that M is a connected im 
kleinen set which is the sum of two sets M, and Ma such that each is wrre-. 
ducibly connected from the point A to the point B and such that the common 
part of M, and M. is A and B. Is M necessarily a simple closed curve? Wilder 
showed that M is a simple closed curve if it is a locally compact continuum. 
This note gives an example to show that M need not be a simple closed curve 
if this extra requirement is not placed on it. 

We shall prove the following for the plane: Suppose that S is a square 
plus its interior. There exists a collection G of point sets filling up S such 
that each element of G is irreducibly connected from a point A to a point B, 
the common part of two elements of Gis A + B, and the sum of two elements 
of Gs a locally connected subset of S which is dense in BS. 

Let A and B be opposite vertices of S and let E and F be the other | 
vertices. Denote by [X] the collection of all straight line intervals EP 
where P is a point of AF + FB — (A + B). For each element X of [X], 
let E(X) denote the collection of all straight line intervals which have their 
end points on the boundary of S and which are parallel-to X. We note that 
’ with respect to its elements, each D(X) is an open arc from A to B. Let [L] 
be the set of all such collections L(X). 

There exists a well ordered sequence W(L) such that the elements of. 
W(Z) are the elements of [L] and such that if L is an element of [L], then - 
the set of all elements of [L] which precede L in W(Z) has a power less than 
that of [L]. We note that [L] has the power of the continuum. We shall 
denote the element of W(Z) whose ordinal number is « by La. 

Let W(S) be a well ordering of the points of 8. 

Denote the collection of all subcontinua of § by [C]. Points as well as 
nondegenerate continua are included in [0]. Let W(C) be a well ordered 
sequence such that the elements of W(C) are the elements of [C] and such 
that if C is a subcontinuum of S, then the collection of all elements of [C] 


* Received March 25, 1947; Presented to the American Mathematical Society, 
November 30, 1946. 
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that precede C in W(C) does not have the power of [0]. Since [0] has the 
power of the continuum, this subcollection has a power less than that of the 
continuum. We shall denote the element of W(C) whose ordinal number 
is « by Ca. 

Before beginning the assigning of points of S to the elements of G, 
we shall briefly outline what we intend to do. We shall describe collections 
M, M2, + +,Ma,- > + such that each of these collections is irreducibly con- 
nected from A to B. These collections will be the elements of G. To insure 
that Mg (8 = 1,2,- ,œ,* > :) will be irreducible from A to B, it will be 
defined so as to intersect every element of [C] which is not a subset of an 
element of Lg and so as to intersect each element of Lg in only one point. 

Our procedure will be to sort out the points of S into the collections 
Mı, Most © °, Mat ©. With the exception of some skips, the points of 9 
are sorted out to the elements of G in the following order. First, a point of 
Cı is assigned to Mı; next, a point of C» is assigned to M, and another ‘point 
of Cz is assigned to M.;-- - ; then a point of Ca is assigned to Mı, another 
point of Ca is assigned to Ms,---, and another point of Ca is assigned to 
Mast +. Since only one point of S is assigned at each step, this assigning 
will require uncountably many steps. 

Now for the details of the description of the elements of G. The points 
A and B are assigned to each of the collections of G. No other point is 
assigned to any two elements of G. 

First, consider Cı. If it intersects A -+ B, no point of it is assigned 
to an element of G at this stage. If it does not intersect A + B, the first 
point of W(8) in C, is assigned to Mı. 

Next, consider Co. No point of it is assigned to M, at this stage if > 
either Ce contains a point already assigned to M, or C2 is a subset of an 
element of L, that contains a previously assigned point of Mı. However, 
if C, is not such a set, then to M, is assigned the first point of W(S) that is 


. in the common part of C- and the sum of the elements of L, containing no 


previously assigned point of M.. 

Now, if Oz intersects neither A nor B and is not a point previously 
assigned to Mı, then to M: is assigned the first point of W(S) in the subset 
of C, that has not been assigned previously to M,. Otherwise, no point of 
Cz is assigned to M» at this stage. ` 

This process of assigning points of S to elements of G is continued as 
follows. Suppose that at some stage, U is the collection of points of § that 
have not been assigned previously to elements of G. Let V be the collection 
of all elements Ca of W(C) for which there is an element Cg of W(C) such 
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that Cg is equal to Ca or precedes Ca in W(C), no point of Ca has been 
assigned to Mg, and Ca is not a subset of an element of Lg that contains a 
point which has been assigned to Mg. If Ca is a point of U, it is an element 
of V since no point would be assigned to Ma before Ca were assigned to an 
element of G. For convenience, suppose that Ca is the first element of V 
in W(C). Then a point of Ca is assigned to an element of @ at this stage 
as is described below. 

Let Æ be the collection of all elements Lg of W(Z) such that no point 
of Ca has been assigned to Mg and Ca is not a subset of an element of Lg 
which contains a point which has been assigned to Mg. Suppose Lg is the 
first element of R in W(L). Then to Mg is assigned the first point of W (8) 
in the common part of Ca’ U and the sum of the elements of Lg containing 
no previously assigned points of Mg. If 8 is the same ordinal number as g, 
this is the first point to be assigned to Ma- 

Suppose that at some stage, Y is the set of points of S that have been 
assigned previously to elements of G in this process and P is a point of 
S— Y. Then P is an element Cy of W(C). Now Y is not of the power of 
the continuum since none of the sets W,-Y,M.:Y,---,M,:Y has the 
power of the continuum. 

Each point of S was assigned to some element of G in this process for 
suppose that U is the collection of all points of S that were not assigned to 
G even though the process were continued. But as is seen above, a point of 
U is assigned to an element of G. 

No point of S— (4A -+ B) was assigned to two elements of G. Hence, 
S is the sum of the elements of G and the common part of two elements of 
Gis A+B. 

We shall now show that each element Æ of La contains a point of Ma. 
Since # contains a collection of nondegenerate subcontinua such that this 
collection is of the power of the continuum, there is a nondegenerate sub- 
continuum Cy of E such that Oy follows Ca in W(C). Each point of 
S—(A-+ B) was assigned to an element of G while considering an element 
of W(C). Let Z be the set of all points of S that are assigned to elements 
of G before considering any element of W (C) that follows Cy in W(C). Since 
none of the collections M,:2Z,M.-Z,---,M,-Z has the power of the con- 
tinuum, Z does not. Then at some stage, an element of W (C) was considered 
that followed Cy in W(C). But this element would not have been considered 
unless a point of the element of La containing Cy had been assigned to Ma. 
Hence, each element of La contains a point of Ma. However, no two points 
of an element of La are assigned to any element of Ma. 
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Each subcontinuum C of § which is not a subset of any element of La 
contains a point of Ma because C contains a collection R of subcontinua no. 
one of which is a subset of an element of La and such that the collection R 
has the power of the continuum. Hence, some element of R follows Ca in 
W(C’) and a point of it is assigned to Ma. 

We have shown that Ma contains a point of each element of La and that 
each subcontinuum of S which is not a subset of an element of La contains 
a point of Ma. Hence, Ma is connected. If it were the sum of two mutually 
separated sets, some continuum in its complement and in § would separate 
some two points of it in S. But each subcontinuum of S that separates 9 is 
either an element of La or intersects two elements of La. Since Ma contains 
only one point of each element of Lg and since with respect to its elements, 
La is an open are from A to B, My is irreducibly connected’ from A to B. 

We shall show that if Ma and Mg are two elements of G, then Ma -+ Mg 
is locally connected. Each nondegenerate subcontinuum of § intersects either 
two elements of La or two elements of Lg and hence contains a point of 
Ma-+ Mg. If Dis a domain such that D- S is connected, then D: (Ma + Me) 
is connected, for if it were the sum of two mutually separated sets, then 
some continuum Æ in the complement of D- (Ma + Mg) would separate some 
two points of D- (Ma -+ Mg) from each other in the plane. But some non- 
degenerate subcontinuum of R would be a subset of D-S and would contain 
a point of D- (Ma -+ Mg). Hence, Ma -+ Mg is locally connected. Not only 
is it locally connected but it has the additional property that if P is a point, 
then Ma + Mg + P is locally connected. Hence, the sum of two elements of 
G has property S. 

Question. It can be shown that the sum of no two elements of G is an 
inner limiting (Gs) set. It would be interesting to know whether or not it 
can be concluded that M is a simple closed, curve if it is a connected im 

kleinen inner limiting set which is the sum of two sets M, and Mz, ‘sich that 
-each is irreducibly connected from the point A to the point B and such that 
the common part of M, and M. is A and B. 
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A THEORY OF NORMALITY FOR QUASIGROUPS.* 


By FRED KIoKEMEISTER. 


Let the quasigroup G be homomorphiec to the quasigroup G’. If H is the 
set of antecedents in G of an element in G” and if H is itself a quasigroup, 
then H is a normal divisor of @ defined by the given homomorphism. If G 
is a loop, then H is the kernel of the homomorphism. In this case H always 
exists and is uniquely defined. For a quasigroup the situation in general 
is not as simple. A homomorphism may define no normal divisor, or a 
homomorphism. may define more than one normal divisor.* Thus there 
cannot be constructed for quasigroups a normality theory on the concept of 
normal divisor or kernel. We have chosen to employ here the equivalence 
relation which is defined by each homomorphism.? These relations are shown 
to form a modular lattice. In the event that normal divisors exist, structural 
uniqueness is obtained by the device of restricting attention to the set of 
‘normal divisors containing a fixed element. | 


1. Normal relations. A multiplicative system is a non-vacuous set G 
of elements a, b,c,- - > such that for each pair a, b there is defined an ordered 
product: ab which is a uniquely determined element of G. If, further, to 
each pair a, b there correspond unique elements x and y in G such that 
ax == b, and ya== b, then G is a quasigroup. The following lemmas are 
immediate consequences of ‘the above definitions. 


Lemma 1.1. Any homomorphic image of a quasigroup is a multipli- 
cative system in which the equations ax==b and ya =b have solutions for 
every pair a, b. 


LEMMA 1.2. A multiplicative system in which the equations ax = b and 


* Received April 9, 1947. 

1 If each element is idempotent, then each element constitutes a normal divisor of 
G defined by an isomorphism of & on itself, ef. Bruck [6], p. 34. That such quasigroups 
may be simple has been pointed out by Bruck in [5], p. 169. 

? Other treatments are obviously possible. For quasigroups see Bruck [5], pp. 166- 
169 and Garrison [9] and [10], in particular section .2 of [10]. For loops there are 
Albert [1,2], Baer [3], and Bruck [6,7,8]. The lattice-theoretic viewpoint has been 
employed by Smiley [15], and in restricted cases by Hausman and Ore [11] and 
Murdoch [12]. i 
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ya = b have solutions for every pair a, b is a quasigroup if and only if ca == cb 
and ac == bc each implies a = b. 


Every homomorphism of a quasigroup G on a quasigroup G” induces an 
equivalence relation 8 on the elements of G. If a’ and b’ are respectively the 
images of a and b, then a 8 b if and only if a’ = b’. This equivalence relation 
satisfies the conditions: 


1) caß cb implies a £ b, 
ii) acB be implies a £ b, 
ili) afb and cg d implies ac B bd. 


Condition iii) identifies B as a congruence relation and follows from the 
homomorphism of G@ on G’. Since G’ is a quasigroup, Lemma 1.2 implies i) - 
and ii). | 

Conversely every congruence relation Induces a homomorphism of G on 
the multiplicative system G’ of equivalence classes under 8. Lemmas 1.1 
and 1.2 guarantee that if 8 satisfies i) ‘and ii) G’ will be a quasigroup. 

An equivalence relation £ satisfying i), ii), and iii) will be called a 
normal relation on G. 

Let « be a second normal relation. We shall say that £ contains « (and 
write 82 a) if and only if aab implies afb. The intersection, £ [N æ, 
of 8 and « is defined to be the logical intersection of the relations: a(8 N «)b 
if and only if 48b and aab. The union, (8 U a), of B and «@ is defined 
as follows: a(8 J a)b if and only if there exist elements a, a2, - *, a in G 
such that aBa,%a2.8:-:a,ab. It is easily verified that the union and 
intersection of normal relation are normal relations, and that (8N «) and 
(6 U«) are a greatest lower bound and a least upper bound respectively 
for 8 and «.® 


THEOREM 1.1. The normal relations on G form a lattice L. 
We shall need the following 


Lemma 1.3. If B is a normal relation on G and G contains the quasi- 
group H, then B is a normal relation on H. 


If a, b, c, dare elements of H, conditions i), ii), and iii) are satisfied 


in G and therefore in H. 
Let ban B) designate the set of elements g of G such that g r: a. 


3 Ore TA made these definitions for equivalence relations in [13]. 
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LEMMA 1.4. If « and 8 are normal relations and if a is any element 
of G, then R(a,a) = R(a, 8) if and only if «a == B, and R(a,«) D R(a, B) 
if and only if «DB. 

Let b and c be any elements of G, and let bgc. There exist in G 
elements v and y such that c = za and b = vy. By i) ty B xa implies y B a. 
If R(a,«) D R(a, 8), then yaa, and by iii) zy agza. Thus bac, and 8C a. 
Conversely, if « > 8, g Ba implies gaa, and R(a,«) > R(a, 8). The first 
‘part of the lemma follows from the second. 

If S and T are sets of elements in G, then ST is the set of elements st 


where s lies in S and ż lies in 7’; and S [| T is the set of elements common 
to S and T. ” 


LEMMA .1.5. Let « and B be normal relations. If gaf org Bf where f 
as an element of R(a,%)R(b,B), then g is an element of R(a,«)R(b, B). 


Let g acd where c «a and d £ b, and let g = zd. Then gd a cd, and g a c, 
i.e., g= æd where v lies in R(a,a) and d lies in R(b, 8). We may use a 
similar proof if g 8 ed. 


THEOREM 1.2. If a and B are any normal relations on G, and if a and 
b are any elements of G, then 


B (ab, a U 8) = R (a, a) B (b, B) 


and 


R(a,af) 8) = R(a,«) N R(a, 8). 


We shall show that if g(« U 8)ab, then g is an element of RE (a, a) R (b, B). 
The relation g(« |J 8)ab implies the existence of a chain g = goa gı f g2% 
-++gn Bab. Since ab is an element of R(a,a)R(b,8), Lemma 1.5 estab- 
lishes that g; is an element of the same set for t = n, n— 1, > ',0. 

If, on the other hand, g = cd where caa and dB ob, then cd aad, and 
ad Bab by iii). This chain implies that g(« |J 8)ab, and R(a,a)E(b, B) 
- C R(ab, a U B). | 
The second part of the theorem is obvious. 


THEOREM 1.3. The lattice L of normal relations on G is modular. 


For any lattice « D y implies that «N (Uy 2 (@ 18) Uy. It is 
sufficient to prove that the inclusion is reversible.’ Let a be any element of G. 
By Theorem 1. 2 | 


4Garrison has established this relation for a == b when G is finite in Theorem 2, 4 
of [10]: In the terminology of Garrison R(a,a) is an invariant complex when a is a 
normal relation. 

5 See Birkhoff [4], p. 22 and p. 34. 
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R[a, a N (8 U y)] = F(a’, a) N R(a, 8) Ra, y), 
and 


fila’, (a N) B) U y] a [E (a, a) N R (a, R) |E (a, y) 


Let g be an element of R(a°, a) ) R(a,8)R(a,y). Then g == be where 
b Ba, cya, and bcaa’. Since æ -> y, cya implies caa, so that be a ba aa’ 
= a0. By ii), b «a, but if b gaand b Ba, then b(a () £a, and b is an element 
of R(a,a) [| R(a, 8), or g = bc is an element of R[a?, («a N 8) Uy]. It 


R[a?, a N (BUY GRIA, (a N 8) U 7]. 
Lemma 1.4 implies that a N) (8 Uy) C (« N B) Uy. 


2. Normal divisors. If H is a quasigroup contained in G, H is a 
normal divisor of G if and only if for some normal relation «, H = R(a, a) 
where a is any ement of H. By Lemma 1.4, œ is unique. We shall say that 
g is a normal divisor relation at a. 


Lemma 2:1. Jf a is a normal relation on G and if R(a,«)R(a,%) 


== R(a,a), then «is a normal divisor relation at a. 


If baa, then baaa by the closure of R(a,a). Thus, if bæ == c where 
b and c are elements of R(a,«), then bz acaaaba, and by i) x aa, or g lies 
in R(a,a). Similarly the solution of the equation yb = c lies in R(a,«), 
and R(a,a) is a quasigroup. : 


LEMMA 2.2. If a is a normal divisor relation at a, and if B is a normal 
relation such that B > a, then B is a normal divisor relation at a. 


By Theorem 1.2 
R(a, 8) R(a, 8) = R(a?, B). 


Since R(a,«) is a quasigroup, a? aa, and since BD a, a? Ba. Then R(a’, 8) 
= R(a, 8), and by Lemma 2.1 F(a, 8) is a quasigroup. 

If H and K are quasigroups contained in G, H U K is the least quasi- 
group containing both H and K. Obviously if HK is a quasigroup containing 
H and K, then HK =H |J K. 


Lemma 2.3. If a and B are normal divisor relations at a, then 


R(a, a U 8) = R(a,«)R(a, B) = R (a, 2) U R(a, B). 
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By Lemma 2.2 R(a,«U B) is a quasigroup, for « U 82a. Thus by 
Theorem 1. 2 
R(a,aU B) = R(a?, a U B) = E (a, a) R (a, a 


Clearly R(a, a) and R(a, 8) are contained in this set since @ U Bg and 
aU BB. 


THEOREM 2.1. If « and B are normal divisor relations at a, then a J.B 
and af] 8 are normal divisor relations at a, and 


R(a,aU 8) = R(a, 2) U R(a, P), 
R(a,a {\ 8) = R (a, a) [A R(a, B). 


The theorem follows from Lemma 2.3, Theorem 1.2, and the fact that 
the intersection of two quasigroups is a quasigroup. 


COROLLARY. The set of normal divisor relations at a where a is an 
element of G constitutes a modular lattice La. The lattice La is isomorphic 
with the set of normal divisors of G which contain the element a. 


If 8 is a normal relation on G, and if K is a quasigroup contained in G, 
Bis, by Lemma 1. 3, a normal relation on K. The equivalence classes Ex (g, 8} 
constitute a quasigroup which we designate by K/8. I£ H is a quasigroup 


contained in K, and if H A Re(g,8) is not empty for every g in K, then ` 


H/B = K/B under the correspondence of H A Rx(g,B8) to Rg(g, £). 

‘Now let « be a normal divisor relation on @ at a, and let B be a normal 
relation on G. Then by Lemma 2.2 a U 8 is a normal divisor relation at a, 
and the quasigroup #(a,«) is contained in the quasigroup R (a, a UJ B). By 
Theorem 1.2 R(a,aU 8) =R(a,2)R(a,8). Let g be an element of 
R(a,% UB): Then g = cd where caa,d Ba. Then by iii) ca Bcd = g, and 
if we designate R(a,a\J 8) by K, Rx(g, B) contains the element ca which is 
an element of R(a,a). Thus Rr(g, 8) f) R(a,a) is never vacuous, and, as 
in the preceding paragraph, 


R (a, a J B)/B = R (a, a) /B. 


But R(a,a)/B = R(a,a)/«f] since the partition of 8 on’ R(a, a) is the 
same as that of « ( B. 


THEOREM 2.2. If a and B are normal relations on G such that R(a, «) 
18 a quasigroup for some element a of G, then R(a, a |} B) is a quasigroup, and 


R (a, a U B)/B = R(a,a)/a {) B° 


°Of. Garrison [10], Theorem 3. 2. 
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If in Theorem 2.2 8 is also a normal divisor relation at a, we have the 
familiar isomorphism theorem which. yields through the Ore Theorem on 
chains in partially ordered sets” the Jordan-Holder Theorem for composition 
series in G. l 


3. Quasigroups containing idempotent elements. The element ¢ of G 
is called idempotent if = e, 


Lemma 3.1. If eis an idempotent element of G, every normal relation 
on Gis a normal divisor relation at e.’ 


We may employ Theorem 1. 2 and Lemma 2.1 to show that #(e,a) is a 
quasigroup when @ is a normal relation ; for 


R(e,a)R(e,a) = R(e?, x) = R(e,%). 


THEOREM 3.1. If G contains an idempotent element e, the lattice L 
of normal relations on G is isomorphic with the lattice of normal divisors of 
G containing e. 


COROLLARY. If G contains the tdempotent elements e, and es then 
Le, = Les: ; l 


COROLLARY. The normal divisors of any loop form a modular lattice. 
Further, if a loop G is homomorphic to a quasigroup G, there will east a 
normal divisor H of G such that G/H = 


` 


The direct product of quasigroups A1,A2,°*-,An is a quasigroup 
G = AX ÅA X- -X An whose elements are the n-tuples (a1, d2,° © *, Gn); 
ai in Ai, t==1,2,---+,2" The ordered product of two elements is the 
n-tuple of ordered products of corresponding components. If Az contains the 
idempotent elements e, t= 1,2,:::,n, then G contains the idempotent 
element e= (€:,@2,: + ‘,@n). Conversely, if e is idempotent in G and if 
e = (61, 62," °°, ên), then e; is idempotent in A. 

Obviously:the quasigroup A; may be identified with the quasigroup 


6, X ea X` K lir X At X Ce Ke Ken 


™See Ore [14]. 

§ Cf. Garrison [10], Theorem 3. 3. 

° Cf. Garrison [10], Lemma 3. 2. 

10 Smiley has established this theorem in [15]. 
41 See Bruck [6], p. 48 for this definition. 


| A THEORY OF NORMALITY FOR QUASIGROUPS. 105 
which is a sub-quasigroup of G, and the elements e1, é2,° - `, €n may be iden- 
tified with the element e. Thus G is the direct product of sub-quasigroups 
whose intersection in pairs is the element e. Under these conditions we shali 
say that the decomposition is direct over e. It follows trivially that the A; 
are normal in G. 


THEOREM 3.2. Let G contain the idempotent element e, and let « and B 
be normal relations on G. If G= R(e,a)R(e,8) and R(e,«) [| R(e, B) =e, 
then G=R(e,a) X R(e, B)” 


Let a lie in R(e,a) and b in R(e, 8). Define G= Re, a) X Re, B) 
as above, and let 0 be the mapping defined by (ab)? — (ae, eb). This is a 
bi-unique mapping of G on G. Consider that if a,b, and azbz are two elements 
of G, then (a,):) (@2b2) —ab for some a and b. Since ab, B ae, debe B are, 
and ab Bae, it follows that (a:e)(a:0) Bae. All of these elements lie in 
R(e,a), so that (a.e) (a) «ae, and thus (ae) (a2e) (a [] 8) ae. Since 
R(e,«) N R(e, 8) = e = R(e,& (\ 8), AM £ is equality by Lemma 1. 4, and 
(a,¢) (aoe) = ae. Similarly (¢b,)(eb2.) = eb. Then 


(a:b, )° (a202)? = (are, eby) (a26, eba) 
== (ae, eb) 
= (ab)? 


= [(d1b1) (a2b2) J’, 
and @ is an isomorphism. 


BIBLIOGRAPHY 





1. A. A. Albert, “ Quasigroups. I,” Transactions of the American Mathematical Society, 
vol. 54 (1943), pp. 507-519. 

, “ Quasigroups. II,” Transactions of the American Mathematical Society, ` 

vol. 55 (1944), pp. 401-419. 

3. R. Baer, “The homomorphism theorems for loops,” American Journal of. Mathe- 
matics, vol. 67 (1945), pp. 450-460. 

4. G, Birkhoff, Lattice theory, American Mathematical Society Colloquium Publica- 
tions, vol. 25, 1940. 





72 This theorem has been established by Albert for loops in [2], p. 409. 


106 


FRED KIOKEMEISTER. 


5. R. H. Bruck, “Some results in the theory of linear non-associative algebras,” 


14, 


15. 





Transactions of the American Mathematical Society, vol. 56 (1944), pp. 

141-199. 

, “Some results in the theory of quasigroups,” Transactions of the American 

Mathematical Society, vol. 55 (1944), pp. 19-52. 

, “Simple quasigroups,” Bulletin of the American Mathematical. Society, 

vol. 50 (1944), pp. 769-781. 

, “Contributions to the theory of loops,” Transactions of the American 
Mathematical Society, vol. 60 (1946), pp. 245-354. 

G. N. Garrison, “ Quasigroups,” Annals of Mathematics, vol. 41 (1940), pp. 474-487. 

, “Note on invariant complexes of a quasigroup,” Annals of Mathematics, 
vol. 47 (1946), pp. 50-55. 

B. A. Hausmann and O. Ore, “ Theory of quasigroups,” American Journal of Mathe- 
matics, vol. 59 (1987), pp. 983-1004. 














. D. ©. Murdoch, “Note on normality in quasigroups,” Bulletin of the American 


Mathematical Society, vol. 47 (1941), pp. 134-138. 


. O. Ore, “Theory of equivalence relations,’ Duke Mathematical Journal, vol. 9 


(1942), p. 573. 

, “Chains in partially ordered sets,” Bulletin of the American Mathematical 

Society, vol. 49 (1943), pp. 558-566. 

M. F. Smiley, “An application of lattice theory to quasigroups,” Bulletin of the 
American Mathematical Society, vol. 50 (1944), pp. 782-786, 


THE TORSIONAL RIGIDITY AND VARIATIONAL METHODS.* 
By J. B. Diaz and A. WEINSTEIN. 


A 


The present paper consists of two independent remarks concerning the 
rigidity of beams in torsion. The first part contains a method for the com- 
_ putation of the torsional rigidity in the case of multiply connected. domains. 
The second part deals with an application of the Rayleigh-Ritz method to 
the torsion of beams of simply connected cross section. l 


i. An extremal property of the torsional rigidity. Let (s, y) be the 
warping function, and y(s, y) its conjugate, in the problem of a beam, with 
simply or multiply connected cross section, in torsion. As is well known, ¢ 
is the solution of the following Neumann problem: 


(1) A¢ = 0, in the cross section Ff, 
og 
(2) ayn Yna — Tny, OD the boundary C of R, 


where ne and ny denote the components of the external er n. For a 
multiply connected domain, C consists of a simple ‘closed curve Ce and a finite 
number of simple closed curves Ci,- + ©, Cm, lying in the interior of Co. 

The conjugate harmonic function y is the solution of the following 
Dirichlet problem : 


(3) Ay == 0, . in &, 
(4) | y = (1/2) (a? + 4°), on Co, 
(5) - pos (1/2) (2? + y?) + ki on Ci, 


where the constants k: are not explicitly given a priori. This introduces a 
serious complication in the torsion of multiply connected domains. 

The torsional rigidity, or stiffness, S, can be expressed in several ways, 
either in terms of œ or y, in the form of an integral taken over Æ.: This is 
one of the rare cases, in statics, where the actual numerical value of an 
integral of an unknown function is of major interest. Usually, O is given 
by the formula 1 


* Received March 1, 1947; Presented to the American Mathematical Society, 
December 27, 1946. 

1 Some authors define #S as the torsional rigidity, # being Lamé’s constant. 
Another expression for S, due to Prandtl, will be considered in 4. 
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(6) s= ff. [e+ + epy — yoo] dady, 
Using the Cauchy-Riemann equations 

(7) bo = Yun py = — Ya, 

an analogous expression for S, in terms of y, is obtained. 


However, for our purposes, it is convenient to employ another formula 
for S; which, although closely connected with (6), has not, to our knowledge, 
been used explicitly in the theory of torsion. By Green’s theorem, using (2) 


eee T ace) — Hye) dedy 
Si ÍS 


siipien $a a ds = — D(¢), 


where 


Dle) =f [4% + o%sldedy, 


is the Dirichlet integral. Denoting by 


(8) P= | f (o+y')ardy, 


the polar moment of inertia of the section R, we have, in place of (6), the 
fundamental formula 
(9) S = P—D(¢). 


r 


Observing that, by (7), D(¢) = D(4), we have also 
(10) = Ss P— Diy). 


Since D(¢) 2 0, we have from (6) the following extremal property of the 
torsional rigidity, considered as a function of the section. 
For any (simply or multiply connected) section 


(11) SZP. 


The equality sign holds only when D(¢ẹ) == 0, which implies that the warping 
function is a constant. As is well known, this can only happen if R is a 
circular region or a circular ring, bounded by two concentric circles. 

We note the curious fact that for domains bounded by more than two 
curves there is no section for which S equals the polar moment of inertia 
of the section. 


> 
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2. Upper and lower bounds for the Dirichlet integral in Neumann’s 
problem. Besides yielding the inequality (11), formulas (9) and (10) are 
adapted for obtaining estimates of the torsional rigidity. In particular, (9) 
is suited for multiply connected domains, a case which presented great diffi- 
culties in the past. In fact, upper and lower bounds for D($) yield lower 
and upper bounds, respectively, for S. 

An upper bound for D(¢) in Neumann’s problem is given by ‘Kelvin’ S 
theorem.” Let p and q be the components of a divergence-free vector; i.e., 


po t+ dy = 0, in &, 
satisfying the condition 


Pha + hny = se on C, 


n 


(where, in our case, 4 is given by (2)). - Then, 
(12) D$) S f f [P+ Pacay. 


Let us note that an estimate of this kind can always be improved by taking 
for (p,q) a vector field containing one or several parameters (Rayleigh-Ritz 
method). 

The inequality (12), originally employed in three dimensions by Kelvin, 
can be greatly simplified in the two-dimensional case by the introduction of a 
“stream function” K(2z,y) defined by 


(13) K: = — 4q, Ky = p. 


The function K, which is arbitrary in the interior of the cross section, satisfies 
the following boundary condition 


Kha — Katy E = gy (bat + 9°) 


The left hand member of the last eae is obviously so that we have, 


on the boundary of R: 


dK d $ [y2 2 
(14) . o a [3 (2 +y*)]- 


*See, for example, H. Lamb, Hydrodynamics, Sixth Edition, New York, 1945, p. 47. 
The theorem obviously holds as well for multiply connected domains. 
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Hence K may be any continuous function, with continuous derivatives, 
satisfying the boundary conditions 


(15) K (z, y) = (1/2) (2 -+ 4°) +e, on Cs, 
i = 0,: ++, m, where the constants c; are perfectly arbitrary. It is interesting 
to note that the manifold of the functions K contains the function y; which, 
by (3), (4), and (5), can be obtained by taking K to be harmonic and 
choosing the constants c; in (15) in such a way that the conjugate function ¢ 
is single valued. Of course, as remarked previously, the precise values of the 
desired constants are not known, except in trivial cases. 

Using K, (12) may be replaced by * 
(16) D(o) S D(K). 
Generally speaking, for any fixed choice of the constants c; in (15) we are 
still at liberty to choose K in the interior, and the smallest upper bound for 
D(¢) in (16) is obviously obtained by taking for K the harmonic function 
Kı, corresponding to the given boundary values. Consequently, 
(17) D($) Z D(Ks) S D(K). 
` This remark will be useful in applications. j 

We turn now to the determination of a lower bound for D(¢) in Neu- 
mann’s problem, which will be obtained by a simple application of Schwarz’s 
inequality and a-transformation involving Green’s formula. This procedure 
is equivalent to what is sometimes called Trefftz’ method,* but is considerably 


simpler, and also perfectly general, as will be shown elsewhere. 
Our starting point is Schwarz’s inequality 


[D(f,¢) ]? S D(f)D(4), 


which we use in the equivalent form 


| PEE |" D) SDS), 


D(f) 
so that 
(18) D(f) S D(ẹ), 
where 


3 Since D(¢) = D(wW), we have also D(y) =D(K). This last inequality could 
have been obtained by minimizing D(K), where K satisfies (15), and the c;s are 
variable parameters. 

* E. Trefftz, “ Ein Gegenstuck zum Ritzchen Verfahren,” Verhandlungen, Kongress 
fiir technische Mechanik, Zürich, 1927, p. 131. Some time ago, Professor J. L. Synge 
kindly communicated to us another computation of estimates for D(¢) in Neumann’s 
problem. 
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ss DEA) 


D(f) 


Let us observe that the quantity A is known, as we have, by Green’s formula, . 


) > .  ( , 8 : 
(20) Did) =— f f fapdedy + ff a= ff Ge as 
Thus, if 


(21) ff $ ao 


the quantity D(Af) in (18) is a positive lower bound for D(¢). Since + 
is given on C, there are infinitely many functions satisfying condition (21). 
Again‘ the result can be improved by introducing arbitrary parameters into f. 


In view of the bounds (16) and (18) for D(¢), equation (9) yields finally 





(Sira) 
(22) P-pop e n s3 


where ka is given by (2), so that | 


ôn 
f = e ds = SS, [yfe — 2fy]dady. 


Therefore, we have finally 
(ff [ute —2hvlaedy ) 


(23) PSD) SSP pe 


where the function K satisfies (15), and the function f satisfies (21). . This 
doùble inequality is the source of many interesting general statements. 
Taking for f the imaginary part of (x + ty)”, we obtain 


: ( f | f Belz +iy)"dedy ) 


E EA A E 


j f. (2? + y”) dedy 


where Re denotes the real part. In particular, for n = 2 it follows easily 
that 
ga 44B 
z A + B 3 
where A and B are the moments of inertia of R with respect to the ~ and y 
axes, and P = A + BS 


eo 


“ 


“Cf. a brief note by E. Nicolai, Zeitschrift für angewandte Mathematik, vol. 4 
(1924), p. 181. 
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3. Application. As a simple application we derive an inequality for 
the torsional rigidity of the quadratic frame bounded by the lines t == + a, 
y==tb,0<a< 6b. Here the boundary C consists of the outer square Co 
and the inner square 01.8 

According to the general theory, we may take for K any function 
assuming on Cy the same boundary values as (1/2) (a? + y?) — (1/2)b? and 
on C, the same values as (1/2) (<° + y?) — (1/2)a?. Let Ki be the harmonie 
function which takes these boundary values. By (17), we have 


D(o) S D(Ka). 


Exploiting the symmetry of the domain, we may subdivide it into four quad- 
rangles I, IL, IH, IV. Let K* be defined as follows: 





‘ E (1/2)y?, in I and III, 
fea) (1/2)2?, in II and IV. 


Clearly K* has the boundary values prescribed for K. The function K* is 
continuous in the cross section, but its first derivatives have jumps along the 
four diagonals indicated in the figure. By the general theory of Dirichlet’s 
problem, we have 


(24) D(Ky) S D(K*), 
hence | 
(25) D(¢) S D(K*). 


For the domain under consideration 
P = (8/3) (bt —a*), 
and a glance at the figure shows that 


Dr) = 4 f f y? dedy — (2/3) (bt —a*). 


° Cf. also a brief note by C. Weber, Zeitschrift fiir angewandte Mathematik, vol. 11 
(1931), p. 244. 
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Combining the last two equations with (11) and (23), we have finally 
(26) 2(b*— at) =S8 = (8/8) (bt — a$). 

4. The torsional rigidity and the minimum of the potential energy.’ 
It is well known that the torsional rigidity is related to the minimum of the 
energy integral. Let us consider a beam in torsion whose simply connected 


cross section Æ is bounded by a closed curve ©. Lett = y — (1/2) (a2? + y’) 
be Prandtl’s stress function, satisfying the differential equation 


(27) AY=—2 in BR, 


and the boundary condition 
(28) . v= 0, on C. 


The torsional rigidity, S, is then given by the formulas 


(29) s=D(¥), g=? f f, tiss. 


Among all functions u satisfying the boundary condition 
(30) u = 0, on C, 


the function © yields the minimum value for the integral 


(31) O f Í. EEEE EE AT 


Since, by Green’s formula 


I(t) =- ff U(A¥) dady — 4 f ft ai 
Ma 
——2 Í f Y dedy, 
R 


it follows from (29) and (31) that the torsional rigidity and the minimum 
value of I are connected by the relations 


(32) D(¥) =—1(¥), e f f vdedy ——1(w). 


The derivation of formulas (32) depends essentially on the fact that ¥ 
satisfies not only the boundary condition (28): ¥=0 on C, but also the 
differential equation (27): 

AY = — 2, in È. 


* This section is independent of the preceding considerations. ~ 


8 
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It in no way follows that (32) will continue to hold if ¥ is replaced by a 
function which is only required to satisfy the boundary condition (28), as is 
demanded in the application of the Rayleigh-Ritz method. The main purpose 
of this section is to show that the following equalities (analogous to (32)) 


(38) Dy) =—1(¥*»), 2j f ts dedy ——I(¥*y), 


hold,® provided that &*y is the best approximation to Y in the sense of the 
Rayleigh-Ritz method, obtained by using N fixed functions f;(z, y) satisfying 
the boundary conditions 

fi = 0, on C, 
for i= 1, °, N. 


Let 
N 
(34) Vy (cr, ° ` -, Cy) = 2 cifi(@, y), 
=1 
in £. ‘Then, for a fixed choice of the f;’s the integral J is a function of the 
parameters Cı,’ ` *, Cy, and will be denoted by J (¢1,- + +, cy). For all values 
of C1," °°, ON 
(35) Ies +, ex) Z(Y). 


The best upper bound (obtainable from the fys started with) for I(®), is 
given by the minimum value of I(¢,- --,¢w). Denote by c*1,- + -,c*y the 
values of the c¢,’s for which the minimum value is attained. The c*;’s are 
given explicitly by the solution of the N linear equations 

. 


(36) Pen 


= 0, h=1,-°-°,N, 


and, in accordance with our previous notation 





N 
(37) Wy = D cfi (z, y). 
, 4=1 
For any values of the c,’s 
ON N 
(38) Ilt, SA ra cy) = 2 hinCeCr + 2, bici» 
4,k=1 j= 
where 
ôf: Ofte 4 Of; oe he | 
on ain = f f, Ee am TR 


(ain = Ons), and 


(40) prasi ff” dady. 


pea 


SIn other words, we have D(¥*y) = 2ff pf" y dady, a is analogous to the 
equation D(F) = 2// pÝ dædy for FY. Clearly the relation D(u) =2ff pu dædy is not 
satisfied by every fuu tion « which vanishes on the boundary of a 
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But, from Eulers theorem for homogeneous functions, 


N 
N N a [ È Mikêi Cx | 
(41) 2 > Mikike = > Ch E A c 
4,k=1 ` hzl ACh 


Employing (88), (41) gives 


a[ I — £ bici] = p> Ch =~ s _§ cnDn, 
Ch A=1° 
or 
N af N 
(42) Ion: > 0N) =F Ben zo + 3 Dd dich. 
h=1 Ch j=1 
For c*;,* + +, ¢*y, In view of (36), equation (42) yields 
N 
(43) I(t + +, oy) =F È icky; 
=L 


which, together with (37) and (40), furnishes the second equation of (83). 
Recalling the definition of J, equation (31), we have 


2 ff Y*y dedy = D(¥*y), 
JR j 


and the first equation of (33) follows. 
For multiply connected domains, the torsional rigidity is given by the 
formulas (cf. (29)) 


(44) g=—D(¥), S=2 f f Y dedy + 2S kih, 


the k; being the constants appearing in (5), A; being the area enclosed by 
the curve Cj, and ¥=—y—é(2?+y’). The function © minimizes the 
energy integral I (u) over the class of all functions u which satisfy the boun- 
dary conditions for ¥, i. e., which vanish on Co and assume the constant values 
ki on Cy. Furthermore, we have 


D(¥) —4 Y kidi = —1 (Y), 
(45) = 


2 Sf Y dedy —2 X kiA; =— I (Y), 
R i q=1 
which replaces (32). 


One would be tempted to obtain % by minimizing I (u) over the class of 
all functions u which vanish on Cy and assume arbitrary constant values ci 
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on C; (the c: being variable parameters in the minimum problem). It is 
easy to see that in this case the minimizing function U will satisfy 


AU = — 2, in È, 


(46) U == Yis on Ci, 
. * a7 
J. an ds = 0, on C; 
+= Í,- -,m, where the y.’s are certain constants. It follows at once that 


for a multiply connected domain R, U cannot coincide with Y, since 


ay 
(47) Sim E 24o 
4 = 1,- m. Hence 
(48) I(U) <I(®). 


For this reason, the Rayleigh-Ritz method cannot be applied to the integral 
I(u), using functions u which vanish on Co and are constant on the Ci, 
inasmuch as one would then obtain upper bounds for I(U ) and not J(¥). 
' This fact shows clearly the advantage of the method developed in the first 
part of this paper.’ | 


Brown UNIVERSITY. 
CARNEGIE INSTITUTE or TECHNOLOGY. 


® However it should be noted that Courant (Bulletin of the American Mathematical 
Society, vol. 49 (1943), pp. 1-23, especially pp. 6, 7 and 20, 21) obtains lower bounds 
for S by minimizing (u) —42¢,A, over the class of functions u vanishing on 0, and 
assuming arbitrary constant values c, on C}. 

According to a communication of Professor T. J. Higgins of May 29, 1947 the only 
place where a formula equivalent to (10) seems to have been mentioned (for simply 
connected domains) is a Thesis by M. Stone, “ Electrical Analogy in the Study of 
Torsion,” Abstract of Thesis, Graduate School, University of Pittsburgh, vol. 9 (1933), 
pp. 265-274. For further literature on torsional rigidity, see T. J. Higgins, “The 
Approximate Mathematical Methods of Applied Physics as Exemplified by Application 
to Saint-Venant’s Torsion Problem,” Journal of Applied Physics, vol. 14 (1943), pp. 
469-480. 


SEMIGROUPS HAVING ZEROID ELEMENTS.* 


By A. H. Crirrorp and D. D. MILLER. 


By a semigroup we shall mean a system consisting of a set 9 ‘in which 
a single-valued product ab is defined for every pair a,b of 8S, and for which 
the associative law holds: 
(ab)c = a(bc). 


An element u of S will be called a zeroiď element of S if, for each 
- element a of S, there exist x and y in S such that az = ya = u. According 
to Huntington’s set of group axioms,* S is a group if and only if every 
element of Sis a zeroid. If g has a zero element, e. g. if S is the multiplicative 
semigroup of a ring, then zero is the only zeroid element of 8. 

In the present paper we show that the set U of zeroid elements of any 
- semigroup 8 is either vacuous or else is a subgroup of S. U is a two-sided 
ideal contained in every left, right or two-sided ideal of ©. It is therefore 
the “ Kerngruppe ” of S in the sense of Suschkewitsch.? The identity element 
z of U commutes with every element of S, and the mapping a — za (= azy 
is a homomorphism of S onto U. We define the core J of S to be the set of 
elements mapped into z J is a subsemigroup of S containing z as zero 
element. If, on the other hand, we start with a group U and a semigroup J 
with zero, we can construct at least one semigroup S (e.g. the direct product 
of U and J) such that the group of zeroid elements of S is isomorphic with U. 

A few properties of subgroups and subsemigroups of a semigroup S 
having zeroid elements are discussed, and it is noted that any semigroup 
homomorphic with a subsemigroup of a group can be embedded in such a 


* Received February 28, 1947. 

iH. V. Huntington, “ Simplified definition of a group,” Bulletin of the American 
' Mathematical Society, vol. 8 (1901-02), pp. 296-300. As a matter of fact, Huntington 
proves closure as a theorem from associativity and the existence of solutions æ and y 
of ew = b and ya =b, We do not really need this refinement in Lemma 2 since closure 
is immediate. 

2 A. Suschkewitsch, “ Über die endlichen Gruppen ohne das Gesetz der eindeutige 
Umkehrbarkeit,” Mathematische Annalen, vol. 99 (1928), pp. 30-50. The description of 8 
as the intersection of all the two-sided ideals of S is due to D. Rees, “ On semi-groups,” 
Proceedings of the Cambridge Philosophical Society, vol. 36 (1940), pp. 387-400, esp. 
p. 392. The fact that U is a group is a consequence of Suschkewitsch’s work, but he 
deals only with finite S, His results will be extended to infinite § in a later paper. 
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semigroup 8S. Homomorphisms of a semigroup onto a group, or onto a semi- 
group with cancellation, have been studied by Dubreil.? 


1. Right and left zeroids; minimal right and left ideals. An element 
r of a semigroup S will be called a right zeroid element of S if, for each element 
a of S, there exists at least one element x of 8 such that az = r. By a right 
ideal in S we shall mean a non-vacuous subset F of S such that RS GR. The 
set Æ of all right zeroid elements of S is a right ideal, provided it is not 
vacuous. For if re R and se 3, and we solve aw = r for z, then the equation 
azı = rs has the solution zı = gs. R is contained in every right ideal A of S; 
for if re R and ae A, and we solve az = r, it is immediate that re A from 
the definition of right ideal. 

We shall call a right ideal universally minimal in S if it is contained 
in every right ideal of S, and locally minimal if it contains no proper right 
subideal. As an example of a semigroup containing locally minimal right 
ideals but no universally minimal right ideal, consider the set S, of the four 
elements @11, 12, @21, G2, With multiplication defined as follows: | 


Qijlki = Ait. 


The set {a11, t2} is a locally minimal right ideal in S.4, and the set {đ&21, a22} 


is another. Since the intersection of these two sets is vacuous, S, contains no 
universally minimal right ideal. 

Suppose now that a semigroup S contains a universally minimal right 
ideal R. If a is any element of 8, the set a8 of all av with x in S is a right 
ideal (the “principal right ideal generated by a”). By hypothesis on K, 
aS D R. Hence if re R there is an æ such that aw =r, whence r is a right 
zeroid element of S. Consequently we see that a semigroup S contains a right 
zeroid element if and only if it contains a universally minimal right ideal R; 
and then Æ consists of all the right zeroid elements of S. 

Similarly, we define a left zeroid element of S to be an element l of S 
such that, for each element a of S, there exists at least one ye S such that. 
ya==1. S§ contains a left zeroid element if and only if it contains a uni- 
versally minimal left ideal L; and then L consists of all the left zeroid 
elements of S. 

The set U of all (two-sided) zeroid elements of 9 is clearly the inter- 


3? Paul Dubreil, “ Contribution à la théorie des demi-groupes,” Mémoires de l’Acad- 
émie des Sciences de V’Institut de France (2), vol. 63 (1941), pp. 1-52, especially pp. 
27-28. 
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section R{) L. If E and L are non-vacuous, then U is non-vacuous, since 
it contains the set RL of all products rl (re R, le L). 

The example S, given above has no right zeroids, since it has no uni- 
versally minimal right ideal. Similarly, it has no left zeroids, since it 
contains the locally minimal left ideals {a11,@12} and {d12, de2} with vacuous 
intersection. Thus 8, contains no zeroid elements of either kind. A semi- 
group may contain one kind but not the other; for example, one of the 
minimal right ideals of S, is a semigroup every element of which is a right 
zeroid, but containing no left zeroid.. In what follows we make the basic 
assumption that S' contains at least one left and one right zeroid, and hence 
at least one (two-sided) zeroid. 


2. Proof that U is a group, and that every one-sided zeroid is two- 


sided. : 
We owe to R. H. Bruck the idea of first proving that the set V = RL 
is a group, which greatly shortens our original proof. 


Lemma 1h. IfaeSandte V, the equation ax = t has a solution xin V. 


Proof. aR is a right ideal in S. Since R is universally minimal, ak 2 R, 


and hence 
- aV = aRL RL = V. 


Lemma iL. Ifas and te V, the equation ya = t has a solution y in V. 
Proof. La is a left ideal, whence La > L and RLa 2 RL. 
LEMMA 2. V is a group, 


=~ Proof. R: LRC R, whence RL: RLC RL; i.e, V = RL is a subsemi- 
group of S. From Lemmas 1# and 12 (true in particular for ae V) we 
conclude that the Huntington axioms * are satisfied. 


LEMMA 3. Let 2 be the identity element of the group V = BL. Then 
R = z8, L= Sz, U = 28z. 


Proof. z8 is a right ideal and hence contains R. But ze REG R, so 
that 25 C Fk, whence equality follows. By left-right duality, Sz == L. Since 
z is idempotent, what we have shown is that # consists of all ze S such that 
zx = v, and L of all ye S such that yz =y. U = Rf) L therefore consists 
of all z for which z is a two-sided identity element, or equivalently U = zSz. 
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LEMMA 4. U = R= L=F. 


Proof. Let aeS. By Lemma 1R, there exists ve V such that av == z 
(z the identity element of V). If v is the inverse of v in the group V 


we have 
az == ayy = gyt = yte V. 


Hence Sz C V, whence LCV. by Lemma 3, But V= RL C L, whence 
equality follows. Dually, R = V and hence U =R N) L=YyY N) V=7. 


THEOREM 1. The set U of (two-sided) zeroid elements of a semigroup S 
is either vacuous or else a subgroup of Ñ. 


Proof.. Immediate from Lemmas 2 and 4. 


THEOREM 2. If a semigroup S contains at least one two-sided zeroid 
element, then every left zeroid is also a right zeroid and vice-versa; in other 
words, R= L =U. 


Proof. Immediate from Lemma 4. 


Expressed in a slightly different way, Theorem 2 states that if a semi- 
group has universally minimal left and right ideals, then it has a minimal 
two-sided ideal, and all three coincide. 


3. The homomorphism ć of S onto U; the core and frame of $. 


THEOREM 3. Let S be a semigroup containing at least one two-sided 
zeroid element, and let z be the identity element of the group U of two-sided 
zeroid elements of S (Theorem 1). Then 

(1) z commutes with every element of 8; 

(2) the mapping a—za (= az) is a homomorphism € of 8 onto U; 


(3) the set J of elements of S mapped into z by ¢ is a subsemigroup of 
S containing z; J consists of all elements of 8 for which z is a zero element ; 


(4) the common part of U and J consists of z alone. 


Proof. (1) LetaeS8. By Theorem 2, zae U. and aze U. Since z is 
the identity element of J, * 


£0 = Za ` 8 [=m 2 AZ = AZ. 
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(2) Since zae U, ¢ maps S into U. U is covered by £; in fact, U con- 
sists of all elements of S invariant under č. £ is a homomorphism since 


az: bz = abe? = a&b ' z. 


(3) If kıeJ and k:€£J, so that zk, = z and zk: = z, then zkiıkz = zkz 
= 2; therefore J is closed under multiplication, and hence is a subsemigroup 
of ©. Since zz =z, zeJ. To say that z is a zero element for an element a 
of S means that az = za = z, le. aed. 


(4) IfaeU then az = za =a. If aed then az = za =z. Hence if 
ae U [lJ then a =z. 

We shall call J the core of &. 

Theorem 8 gives us the following picture of the gross structure of 8. 
To each element u of the group U corresponds a “congruence class” 
J(u) CS, consisting of those elements ve 8 such that zs = zz = u. Each 
element of S belongs to one and only one class J(u). The class J(u) 
contains one and only one element of U, namely u. The product of any 
element of J (u1) with any element of J (u2) is an element of J (urua): 


J (u1) > J (ue) C J (tte). 


If, moreover, either factor is in U then the product is in U; thus if a, € J (u1) 
we have 
Auz == Urug and Usd, = Ut. 


In this notation, the core of S is the class J(z). The product of an 
element of J(z) with an element of J(u) in either order is an element of 
J(u). Consequently, because of the associative law, the mappings 


t—>kz and g —> ck, 


with eeJ(u) and keJ(z), afford left and right representations of the core 
J(z) by mappings of the set J(u) into itself. Each left mapping commutes 
with each right mapping. 

If us U and keJ we have uk = ku = u; i.e. every element of U is a 
zero element for the elements of J. Consequently the class sum of U and 4 
is a subsemigroup of 8, which we shall call the frame of 8S. 


4, Semigroups with a given frame. As remarked in the introduction, 
there is at least one semigroup having a preassigned group U for its group 
of zeroids, and for its core a preassigned semigroup J with zero, namely the 
direct product of U and J. In this section we shall give a simple construction 
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showing that there are an infinite number of such semigroups. We do not 
attempt the formidable task of finding them all. 

The most economical construction is the following. Identify the identity 
element of U with the zero element of J, and define uk == ku == u for every 
ueU, keJ. The frame of the resulting semigroup So is So itself. If S is 
any semigroup whose group of zeroids is isomorphic with U, and whose core 
is isomorphic with J, clearly the frame of S is isomorphic with 8). This So 


is a special case of the following type. 
Associate with each element u of U a set J(u) in any way subject to the 


following conditions: 


(1) the sets J(u) are mutually disjoint; 
(2) J(u) contains the element u of U; 


(3) J(z) consists of the given semigroup J, with the zero element of 
J identified with the identity element z of U. 


For each we U determine a right and a left representation of J by 
single-valued mappings of the set J(u) into itself, subject to the following 
conditions : 


(a) every left mapping commutes with every right mapping; . 
(b) the element z of J maps every element of J(u) into u; 


(c) all the mappings leave fixed the element u of J(u). 


We now proceed to define multiplication in the class sum © of all the 
sets J (u). Within J (z) it is defined as originally given in J. For an element 
k of J and an element a of J (u), we define ak(ka) to be the image of a under 
the mapping corresponding to k in the right (left) representation already 
determined. For a,eJ(u) and a,eJ(u.), where t 3E 254.2, we define 
Ailo == Uruz, Where Urus is the product of u, and we as originally given in U. 


The associativity conditions 
(ak,) ke = a (kiko) and (keke) a = kı (koa) 
are the defining conditions for a right and a left representation, respectively, 
while 


(ka) ko = ky (ake) 


is just the commutation condition (a). Hence associativity holds in all cases 
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where two of the three factors are in J. From condition (c) and the above 
definition for a product a,a2 of elements not in J we have 


k (daz) == k (urua) = UU, 


(kai) = Urus (since ka, €J (u1) ). 


Hence associativity holds if one of the three factors is in J. Finally, if none 
of the factors is in J, it follows from associativity in U. ` 

Since U is clearly both a two-sided ideal and a group, it must be the 
group of zeroids of 8. Since J(z) consists of all elements of S for which z 
is a zero, it must be the core of NS. 


5. Subgroups and subsemigroups of a semigroup having zeroid 
elements. Throughout this section, S will be a semigroup having a non- 
vacuous group U of zeroid elements. As usual, we shall denote by z the 
identity element of U, and by J(u) the congruence class of all elements æ 
of S mapped into ue U by the homomorphism ¢ : z — zz = sz == u. We shall 
denote by J alone the core J (z) of 8. 

Let S” be a subsemigroup of S. Under ¢, 8’ maps into the subsemigroup 
28’ (= 8’z) of U. 2S’ may be characterized as the set of all w e U such that 
S [] J(u’) is non-vacuous. Since 28’ is part of a group, the cancellation law 
holds on both sides in 28”, i. e. either ab — ac or ba = ca implies b = c. Thus 
S’ is homomorphic with a semigroup in which cancellation holds, and conse- 
quently Dubreil’s Theorems 29a and 29b (l. c., p. 27) are applicable. (The 
reader should be warned that Dubreil uses the term “demi-group ” for what 
we call “semigroup,” and uses “semi-group” for a demi-group in which 
“simplification ” (cancellation) holds on both sides. In the hypothesis of 
Theorem 29b, the author undoubtedly intended to assume that F is a semi- 
group, not just a demi-group as stated.) 


Lemma 5. If G is a subgroup of S, then 2G is a subgroup of U. 
GANJ is an invariant subgroup of G, and the factor group G/GN J is 
isomorphic with 2G. The cosets of Gmod Gf) J are precisely the inter- 
sections G [] J(u) of G with the congruence classes J(u). 


Proof. This is an immediate consequence of the fundamental theorem 
of group homomorphisms applied to &. 


Lemma 6. Every subgroup G of S lies either in U or in the complement 
of U. 
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Proof. If Gf) U is not vacuous, let v be an element thereof, and let g 
be any element of G. Since ve JU there exists a we U such that gu =v. 
Since ve G and G is a group, there exists a g'e G such that vg’ == g. Hence 
g = vg = gug’e U, whence G CU. 


THEOREM 4. Let F be a subsemigroup of S, and assume that S itself 
has a non-vacuous group U” of zeroid elements. Then 


(1) 28’ = 2U’, and consequently £ maps 8’ onto the subgroup 2U’ of U; 


(2) UNJ is an invariant subgroup of U’, and U’/U’ (\J is iso- 
morphic with zU”; i 


(8) if a congruence class J(u) contains an element of 8’ then it 
contains at least one zeroid element of S’, and in fact U’ [| J(u) is the coset 
of U’mod U [] J mapped into u by €; 


(4) either S (| U is vacuous, or else U’ CU; in the latter event, if a 
congruence class J(u) contains an element of 8’, then it contains exactly one 
zeroid element of S’, namely u itself. . 


Proof. (1) Letz be the identity element of U’. Since 2’ is idempotent, 
it lies in J == J (2). Hence zz =z and 28? = 22'S’ = zU”. 


(2) This follows from Lemma 5 since U’ is a subgroup of 8. 


(3) The first part is a restatement of 28’ — zU”, and the second follows 
from Lemma 5. 


(4) If S NU is not vacuous, let weg NU. Then wey’ NV, 
so that U’ (| U is not vacuous. By Lemma 6, UG. U. The second part is 
clear from (8) and the fact that U {) J(u) consists of u alone. 


Since S’ in Theorem 4 is homomorphic with the group 2S’ = 2U’, 
. Dubreil’s Theorem 29c is applicable (1. c., p. 28). 


6. An embedding theorem. The following simple principle is some- 
times useful in constructing semigroups. 


Lemma 7. If Sı and Sz are disjoint semigroups, and if aa is a 
given homomorphism of S1 into Se, then the class sum S of Sı and Sz can 
be made into a semigroup containing Sı and Ñ, as subsemigroups by defining 
products in S as follows: 


(a) within 8, and S2, products are defined as originally gwen; 
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(b) the product aid of an element ay of Sı with an element az of Se 
is defined to be the product õa, as given in So, and similarly aa, is defined 
to be aã. 


A proof is unnecessary since it is a special case of a construction used 
in a previous paper by one of us.* It is, of course, merely a matter of verifying 
associativity. For example, if a,¢8,, bı €81, and cz Se, then 


(abı) C2 == (a1b1) ca = (G1b1) c2 = ds (bicz) = Mh (b102). 


Use is made here of associativity within S2, and of the homomorphism 
property a,b, = ibs. 


TreoremM 5. Let U be a group and S’.a semigroup disjoint from U. 
Let a—>ã be a homomorphism of S’ into U. Then S’ can be embedded in a 
semigroup S having U for tts group of zeroid elements, in such a way that the 
given homomorphism coincides within Y with the homomorphism E of 8 
onto U. 


Proof. Using Lemma 7%, we merely take S to be the class sum of S’ 
and U, and define l 
au = ñu; Ua ud (ae; ae) «+ 


Since U is a two-sided ideal in S, and at the same time a subgroup, it must 
be the group of zeroids of S. If ae” and z is the identity element of U, 
then za = zāã = ã and az==@z¢—4d. Hence the given homomorphism a—-@ 
coincides with -£: a — za == az within S. 


The JonNs Hopkins UNIVERSITY. 
UNIVERSITY OF TENNESSEE. 


t A. H. Clifford, “ Semigroups admitting relative inverses,” Annals of Mathematics, 
vol. 42 (1941), pp. 1037-1049, § 3. In the proof of associativity (top of p. 1044) there ` 
is no need to assume that the 8, are groups rather than merely semigroups. 


A PROBLEM IN DIMENSION THEORY.* 


By J. H. ROBERTS. 


1. Introduction. Suppose XY is a separable metric space of dimension 
n, and Y is a (2n + 1)-dimensional euclidean cube. Let Y* denote the 
space of all single-valued continuous transformations (== mappings) of X 
into subsets of Y, with metric given by the formula 


p(T g) ER Sup [f (x), g(a) ], 


where 6 is the metric in Y. It is known? that if X is compact then the 
homeomorphisms of X into Y constitute a dense Gs set in Y*. Even if X 
is not compact, Y* contains a dense Gs set of homeomorphisms. In their 
book “ Dimension Theory,” * Hurewicz and Wallman raise the question as to 
whether the homeomorphisms constitute a Gs set, for non-compact X. The 
present paper answers this question in the negative. In fact it is shown that 
the set of all homeomorphisms may be a highly arbitrary set. 


2. Notation. Let C be the Cantor ternary set of real numbers on 
[0,1]; i.e, ze C if and only if 021 and s can be expressed in the 
ternary system without the use of the digit 1. Let D denote the set of two 
numbers 0 and 1. Let H=CXD and K=—=CXC (Cartesian product 
spaces). Then H and K are subsets of the square with vertices (0,0), 
(1,0), (1,1), and (0,1). Also.dim K = 0, and H is a compact subset of K. 


3. LEMMA. Let A be a subset of C such that C-—A is dense in C. 
Then there exists a subset X, of H, and a Cantor set of mappings F in K*, 
homeomorphic to C under a homeomorphism g, such that if feF and. 
g(f) = «a, then f is a homeomorphism of X. into K if and only if we A. 


Proof. Let Xo be the subset of H consisting of all (z, y) with s e C — A. 
For že C we define a mapping fs of H into K. Write C—@=— Ciz + Coz 
+--+ where Cig consists of all reC on that one of the two intervals 
Srg, % S21 which does not contain Z; Caz consists of all eC 


* Received March 29, 1947; Presented to the American Mathematical Society, 
February 22, 1947. 

1See Hurewiez and Wallman, Dimension Theory, Princeton University Press, 
Theorem V2, p. 56. See also Theorem V3 and the last footnote on p. 60. 
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on that one of the four intervals bounded by [0,%], [%, 1], [%, %], 
[8,1] which does not contain # and is not a subset of Cig; ete. For we Cas 
set fz (zy) = (a, y/8"), for (z, y) H. For c= set fa (x,y) = (2,0). 
Then since y is 0 or 1 it follows that ¥/3" eC so that fz is a mapping of H 
into K. Now consider the mapping fs as applying only to Xo, and let F be 
the collection of all such fy for Ze C. 


3.1. The correspondence g(fz ) =? is a homeomorphism. 


(a) gis (1—1);i.¢., if tı ~A £ then fe, is not identical with fs, 
over Xo. This follows from the definition of fz and the facts that for some n, 
Caz, ? Csi = 0, and C sone A is dense in C. 


(b) g is uniformly continuous. For suppose | sı — z| < +4*, 
k a positive integer, and (z,y)e H. Let y: be the y-coordinate of fe, (x, y), 
(i = 1,2). Then p(fs,(%, Y), fo.(2,y)) = | yı — Y2 |. Now Oma, = Cms for 
m = 1, 2,: --,k. Hence y: = Yə, or else y; < 14” (1 = 1,3). Thus in any 
case p (fan far) < 3%. 


(c) g% is continuous. This follows from (a) and (b), since F 
is compact. This completes the proof of 3.1. 


3.2. If g(f) =, feF, then f is a homeomorphism of Xo into K af 
and only if eA. 


Now f = fz. IÉ Z¢ A then eC —A so that (4,0) £X. and (4,1)e Xo. 
But fz(@, 0) = fa (ë, 1) = (4,0), so that fz is not 1-—1; hence | it is not a 
homeomorphism. 

If @e A, then (ž, y) £ Xo for any y. Then X is the sum of the disjoint 
sets S.,82,-- +, where S, is the set of all (z, y) € Xo with teCnz. It is 
obvious from the definition that fz is a homeomorphism over each Sa, and 
each Sn is both open and closed in Xo. Hence fz is a homeomorphism over Xo. 
This completes the proof of the lemma. 


4. THEOREM. Suppose n= 0, and A is a subset of a Cantor set C 
such that C—A is dense in C. Let Y denote an (n + 1)-dimensional 
euclidean cube. Then there exists an n-dimensional set X with the following 
property: In the space YZ there is a set T, corresponding to C under a 
homeomorphism g,-such that if teT and g(t) =, (weC), then t is a 
homeomorphism of z into Y if and only if xe A. 


Proof. For n=0, we use the lemma. Let h be any homeomorphism 
of the 0-dimensional set K into an interval Y. Let T be the set of all 
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mappings hj, fe F. Then hf is a homeomorphism of X into Y if and only 
if f is a homeomorphism of X, into K. 

For n > 0 we define X to be the Cartesian product of Xe by n intervals, 
(0251). Then if peX, p= (T, Y, Z1, Z° --,2n), where (ty) &Xo 
and 022; 1 for i=1,2,---,n. Consider Y as the set of all points 
(Zo 213° °°, 2), OS 4 Sl, t—0,1,---,n. Then corresponding to an 
feF define t(X) C F as follows: ; 


i (2, Y Zis 22,° © +5 Zn) = (Af (T, Y), Z1 TRE E 


The collection T of all such ¢ meets the requirements of the theorem. 


Conclusion. To solve the originally posed problem it is sufficient to 
take’ A as a non-@s subset of C ; e.g, any dense countable subset of C. Then 
the set of all homeomorphisms of X into Y cannot be a Ge set in Y¥, since 
the intersection of a Gg set and the compact set T would be a Gs in T. The 
set Y is an (n + 1)-cube, hence is a subset of a (2n + 1)-cúbe. We can state 
the following final result: 


ITfnz0,kazn+1, and Y is a k-dimensional cube, then there exists 
an n-dimensional subset X of an (n + 1)-cube such that in the space Y* the 
homeomorphisms do not constitute a Gs set. | 


DUKE UNIVERSITY. 


A KINEMATIC CHARACTERIZATION OF SERIES OF LINEAL 
ELEMENTS IN THE PLANE AND OF THEIR DIFFERENTIAL 
INVARIANTS UNDER THE GROUP OF WHIRL- 
SIMILITUDES, AND SOME OF ITS SUBGROUPS.* 


By J. M. FELD. 


1. Introduction. Let Ta represent the transformation that rotates every 
oriented lineal element in the plane through the same angle a about its point. 
Let Ss represent the transformation that slides every oriented lineal element 
a distance k along its line. The product T,8;7'g is called a whirl—a term 
introduced by Kasner* [9]. The whirls constitute a three-parameter group 
of lineal element transformations Gz. The product of a whirl and a euclidean 
displacement, in Kasner’s terminology, is a whirl-motion. The whirl-motions 
constitute a six-parameter group Ge. The geometry of whirl-motions in the 
plane was first studied by Kasner [9], and has since been developed in a series 
of papers by Kasner, DeCicco, and the author.? The product of. a whirl by 
direct similtude will be called a whirl-similitude. The whirl-similitudes * 
form a seven-parameter group G: [7]. 

DeCicco [4] has found a set of fundamental differential invariants of 
series of lineal elements under Gs. In this paper we determine differential 
invariants of series under Gz, Ge, and Gr. DeCicco, in his investigation, 
regarded a series in the plane as an analogue of a curve in space, and was 
guided by consideration of the properties of euclidean curvature and torsion 
of curves in his definitions of the “curvature” and “torsion” of series. 
However, it was shown by the author* that the whirl-motion group in the 


* Received May 18, 1947; Presented to the American Mathematical Society; 
September 2, 1947. 

t The numbers in brackets refer to the bibliography at the end of the paper. 

_ ? A geometry of whirl-motions on the sphere was investigated by Strubecker [13]. 
Generalizations of whirl-motions to higher spaces were made by Narasinga Rao [12] 
and by Feld [7]. 

°G, is a continuous subgroup of a mixed group T, composed of eight continuous 
families of lineal element transformations [6]. 

‘In [6,8] we showed how lineal elements in the plane can be mapped (1,1) and 
continuously upon the points of quasi-elliptic three-space Q, in such a way that the 
group of whirl-motions Ge is simply isomorphic to the group of quasi-elliptic motions 
G. in Q, The geometry of Q, under @, has been investigated by Blaschke [1,2]; many 
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plane is isomorphic to the group of motions in quasi-elliptic three-space Qs, 
and not to the group of motions in euclidean three-space. Consequently, 
DeCicco’s procedure yields invariants having rather complicated geometric 
interpretations. A different point of view is adopted in this paper: we regard 
a series of lineal elements as a description of the cot positions that a plane 
takes when it is subjected to a continuous displacement over another plane. 
This point of view leads to three sets of fundamental differential invariants, 
one for each of the groups Gs, Gs, and Gr, which can be given simple kinematic 
characterizations. 


2. Differential invariants of series under the group of whirls G;. 
Let the point of the oriented lineal element e have the Cartesian coordinates 
x,y; let the angle of inclination of e to an arbitrary given direction be @. 
A series § is then given by the equations 


a=f (t) ye felt), O—=fs(t), 


where the functions f;(¢7) are assumed to have continuous derivatives of the 
. orders required by the conditions that arise. If f’,(¢) ==0, S is a series of 
parallel lineal elements (parallel series). Unless otherwise stated, the term 
sertes shall mean only non-parallel series; parallel series will be treated 
separately. If f’3(t) 0 for 4, St t, then, in this interval S can be 
represented by the equations «= 9g,(@), y = g:(0). Letting z =g + ty, 
Z == œ — ty, a series S can be represented by 


(2. 1) z==f(6). 


We asume that F (8) ~0 for 6:25:06. We shall call z, 0 the Gaussian 
coordinates * of e. 

The locus of the points of the elements of S will be called the point locus 
of § and the envelope of the lines of the elements of S its line locus. Parallel 
series have no line locus. The series defined by 


(2.2) z == | -+ rei? 
has a circle of radius |r | and center } for its point locus and a concentric 


of Blaschke’s results are therefore in the abstract equivalent to corresponding discoveries 
made by Kasner and DeCicco. In particular, Blaschke has determined a set of funda- 
mental differential invariants for curves under Qe 

6 We introduced these coordinates in [6]. Their use materially simplifies the com- 
putation. Kasner and DeCiecco use Hessian and Cartesian coordinates. 
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oriented circle for its line locus. Such a series has been named a turbine 
by Kasner. Let l, r be called the coordinates of the turbine. 

As was shown in [6], the group us whirls in Gaussian coordinates is 
given by the transformations 


(2. 8) 2* == g + be, pF —=G+ta, (a real). 


Turbines l, r and ?*, r* such that Z= 7* can be transformed into each other 
by suitable whirls. A series S given by (2.1), when subjected to a whirl, is 
transformed into a series S* having for its equation. 


2* — f (0* — a) + bei (0), 


Two such series, S and S*, will be called equivalent under G, (within a 
whirl). We shall find necessary and sufficient conditions for the eres 
of two series under Gs. 

Equations (2.3) yield dé* — dé and 2* + i(dz*/d0*) == z 4- i(de/40) 
==I(@). In accordance with what is now well established usage, d0 will be 
called the differential of G,-are length, and the real and imaginary parts of the 
differential invariant I(6), namely «(9) — y' (0) and 2'(6) -+ (8), will be 
called the first and second curvatures respectively of S. The equation 


(2.4) I= F(8) 


determines, as will presently be proved, a series within a whirl. Consequently, 
(2.4) may be regarded as the intrinsic equation of a series relative to Ga. 
Let z == f(0) be a particular solution of 


(2.4%) I= z 4 izr = F (0). 


Then the general solution of (2. 4*) is z* = f (0) + bet. Since the Gs-arc 
length 6 may be measured from any initial direction, we can set 0° — 0 -+ a, 
and write the general solution in the form 2* = f(6* — a) + be? @"®, which 
is the transform of z = f (0) by a whirl. 

The series for which J=1 (constant) are the turbines z == } -+ ret 
having a common center at the point z=. | 

Series of lineal elements and their differential invariants can be inter- 
preted kinematically as follows: . 

Let a plane m, be displaced continuously over a fixed plane m. Let & 
be a fixed (primitive) oriented lineal element on mı As m, is displaced, 
e, traces out on r a series of lineal elements. This series completely defines 
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the motion of 7, on m. If the motion of 7, is a translation, the corresponding 
series is a parallel series, the point locus of which is traced out by the point 
of e. If the motion is not a translation, the corresponding series can be 
represented by an equation: z = f (0), (7 =Æ 0), where z, 0 are the coordinates 
of the primitive element e, on m, referred to rectangular axes on m; or, what 
is the same thing, e, may be referred to a primitive element e on ~r, where 
the point of e is at the origin and the direction of e is the positive direction 
_ of the z-axis. A whirl can now be interpreted as the replacement of e, on m 
by another primitive element e*,. While e, describes the series S, e*, describes 
the series S*. Two series S and S* determine the’same continuous motion 
of +; on v if and only if they are equivalent under the group of whirls. 

Let w be the Gaussian coordinate of a point P on m, referred to the 
primitive element e,; then the Gaussian coordinate of P referred to the 
primitive element € on 7 is 2, = z -+ wet? and the point locus of z, is the 
trajectory that P traces on r in the course of the motion defined by (2.1). 
The points 2,(@), such that 2’,(0) == 0, are the poles (instantaneous centers 
of rotation) on v. The locus of these poles on ~ is the fixed (space) centrode 
of the motion, and the locus of the poles on ~, is the mobile (body) centrode. 
The fixed centrode (referred to e) is given by the point locus of 


(2. 5) Z =z t i, 
and the mobile centrode (referred to e:) is given by the point locus of 
(2. 6) W == ize", 


It is well known that a continuous non-translatory motion (2.1) is equiva- 
lent to the rolling without slipping of a curve W in plane 7 upon a curve Z 
in plane m. The point locus of the complex invariant I (6) is the fixed 
centrode of the motion determined by the series (2.1). If 1(6) = constant, 
the fixed centrode, and therefore also the mobile centrode, degenerates to a 
point; the corresponding motion is the rotation of the mobile plane around 
a fixed point in the fixed plane. 

A turbine is determined by two non-parallel lineal elements. A turbine 
determined by two adjacent lineal elements of the series (2.1) is said to be 
tangent to the series. The coordinates of the tangent turbine at z, 0 are given 
by l= z+ iz’, r= — izet, ‘Hence, we find that the fixed and mobile 
centrodes of a motion defined by a series are given by the point loci of J and 
— r, respectively, where l, r are the coordinates of the «* turbines tangent 


to the series. 
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If the mobile primitive element e, has the coordinates z,6 when referred 
to the fixed primitive element e, then e has, when referred to e:, the coordinates 
2*, 60", where 
(2. 7) gë = — ge GF ae 8, 


Let W denote the notion of mı on r defined by the series (2.1); then 
the reverse motion Wt" of m on v, is given by the transform of (2.1) by the 
involutory transformation (2.7). Thus M denotes the motion given by 
the series 


(2.1%) a = — f(— 6*) ei, 


The fixed and mobile centrodes of Si" are respectively the mobile and fixed 
centrodes of Wt. 
T£ ~, is subjected to a translatory motion over ~, two lineal elements €, 
and e’, in r, trace out two parallel series S and S’ respectively. Let © be the 
translation that carries the point of e, into the point of ey. Then & will 
transform the point locus of S into the point locus of 8’. Two parallel series 
are equivalent under G; if and only if the point locus of one is the transform 
by a translation of the other. 


3. Differential invariants under the group of whirl-similitudes. The 
seven-parameter group of whirl-similitudes GY, is given [6] by the equations 


(3. 1) gz" = az -+ beti +c, 0* == § +. a, (a real). 


Under Gr, as under Gs, dO is invariant, and will be designated as the 
differential of G,-arc length of the series S : z == f (9). Evidently 


d”z* , arrigt (2 | 
“Fan, aa : ? 


ma aoe AN E aa 


yielding, consequently, as complex differential invariant of lowest order for 8 
(3. 3) J (8) = (27 + 0!) / (2 + i2”). 


We assume that S has a continuous third order derivative, and since turbines 
have no invariants under G,, we assume furthermore that S is not a turbine, 
that is, that 2’ + iz” 0. 
Let the real and imaginary parts of Z (0) ==2-+-iz be u(@) and v(6) 
respectively. Hence 
pore (CU A VV”) + ilo” — ou”) 
ehh = [w+ OT | 
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Let s be the euclidean arc length of the fixed centrode Z (0) measured from 
an arbitrary point 9 on the centrode to the point 9, and let ùo be the angle 
of inclination of the tangent to the centrode at the point 8; then the real 
and imaginary parts of J(6@) are respectively equal to 


(d?s/d6*) /(ds/d@) and (du/dé). 


These we shall call the first and second curvatures respectively of S under Gr. 
If we regard ô as a function of the time t, (ds/d@) — (ds/dt) /(d6@/dt) where 
ds/dt denotes the rate of displacement of the pole on the fixed centrode and 
d@/dt denotes the angular rate of rotation of the mobile plane. Likewise, 
da/d0 (= (dw/dt)/(d0/dt)) denotes the ratio of the rate of turning of the 
tangent to the centrode to the rate of turning of the mobile plane. 

We shall prove that J(@), that is, the pair of G;-curvatures, determines 
a series within a whirl-similitude, and that consequently an equation such as 


(3. 4) i J = F (0) 
can be regarded as the intrinsic equation of a series under Gr. 

Equation (3.4), by virtue of (3.3), yields 
(3. 5) g” — (F +i)” + iF?’ = 0. 
Evidently (3.5) is satisfied by z = ¢ (constant) and by z = e*. Let z= f(@) 
- be a particular solution of (8.5) linearly independent of c and e**; then the 
general solution of (3.5) is z*—af(@) + be? -+ ce. Since 6 is measured 
from an arbitrary direction, we can set 6* — 9 + a and express the general 
solution in the form 2* = af (0* — a) + bet + e, which is the transform 
of z = f(9) by a whirl-similitude. 
The series that have constant G,-curvatures have for their intrinsic 
equation. i 


(3.6) J (60) = k (constant). 

If &=<0,1, the series determined by (3.6) are of type 
(A) z = ne + be + ce. 

If k = 1, the series are of type 

(B) l z = (a + b0) et + c. 

If k = 0, the series are of type 

(C) z = ab -+ bet? 4 ce. 
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Mortons or Tyre (A): Within a whirl-similitude the series of this type 
are equivalent to z == e tika) f where k = k, -+ the. The corresponding motion 
has for its fixed centrode : 


Z = (1 — hho + they) e Mate) 8 
and for its mobile centrode 


W aen (— ke - iki) glkiri (ka-1) J6 : 

(Ai): Let the first curvature kı == 0. Since the second curvature 
ka 40,1, the fixed centrode is a circle of radius | 1 — kz | and the mobile 
centrode is a circle of radius | k|. The motion is therefore that of a circle 
rolling without slipping on another circle. 


(A2): Let k= 0; then kı £0. Now the fixed centrode is evidently 
the line y = kız. Letting s and p denote respectively the euclidean arc length 
and radius of curvature of the mobile centrode, we find that its euclidean 
intrinsic equation is p = kıs, namely that of an equiangular spiral. 


(As): Let k:5£ 0,1, and let kı 3&0. The fixed and mobile cen- 
trodes have as their euclidean intrinsic equations, respectively, Kop == kis and 
(k2-—1)p—k,s. The motion is therefore that of an equiangular spiral 
rolling on another equiangular spiral. 


(A4): Let ka= 1 and'let k,40. By virtue of equation (2.1*), the 
motion defined in this case is seen to be the inverse of that described in 
(Az); consequently, it is that of a line rolling on an equiangular spiral. 


Motion or Tyre (B). Here kı =0 and ko—1. Within a whirl- 
similitude the series of type (B) are equivalent to z= 6e*®. The corre- 
sponding motion has for its fixed centrode Z == tet? and for its mobile 
centrode W=-1—6. This motion is evidently that of a line rolling on a 
_ circle. 


Morion or Tyrer (C). kı = k, = 0. The motion defined by series of 
this type is inverse to that of type (B); consequently, it is that of a circle 
rolling on a line. 

A parallel series S is transformed by a whirl-similitude into a parallel 
series S*, Let S and S* be two parallel series and let C and C* be their 
respective point loci. Then, a necessary and sufficient condition that S-> 8* | 
by means of a whirl-similitude is that C —> C* by means of a direct similitude. 
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4, Whirl-motion invariants. The six-parameter group of whirl-motions 
Ge is defined by equations (3.1) when |a| ==1. Since- Ge is transitive when 
applied to turbines, turbines have no invariants under Gs. We shall therefore 
consider only differential invariants of series 2(@) such that 2’ + iz” £0. 

Once again dð is the differential of Gs-arc length. Since | a|—1, 
we obtain from (8.2) the differential invariants 


(4. 1) . (Z + 12”) (Z — iz”) 
and | 
(4. 2) (27 + iz”) / (g + ig”). 


With Z = z 4+ iz’ = u(@) + w(6), equation (4.1) takes the form 
(4. 1*) ZZ! = (w)? + (0')? = (ds/d0)? 


where s is the euclidean arc length of the fixed centrode Z (0). We have seen 
that (4.2) implies the two real invariants (d*s/d6é*)/(ds/d6) and (de/d). 
Since ds/dé@ is invariant, so is d°s/d6”. Therefore, (4.2) yields only one other 
fundamental invariant, namely dw/dð. We shall call «,—ds/d@ and 
kz == dw/d@ the first and second curvatures respectively under Gs. Evidently 
ke/1, Which is the euclidean curvature of the fixed centrode, is also Invariant. 
The two curvatures x, and xə determine, as will be proved presently, a series 
within a whirl-motion; we shall consequently regard 


(4, 3) xı = (0) £0, ka = (8) 


as the intrinsic equations of a series (other than turbines) under Ge. We 
assume that 6(@) s£ 0, #, = 0 S 4, and that it is a real function possessing a 
continuous first derivative; also that y(@) is a continuous real function. 
From (4.3) we obtain 

2/2! — B/B + iy; 


hence 

(4.4) . Zl = Z + ig” = e Bets, 

Furthermore, since 

(4. 5) LL! = (g + ie’) (Z — iz) = B?, 

|c,|==1. Thus a series determined by the intrinsic equations (4.3) must 


satisfy (4.4) and (4.5). Let z= f(0) be a particular solution of these 
equations. Then we obtain as the general solution 2* = af(@) + be? + c, 
| a | = 1, or if we let 8# —@+4 a 
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(4. 6) 2* = af (6* — a) + bet) +. c, a| =1, 
which is the transform of z == f(0) by a whirl-motion. 


Let us determine the series for which the (s-curvatures «x, and xs are 
constant. If«, = 0, (7 + iz” = 0), the series determined are the co* turbines 
z==] -4 re. If x, 540, we get three families of series, namely: 


A: Ky = hh, >< 0, Ke = ke £ 0, 1; 


z = Pea) gtk 4. ezet? + Ca, | c | == 1. 
B: =k, 540, Kg = Q; 

z = C16 +- cnet? T G3, | e | == 1. 
C: k = k, 540, NE 

z = Ciklet? +- caet? I Ca, ` a =k 


The series in family A are equivalent within a whirl-motion to the series 
(4.7) z = (Ity/ko(1 — he) ) et, 


The motion definad by (4.7) has for its fixed centrode the circle 
Z == (kı/ka)e™2, and for its mobile centrode the circle 


W = [he/ (ke —- 1) Je? (kp) t; 
The series in family B are equivalent, within a whirl-motion, to the series 
(4. 8) z = kð, 


which has for its fixed centrode the line Z = k0 -+ ikı, and for its mobile 
centrode the circle W = ike”. 

The series in family C determine motions which are the inverses of those 
determined by the series in family B; consequently, their fixed centrodes are 
circles and their mobile centrodes lines. 

Whirl-motions convert parallel series into parallel series. Let S and S* 
be two parallel series and let C and C* be their respective point loci; then a 
necessary and sufficient condition that S —> 8* by means of a whirl-motion is 
that C —> C* by means of a euclidean displacement. 


QUEENS COLLEGE, 
Frousninea, N. Y. 


138 J. M. FELD. 


BIBLIOGRAPHY 





l. W. Blaschke, “ Euklidische Kinematik und nichteuklidische Geometrie,” Zeit- 
schrift für Mathematik und Physik, vol. 60 (1911), pp. 61-91 and 203-204. 

2. , Ebene Kinematik, Leipzig and Berlin, 1938. 

3. J. DeCieco, “The geometry of whirl series,” Transactions of the American 
Mathematical Society, vol. 43 (1938), pp. 344-358. 








4. , “ The differential geometry of series of lineal elements,” Transactions 
of the American Mathematical Society, vol. 46 (1939), pp. 348-361. 
5. , “The geometry of fields of lineal elements,” Transactions of the 





American Mathematical Society, vol. 47 (1940), pp. 207-229. 

6. J. M. Feld, “ Whirl-similitudes, euclidean kinematics, and non-euclidean 
geometry,” Bulletin of the American Mathematical Society, vol. 48 (1942), pp. 783-790. 

7 , “The geometry of whirls and whirl-motions in space,” Bulletin’ of the 
American Mathematical Society, vol. 47 (1941), pp. 927-933. 

8. , “On a representation in space of groups of circle and turbine trans- 
formations in the plane,” Bulletin of the American Mathematical Society, vol. 50 
(1944), pp. 930-934. 

9. E. Kasner, “ Turns, slides and the geometry of turbines,” American Journal of 
Mathematics, vol. 33 (1911), pp. 193-202. 

10. Kasner and DeCicco, “Geometry of turbines, flat fields, and differential 
equations,” American Journal of Mathematics, vol. 59 (1937), pp. 545-563. 

Ii. , “The geometry of the whirl-motion group G,: elementary invariants,” 
Bulletin of the American Mathematical Society, vol. 44 (1938), pp. 399-403. 

12, A. Narasinga Rao, “Studies in turbine geometry I,” Journal of the Indian 
Mathematical Society, vol. 3 (1938), pp. 96-108; II, Proceedings of the Indian Academy 
of Sciences, vol. 8A (1938), pp. 179-186. 

13. K. Strubecker, “ Zur Geometrie sphiirischer Kurvenscharen,” Jahresbericht der 
deutschen Mathematiker-Vereinigung, vol. 44 (1934), pp. 184-198. 











BOOLEAN ALGEBRA IN TERMS OF INCLUSION.* 


By Lez BYRNE. 


Ordinary axiomatizations of Boolean algebra may be separated into two 
classes, according as their original, indefined concepts are (1) operations 
(functions) such as product, sum, complement (employed along with a relation 
of equality or identity), or (2) a relation of inclusion; while, of course, some 
combination of the two is also possible. Examples of the operational type 
have been much the more numerous. Moreover, all axiomatizations in a small 
number of postulates have been of the operational type, while for the rela- 
tional type the tendency has been for the number of postulates to be much 
larger. 

From the present paper it will become evident that a relational formu- 
lation can in fact show a comparable economy as regards number of postulates. 
There may be a further interest in seeing how the development of the system 
might proceed in purely relational terms.* 

Four axioms will be used, which cover the ground commonly assigned 
to “transformation ” postulates, and in addition those assumptions as to 
closure, number of elements, and properties of an equality relation, which 
are often made only tacitly or informally.” Enough theorems will be proved 
to show that the system is a Boolean algebra. This result will be obtained 
through comparison with the postulates known as Huntington’s Second Set. 

Aside from the class of elements in the system (which is not explicitly — 
symbolized), the present formulation uses no undefined concept except a 
dyadic relation of inclusion, symbolized by ©, the character of which is 
determined only by the axioms. 

To prevent theorems and even axioms from reaching inconvenient length, 
six concepts are introduced by initial definition, two being for properties, 
two for dyadic relations, and two for triadic relations. No concepts of 
operation (function) are introduced. 


* Received May 8, 1947. 

*In previous relational formulations it has been customary to make early defini-. 
tional introduction of the usual operations, and then to proceed with the development 
very much as would be done in a version that was operational from the outset. 

* Thanks are due to referee for suggestions leading to shorter and simpler proofs 
and influencing the final choice of axioms. 
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Lower case italic letters, with or without accents, are used as variables 
for elements in the system. 

In order to form our statements about the elements and relations of the 
system, we shall also.employ certain symbols which may be regarded as taken 
over from the language of mathematical logic, viz.: ~ ‘not’ as negative of a 
sentence, & ‘and’ as a conjunction between sentences, —> ‘if... then’ or 
‘only if? for (material) implication between sentences, & ‘if and only if’ 
for (material) equivalence between sentences, (7) ‘for every x’ as universal 
operator (quantifier) on sentence forms, and (3s) ‘there exists an x such 
that’ as existential operator (quantifier) on sentence forms. No parentheses 
are required around arguments of relations or properties, but parentheses 
are used in customary ways around sentence parts, whenever necessary. 


| Definitions 

AN. Nz ss (y) (2C y).. 

AU. Uy s (x) (£ C y). 

AC. Oyz ss (x) (£ C y&s Cz Na) &(w) (y C wez Cw Uw). 

AP. Pyzw ss y C z&y C w&(2) (x C z&s C ws y). 

AS. Sazw os z C c&w C r&y) (2 C y&w Cc y>auCy). (Not used in 
paper). ; 

AE. sD Cysse CC yby Co. 

After Theorem 2.9: 

DE. s=ysr Cy. 

The definitions connect the definiendum and. definiens by means of the 
ordinary sign of equivalence between sentences, and are all “definitions in use.” 
A general label ‘A’ is used to suggest their character as abbreviations. With 


the aid of these definitions the following axioms can be expressed with relative 
brevity. l 


Axioms 


T(a).  (g@) (dy) (~ (s © y)). 

T(b). (=) (y) (ap) (Ap’) (Ppzy&Cpp’). 
It (a) Cyy &Ppry'&Np >s C y. 
Il(b) s C y&y Cea Ca, 


*» 
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The theorems which follow are numbered with Arabic numerals. Steps 
in proof are labelled with a, b, c etc. After a step an indication is commonly 
given of the source from which it is derived, by a small letter if another step, 
AN etc. if a definition, a Roman numeral if an axiom, an Arabic numeral 
if another theorem. 


Theorems 
ae aC A 
Proof. a. (@) (ap) (ar) (aq) (PpeakCpp'&Pqap’). I(b). 
b. Pprc&Cpp’&Pqep’ —> Nq. | AP, IT(b), AC. 
(x) (Ap) (x C p&p C v). a,b, AP, Il (a). 
Hence theorem by II (b). 
Ale. AAC . AH, 1. 
2.2. e¢oJCyoyoCe. AE. 
2.38. eI C yky D Ceased Caz. AE, IT(b). 
2.4. 2c Cy > (#7 CessyD Ca). Al, IT(b). 
2.5. yo C29 (#0 Cyss2 Ca). AE, TI (b). 


2.9. (metamathematical) The relation expressed through sentences of the 
form ‘æ D Cy’ has all the properties customarily attributed to an equality 
relation ‘t= y? ’ 


3. (2) (y) (ap) (Ppay). I(b). 
4, (x) (4c) (Cae). 
Proof. a. (x)(4p)(4c)(Ppz2z&Cpe). I(b). 
b. Ppzz— (pC z&s C p). AP, 1. 
c pC r&s C p&Cpe-> Cre. AE, AC, 2. 4, 2. 5. 


Hence theorem from b, c. 

5, (An) (Nn). 
Proof. a. (x) (42") (47) (Caa’&Pnaz’). 4, 3. 
b. Caa’&Pnav’ —> Nn. AC, AP. 





° In a fuller presentation we could successively show that the assertion holds ‘for 
atomic, molecular, and general sentences, and hence for all sentence forms used in the 
system. The atomic sentences of the system are exclusively of the form ‘œ C y’. 
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Hence theorem from a, b. 
6. Car’ &Cyy ker Cy ay Cr’. 


Proof. a. (%)(y) (3p) (Ppay). ` | 3. 
b. Oyy'&Ppry > («Cy > Np). AP, II(b), AC. 
ec. Cara’ &Payt > (Npoy Ce’). II(a), AC. 


` Hence theorem from a, b, e, AP. 
7. (qu)(Uu). 


Proof. a. (An) (2) (ax) (Orren C r). 5,4, AN. 
b. Cxa’&Cnn’ > (nC a >r n). 6. 
ec. (An) (gn) (2) (ar) (Orr er nw). a, b, 4. 


Hence theorem from e, AU. 
8. Cyy'& ~ (x Cy’) — (3a) (~ Naka C r&a C y). 


Proof. a. Oy'y—> (Ppry&Np—>sC y’). II (a). 
b. Oyy > (~ (« Cy) > (Ppry > ~ Np)). a, AC, 
ce Oyy&~ (Cy) > (3a)(Pary& ~ Na). b, 3. 
Hence theorem from c, AP. 
9. aC y&y Car = y}. AF, 2.9, DE. 
10. (ax) (Ay) (~ (£ = y4)). I(a), AE, 2.9, DE. 


To show that we have Boolean algebra we may now make comparison 
with the Huntington postulates previously mentioned.* For the nine” pos- 
tulates essential in Huntington’s formulation we have, among the theorems 
(or axioms) above, either exact analogues, or slightly simplified and stronger 
theorems from which exact analogues are immediately deducible. The 
. correspondence is as follows: 


Huntington Present Huntington Present 
Postulates Theorems Postulates Theorems 
1 1 7 3 
2 9 8 4 
3 IHI (b) 9 8 
4, 5 10 10 
5 ? 


“Huntington [2], pp. 288-309. 
5 His number 6, here omitted, he found redundant. 
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The converse deductions will be omitted, as it is well known that the theorems 
mentioned are valid in Boolean algebra. . 


PURDUE UNIVERSITY. 
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ANOTHER REDUCIBLE EDGE CONFIGURATION.* 


By ARTHUR BERNHART. 


In any minimal five-color map all vertices are triple. Consider two 
adjacent regions V and S (primary components) forming vertices with E 
and W (guard components). Birkhoff (1) showed that such an edge con- 
figuration is reducible if all four components are pentagons. Franklin (2) 
showed the configuration is reducible if one primary component is a hexagon, 
the other three components pentagons. This paper proves the reducibility 
of two primary hexagons guarded by two pentagons. 





The configuration forms the inside of an 8-ring RR’ -Rs and we 
choose the notation so that R: guards SE, and R, guards HN. Delete the 
edges R-S, RN, RN and RsS. The modified map must be four-colorable, 
and under the constraints Rə = Rs s4 Ra — Rẹ. The outside of the original 
map must be colorable by at least one of the eighteen schemes which assigns: 
one color to R: and Rs and. another color to R, and Rs. But since the whole 
map is not colorable, we may exclude from the outside any color scheme [on 


* Received May 7, 1947. 
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the bounding ring] for which the known inside is colorable. This excludes 
twelve of the eighteen schemes outright, leaving six schemes for further study. 

We indicate a color scheme by placing in brackets the colors assigned 
respectively to h,f#.- - - Rs and further abbreviate this notation by a number 
indicating the “ alphabetical ” order of the bracketed assignments in a complete 
list of the 274 possible 8-ring schemes. In this paper we shall refer only to 
these schemes: 


23 [1212 3242] 111 [1231 2432] 156 [1232 1232] 
59 [1213 2312] 115 [1231 3132] 158 [1232 1242] 
64 [1213 2342] 117 [1231 3142] 172 [1282 1432] 
95 [1231 2132] 13% [1231 4142] 237 [1234 2132] 
97 [1231 2142] 150 [1231 4324] 248 [1234 2412] 
104 [1281 2342] 151 [1231 4342] 253 [1234 2432] 


A scheme marked X is inside colorable, one marked C is outside colorable, 
while N indicates netther side colorable. Contingent options obtainable by 
Kempe chain considerations will be indicated by separating the (and/or) 
alternatives by commas. 

The outside must be colorable by at least one of these six schemes 64, 95, 
97, 117, 187, and 248. But 64-— > (23X, 59X, 253X) therefore 64N. By 
symmetry also 117N and 137N and 248N. This leaves the outside option 
(95, 97). But 95— (97, 156X) and 97 (95, 158X) hence either alterna- 
tive leads to both 95C and 97C. However 104— (64N, 150X, 151.) hence 
104N. And 111 — (104N, 172X) therefore 111N, and by symmetry also 
237N. Finally 95 —> (111N, 115X, 237N) hence 95N. But this is contrary 
to 950. The absurdity in coloring the outside proves that the inside con- 
figuration 1s reducible. | 

Using the term minor polygon to indicate pentagons and hexagons, 
we note that three edge configurations composed of minor polygons are now 
known to be reducible. An exhaustive investigation shows that other “ minor ” 
edge configurations with two or more pentagons are not reducible by this type 
of argument. For it is possible in each case to assign color schemes to the 
outside compatible with all known options. The reducible 8-ring considered 
here is the essential part in certain other reducible configurations listed by 
Winn (8). A further simplification is not possible however, since any three 
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of the four components, for instance ENS and ENW, form structures like- 
wise not reducible. 
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AN APPLICATION OF ORTHONORMAL FUNCTIONS IN THE 
THEORY OF CONFORMAL MAPPING.* 


By MENAHEM SCHIFFER. 


t 


Introduction. In this paper certain inequalities in the theory of con- 
formal mapping of multiply-connected domains will be derived. The method 
of investigation is based on orthonormal functions and the kernel function 
which was introduced into the theory of functions by Bergman [1]. Although 
the main result of this paper is already known, it seems of interest to derive 
it in this new way in view of the great generality of the method of orthonormal 
functions, which opens an approach to similar results in the theory of harmonic 
functions of more than two variables and of more general differential equations 
of elliptic type. [Bergman-Schiffer]. 


1. Orthonormal systems. Let D be a domain in the complex z-plane 
which is bounded by n closed smooth curves Cy (v==1,2,:° +n) and which 
contains the point at infinity. Consider the class A of all functions f(z) 
which are regular in D, L?-integrable over this domain, and possess a uniform 
integral F(z) in D. It is well known that one may choose in an infinity of 
ways systems of functions {f.(z)} (v—1,2,- +) of class A such that? 


S 1 for y = p ‘ 
% “= GY yiu aoo 
D S [Pm Otalerardy— In dem PTT, seeti 


and that every function f(z) of class A may be represented in a series 


(2) f(z) = È Avfo(2) 


which converges uniformly in every closed sub-domain of D. Such a system 
of functions {f-(z)} is called a complete orthonormal system with respect to 
the class A. We may construct the kernel function [Bergman 1] 


(8) Et) = È OE 


which also converges uniformly in every closed sub-domain of D and which 





* Received February 20, 1947. 
* Throughout this paper we will denote the conjugate complex value of a by a*. 
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is independent of the particular choice of the orthonormal system. The kernel 
function is closely related to certain mapping functions belonging to the 
domain D [Schiffer 2; cf. also Bergman 2]. 

As will be shown in 2, it is possible to extend in a quite natural manner 
the definition of the class A‘so as to include several very important functions 
connected with canonical mappings of the domain D., We mention in 
particular the function 


(4) f(z) = z2 + az” + az? -He 


which is regular in D with the exception of the pole at infinity, and maps D 
univalently upon a plane slit along segments parallel to the real axis. ¢(z) 
has on every component Cv of the boundary C of D constant imaginary parts, 
1. €., 

(4’) (2) == ay (2) + tay for ze Cy, av(z) and àv real. 


= 


Analogously, we define the function 
(5) plz) =z + bz tH bret.. 


which maps D univalently upon a plane slit along segments parallel to the 
„imaginary axis. Therefore one has now on every boundary continuum Cy 
of D 

(5°) y (2) = xv 4- i8y(z}) for ze Cv, xy and 8,(z) real. 


Now if we wish to include the derivatives ¢’(z) and y’ (z) of these fune- 
tions, which are of course uniform in D, into an orthonormal system, we 
encounter at once the difficulty that the integrals (1) do not converge. We 
shall therefore substitute instead of the orthonormalization condition (1) 
another which reduces to it in the case of functions of class A but remains 
defined for a much larger class of functions. 


2. Generalization of the orthonormalization. We may transform the 
integral (1) over the domain D by integration by parts into an integral over 
the boundary C of D. We associate with every function fv(z) of the ortho- 
normal system its integral function F(z), i. e., 


(6) fv(2) = (d/dz) Fy(z) = F (2). 
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Then (1) may be written in the form 


(7) (1/2%) Í. Pty (2)F'u(2) de — ôv 


where the integral is taken in the positive sense with respect to D. Here we 
define 


(vY) (2i) f F*, (2) P”p(2) de — lim (1/2i) J Pee) Pru(e) ds 


where the T; are a sequence of sets of smooth curves which converge to the 
set C in the Fréchet sense. The existence of the limit follows from the 
L°’-integrability of the fy(z) and from the identity 


(7) (1/28) f F“ (2)F'a(2) de — (1/24) J Pe Prule) de 


+ ff, Peta) dedy 


where Æ; is the ring domain enclosed by both sets of curves C and Yj. 


Formulas (1) and (7) are equivalent if the f(z) are of class A. But 
we may now introduce by means of (7) a metric into functional spaces of 
much greater generality than that formed by the family A. 

Consider, for example, the space Q of all functions which are regular 
in D, are L?-integrable over every finite domain contained in D, and have 
uniform integral functions there. We do not assume that they are L’-inte- 
grable over the entire domain D. We define for every pair of functions f and g 
in © the expressions (scalar product) 


(8) (H, g) = (1/21) f P*(2) 6 (a) de 

where F(z) —f(z) and G’(z) =g(z). In particular, we define the norm 
of f as 

(9) W(f) = (F, f) = (1/28) fF (2) F(a) de, 

For the sub-class A of Q one derives from (1) that N(f) is positive. In 


general, however, one can only assert that N(f) is real. For integration by 
parts yields 
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(9) N*(f) =— (1/24) f F(z) (P (2) )*dz* = (1/2) f, F* (2) F’(2) 4 
—Nij). 


(In the same way, one proves immediately the symmetry property of the 
scalar product: 


(9) (F=, g)" = (9%, f)+) 


We can, therefore, require as conditions of orthonormalization for a 
complete system {fv(z)} of class Q only the equations 


(10) (Fv fu) = svp. 


This is the generalization of the concept of orthonormal systems from the 
case of the class A to the class Q which will be employed in this paper. 


3. Construction of an orthonormal system for the class Q. We start 
now to construct a complete orthonormal system for the functions of class Q, 
i.e., a system of functions of class Q orthonormalized in the sense of 2, such 
that every function of class 2 may be developed into a series of these functions 
which converges uniformly in each closed subdomain of D. For this purpose, 
we have to investigate first the expressions (¢’*,f) and (y/*,f), where f is 
an arbitrary function of class Q and ¢, y are defined by (4) and (5) respec- 
tively. We find in view of (4’), if f is continuous on C, 


(11) ($A) = 0/0) J. Oed = (1/21) È J (cole) — ian) fae 


= (1/21) SF (w0) Haad = (1/21) f bOd. 


C 


The last integral may be evaluated by means of the residue theorem. 
Assuming for f(z) a development at infinity of the form 


(12) f(z) = co + coe? + eez? +: - 
we get in view of (4) 
(18) (po, f) == — q (1Co + Co). 


The same result holds for the most general function f of class Q. For every 
function of class Q may be approximated by functions of this class which 
are continuous on the boundary C. The approximation is uniform in every 
closed subdomain of D and is in the mean valid for the whole domain D 
[Farrell]. Hence, we may conclude from (%”) the validity of (13) for 
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general functions of class Q, once it has been proved for functions of the 
special type. 
Analogously, we obtain from (5’), for f continuous on C, 


W D= (1/2) f Ode (1/21) È f C —iBo(2))f (2) de 
(14) i 
= (1/2) È f (o+ ibh) fede = — (1/24) fv (ad f (a) de. 


Hence the residue theorem yields in view of (5) and (12) 


(15) (Y *, f) = m (bico + C2). 


Again we extend the validity of (15) to all functions f of class Q by exactly 
the same argument as before. aa 


Consider now the function 
(16) U (2) = 4(d(2) +4(2)) =2+ h(a + b) > 


the derivative of which is of class Q. In view of (13) and (15) we have 
for every feQ . 
(17) (U7) = — $r (a, — b1) Co. 
The factor 
(18) S(D) =a,— b: 


appearing in (17) plays an important role in the theory of conformal mapping. 
It has been called the span of the domain D [Schiffer, 1], is always non- 
negative and a conformal invariant with respect to mappings w(z) which are 
normalized at infinity as 


(19) 3 w2) =z + ko + kzp- 


If f(z) is, in particular, of class A, we have co = 0 and, therefore : 


THEOREM I. The function U’(z) =4(¢ (2) + y (z)) is orthogonal to 
every function of class A and only to functions of class Q which belong to the 
class A. 


We remark further that U’(z) has a negative norm, namely, in view 
of (17) 
(20) ) N(U’) =—4r8(D). 
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Let us consider next the function 
(21) V (2) =4($(2) —Y(2)) =4S8(D) et 


the derivative V’(z) of which is certainly of class A. In view of (13) and 
(15), we find 
(22) (V= (2), F(2)) =— 3r ( (ai + bi) Co + 202). 


Considering only functions f of class A, we have co = 0 and hence: 


THEOREM II. The function V’(z) = 4(¢'(z) —wW(2)) is orthogonal to 
every function of class A which vanishes at infinity at least of third order 
and only to those functions of class A. 


The norm of V’(z) is certainly positive, since V’(z) is of class A. In 
fact, we have from (21) and (22) 


(23) (Vv, V) = 75 (D). 


This equation gives, by the way, a new proof of the fact that S(D) is a non- 
negative number. | 

Now we construct easily the followmg complete orthonormal system 
with respect to Q: 


(24) falz) = (2/18 U (2), fale) = (2/aS)BV" (2), fa(z), faz) | 


where fa, fa< >- vanish at infinity at least of the third order in view of 
Theorems I and II, and where fə, fs,* © © are a complete orthonormal system 
with respect to the cla&s A. 

This system will be used in several applications to the theory of conformal 


mapping. 


4, The kernel function of an orthonormal system in Q. We associate 
with a given complete system g.(2), g2(%)- >- of functions of class Q which 
is orthonormalized by conditions (10), the kernel function 


(25) k (2, t") = È = g(a)" 


where a plus sign stands before functions gv with positive norm, and a minus 
- sign before functions gv with negative norm. In the particular case (24) 
we have 


(26) (z, 6*) = — ATAT O + (2/n8) V2) + È e 
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We prove now the following: 


THEOREM III. In every orthonormal system {gv(z)} of class Q there 
appears exactly one function, say gi(z), with negative norm. 


Proof. Suppose there were two functions g:i(z) and g2(z) with negative ` 
norm. We could find two complex numbers A; and Az, neither of them zero, 
such that the linear combination 


(27) | y(2) = àgi (2) + à292(2) 


vanishes at infinity at least of second order and is therefore of class A. Thus 
the norm of y(z) is positive, while from (27) we derive 


(28) N (y) = | M |? (gr) + | Ae |? (g2) < 0, 





which leads to a contradiction. 


On the other hand, there must exist at least one gv(z) with negative norm, 
since U’(z) may be composed of gv(z) and has a negative norm. This com- 
pletes the proof. 

We may characterize the kernel function by the following two properties: 


a) ka, C8) =K (6 4). 
b) If f(z) is an arbitrary function of class Q, we have the identity 


(29) f(z) = (k* (€, 2*), F(E)). 


The last result follows at once from the definition (25) and the conditions 
of orthonormalization (10). 

If there were another function L(z,¢*) of class Q satisfying both these 
conditions, one would have, by applying (29), first with respect to k and then 
to L 
(30) L(z, €%) = (k* (t, 2*), L(t, 0*)) = (L* (t, t"), e(t, 2*)) 

== k* (4, 2") = (2, ¢). 


This shows that the conditions a) and b) determine the kernel function in 
a unique manner and that, therefore, it is the same function independently 
of the orthonormal system from which it is constructed. 

We shall now use this fact in order to*construct the kernel function by . 
means of two different orthonormal systems and obtain interesting results 
by comparing the two different representations so obtained. As one system 
we use the set (24) leading to the representation (26). As the other system, 
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we use an arbitrary complete system for the class A to which we adjoin the 
function 1, of class Q. We may orthonormalize this system and get in this 
way a complete orthonormal system for the class Q. We remark at first 
that the norm of 1 is easily computed: 


(31) N (1) = (1/24) Í, z*dz = — E(D) 


` where E(D) is the finite area enclosed by the set of smooth curves Cy, i. e, 
E(D) is the area of the complementary part to D of the plane. 
Thus, we get a system 


(32) g. (2) = E(D)+, g2(2), ga (2), > > 
with corresponding kernel function 

&) 
(88) k (2,4) ——E(D)* + > go(2) g*0(2) 


where all the signs in the right-hand sum are positive in view of Theorem III. 


In particular, we obtain from (26) and (33) 


OO 
(34)  k(%, 0*) =— (2/78) = — B(D)* + X | g(%)] ? 
pot 
since all the functions fv(2) of class A in (24) vanish at infinity. 
Thus we are led to the inequality 
(85) . S (D). = (2/r) E(D). 


This inequality has been derived formerly by variational methods [Schiffer 1; 
cf. also Grunsky, pp. 139-140]. It appears of very great interest that this 
result comes out as a by-product of our investigations of orthonormal functions. 
It is obvious that the estimate may be improved by taking into account further 
gv(z) and so the result may be extended. 

On the other hand, it is not easy to show by our method that (35) is 
the best possible inequality. In order to show this fact, one has to study the 
possibility of equality in (85). One sees from our considerations above that 
equality can hold only if the functions gə(2), gs(2)' >< in (82) all vanish 
at infinity. ‘They represent in this case a complete orthonormal system for 
the class A and the constant g,(z) is orthogonal to all functions of A. Thus 
one has necessarily 


(36) gi(2) = E (D)> = (2/r8)?U' (2) = fr (2) 
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i.e., in view of the equality in (85) 
(36) U (2) =1,  U(z)=2($(2) + ¥(2)) =z. 


By variational methods it was possible to show that U(z) is for every 
given domain D a univalent function and maps it, therefore, upon a domain 
for which (36’) holds. This result is much more difficult to obtain by our 
method. On the other hand, the theory of orthonormal functions is easily 
extended to more general differential equations and to a greater number of 
variables, so that every result obtained by means of it is of great interest 
from the methodical viewpoint. l 


5. The kernel function of an orthonormal system in A. Another 
interesting application is the following: Take the function V’(z) defined in 
(21) which is of class A, and consider a complete. orthonormal system 
{hv(z)} with respect to A, containing hi (z) == (2/aS)2V’(z) as first element 
(ef. (23)) . 
(37) hy (2) = (2/aS)8V" (z), haz), ha(z),° >>. 


In view of Theorem II, all the functions hy(z) (v= 2,3,°:-) vanish at - 
infinity at least of the third order. 


If we construct, therefore, the kernel function K (z, €*) corresponding to 
the class A by means of the system (37) we get . 


(38) E (2, &*) = (2/n8) V’ (8) V™(£) + È lin(2)bo(6) 


and, in view of (21) and the behavior of the Av(z) (v = 2,8,:--) at 
infinity, | 
(39) im 6*2K (z, ¢*) = — (1/r) V’ (2). 
->00 
On the other hand, we derive from (26) and (16) 
(40) k(z, @¥*) = — (2/r8) U’ (2). 
Thus we get finally from (16), (21), (39) and (40), 


(41) 8(D) =— (8/n) [he (0, 0*) 14, 
(AV) (2) =— r lim [5(D) BCs, t) +E (e OY], 


(41”) (2) =— r lim [45(D)k (2, t) — ¿"K (2, ¢*)]. 
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_ Since the calculation of the kernel function is a known algorithm, we 
have obtained by (41), (41’) and (41”) a new method for mapping a given 
domain D upon slit domains of canonical type. 


HARVARD UNIVERSITY. 
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SOME LIMIT THEOREMS.* > 


By ©. T. RAJAGOPAL. 


In this note I record relations between certain classical limit theorems 
which I believe have not been noticed before. My main: theorems (3) make 
use of the following 


NOTATION. {Sn} is any sequence real or complex, unless it is explicitly 
stated to be real. an > 0, dn >0 (n = 1,2, > -) are such that 


7 2 R 
> dv = An > 0, > dv = Dn —> œ (n= œ}. 
=} _ . | 
>) dySy DY dv8y 
= L 
a (Sn, Gn) === s 3 o (Sn, dn) = ca ae ® 


Some well-known theorems of Cesaro, Hardy [2] and Rademacher [6] 
follow from the relative asymptotic distribution of the two sequences of 
points o(Sn; @n), 7(Sn, dn) in special cases. 


1. I begin by proving a lemma which is equivalent to one of my main 
theorems (Theorem 3). | . 


LEMMA 1. Let {Un} be any real sequence. Let {Mn} be a positive 
monotonic sequence and {An} an increasing divergent sequence. Let 


eaten 7% s n 
i — Üm { X (Us — Ura) Mo/ D (A — Avs) My} 
n0 i . 1 
Then (i) in case {My} is increasing, lim (Un/An) lie in the closed interval 

(A, A). 


(ii) In case {My} ts decreasing and subject to the condition 


(C) CE (Av — Av-1)Mv}/An < kM, ° (k= a constant), ` 
“4 


* Received April 1, 1947. 
1I am indebted to Dr. V. Ganapathy Iyer and Mr. T. K. Raghavachari for helping 
me to clear up several points. ; 
* Any number with suffix 0 is taken to be 0. 
n 2 Fa 
*& > 1 since 3(Ay— Ava) My < *S(Ay— Ava) M, Sk 3 (Ay Ava) My 
1 1 


1 
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lim (Un/An) lie in the closed interval whose end-points divide the segment 
(A, A) in the ratios —k’, —1/k’, where k ts such that 1/k + 1/k' = 1. 
Proof. Let us write- Vn = 5 (Uy = Uv) My, Dn, == 5 (Ap = Avy) Mr. 
1 1 


Then, given « > 0, we can find N so that A— e < Vn/Dn < À + e forn=N. 
Also by partial summation 


n Vr— Vra "S ( 1 1 S. Fa 
N Mr ` 





In casé (i) 


N-i 1 1 n—1 1 1 Dy 
n> XV, (t-a) + AOSD (ž- 5) +3 








N-1 n v— Di Dn 
-5 taoL A + FI 


or 
rc > ee. es +-XY—e (k, =a constant) 
> (Dy — Dy-1) /My 2 (Dy — Dy-1) /My 
1 
> A Re 


for all sufficiently large n, in virtue of the divergence of X (Dn — Dn-1)/Mn 
== D (An — Anı). ¢ being arbitrary, this means lim (Un/An) =A. The proof 
can now be completed by a repetition of the preceding argument involving A 
instead of À. 


In case (ii) 


> 5 n , ty Dv—Dvs _ Dn Dn 
-5 + Atol +375 -F1+0-0F7 
or 
"n > OEE + (A—1A— 2) aa Du/Mn 
È (Dy — Dr1)/Mv 2 (Dy — Dv_1) /My 2 (Dy — Dy.) /Mi 
+rA+<« (ka =a constant). 
.Dn/Mn 


Now (C) is equivalent to — < k and therefore 


2 (Dy — Dv) /My 


a > e+ QAR) RFA fe 
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for all sufficiently large n, whence 
. Un k n 
lim 3 = (A—rA)k +A 
By establishing in a.similar manner 
a Uz Py 
lim — 5 (A—A)k+4), 
—~— An 
we can complete the proof. 


Remarks. (1) S(An— An+)Mn = X (Dn — Dn) is a divergent series 
of positive terms whether {Mn} is increasing or decreasing. For, in the 
former case the result is trivial; while, in the latter case, the convergence of 
> (An — An-1) Mn, if possible, will imply that of 


E (An — Anes) Mn/{ È (Ay — Ara) Mo} 


and hence, by (C), that of $ (An — An-1)/An which is impossible. 


(2) When {Mn} is increasing, we have 


So > (Uy — Uy.) My 


gS tn i 
lim r j n An — An-1 
UM An ` (Ay — Av...) Mv 

1 
> lim oa - > lim ji 


which is an augmentation of the inequalities giving rise to the Cauchy-Stolz 
limit theorem, obtained by using these very inequalities in conjunction with 
Lemma 1. 


2. My first theorem takes M, = Dn in Lemma 1 and obtains a necessary 
and sufficient condition for the finite oscillation of Un, extending a result of 
Kronecker and Knopp. 


THEOREM 1. Let X un be a real series and {Dn} a positive increasing ` 


divergent sequence. Let 


Un = Suv, Vn = $ wD, O = Tim Un, = lim (Vn/Da). 
1 1 ae Parone 


Ie OOD n—>00 
(a) If U are finite, then 
—(0—V) saso sis (Ū— U). 
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(b) Conversely, if |X| SK, a constant independent of {Dn}, then U 
are finite and Ọ — U =< 2K. 


Proof (a) Taking M, = D, in Lemma 1, we first note that AS OSX. 


Next we prove X < U-—JU supposing that A > 0 (the case 1 == 0 being 
trivial). Given an arbitrary positive e < A/2 we can find m and m =m-+1 
so that 

| Um — Unm | < Ü — U + 2e 
and 


)ai—e< ge 








Vin < a max (g Vinee SE Vmi 


Dm min Dana i Dms : i Dr m' 


or, since Vy — Vm > 0 (m1 Sv’) 





miet i 1 i 1 g 
SV — Vm) 5 Hg uc) + (Vm — Vm) Dim > (Vin — Vn) Der > À — Ri 


Since the extreme left-hand member of the last relation is identically equal 
to Um — Um, the relation gives 


U — Ọ -+ 2e > À — 2e 
1. @., 
Ū—Ọ = i, 
The proof is now completed by changing un to — ün and so obtaining 
Ü — UY = — À. 
(b) From the hypothesis and the identity 


Van 
Uw az Un P, D 





nI 1 1 Fr ; 
TEER he genet 
me TY (3; Bz) a 


we know there is an N such that, for n= N, 


| Uv —Un| <2(K +.) +3 (K “+ €) Dy (5) 


<2(K +€) + (K+ 6) log (Da /Dan). 


Let n, n’ tend to infinity through the arbitrary sequences of values pr, p'r 
(r—> co) respectively: 


DM pi< pec: <r SOs L Ora S*” f 


4This is obvious when V,=0. When Vp p> 0, V,/D,>V,,/D,, and so 
Vy> F nDy/Dm > Vw 
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and choose 


D=r er 2a Lvs, 
= 2(p,— pry’ P ee 
Dy mr tht V—PpPr Pr LVS Pris 


prm — pr) 
so that Dp,/Dp,1ı —> 1 as r—> œ. Then 

| Uwn —Un| << 2(K +e) + (K + e)s, n >n 0, 
whence the desired conclusion follows at once. 


COROLLARY. A necessary and sufficient condition for the convergence of 
any series >, Un, real or complex, ts Va/Dn = 0 (1), n> ©, for every positive 
increasing divergent sequence {Dn}. [Kronecker-Knopp, 4, Satz 1.] 


As a complement to this result we have the next theorem in which {Dn} 
is a particular sequence. 


THEOREM 2. In the notation of Theorem 1, necessary and suffictent 
conditions for the convergence of >) Un are Vn/Dn —0(1) and the convergence 
of > Vn( Dat — Dai). 


The proof is obvious from the identity on which the proof of Theorem 
1(b) is based. 


Now 3) (Da — Dna) f (Dn) is convergent when f(z) fT œ as s} 0 and 
f f(x)dæ is convergent [8, p. 399, ex. 5]. Hence we can take 
0 


Vn—=Of{f(Dn*)}, Fie) = sg (e) 
and obtain the 


COROLLARY. Vn/Dn==Of{g(Dn)} is sufficient for the convergence of 
dun when g(x) satisfies the conditions: g(s) >+0 and xg(a2) to as 


OO 
wf oo, f g(z)da/z is convergent. [Karamata, 5, 2°.] 


In particular we can have either g(x) == x, p > 0, or 
g (2) = 1/Ln,(x) (logs £)’, p>. 


where In(a) == loga@ log,z:--logya. [The case g(x) =a, p= 1, is 
trivial and not a part of the result stated above.] 


3. THEOREM 3. In the notation explained at the outset, let (sn, Gn), 
a (Sn, dn) be defined for a real sequence {sn}. 


Ii 
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(i) If an/d» is decreasing, then lim lim o(Sn, dn) lie in the closed interval 
with end-points lim lim o (Sn, dn). 


( ii) If Gn/dn is increasing and subject to the condition an/dn < kAn/Dn, 
then lim o(Sn,@n) lie in the closed interval whose end-points divide the 


segment between lim o (Sn, An) in the ratios — k, — 1/k', k being defined by 
ee a 


Proof. In Lemma 1, put An — An- = an, (An— An-1) Mna = dn 
Un E Cass == Ansa SO that (Un — Un-1)} Mn == aS. 


COROLLARY 1. If an and dy are as in either (i) or (ii) of Theorem 3, 
then lim o(Sn, dn) == 0 implies lim o(sn, an) = 0. [Cesaro-Hardy, 2, § 4.] 


COROLLARY 2. Suppose, in .Theorem 3, limo(Sn, an) =0. Then in 


case (i) of the theorem, lim o(sn, dn) are not of the same sign i. e. 


while, in case (ii), either lim o(sn, dn) are not of the same sign, or (if they 
are) the ratio of the numerically smaller to the larger does not exceed 1/k' 5 

Rademacher has proved a theorem [6, Satz I] which is essentially the 
case (1) of the above corollary for da= 1. A result supplementary to this 
case is the following. 


THEOREM 4. In the notation of Theorem 3, on the hypothesis an | da 4 0, 
a sufficient condition for o(Sn, dn) to tend to 0, whenever {sn} makes > an8n 
convergent, is lim (@nDn | dn) > 0. 


When dn is bounded, the condition is also necessary. 


Proof. The sufficiency part of the theorem follows from Lemma 2 below 
due to Rademacher [6, Satz III], and the necessity part from Lemma 3 due 
to Fuchs in the case dn ==1 [1, Theorem 1]. 


Note. One can show, by examples, that even when dn is unbounded, the 
condition an/dn $40, without lm (anDn/dn) >0. cannot always ensure 
lim o(Sn, dn) == 0 for every sequence {sn} which makes J, anSn convergent. 


5 To prove the second alternative of case (ii), suppose first that lim T (Sp da) == Ñ 
are both positive. Then the last two inequalities in the proof of Lemma 1 reduce to 
OF (A— Àk -HA 05 (N—A)K+2. 
Of the above inequalities, the second gives AAZ (k— 1)/k which is trivial; while the 
first gives \/A=k/(k—1) = k which ig the result stated. The case in which À are 
both negative is dealt with in the same way. 
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For instance, when an = 1/ (n + 1) log (n + 1), dn =n, {Sn} is 2, 44, — 4, 
5 %, —7,° > +, @nSn is convergent but lim eo(sn dn) = — $% and 
lim o (Sn, da) == 24 ; although with the same an and dn, Ù anS’n is convergent 
and lim o (Sn, dn) = 0 if ns’n = Sn defined as above. 

LEMMA 2. If an/dn| 0, then (without any other restriction on an and dn) 


the convergence of >) dnSn involves 5 dvsv = 0 (dn/an). 
1. 


Lemma 8. If dy S ò, dn/dnJ 0, lim (dnDn/dn) =0, we can find a real 
sequence {sn} for which >) an8n ts convergent and lim o (Sn, dn) > 0. 
Proof. Setting @nDn/dn = b(n), we can find a null sequence {b(n,r) } 
such that 
Xx 
2, b (nr) < æ 


and 
[Dr] > 1, nra Z nr -+ [Dn] = N; (r= 1,2,3, °°) 


where [Dn,] denotes the integral part of Dn, 
Choose sy—1/dy if v is in one of the intervals nr Sv < Nr; 


N 
Sy = (— 1)”/dv otherwise. Then the partial remainder > avs, will consist 


of numerically decreasing terms, with groups of terms alternating in sign 
separated by groups of terms all positive. If Ni. m < ng, the contribution 
of the former groups is numerically less than 


Om/ dm -} È ax,/ dn, < Am/ Am -+ È an,/ dn, < Am/ dm -+ 2 b (nr) $ 


Also, the contribution of one of the groups of positive terms is 


> 2% < [Dn lan, /dn, = b (nr). 


ners 
Hence 


Sie SOU Sot: = mMm. 
PEM Tk 


Thus $, @nsn is convergent. But 
oe (Peat) ho a ened 
which gives, in virtue of the condition Dy,— Dn, = 8(Nr—- nr) = 8[Dn,]; 


[Da,]—1 


“(orn te) > Da, Deed 
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whence 
1 


ee 
THEOREM 5. If an/dnJ 0, then a sufficient condition for the convergence 


of DS anSn is S duty = OfG(dn/an)}, n—> œ, where G(x) is such that 
; 1 


lim e (Sn, dn) = 


G(2) /2— +0 and G(x) f œ as cf æ, BOLI is eonmergent. 


Proof. In the corollary to Theorem 2, replace un by anSn and Dn by dn/@n, 
. setting g(s) = G(x) /a. 


Remarks. (1) The special choice of g(x) = G(a)/z in the corollary 
under Theorem 2, along with dn = 1, gives Rademacher’s sequence of tests 
for convergence factors [6, Satz IV and addition thereto]. 


(2) The point of Theorem 5 (as compared with that of the first 
corollary to Theorem 3 in the case &n/dna 40) consists in establishing a con- 
clusion stronger than lim ø (Sn, an) = 0 without assuming that lim o(sn, dn) 
== 0 but assuming instead a condition which in general implies less, namely 
that o(Sn,dn) has.0 for one of its limit points. Suppose for instance the 
function y == G(s) has a positive continuous derivative. Its inverse 
g == G (y) is then an increasing continuous function of y such that 


f “dy /G*(y) = f °(@@)/2)ae = {Q (£) /2}® +f "(G(2) /2?) de 


is convergent and therefore also X dx/G“(Dn) is convergent [8, p. 398, ex. 3]. 
In these circumstances, the condition | o(sn, dn)| = OG (dn/an)/Dn assumed 
in Theorem 5 implies a limit point at 0 for 7 (Sa, dn), since otherwise we 
must have, for all sufficiently large n, 


CG (dn/an)/Dn > 8 > 0 
Anl On > Gr (D,8/C) OT ay, < day G (Dn8/C) 
which gives a contradiction (in consequence of what we have proved about 


G) when, as in Theorems 3, 4, we postulate the divergence of $; dn. 


4. I conclude with some examples which show how certain types of 
behaviour of X, + an affect or are affected by X + dn, with the same dis- 
tribution of signs, when we assume that @n/dx is monotonic. Of these 
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examples, I and II which were given by Cesaro in the case dn = 1 [3, §§ 1, 2] 
are obtained by taking Sn = = 1 in Theorems 3 (i) and 4. 


I. If Gn/dn is decreasing, a necessary condition for È eva (ey = tL) 
= 0 (Án) is lim (D*n/Dn) S1 < lim o n/Dn) where D*n and D-n denote — 


respectiwely the sums of the dvs in 5 evdy, with positive and negative 
a 
coefficients, so that Dtr ++ D-n = Da. 


Il. If an/dn } 0 and lim (@nDn/dn) > 0, a necessary condition for the 
convergence of © eav is lim (Dtn/D-n) = 1. 


TII. Let an be defined by 


LL (ady + Dvi) (Bdy + Dra) 


pol 


I (ydv +- Dy.) (dd, + Dy.) 


dn = dn 


where {Dn} is an increasing divergent sequence such that da = Dna — Da 
== O (1) and a, B,-y, 8 are real numbers of which the two latter are different ` 
from —Dri/d, (w= 1,2,3, ` ‘). Then, for u=y+8—a— LB >i, 


D enlin ts absolutely convergent; while for p=Œ1, lim( 5 ery) /An 
i 
= (1—1)/(l--1) provided l = lim (D*n/D-n) exists. 


The proof starts with the fict 


On/ dn 
Ons / Anat 


= 1+ p(dnes/Dn) + O (dan Dn) 


which, as shown elsewhere [7], is equivalent to an ~ Adn/Dn", A 540, and 
employs Theorem 3 (i) or 8 (ii) according as 0< 51 or p <0; the 
proof of the case u = 0 being direct. 

An interesting special case is that which da = è = 1 when the series > an 
reduces to the hypergeometric type. 


IV. Let an be defined in terms of dn as in III. Then, for 0 <ul, 
S, enlin is convergent provided D'n — D-n = O{G(Dr")} where G(x) is either 
sP, 0 <p <1, or w/Ix(x) (loge £)’, p > 0. 

This is a deduction from Theorem 5. As an example of it we notice 
that if da = e", Ð enan is convergent provided pr — qn = O{G(n*)}, 
0 < uS 1, where pn and gn are the numbers of positive and negative terms 
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respectively in the n-th partial sum of Ð eran. It may be remarked that in 
this case the familiar Abel-Dirichlet test tells us nothing more than that 
Pn — qn = O (1) secures the convergence of X, endn. 


MADRAS CHRISTIAN COLLEGE, 
TAMBARAM, S, INDIA. 
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ON MONOTONE SERIES.* 


By ARYEH DVORETZKY. 


1. Introduction. Throughout the paper c, (n = 1,2,- - -) denotes the 
n-th term of a monotone convergent series of positive terms and dn (n = 1, 
2,-- +) the n-th term of a monotone divergent series of positive terms. 
A. Pringsheim ([4],? explicitly [5], p. 615; see also e.g. [1], p. 47, [3], 
p. 803) pointed out that the inequality 


(1) . Cn = dn 


may be realized for infinitely many n. 

Let N(m) denote the number of n among 1,2,: +, ,m for which (1) 
holds and put A(m) = N(m)/m. Recently, R. W. Hamming [2] showed 
the rarity, In a certain sense, of the occurrence of (1) by proving 


(2) lim inf A (n) = 0.? 
On the other hand he constructed an example for which 
(3) lim sup A (n) = 1. 


The relation (2) is an immediate corollary of the following result of 
Hamming: 
For every e > 0 and k > 1 there exist infinitely many ri, r: > œ, such 
that for all n with r; nS kri, we have A(n) < e. 
` Using a very simple argument we establish (in 2) the following 


THEOREM 1. For every K > 1 there exist infinitely many Ri, Ri œ, 
such that for all n with Ri SnS KR, we have cn < dn. 


This theorem clearly implies Hamming’s result, since for r; = RK =n 
= KR, = kri we have A (n) < Bi/ (Ri -|- RK? = 1) < K. 

Let P(m), 0=P(m) = œ, be the number of consecutive indices n 
beginning with n == m for which cn < dn. Theorem 1 is evidently equivalent to 


(4) lim sup P(n) /n = œ. 


* Received March 15, 1947. 

* Numbers in square brackets refer to the bibliography at the end of the paper. 

* All limits are taken for n= œ, Similarly, summations are (unless otherwise 
stated) upon all positive integers. 
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Similarly, Hamming’s result is equivalent to 
(5) lim sup Q (n; «)/n = œ for every e > 0, 


where O(m;¢), 0S Q(m;«c) = œ, denotes the number of consecutive indices 
' n beginning with n =m for which A(n) < «. | 

After some preparations we show (in 9) by means of suitable examples 
that (2) as well as Hamming’s result and Theorem 1 are the best possible 
general results of their kind. More precisely, we prove 


THEOREM 2. Let gn (n = 1,2,: +: -) be any sequence of positive numbers 
tending (however slowly) to infinity. Then there exist series Xen and Sdn 
for which 


(6) lim'gnA(n) = œ, 
(7) lim P(n)/(ngn) = 0, 
(8) lim Q(n; 1 — e)}/ (ngn) = 0, for every «>Q. 


In the opposite direction we improve on (3) by establishing (in 4) 


THEOREM. 3. Let Gn (n =.1,2,: > +) be any sequence of positive numbers 
satisfying 
(9) lim inf Ga/n = 0. 


Then there exist series Xen and Sdn for which 
(10) lim inf G,(1— A(n)) = 0. 


This result is also the best of its kind. In fact the requirement (9) 
cannot be replaced by a less stringent one, since n{(1— A(n)) =n—N(n) 
is the number of terms up to the n-th for which cy < dv, and thus increases 
to infinity with n. 


2. Proof of Theorem 1. The theorem is obvious when the d, are non- 
decreasing, hence we may assume them non-increasing. Also no loss of 
generality is involved in supposing K an integer = 2. 


Put 
Kn-1 i Kr-1 
On = È ch, Dy = $ dv (n= 1,2,- ;). 
Kr- Kael 


If cy = dy for some v with K” S y & K”, (n > 1) then, since both series are 
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monotone, it follows that every term of SCn-1 is not smaller than every term 
of Dns, whence ; 
Cnr / (K"> — Kk) = Dry / (Kk — E”), 
or 

Cnet = Drain /K?. 


But 3C,, is convergent and 3D» is divergent, hence there must be infinitely 
many n for which the last inequality does not hold. Thus there are infinitely 
many n for which cy < dy throughout the range K*™*=v=K", -This is 
precisely the contention of Theorem 1. 


3. A Lemma. We need the following lemma which is of some interest 
by itself. 


Lemma. Let fy (n=1,2,:--) be a monotone sequence of positive 
numbers tending (however slowly) to zero. Then there exist series cn and 
Sdn with Cn = fnan: 


If we do not require the monotone character of cn and Sdn, then the 
lemma reduces to a classical remark of Stieltjes (see e.g. [1], p. 47 or [8], 
p. 302).3 l 


Proof. Let m È 1 be such that fm < 27. Let ne > 2n, be such that 
fn < 27, and generally let (for k= 2,3,:--+) ne > nr- be such that 
fu, <2. Putting no == 0 we define dv = 1/ (nr — nr) for nga < v E Mk, 
(k =1,2,---). Clearly dv Z dv. and Sdy== œ. Evidently cv = fyd, is 
also monotone and, since Cna F` + * -F Cna < 2¥, the series Scv is convergent, 
and the lemma proved. 

We remark that the demonstration yields (also for Zda) monotone non- 
increasing series. aan 


4, A construction. Let tn (n == 1,2,- - +) be any monotone increasing 
sequence of positive integers satisfying 


(11) lim tn/tna = 0. 


° We are unacquainted with an explicit formulation of the lemma and the nearest 
published results seems to be a statement of Pringsheim [5, pp. 609-10] where our 
Ca =f,d, is replaced by c, © f pd, For proof Pringsheim refers to [4], but his state- 
ment does not appear to be a corollary of any of the theorems of [4], though it can 
of course be derived by arguments similar to those used in that paper. In fact, we 
deduce the lemma by means of a construction similar to some frequently employed by 
Pringsheim and others in related investigations. 


170 ` ARYEH DVORETZKY. 


The lemma assures the possibility of constructing a sequence of positive 
numbers &n (n = 1,2,::) such that both series Zantenı and Zantən are 
monotone non-increasing, the first being convergent the other divergent. Since 
Onban-1 = Onsitenss We have also dn > Gna, i.e. the an decrease steadily to zero. 

Putting Tı = To = 0 and Tr = t +t, -+---+ tn for n=—1,2,°°°; 
we define 

Cy = ln for Tas CyS Tma (n= ];2 i]; 
(12) 
dy = An for Ton-2 < v S Ton (n=; 2r: 


Clearly, (cv) and (dv) are monotone sequences. Furthermore, since 
Ton-1— Ton-s < Btn- and Tan — Ton- > ten we have Sev < œ and Xd, = œ% 
as required. 

We note that 


Cy = dy for > Lone < v & Ton-1 (n = 1, Dyr =) 


while for oihar values of v we have cy < dy. 
Thus N(m) and A(m) (see 1) increase as m increases ein Ten-2 to 
Ten. and decrease as m increases from Ten. to Ton. 
_In particular, we have 


A(T sn-1) = (ty + ts -+ pe Xs + ton-1)/Ton-1 = ton-1/Ten-1 
(13) 
A (Ten) — (ty +- ts +- SER -= ton-1)/Ton = ton-1/L ane 
Also 


(14) P(m) S Von — Tens == ton for Ton- < M S Tons. 


Furthermore, for given « > 0 we have 

(15) Q(m;1— e) S Tan+/é for Tan-2 < M E Ton, 

provided Ten-1/€ < ten; which, in view of (11), holds for n sufficiently large 
since (11) entails 

(16) lim t,/7', = 1. 


5. Proof of Theorem 2. We may, without loss of generality, assume 
the gn to be non-decreasing and, furthermore, each gn to be the square of 
a positive integer greater than unity. 

The sequence 


(17) tı = l, In = tngu2 (n == Í, 2, 8,°° +) 
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is monotone increasing and satisfies (11). Hence we may construct series: 
Scv and Sdy as in the last section. 
By (13),.the remark preceding it and (17), we have for Ton- < mS Ton 


JmA (m) = gmA (Ton) = Jmton-1/t2n —= Jm/Jon-1"» 


Since m = Ton-1 > 2n — 1 for n > 1, the last member of the above inequality 
is greater than gon-12 and thus (6) holds. | 
Again, taking account of (14), we have for Ton. < mS Penn 


P(m)/(mgm) < ton/ (Ton+gm) = Jon-12ben-1/ (ton-19m) < Jon- ? 
and thus (7) is satisfied. 


Finally, by (15) and the remark following it, we have for Ton-2 < m S Ton 
and n sufficiently large 


Q(m;1—e)/(mgn) < Pona/(€GmT on-2) 5 


which, by (17), (16) and m > 2n — 2, yields (8), thus completing the proof 
of Theorem 2. 


6. Proof of Theorem 3, We construct a sequence Tn of increasing 


integers as follows: we take Tı = 1 and, having defined Ty for v = 1,2, >, 
n—1, we choose as Tẹ} any integer satisfying the conditions 
(18) Tn > nT n-i; NT n-ar, < Taz 


the existence of an integer satisfying these conditions is assured by (9). 
Clearly, the sequence 


t = T, tn = Tn — Tar (n = 2,3,° °°) P 


satisfies (11) and we proceed with the construction of Section 4. 
Then, by (13) and (18), we have for m = Pen, 


Gin (1 >— A (m) ) <= GinTPon-2/T ona < 1/(2n a 13; 
and thus (10) holds. | 


7. Remarks. 1. The series 3c, and 3d, constructed in the paper are 
monotone non-increasing ; however an easy modification renders them strictly 
decreasing. In fact, let Syn be a convergent strictly monotone series of positive 
terms and replace the cn and da of Theorems 2 and 3 by Cn + yn and dn + yn 
respectively (and the dą of the lemma by dn + yn). 
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2. Hamming’s result (5) is only apparently stronger than (2). In fact, 
A(n} <è implies A(v) < kå for nS vS kn. Since for given k we can, 
granted (2), take 8< «/k, and n arbitrarily large, (5) follows. 


8. (7) can be deduced directly from (6). In fact as Theorem 2 gains 
in strength when the growth of gn becomes slower, we may assume gm/gn— 1 
provided m, n—> œ so that m/(ngn) > 1. If P(n) > 8ngn then A(n + 8ngn) 
< n/(n + dngn) <1/(8gn). Thus, in view of the assumption on the growth 
of gn, the failure of (7) implies that of (6). 


4, Pringsheim * showed not only that (1) may be realized an infinity of 
times but that moreover we may have lim inf dn/Cn = 0. If we define Na(m) 
as the number of n among 1,2,- - -,m for which cn = Hd» and similarly for 
Au, Py and Qu it can be shown that the relations (6), (7), (8) of Theorem 
2 and (10) of Theorem 3 hold for every H > 0 with the same series Xen and 
xd, when A is replaced by Ay etc. In fact all that is needed is to replace 
the definition of dy in (12) by dv = an/sn where sn increases to infinity and 
so slowly that 3énton/sn is still divergent. One may take e.g. 


n 
Sp == Onten/ > Aytov. 
1 


5. Pringsheim + actually showed more. He proved that given a series 
Sen there exists a series 3d, with lim inf dn/ċCn==0 and vice versa. In 
Theorems 2 and 3 we made essential use of the possibility of choosing both 
series. If one of them is given tha theorems must be replaced by weaker ones. 
Thus, if the divergent series is 31/n we have N (m)/m — 0 and even (3) fails. 


6. Hamming’s result on summability [2], p. 186 is also an immediate 
corollary of Theorem 1. 


Y. All the results of the paper carry over, mutatis mutandis, to infinite 
integrals of positive monotone functions. 


8. Extensions to double series etc., though necessitating much pre- 
liminary work, also do not present new difficulties. Various extensions are 
possible corresponding to the various manners of defining monotone series 
and convergence. 


EINSTEIN INSTITUTE OF MATHEMATICS, 
HEBREW UNIVERSITY, JERUSALEM. 


“Same references as in the beginning of 1. 
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THE ISEPIPHAN PROBLEM FOR n-HEDRA.* 


By Lásztó Freses TOtxH. 


l. Following T. Bonnesen! we call the analogon in space of the 
isoperimetric problem the isepiphan problem. ‘The problem is to pick out 
from a class of isepiphan polyhedra, i. e. ee, with equal ee areas F, 
that one with greatest volume F. 

We obtain different problems by restricting the class of polyhedra from 
which we want to pick out the best one, i.e. the one with the smallest value 
of #°/V?, to polyhedra 


a) with a given number of faces, 
b). with a given number of vertices,” 


c) of a given type (i.e. to topologically isomorphic polyhedra), or to 
polyhedra upon which any other condition is imposed. 


E. Steinitz*® gives a detailed account of the history of this range of 
problems. Let us mention only the conjecture of J. Steiner according to 
which the regular polyhedra are the best in the class of their own type. The 
difficulties involved in these problems are illustrated by the fact that Steinitz 
was not able to decide the correctness of this conjecture even for the case of 
the cube, and the conjecture concerning the icosahedron and the dodekahedron 
is considered by him as entirely unfounded.* 

In this paper we prove the following 


* Received September 19, 1947. 

1T. Bonnesen, Sur les problèmes des isoperiméires et des isepiphanes, Paris, 1929, 
Bonnesen-Fenchel, Theorie der konvexen Kérper, Berlin, 1934. 

2 Concerning the case b) we mention only that the best polyhedron is for any 
number of vertices bounded only by triangles (see the second paper in °). This fact is 
the dual counterpart of Goldberg’s conjecture (see note °) according to which the best 
polyhedron among the polyhedra with a given number of faces, has only trihedral 
vertices. 

3? E. Steinitz, “ Polyeder und Raumeinteilungen,” Hncyklopidie der Mathematischen 
Wissenschaften, TIT-12, 9 (1922), pp. 38-43, 94-101; “ Über isoperimetrische Problem bei 
konvexen Polyedern,” Journal fiir die reine und angewandte Mathematik, vol. 158 
(1927), pp. 129-153, 159 (1928), pp. 133-143. 

t See the second paper cited in °, beginning of § 4. resp. end of § 3. on p. 134. In 
contradiction to the above remark Goldberg mentions the cube among the polyhedra 
which are proved to be the best in the case a). 
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THEOREM 1., If Fa denotes the area and Vn the volume of any convex 
n-hedron, we have 





(1)  Fa?/Vr = 54(n — 2) tan on (4 sin? on — 1), = im 


Equality holds only for the regular tetrahedron, hexahedron and dodecahedron.® 
According to this, the regular hexahedron and dodecahedron are proved 

to be the best not only among those of their type but also—far beyond 

Steiner’s conjecture—among all convex polyhedra with 6 resp. 12 faces. 


The above inequality gives furthermore an exact asymptotical estimation 
for large values of n, The only lower bound of F',3/V»” for large n previously 
known was 367, the value of F?/V? for the sphere. The above estimation 
gives besides that the exact value of the constant lim inf n(Pn3/Vn® — 367). 


By the theorem indicated above the isepiphan problem for n-hedra 
(case a)) can in a certain sense be considered as closed since the determination 
of the exact lower bound for all values of n seems unattainable or must be 
considered at least as a farther aim. 


2. According to a remarkable result of L. Lindelöf and Minkowski ° 
among all convex »-hedra with given directions of the exterior normals of 
the faces, the n-hedron circumscribed about a sphere is the best. Therefore 
we can restrict ourselves to n-hedra circumscribed about the sphere S of unit 
radius. We have then Vn = Fn, i.e. Fu?/Vn? = 98 n = 27V2, and thus 
the isepiphan problem for n-hedra is equivalent to the problem of deter- 
mining the n-hedron with minimal area (or volume) among all n-hedra 
circumscribed about the sphere of unit radius. 


ë This result was previously obtained by M. Goldberg [“ The isoperimetric problem 
for polyhedra,” Tôhoku Mathematical Journal, vol. 40 (1935), pp. 226-236]. Goldberg’s 
proof is based upon the convexity of a complicated function of two variables which fact 
he states without proof. Taking into account the importance of this result it seems 
worth while to give a complete proof.—In a paper [“ Uber einige Extremaleigenschaften 
der regulären Polyeder und des gleichseitigen Dreiecksgitters,” Annali della R. Scuola 
Normale Superiore di Pisa 12 (1943) ...] I have proved independently from Goldberg 
but in a similar way—-together with a number of analogous inequalities—the inequality 
(1). In this paper there can be found also a nomogram of the function in question 
‘from which the convexity can be seen empirically. 

°L. Lindelöf, “ Propriétés générales des polyedres etc.” St. Petersburg Bull. Ac, Ke., 
vol. 14 (1869), pp. 258-269. H. Minkowski, “ Allgemeine Lehrsiitze über die konvexen 
Polyeder,” Gesammelte Abhandlungen, vol. 2, pp. 103-121. 
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All that we have to prove is, therefore, the inequality 
Fn = 6 (n — 2) tan wn (4 sin? øn — 1) 
concerning an n-hedron circumscribed to the unit sphere S. 
We prove this inequality as a, corollary of the following 


THEOREM 2. Let $(p) be a strictly increasing function for 0S p < 1/2. 
Let, further Pı, P2: + >°, Pn be n points of the surface K. of the sphere with 
unit radius not all of them lying on a hemisphere, and let pp = min(PP,, 
PP2,:*+,PP,) denote the spherical distance of a variable point P of Ñ 
from the point of the system {Pi} nearest to it. 


With these conditions we have for the surface-integral of d(pr) extended 
over 8 | 


(2) J, olor)do= (an—4) f 9 (Gr)dey 


where we denote by A an equilateral spherical triangle with the vertices 
Pa, Ps, Ps having the area? 2a/(n—2) and by ap = min(PP,, PP, PPs) 
the spherical distance of P from the vertex nearest to it. 


Equality holds only if the system {Pi} coincides with the system of 
vertices of a regular tetrahedron, octahedron or icosahedron. 


First we make two preliminary remarks, denoting in what follows a 
domain and its area by the same symbol. 


Remark 1. Let s be a segment of a spherical cap c with the top point T. 
We assert that the function 


p(s) = Í, $(PT)do 


is convex from above for 0 5 s S ¢/2. 


Proof. Let s1,8*1,82,s*. be four segments of c cut off by great 
circles passing through the same diametrically opposite points, for which 


“We can suppose that the least convex envelope V,, of Pis Pat to Ph 18 a polyt 
hedron bounded only by triangles. The number of these triangles is then 2n — 4. 
Hence 4r/(2n — 4) is the average area of the spherical triangles determined by the 
spherical net of V,. 
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0 < s1 < s*, L S < 8*, < 6/2 and As, = S*;, — 81 = As,=s*,—s.. It is 
easy to give an area-preserving representation of As, upon As» so that for any 
point Pa of As: corresponding to an inner point P, of As, we have TP, > TP}. 
Hence by the monotoneity of (p) 


f, o(PL) dw > f, „$ (PD) do 


and thus Y (83) > W (Se). 


Remark 2. For all convex domains d lying in a hemicap of c 


Í (PT) dw £ y (å). 


Proof. Let d be incongruent to s. Denote the point d nearest to T by D, 
the surface of d resp. s lying in the concentric cap with radius p by d(p) 
resp. s(p). It is shown easily that for TD < p < p, s(p) > d(p), where p 
denotes the radius of c. This involves an area-preserving representation of s 
upon d which carries all inner points of s into points of d nearer to T. 

Let us now turn to the 


Proof of Theorem 2. Consider the n-hedron Un the faces of which touch 
S at Pi, Pot © +, Pa. Obviously we can suppose that Un has only trihedral 
vertices, since a v-hedral vertex can be considered as the limit-position of 
v— 2 trihedral vertices. The number of the edges of Un (some of which can 
shrink to a point) is then exactly 8n — 6. 

Let fi be the face with the tangent point Pi, by ie projection of fi 
from the centre O of S upon S. Obviously, we have 


J, ter)do— 3 f oP) 


Let cz be the spherical cap with the top point P; and the spherical radius p 

congruent with the least cap c with the top point T containing A. Let, further, 

S1,S2,° °°, Sv be the convex partial-domains of c; the first ‘bordered by the 

great-circles P:Qi, Q:Q2, PiQz2, the second by PiQe, Q2Qs, PiQs, ete Qiu Qe, 
"s Qv being the vertices of the spherical polygon ¢;. We have 


Í, $(PP;i)do = Í, b(PP:)do—>, J o@PP)do+ f o(PPidde, 


where ġ; denotes the part of ¢; not covered by c;. The total number of the 
12 
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domains sy being 6n — 12—i. e. twice the number of the edges of Un—we get 
by summation 


J dlor)do—n f APT) E f $(PT)do+ [4 (pr)do, 


where & denotes the part of S not covered by any cap c; and the su—s are 
parts of ¢ congruent with the original domains characterized above. 
Taking now into account that 


62-12 


S = ne — > Sr 8” 


rzi 


we have by Remark 2. resp. 1 and by Jensen’s inequality, 
"> a : Fs 
È f PTS E yle) S (inw A 
r= 8r rzi 


6n — 12 
= (6n—12)y(@— StS) 


= (6n—12)y (PS pS) + (6n—12) f, $(PT) de. 


Here we have denoted by d the domain with the area d = S’/(6n — 12) which 
completes the segment of the cap c of area (nce —S)/(6n—-12) to the seg- 
ment of area (ne —S +- 8’)/(6n — 12). 


For the inner points P of d resp. of S’—provided that they are not 
empty—-PT < # resp. pp >p and thus by the monotoneity of $(p), 


(6n — 12) f $(PT) do < Í. $ (pp)do. 


Taking all these facts into account, we have 


f $lor)do =m J $(PT)da— (6n—12)y (Z ms), 


Consider now the integral J _ p(ğre)dw. Let us denote the angles of A 
A 


by x. We denote by 3s the part of A which is covered twice by the caps having 
the top points Py, Ps, P,, and congruent with ce. We have 


A == 3 (a/2r) c — 3s, 


2s J. L. W. V. Jensen, “Sur les fonctions convexes et les inégalités entre les valeurs 
moyennes,” Acta Mathematica, vol. 30 (1906), pp. 175-193. 
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and analogously 
f $ (fp) do = 3 (4/21) f (PT) do — 34 (s). 
A @ 


Thus since 3a — r =A, 


aa a l f, SPT) sy (Stygt), 


Now we make use of the supposition A = 2r/ (n — 2) and obtain 


(2n—4) f gledo =n f (PT) do — (6n —12)y (sexe) 


which equals the right side of the last inequality. 


Equality holds in (2) only if 8 is entirely covered by the caps c; without 
any part being covered three times, the 3n — 6 parts covered twice being all 
congruent. In this case Un is a regular polyhedron with trihedral vertices; 
this completes the proof.® 


3. Let ¢ be a spherical domain lying on a hemisphere with the top point 
T, f the central-projection of ¢ on the plane touching the sphere S at T. 
It is easy to see that f is given by an integral 


f= f, $(PL)do, 


(p) being strictly increasing * for 0S p < 7/2. 

For this function the left side of (2) gives the area of Un, the right side 
the area of the projection of A upon the trihedron, the faces of which touch 
S at the vertices of A. Hence by some elementary computations we obtain 
the desired estimation for Fn. 

Similarly we get for instance from Theorem 2 the following 


COROLLARY. Let Si, D2 © +,Si2 be 12 congruent spheres all of them 
containing the fixed sphere K. The convex body B consisting of the common 


° Let us mention here the following interesting fact: The surface-integral 
f p (Pp) do; Pp = min (PP,, PP,, PP;) 
extended over the spherical triangle A = P,P,P, of given area takes its minimum | 
for an equilateral triangle P P P., 2 for a triangle P,P P", arising from P P,P, by 


reflecting P, with respect to PP, in Pt; provided that the height of PPP, is < 7/2. 
10 We have (p) = 1/cos* p. 
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points of the spheres has minimal area and volume if the spheres touch S at 
the vertices of a regular icosahedron. 


Finally let us mention that in (2) the case of equality remains unaltered 
for the function 


0 for dS p=p 
í s=] 1 for p<ip<7/2. 
This shows that S cannot be covered by n congruent caps of a spherical 
radius < p. 


The result obtained can be formulated as follows: If d denotes the 
density of any system of n > 2 congruent spherical caps of areas c, covering 
the unit sphere, then 


d = ne/4r = n/2 (1— (V 38/3) cot — z) > 2V 3r/9 = 1:209- - - 


—26 
holds. This proposition found some time agot is an extension of a result 
due to R. Kershner.’ 
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THE MEAN OF A FUNCTION OF EXPONENTIAL TYPE.* 
By A. R. Harvey.* 


1. Introduction. 


Derinition. The function f(z) is said to be of exponential type & if 
f(z) is entire and 
M(r) = O (eee) r) 


for every « > 0 and noe < 0, M (r) being the maximum of | f(z)| on the circle 
le] =r. 
It is easily seen that 
k = lim 1 log M (r), 


r->00 
and it can be shown [35; p. 41] that 
p = Tim | F0 (a) |3% 
i N—>00 
for every z. 


DEFINITION. The p-th mean of f(z) on a horizontal line, denoted by 
M?{ (x + iy)}, is defined: 


= z 
Me (f(a + iy)} = Em (1/27) {| fe + iy)|? de. 
l F300 ~T 
The p-th mean of f(z) at the integers, denoted by M:?{f(x)}, is defined: 
| Mertf(2)} = lim (2n + 1)* S| FOI 


It is known (cf. [13; p- 148-144], [2; p. 102], [27; vol. IT, p. 35-36, 
nos. 201-202]) that if f(z) is of exponential type k and 
| f(x)| = B 
for all æ, then 
| f(a + ty) | S Berl, 
and 
|F (o)| S kB. 


* Received May 13, 1947. 

* The author is indebted to Dr. R. P. Boas, Jr. for suggesting the subject of this 
paper, and to Dr. Boas and Professors L. Ahlfors and D. V. Widder for many helpful 
suggestions. 
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It has been proved also ([11], [18]) that if k is less than ~, the boundedness 
of f(z) at the integers implies the boundedness of f(z) on the whole z-axis. 
Results analogous to the preceding ones have been obtained for functions of © 
exponential type which are of class Z” on the æ-axis ([24; p. 120, 128], [7; 
p. 27%6]). In this paper, the analogues for functions of exponential type with 
bounded means will be obtained. 

The results to follow are not very interesting in the case where f(s) is 
bounded. The class of functions having a bounded mean of the form 
M?{f(x)}, however, includes the class of B? (Besicovitch) almost periodic 
functions ([4], [5], [6]). Boas [8, p. 13] has shown that there exists a 
function of exponential type which is B* almost periodic but unbounded on 
the z-axis; hence the class of functions under consideration is greater than 
the class of functions which are of exponential type and which are bounded 
on the v-axis. 


2. The mean of f(z) on a horizontal line. It has been pointed out 
that a function may be unbounded on the z-axis yet have a bounded mean. 
It is to be expected, however, that such a function cannot grow very rapidly. 
The following theorem establishes a limit on the rate of growth of a function 
of exponential type with bounded mean. 


THEOREM 1. If f(z) ts of exponential type k, and if 


Me{f(z)}=A< 0, (p > 0), 
then 


f(z) = 0(| æ | 2) as | æ | — œ. 


Proof. Assume that k < r, otherwise consider f(z/k). By hypothesis, 
there exists a constant B such that 


T 
(1/2T) f f(z)|? de < B 
for all T. Then, for any positive integer n and any 6 with 0 < 8 < 4, 


(1/2n) J [10l de = (1/20) ("| fle)|? de <B, 
so that 


f f (x)|? da < 2Bn. 


It follows that for some dn, with n — 8 S an =n, 


| flan) |? < 2Bn8+ < 4Banð. 
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Consider any branch of the function, 
g(2) = (2 + Dfe +1). 


It is regular and of type k in R(z) = 0, and is bounded at the sequence 
{an —1}. Hence, by a theorem of Duffin and Schaeffer [13; p. 142], | g( (x) | 
is bounded. ‘This proves the theorem for the case where æ approaches ee. 
through positive values. 

The case where x approaches infinity through negative values is ieee 
in a similar way. 


THEOREM 2. If f(z) 1s of exponential type k, then 
MP {f(a + iy)} = evhlul Met f(a) }, (p > 0). 


Proof. Assume that y = 0, the case, y = 0, being handled in a similar 
way. M?{f(x)} is assumed to be finite, otherwise there is nothing to prove. 


By Theorem 1, 


© log | f(t) | 
fa “tte i< o, 


so that by a result due to Nevanlinna [22 ; p. 29-31], 


sind sg, ,_ 2er-siné 
log | f (ret) | = (a) f Toe 17) eee 


where 
c = lim f Tog | f (re) | sin 68. 
roo J 0 


a Theorem 1, it is easily seen that, under the hypothesis of this theorem, 
= 4r, hence, 


log | Fe Hip)? S (A/a) f qeg low liE) |? at + phy 


< log { (1/7) f Cas | F(t) | ? dt} -+ phy. 


The last inequality is a consequence of the fact that the geometric mean is 
less than or equal to the arithmetic mean. It follows that 


feb iy)| S (A/m f oirr | F(A) Pat 


The above integral converges uniformly for x in the closed interval 
[— T, T] for, if 


— filed, BO GT y 
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and Mr{f(s)} = A, then given e> 0, there exists a t) such that for all 
t > to; aS 
t 
a(t) S f |f(@)|PdoS2(A+e)| 4], 
-t 
Now i 
i . 0 Yy f 0o 
e ee t)i ? dt = t t). 
henon A , B(t)da(t) 
Integrating by parts, it is seen that 


S oiloa | = | f aoe | 


to © Zy (A + e)t(z— t 
<| Seas | + |S etry se 
uniformly for v in [— T, T]. The integral over [— œ, 0] is treated similarly. 
The expression for | f(x + iy)| ? can then be integrated with respect to x 
over the interval [— T, T], and the order of integration reversed, i. e., 


RD) f IEH in|? des (t/e) (ORT) fee HOI? de)a 
Now let | 





T y t 
og (t) = f, ao y(t) = f, | F(x) |? dz. 
Noting that or(— t) = or(t), it follows that 
(1/2) fl f(e + iy)|? de =£ (1/211) f or (t)dy (2). 


Integrating by parts (recalling that, as in the case of a(t), y(t) = O(#) as 
t—> oo), 


(1/2), [fe +iy)| Pde = — (1/211) fY) dorl) 
< — (1/21) f 7(t)den(t) + (4 +6) f Tdor(t)). 
Evaluating the last two integrals, it is seen that 
lim (1/27) fy) dor(t) = 0, 


EERE 0o 
Üm (1/2rT) f in es, 
T-3000 to 

hence 


fim (1/27) | fle + iy)|>de< (A +e) 
T->00 -T 


4 


Since e is arbitrary, the theorem is proved. 
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3. The mean of f'(x). It will now be shown that the boundedness of 
M*{f(a)} implies the boundedness of M*{f’(x)}. First, a rather crude 
inequality will be obtained in the case where p is greater than zero. When 
p is greater than one, a refinement of the crude result can be obtained, as 
will be seen. 


Lemma 1. If ais a real number, then 


Me{f (a + a + iy)} = Moff (a + ty)}, (p > 0). 
Proof. Assume a> 0. (The proof is the same for a < 0.) Then, 
se * (T-a) ; p , 
— ar yS letras (1/2T) f f(s -+ a -+ iy) |? dex 


Ta © 1 ee) : 
Sa a(T Lay fib her wl? de. 


Since (T —a)/T and (7T’'-+a)/T approach 1 as T approaches infinity, the 
result follows. 


THEOREM 3. If f(z) is of exponential type k, then 
í 2 gpr? i . Í 
mop (a)} = PERR (a — 1) MOU (2)}, (p = 0), 


where & is an arbitrary positive number. 


Proof. It is known [24; p. 127] that if f(z) is regular in a square with 
corners (v +- 8 + 18), (z —6 + 18), then 


5 „5 | 
Peles f [li@+etit)| deat, 
-a - 
where è is an arbitrary positive number and A = 2P (p + 2)/(é?**). Hence, 
T ' ad T 
(1/2T) f [P(@) Pedr SA f, Í (1/27) f | f(e -+ u + w)| ? da}dudo. 
By the preceding lemma and Theorem 2, if u and v are fixed, 
Mif (e + u + iv)} = Mef (a + iw) } < lM (2)}. 
Tt follows that, given e > 0, there exists a Te (u, v,e), such that 
T 
(1/27) f | i+ w+ iv)| P de < oMPlBtetf(a)} + e 
-T 


for all T > Te.. Such a T, exists for each u and v with | u | S 8, |v] 5 8. 
Since this set of values for u and v is closed, Te(u,v,«), as a function of 
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u and v, must be bounded above for u, v in the closed interval [— ô, èJ. Let 
T, be an upper bound of Tofu, v) for u, v on [— 8, ò]. The last a 
then holds for all T > 7,. Hence, for T > Pa, 


OT s 
2T) j |P) rdSA f. f [Mi (2)} + Jdu 


5 Asi M (a) ta 


Letting T approach infinity first and then letting e approach zero, the result 
follows. 

It should be noted that by repeated application of this theorem a bound 
for M?{f™ (x)} is obtained. 

It will now be shown that when p is greater than one, the constant in 
Theorem 3 can be replaced by k’. 


LEMMA 2. If 
ge(2) == F(z), 
then | 
tinh g/e(2) = 7°(2). 
Proof. . 
J'e(z) = T m i ( e) + A") 2) (e? cos eg — sin ez). 


If cos ez and sin ez in the last term are expanded into their Maclaurin’s 
series, it is seen that the last term approaches zero with e. 


Lemma 3. If f(z) is of exponential type k < vr, and 
| f(z)| <B< œ, 
then 
f(a) = (ym S PEED, 
Proof. If eis chosen less than (m — k), then the function 


g(a) m SE EE Be 8) 5 


is an entire function of exponential type less than 7 and satisfies 


z -+ &—#) 


S nge(n) < 00, 


R=-O 


By Valiron’s interpolation formula [see 34], or from Pólya and Szegé 
(2%; vol. I, p. 16, no. 165], 
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Gelz) Tgelz) (—1)”ge(n) 
sinag sin mztanmg ae A = (2—n)? ° 
Letting z approach 3, 


g(4) =— (1/7) eee 


Since | g.(@)| is bounded for all «e, this series converges uniformly in e. 
Letting « approach zero, and using the result of the previous lemma, 


F(a) == (1a) 3K DAO Fed) 


This is true for each £o; hence the lemma is proved. 
LEMMA 4. If F(n,T) is positwe or zero for all integers n and all real T, 
OO 
and if S F(n,T) converges uniformly in T, — œ <T < œ, then 
n= 
lim S F(n,T) = S lim F(n, P). 
T>% n=-00 n=-0 P00 
Proof. By hypothesis, given « > 0, there exists a positive integer N 
(depending only on e) such that 


S P(n, T) <3 F(n, T) +e. 


Hence, an 
lim 5 F(n, T) S 3 Jim F(n T) pes > lim F(n, T) + 
T-20O n=-OO n=-N n=-00 T-»oo 


The result then follows on letting e approach zero. 
THEOREM 4. If f(z) is of exponential type k, then for p > 1, 
MP{f (x) } S Mef (s) }. 
Proof. 
Case I: k<. 


It is assumed that M?{f(x)} is bounded, otherwise there is nothing to 
prove. Then, since p > 1, f(x) =O(|2]|), by Theorem 1. 
Choose e > 0 such that k -+-« < r, and consider 


f(z) sin a 
ez 


The function ge(z) is of type k+e< r, and since f(z) Oe be 
gc(x) is bounded. By Lemma 3, 


ige(Z) = 


188 A. B. HARVEY. 


1)", a: 
g(x) = (1/7) $e tod, 


Applying Minkowski’s inequality, 





” ga 





(OT) f Jole < ay) Sear) f7 |LetrD 


Since | ge(x)] is less than or equal to | f(z)| for all e, | ge(z -+ n— $) | 
may be replaced by | f(s +- n—+4)| in the above inequality. The right-hand 
side then does not depend on e; hence, letting e approach zero and using 
Lemma 2, i 

g -+ n — 
DLD) f 17 (@)| 9 dey < ye) gar) f° | PEETA |” ao) 


(n— 3)? 





At this point it is desirable to take the limit superior inside the above 
sum. In order to do this it will be shown that the sum satisfies the hypothesis 
of Lemma 4. 

Let the sum be broken up into three sums: 


+ 


-į 2 ee 
Sit St Ss—= D+ Bt . 
By hypothesis, there exists an 4 < œ such that 


P 
(1/27) f | f(2)|Pdo< A 
for all T. 
If n is less than zero and T is greater than three, it follows that (4 —2)T 
is greater than (T + 4— n); hence for 7 > 3, 


i/p 

s< porrn arses Ll | 

a Aue | 
Since p is greater than one, this converges and so S, converges uniformly 
in T, (T >38). A similar argument shows that S, converges uniformly 
in T, (T > 3). 

The sum in (1) then satisfies Lemma 4 and the upper limit may be 
taken inside the sum, giving 


[Mee (F(a) } H S (1/x) Mey] È 1/ (0—4) 


Since the last sum is equal to 7’, it follows that 
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(2) | MeF (a) } S wPMP{f (2) 5. 
Case IT: general k. 


Let e be an arbitrary positive number and consider 


h(2) =f (S22 =o). 


The function h(z) is of type less than rm. Applying (2) to h(z), it 

follows that - 
(1 — €)?(m/k)PM{f (x) } S aPM?{f (x) }. 

The general result then follows on letting e approach zero. 


By considering sin kz (which is of type k) it is seen that the constant W? 
s “best possible.” 


4, Functions of minimal type. A function of exponential type zero 
is said to be of minimal type. If k is made to approach zero in Theorem 2 and 
Theorem 4, it is seen that M*{f(« + iy)} = M*{f(z)} and MP{f’(x)}' = 0, 
the latter being true for p > 1.- This would seem to indicate that f(z) is a 
constant. It will now be shown that this is indeed true. 


Lemma 5. If f(a) is a continuous function such that | f(x)| becomes 
and remains larger than any assigned constant as id approaches infmity, 
then Mr{f(«)} = œ, (p >0). 


Proof. Given B, there exists Xo > 0, such that | f(x)! is greater than 
B for alla > Xo. Hence, 


Me(f(a)} > lim (1/27) f]'F(e)| de + lim (B2/T) (T — Za) — Be 


Since B is arbitrary, the lemma is proved. 

THeorem 5. If f(z) is of minimal type and MP{f(x)} < œ, (p>0), 
then f(2) is identically a constant. 

Proof. Let r= [1/p] + 1, where [1/p] denotes the integral a of 
1/p, and consider the function 


g (2) = tf(2) — Pr (2) }27, 


where P,(z) denotes the first r terms of the Maclaurin’s series of f(z). 
The function g(z) is entire and of minimal type. Since, by Theorem1, 


f(z) = 0(| z| 2) =o(| z|”), 
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it follows that g(x) is bounded. By [25] or [20; p. 127], g(z) is identically 
a constant, and hence f(z) is a polynomial of degree at most r. A polynomiai 
of degree greater than zero, however, satisfies the hypothesis of the preceding 
lemma. By the hypothesis of this theorem; this is impossible, so the degree 
of the polynomial must be zero. 


5. Continuity of the function (y) = M?{f(x + iy)}, (@= 1). 


THEOREM 6. If f(z) is of exponential type k, and if M?{f(x)} ts finite, 
then the function o(y) = Mr{f (x + iy)}, p= 1, is a continuous function 
of y. 

Proof. Assume that y <y’. (The proof is the same for y >y.) 
From the definition of ¢(y) and the usual inequalities on upper limits, 





oy) ey) Sim apr) f [etilli 
Now, 


| f(e+y)|?—|f(@+iy)|? 





= [f° Fite tiny] rae | 


yy 
=f 
a7 Y 


< S” p |f iu) P(e wy], 


Ê | ffe iu) | au | 





Using Holder’s inequality when p > 1 (and trivially for p = 1), 
panama y T , 
|40) —$(y')| = plim faan f] F (2 + iu) |? da] 


T 
[(1/ar) f |F + iu) | p>} du. 

By Theorem 2, M?{f (s + iu)} is bounded, hence there exists a Bi(w) 

such that for all T, 
7 
(1/27) J, | f(w + iu) |? de < B,(u). 

By Theorem 8, M?{f’(z)} is bounded. Furthermore, if f(z) is of 
exponential type k, so is f(z) [85; p. 41]; hence Theorem 2 can be applied 
to f (2). Then there exists a B,(u) such that for all T, 

T 
(1/27) fl P (a + iu)| 9 de < By(u). 
dt follows that 
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| o(y) —4(y) | = ply—y) m eee x [{ Bs (u) } {Ba (u) P], 
which proves the continuity of Ti 


6. The mean of f(z) at the integers. It will now be shown that the 
boundedness of Mr{f (x) } implies the boundedness of M;?{f(x)} and that the 
converse is true if the type of f(z) is less than m. The device which will be 
used is essentially the same as that used by Plancherel and Pélya [24] in 
obtaining analogous theorems for functions of class L” on the axis. 


Lemma 6. Let n be a positive integer and let c be a positive constant. 
If h(x) is a positive and continuous function, then 


T E no 
lim (1/27) f h(z)de = lim (1/2ne) Í h(a) dx. 
TOO ~T n0 -ne 


Proof. Let [T] denote the integral part of T. The result then follows 
from the o 


[7 E E E E o 
LA en. h(a)de = (1/270) fh (a)de < r arate Jaa 


THEOREM 7. If f(z) is of exponential type k, then 





Mel} (2)} = HOED f (a)) 


Proof. Plancherel and Pólya [24; p. 125] have shown that if f(z) is . 
regular in the square with corners (7 + $ +31), (VJ — 4 + 31), then 


les (a) fË S LRG ++i)? deay= aaf Sijera aas: 


hence, 
1 n . 4 % 
mp O S ni TSA Pa -+ f Jie +iayl ae fay 


= (4) fi, w Jorra 


Applying Lemma 6 and Theorem 2, it follows that, given « > 0, there 
exists an NW such that for all n > N and all y with —4SyS 3, 


1 nt , ‘ 
nee a+ iy)|? de < elilMr{f (x €. 
mais fete {f(#)} + 

Consequently, 


+ $ D PS (4/r) MP ET L 4e/ 
m LLII? S (4/2) (F@)} f e idy -+ 4e/x. 
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The result follows on evaluating the integral and letting n approach 
infinity first and then e approach zero. . 

The fact that the boundedness of J/?{f(x)} implies the boundedness of 
M,?{f(v)} is not surprising. The converse is certainly a more interesting 
speculation. One has only to consider f(z) ==zsin wz (which is of type 7) 
to realize that the converse is not true in general. It will be shown, however, 
that if the type of f(z) is less than v, the converse does indeed hold. 


Lemma 7. Let p be positive and M,?{f(x)} finite. If n is an integer, 
then 


f(n) = O(| n | 2), as | nm | —> œ. 
Proof. The proof follows almost immediately from the definition of 
Mi?{f(x)}. 
Lemma 8. If m is a fixed integer, 


MiP{f (x + m)} = MiP (e) }, | p> 9. 


Proof. The proof is essentially the same as for Lemma 1, integrals being 
replaced by sums. 


THEOREM 8. If f(z) is of exponential type k <x, then 
Mr{f (£) } S BM:P{f (2) }, (p > 0), 
where B is a constant depending on p and k only. 


Proof., Assume that M,?{f(«)} is bounded; otherwise there is nothing 
to prove. 


Let a = 2[1/p], where [1/p] denotes the integral part of 1/p. Let 
ô == $ (m — k)/(a + 3), and consider the function 


g(z) = z2®f (z -+ m) sin 938z, (m fixed). 


The function g(z) is entire and of type less than or equal to k -+ (a4 3)ê. 
By definition of 6, the type of g(z) is less than 7. 
It will now be shown that g(z) satisfies 


(8) lima | g(2)| | z | el — 0, 
and ™ 
(4) Sl glnan] < o. 


(The primed summation indicates that n == 0 is to be omitted.) 
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The first relationship follows immediately from the fact that g(z) is 
of type less than =. 
By definition of g(z), 


> n-*9(n)| = 2 | f(n + m)n-@)| | 


~ — i 


sF 8 8 ee 


NHK OO n=m n=Mm+l 


Now, 
Wij f(mtm) |, | atm 
Sk | Ta F me | ners 











Since by Lemma 7, f(n-+ m) = O({n-+ m}”), it follows from the def- 
nition of “a” that f(n + m)/(n + m)2, in S;, is bounded, say by A. 
Then, using the binomial expansion of (n + m) #1, 


sa+1 
ptp +... +2) <o, 


In a similar way, S3 is seen to converge; hence (4) is satisfied. 
Since g(z) satisfies (3), (4), Valiron’s interpolation formula [34] may 
be applied, i.e. 


n? 


ETE 


sin rz J, (—1)*2?¢(n) 
ee n?(z—n) 


g(2) = 
or, by definition of g(z), 


g*gin az S, (—1)"f(n+ m) - (sin òn)? 
ar (sin. 62) 93 aeoo (2 — n) ne? 


2 


+ 


(6) fetm) = 


Let Fm be the maximum of | f(z)| on the interval, m—4 SeS m-+ . 
Then by the maximum modulus principle, Fm is less than or equal to the 
maximum of |f(«-+-m)| on the square 8, with corners: + $(1-+4), 
+ (1— +1). Let 


EA ( z% 2sin rz )- x 
one (sin dz) e*8 ` . 
On S, |z—n| is greater than |n |— +4, hence using the interpolation 
formula (5), 
(6) Fn = K YY Q(in, n), 
where 
| f(n + m) (sin èn)? | 
m, n) = = ar 
omm =n Pm 
Now, 


13 
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rey Eg + foldat, 


where r can approach infinity through integral values, by Lemma 6. Hence, 
from the definition of F'm, 


(7) 


Me(f(e)} = Tm 





Two cases are now considered. 


Case I: p>1. , 


In the same way as the summation in (4) was seen to converge, it is 


seen that >’ Q(m,n) converges uniformly for m in the interval, —r S m Sr. 
Using (6) and Minkowski’s inequality, 


(È (Peye E È (È O(m,n) ey" 


< KY { X QP (m, n) e. 


Tt follows that 


(8) [Ml?{f (2) }]¥? S K lim Wigs TI $ QP (m, n) }¥2, 


Next, it will be shown that the upper limit can be taken inside the first | 
sum in relation (8). | 
Let | 


n=-2 


ee T+ Y +S S, + 82+ So 


N=-OO n=-0 #=-1 n= 2 


From the definition of Q (m,n), 


| 
/p | sin? ôn | 1 ia j 
aimn) } -a | apmali 
In Nis 


(2r-+-1)| | >2(r—n) 
if r > 1, hence, 


oe 1 1 < 
tet EH aL APEE E m 
Ba <2. (ja | —4)] n| et 3(r— eK It 
Since M,?{f(x)} is finite, the expression in the brackets is bounded, and 
since p is greater than one, the sum converges uniformly in r. 


In a similar way, it can be shown that S3; converges uniformly in r; 
hence, by Lemma 4, the upper limit can be taken inside the sum in (8) giving 
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~N 


1/9 f sin? òn T pa 
[e (e) í <Ky (in perry n |? Uim oy EE S I f(a m)| ) /9 
= KMP) I È oo HRT” 


the last step being a consequence of Lemma 8. This sum ' converges ; hence 
the result, is proved for p > 1, with 


g0 sin? 37 ? 
B= Ke} pe | 
eal — pa] 
Case IT: pS 1. 


Returning to (6), and using Jensen’s inequality, 
r r oO r oO 
2 (Fm)? = Ke & { 2’ Q(m, n)}? S Kk? & {X (m n) }. 
m=-r mzer n=O m=-r n=-00 


Now, 


| f(n + m)sin ên) |? — |f(n+ m)]? 


men Sn [aye lm] Tal — la] 


by definition of a. It follows, then, that 


? 


F ortm.n) s% letm], | etm 


no =| +m (n — 3) ?n* 


Since f(n + m) == O({n-+ m}*/") by Lemma 7, the sum is seen to converge 
uniformly for m in the interval —r = m =r. The order of summation can 
then be changed, and so by (7) 


(9) MP} (we) } = Kr lim 3 CEEI 


Since 





{grm È (mn) 


pla +2) >2, 
it follows that 
X Looe 


[n| al] —3) 


4 


By an argument similar to the one used in Case I, the sum can be split 
into three sums so that the term in brackets is bounded in the infinite’ sums. 
Consequently the sum is seen to converge uniformly in r. The upper 
limit in (9) can then be taken inside the infinite sum. The result then 
follows as in Case I with 


B= K? S (sin dn )or8 ' a key < 0, 


nox | n™*(Tn[—4) no a(n | —$)? 


Sompa Lee lO f hiet. * 
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7%. Qne-sided means. 


Drrinition. The function f(z) is said to be of exponential type k in 
R(z) = 0 if f(z) is regular in R(z) = 0 and 


M(r) = 0 (efr) 


for every ¿> 0 and no e< 0, M(r) being the maximum of | f(z)| on the 
semicircle | z | =r, R(z) È 0. 


DEFINITION. The one-sided p-th mean of f(z) on a horizontal half-line, 
denoted by N?r{f (æ + ty)}, is defined as follows: 


Neff (a + iy)} = Tm (1/7) [| f(w + iy) |? de: 


The one-sided p-th mean of F(a) at the integers, denoted by Ni?{f(x)}, is 
defined similarly: 


Wetf(e)) = iim (m+ 1) BOL» 


It will be shown that the main theorems for two-sided means hold also 
for one-sided means. A theorem of Macintyre [21] will be useful and the 
theorem is stated here as a lemma. It was not stated in this form by 
Macintyre but an inspection of his proof will bear out the validity of the 
lemma. 


Luma 9. Let f(z) Be of exponential type k <a in R(z) = 0, and 
assume that 
lim r+ log | f(r)| = 0. 
P32 OO 


Then f(z) can be written as the sum of two functions f,(z), fo(z), where 
f(z) is entire and of type k. If y is fixed, 


` fila + iy) = 0 (1/2) as £t —> — 0 
f(a + ty) = O (1/7) as t —> + o. 
8. One-sided means on a half-line. 


Lemma 10. Let 
f (2) =fil2) + fe(2), 
and let 
N?{f.(x + ty) } = 0, (p> 0). 
Then 
Ne {f(a -+ w)} = N? {fi (£ + wy) }- 
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Proof. The proof follows immediately by applying Minkowski’s inequality 
for p = 1, or Jensen’s inequality for p= 1, to the relations: 


f(e + iy) = file + iy) + fele + iy), 
file + iy) =f (2 + yw) — f(e + i). 


Lemma 11. If (x) is continuous for x È 0, and p(z) — 0 as s—> œ, 
then 


NP { p(x) } = 0, p >o. 
Proof. Given « > 0, there exists X, such that for all x > Xo, 
| e(z)|<«e 


Hence, if T > Xo, 


C/T) flee)? de= T) f {Sol OT) f Poel? da 
<S APX,/T -+ e (T —X,)/T, | 
where A is the maximum of ¢(z) on 0 Ss S X, It follows that 
NM G$(2)} Se. 
Letting « approach zero, the lemma is proved. 


Lemma 12. If (2) is continuous and (x) 0 as x —>— o, then 


2M?{ p(x) } = N?{ h(x) }. 
Proof. 


T q. T 
a(1/a) f | $@)l? de= (4/2) f | (—2)|? de + (1/7) | 14)? ae. 
From the previous lemma, 

— T° 

lim (1/7) f |¢(—2)|?de—0, 

T>% o. 
hence the upper limit equals the lower limit. Using the well known inequal- 
ities on upper and lower limits, it is easily seen that 

N?{o(x)} S 2MP{o(x)} S Ne{p(2)}, 

and the lemma is proved. 


Tuzorrm 9. If f(z) is of exponential type k in R(z) = 0, then 
Ne{f (x + ty)} S emul Pf F(z) }, (p > 9). 


t 
Do dhe aana, aak, ee en Sect ge 
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Proof. Assume that k <~. (Otherwise consider f(z/k).) 
By the first: part of Theorem 1, f(z) = O (x?) ; hence 


lim r** log | f(r) | <0. 
T--¥OO 


Lemmas 9, 10, 12, and Theorem 2 can then be applied, giving 
«NPT (ae + ty) } = Nef (@ + ty) } = 2MP lf (e+ w)} 
< elol ZMP {fi (a2) } — ortlel NP( f(x) }. 
9. The one-sided mean of f(x). 


Lemma 13. Let f(z) be of exponential type k in R(z) = 0, and let 
f(a) be bounded for all «= 0; then F(x) is bounded for all « = 0. 


Proof. It is known [13; p. 143] that under the above hypothesis there 
exists a constant A, independent of f, such that 


| f(a + iy) | < Aei 


for allx=0. From this fact and Cauchy’s formula for the derivative, the 
result is easily seen. 


Lemma 14. If f(z) is of exponential type k in R(z) = 0, and tf 


f(s) = O(a") as t> œ, — (~o <r< o), 
then 
F(z) = O(a") ast o. 


Proof. Consider any branch of the function 
g(2) = (2+ 1)"f(2+ 1). 


The function g(z) is regular in R(z) =0 and is of exponential type k. 
Furthermore, g(z) is bounded for v= 0; hence by the previous lemma there 
exists a constant B such that 


|g (2) | =| (+ IF (2 +1) —r(s +I) (s+ 1)| <B, (#20). 


By hypothesis, r(a#-+-1)~"f(a-+1) is bounded in z= 0, hence so is 
(x+ 1)”f (<41). This completes the proof. 


THEOREM 10. Let f(z) be of exponential type k in R(z) =0. Then, 
NP{f' (£) } = B (k, p) N{f (2) }, 
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where 
B(k, p) = k f p>l, 


R) y 
B(k, p) ae ns (eð — 1), f p=1, 


8 being an arbitrary positwe number. 


Proof. Assume that k < r, otherwise consider f(z/l). Asin the previous 
theorem, Lemma 9 may be applied so that 


F (2) = Pilz) + F22) 


where, by Lemmas 9 and 14, fı(s + iy) = O(1/r) as s—->— œ, and 
Falz -+ iy) = 0 (1/1) as t 3+ o. 
As in the previous theorem, applying Lemmas 9, 10, 12 and Theorems 
3, 4, 
Ne{f (a) } = N”{ F: (x) } = 2Mr{ F: (x) } 


S Blk, p) Mth, («)} = B (k, p) N”{f (a) }. 
COROLLARY. If f(z) is of minimal type in R(z) = 0, then 


N{f (x + ty)} = N{f(2)}, (p > 0), 


and 
Ne{f’ (x) } = 0, (p> 0). 


Proof. The first relation follows by letting Æ approach zero in Theorem 9. 
The second relation, for p > 1, is proved similarly, using the relation 
for p > 1 in the preceding theorem. 
In the case p < 1 it should be'noted that in the preceding theorem, 
. _ (Bt 2) Re" 
lim B(k, p) = -ap : 
Since ô is arbitrary, by taking 8 large this can be made less than any given 
positive quantity. This then proves the second relation for p= 1. 


10. The one-sided mean of f(z) at the integers. 


$ 
THEOREM 11. If f(z) is of exponential type k in R(z) = 0, then 


kp 


wef (a)} s EED mfe), 
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Proof. The proof follows that of Theorem 7 with slight modifications. 
The expression for | f(7)|? in Theorem Y is valid only for 7 >0 in this 
theorem, and Theorem 2 must be replaced by Theorem 9. 


Lemma 14. Let n be an integer and let (2) be bounded at the negate 
antegers. If l 
p(n) 0 as N>— 0, 
then 
2MP{$(2)} — Nate (a) ). 


Proof. The proof is the same as for Lemma 12 with integrals replaced 
by sums. 


Lemma 15. If f(z) is of exponential type k <a in R(z) 20, and 
NP{f(x)} is bounded, then 


f(e) = O (21) as T> o. 
Proof. As in Lemma 7”, 


f(n) = O(n?) as 1 —> ©., 
The function 


IO = +D +2), (any branch), 


is: regular in #(z) = 0, and bounded at the positive integers.’ It is of type 
k <a, hence g(x) is bounded [13; p. 142]. The result then follows. 


Tuxorem 12. If f(z) is of exponential type k <r in R(z) = 0, then 
N*{f(z)} S BN? {f (2)}, 


where B is a constant which depends on k and p only. 


Proof. Assume that N:?{f(£)} is bounded, otherwise there is nothing 
to prove. 
It follows from the preceding lemmas that 
! 


lim r log | f(r)| = 0. 
r->00 


Applying Lemma 9, 


15. 


16. 


THE MEAN OF A FUNCTION OF EXPONENTIAL TYPE. 201 


f(z) = f(z) + fe(2). 


As in Theorem 9, 


N?{f (2) } = 2M{f,(2)}. 


Applying Theorem 8 to fı (s), and using Lemma 14, 


Ne{f(x)} S BIM {f (x)} = B- N? {f (2)}. 


UNIVERSITY OF NEw HAMPSHIRE, 
DurHAaM, N. E. 
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QUASI-MONOTONE SERIES.* 


By Orro SzAsz. 


1. We shall call a sequence {an} of positive numbers quasi-monotone 
if for some constant « = 0 


(1.1) On < an(1 -+ a/n) for all n > n (a). 


For « = 0 and n == 0 we have a monotone non-increasing sequence. If the 
terms dn of an infinite series Xan form a quasi-monotone sequence, the series 
will be called quasi-monotone. Many known theorems on monotone series 
can be generalized to the larger class of quasi-monotone series. For some such 
results see [4], $4; [5], $4; [6], § 5, and references given there. 

In this note we give some properties of such series, which include results 
due to R. W. Hamming [2] and to A. Dvoretzky [1]. 


2. THEOREM 1. Let Mo <à <o be a strictly increasing sequence 
of positive integers, such that 


(2.1) Ana — An = O (Àn — Àn )s as n —> ©, 
If {an} satisfies the assumption (1.1) then the two series 
o San, and &(An — An-1) aa, 
are either both convergent or both divergent. 
The special case «== 0 is well known. From (1.1) 
On—1 > (1 + a/(n—1))an, Qn- = (1+ a/(n—2))an,°* ` 
hence, for kín 


k 
È, Onv Zh (1 + «/(n— k)) *an, 
pet 
or 


(2.2) kan (1+ 4/(n—k))* Š On-v < (exp ka/(n— k)) Š anv. 


* Received April 24, 1947; Presented to the American Mathematical Society, April 
26, 1947. 
1 See the bibliography at the end of the paper. 
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It follows from (2.1) that ànn = O (àn), and from (2.2), replacing n by 
Ans ke by Xn — An-15 


(2. 3) (An — An~-1) Or, <L (exp a (An oe An-1) /An-1) = ly = O = ay. 
Again, from (1.1) 


Anav S (1 + a/n) "an, | y= 0,1,2,:°°, 
hence 

k 

S, aner SS kan(1 + a/n)" < kay exp ka/n, 

pel 
and 


(2. 4) (Anti — An) Ory, > CXP (— a (Anu — An) /An) Sa > o Sar, 
c a constant; (2.8) and (2.4) yield Theorem 1. 
COROLLARY. If 3b, is another quasi-monotone series and if 
(2. 5) Or, = CO, n= ],2, °°, 
then Zan < 0 implies Sbn < œ. 


Thus if 35, is divergent, then (2.5) cannot hold; for An = k” this yields 
Theorem 1 of Dvoretzky. 
Note that if Zan < œ then, (2.2) with k = [n/2] yields nan — 0. 


3. Analogous results hold for infinite integrals. 
THEOREM 2. Assume that 
(3. 1) 0O<a(e+ty) S A+ a/srja(x) fors = 1, 0<y<l, 


and that 
a(n) = ün, n= 1,2,3, t, 


OO 

then the series San and the integral f a(az)dx etiher both are convergent or 
i 

both divergent. 


From (8.1) for y= 1 


a(v +t) S (1+ a/v)m, 0<t< 1, 


(3.2) f aca) da = fa +łjdt S a(1 + a/r) 5 (1 -+ e)a; 
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furthermore 


ne Seep tr EE E 4a), 


hence 


(3.3) dna S (1a) {20+ #) dt. 
Thus _ 


1/(1 + «) fa(e)aa = 3a, Sa+ (14+ 4) PUOL 


This proves Theorem Re. 
Note that if Xan < œ, then na,—>0; furthermore 


valv + t) S (v+ ajav; 
thus if TACOL < œw, then za(z) > 0. 
1 
4. Assume again (3.1) and suppose that T a(e)da<co. Let 
0<h< 1, then 
(v+1) R h ) h 
f a(a) dz == f alvh + y)dy = f a(vh) (1 + «/vh)dy == a(vh)(h -+- a/v), 
vh 0 0 
(m+1) h m m : 
f “a(e) dx <hSa(vh) +a, a(vh)/y, nlg Ys 
nh n n 
Similarly, if vh = 1, from 


a(k +A) S aloh + y) (1+ a/ (vh + y)) E a(k + y) (1 + a/vh), 
O<yYy<h, 


m (msi) h m {v+1} h 
hSa((v-+1)h) < f a(a) da -+ ah S3/y f a(a)de, nh21. 
n J nh n PR 
Let A>1, and n= 1 -+ [h], m = [A/h], then, using va(x) == o(1), 


m À 
h S a(vh) > f a(a) dé, h —> 0, 
n 1 


and . 
Sabhi =h Si an EA =0(1), b> 0. 

Similarly 
oo (y+1) k oO 

ih Š i/v ROL = (1/h)o S1/v? = 0(1/A) = 0(1). 


Given « > 0, choose À = 1 -+ «e, and h < h(e) so small that o (1) < €; it then 
follows that 
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M l 

| f a(a)dx—h Sa(vh)| <e, n=1-+ [h>], 
2 nh : Vi >1- 

hence 


limh Dia(vh) = o a(x) dz. 


h->0 ph`>1 
Furthermore, clearly 


1 T 
h > a(vh) > a(x) dx, 
PREL 20 
hence, finally 


f 


lim h © a(vh) =f a(x) dx. 


he0 9 pal 
This proves 


THEOREM 3. If (8.1) holds, and if a(x) is Riemann integrable then 
CoO oO 
h X a(vh) > a(x) da, as h —> 0, 
pol 0 


whenever the integral exists. ; 


For monotone a(x) see [8], vol. 1, p. 41.” 
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ON THE PARTIAL PRODUCTS OF INFINITE PRODUCTS 
OF ALEPHS.* 


. By FREDERICK BAGEMIHL. 


Throughout this paper we shall assume the following: 


1. Aà is a transfinite limit-number. 3 
2. For every é< À, a¢ is a transfinite cardinal number. 
-3. B= Dag, p= I] ag. 
EX Ex’ 

4. p=; p= IT a. for every é such that 0< é< à. We call the 

< l 
be the “partial products” of Al ce. 
< 


5. For any a, a is the cardinal number of the set of all ordinal numbers 
less than g. 

A generalization by Jourdain [2] of a theorem of König [3] can be 
expressed as follows: 


THEOREM 1. (Kémg-Jourdain.) 
BA == pr, 


Tarski has proved [6, pp. 6-7] that if {cg} Bs > Ís an Increasing sequence 
of ordinal numbers, and if lim, y z E =A, then 
II Sog = Sy? 
E< wð 


If we make use of Theorem 1 and the fact that 


8) = 2 Nog 
Ew 


(see, e.g., [4, p. 185]), we can restate Tarski’s theorem with the aid of our 
notation thus: 


* Received April 29, 1947. 

1 Small German and Greek letters, with or without subseripts, denote cardinal and 
ordinal numbers, respectively. For an explanation of our notation and terminology the 
reader may consult [1], [5], or [6]. Numbers in brackets refer to the bibliography at 
the end of the paper. 
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THEOREM 2. (Tarski.) If 


(1) a < ag whenever a <L P <A, 
and if 

(2) À = of, 

then 

(3) p = pr. 


Now, Tarski has asked [6, p. 13] (in an equivalent form): Is it true 
or false that Theorem 2 remains valid when the hypothesis (2) is removed? 
This is still an open question, and has been decided, in the affirmative, only 
for certain special cases.” We shall first prove 


THEOREM 3. If 
(4) | Og <= dg whenever a < B < À, 
and (2), then (3). 


Proof. We give a proof which is entirely analogous to Tarski’s proof 
of Theorem 2, and we refer the reader to the latter author’s paper for the 
notions and facts therein which we shall employ but which we shall not 
restate here. 


Let ren = É for é < à andy» <A. Then 


(5) B= Tod =T (I arga) =I (TI Orgy): 
Ea ELA ILÀ ELA Ert - 
Every product 
Il a ? F E<A; 
seer 


has a finite number of factors, and because of (4) the factor a7,,== ag is 
not less than any other factor apprenne in this product. Hence, 


Il a, Em for E< À; 
i Eën=§ 
and substituting this in (5) we obtain p*= p. 


Thus we see that Theorem 2 is valid if (1) is replaced by (4). This 
suggests a question analogous to Tarski’s, namely: Does Theorem 3 hold if 


2 See [6, pp. 11, 18-14]. Some results which are related to this problem are stated 
in [7]. 
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hypothesis (2) is removed? The following example shows that this cannot 
be answereé im the affirmative: ê 


© Let A == w, + o, ag = No for é < w, and * aout = Naw, for é< w. Then 
p = (TI 80) CIT Sr) == 281 R So = Nrc) 
<o  E<w mr) 7 


where the last equality results from the relation Nro > 281, [6, p. 9, 
Theorem II, 1)], and the fact that cf(w,) 1. On the other hand, noting 
that A== i, we obtain 

p> = ne Sy meme 3N mia), 

i w(t) 
where the last equality is a consequence of [6, p. 9, Theorem II, 2)]. Hence, 
p >p. 

What, then, can be expected in the way of a conclusion resembling (3), 

if only (4) is assumed? We prove 


THEOREM 4. If (4), then 


(6) p = II pe. 
E<A 
Proof. Let the normal form of A be: À = «k, + xa +` < -+ Kn, where n 

is a natural number, x; = œt for i == 1,2, >°, n, and 
(7) 2 2a > O. 
Then 
(8) p = ( II ag) ( II Ont) = ( II Aktet ent Kna) 

Ë< K E< ke P< kn 


(where, if n = 1, only the product in the first set of parentheses is present). 
According to Theorem 3, the right-hand side of (8) is equal to 


( Il az) *( II Cee) meee ( II Cg kgt..+ Katt), 
Ei, Ë< Kg oc kn 


which in turn equals 
(9) ( II ag) 78 ( JI cae) Settee + ( DI Ogee + ttnate) 
ELK E< ke E<Kn 


because of (7). But since p+0o=p+o for every p and o, (9) is the 
same as i 


The author wishes to express his thanks to the referee for suggesting a simpli- 
fication of the original version of this example. 
* For a definition of r (y) for any ordinal number y, see [6, p. 9]. 
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- 
mo mii a a are — Vp rr na a a A 
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(10) ( TE oe)" ( II ag)" aa | Ii ag) = pf. pr... eee thn * 
ESky EL Kitka PS Kythgt...+kn 


From the definition of pe it is evident that Pa pg whenever a < 8B < À, 
S0 that 


pe i DA ‘ pe kn = = H pe) ( H Prag) ` E H Pestke+.. Ky. ut). 


Ex ky P< ka ËL kn 


= [Í pg. 


EZA 
Thus p = Ire ; and since obviously p SUP we must have (6). 
< < 
Theorem 4 is of course true, a fortiori, for every transfinite limit- 
number A, if hypothesis (4) is replaced by (1). 


We give an example to show that Theorem 4 is not valid if the hypo- 
thesis (4) is dropped: 


Let A = w. Set do = Naw} de = No for0 < É< Xr. From the definition * 
of Saw) it is obvious that Nec > 250. Now l 


p == Narco) 7 II No = Narco) i 2 No = Nro). 
<a 


On the other hand, po == 1, and pe—= Nrew for 0 < £< À, so that according 
to [6, p. 9, Theorem IT, 2) ] 


TI be = N = 28, Saw > p. 
EZA (a) 


Tarski has stated [Y Theorem 97] a result which we can express in the 
following form: 


If (1), then there exists a non-zero remainder, p, of A, such that p == p’, 

We show that the hypothesis (1) can be replaced by (4): 

THEOREM 5. If (4), and if the normal form of à is: A== Ky Ke 
+--+ -xn where n is a natural number, k; = o fori=1,2,°°-,n, and 
8,2 & =: : -=> ôn > 0, then 


(11) E p= p". 


PARTIAL PRODUCTS OF INFINITE PRODUCTS OF ALEPHS. 211 


Proof. If n= 1, Theorem 5 is simply Theorem 3. 
Suppose n > 1. Then (11) follows immediately from 
p= pa 7 P s Eaa Deuce = RANN ik pe = P, 


where the first equality is obtained from (10) and the argument preceding it 
in the proof of Theorem 4. 


THE UNIVERSITY OF ROCHESTER. 
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A BILINEAR INTEGRAL IDENTITY FOR HARMONIC 
FUNCTIONS.* 


By WILLIAM GUSTIN. 


In this note we show that any two functions harmonic in open subsets 
of a euclidean space satisfy a certain bilinear integral identity. We use this 
identity and the associated quadratic integral identity to give new proofs of 
several fundamental theorems of harmonic function theory. In particular 
we show, without the use of series expansions, that a function harmonic in a 
connected open set D and vanishing over some non-null open subset of D 
must vanish throughout D. . 

Let E be a euclidean space of dimension v = 2. The elements of Æ will 
be called points or vectors depending upon context; all points or point sets 
hereafter mentioned will lie in F. We use small Roman italics to denote 
points or vectors in F, capital Roman italics to denote point sets in F, and 
small Greek italics to denote real numbers or real valued functions. 

Let ¢1 be a function harmonic In an open set D, of E and let ¢2 be a 
function harmonic in an open set D, of E. For every two non-negative real 
numbers p, and pz such that the closed p; sphere about the point qı lies in Di 
and the closed ps sphere about the point qs lies in Ds we consider a bilinear 
integral of ¢, and d. defined as follows. Any unit vector œ determines a 
direction or ray from each of the points gi and gz. The ray from g, pierces 
the surface of the closed p, sphere about g, in the point qı + piv; and the 
ray from g pierces the surface of the closed pə sphere about ge in the point 
q2 + por. Thus the product 


piq + pit) p2(Ge + p22) 


is defined for every unit vector æ. This product may be integrated with 
respect to surface measure over the set S of all unit vectors in #, that is, 
over the surface of the unit sphere about the origin. The resulting bilinear 
integral will be denoted by 


fod + pil) bo (q2 + pot), 


* Received March 6, 1947. 
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the subscript x specifying that the unit vector æ is the variable point of 
integration. We now investigate the dependence of this integral upon the 
radii pı and pe. 


THEOREM 1. If the function œ, is harmonic in an open set D, of E and 
the function de is harmonic in an open set D of E, then for each point qı of Dı 
and each point q: of Dz the bilinear integral identity 


(1) f(a -H aa) b2(G2 + att) — f al + 1b) d2(g2-+ Bed) 


holds for all non-negative real numbers a, %, Bs, B2 such that a4. = BiB 
and such that the ‘closed a, and B, spheres about q, lie in Dı and the closed 
Z and Be spheres about ge le in Do. 


Proof. Let yı > 0 be the radius of the largest open sphere in D, about qı 
and let ya > 0 be the radius of the largest open sphere in Dz about gz. Clearly 
insofar as the proof of the theorem is concerned the points gi and gz may be 
taken as the origin. We then define 


E( pi; p2) = fi. br (p12) ho (pot) 


for all real numbers p, and pz such that 0 & pı < yı and OS p2 < yo We 
are to show that if {(@,,%.) and €(f8:, 82) are defined and if a4. = fife 
then 


(2) E (a1, %2) = €( 81, Be). 


By interchanging, if necessary, the symbols « and 8 we may suppose that 
0,81. Moreover, since ¢ is a continuous function of its arguments, 
we need prove (2) only for œs and f’s such that 0< a, < fy. We shall 
give two proofs. The first is based on the Poisson integral formula and the 
second is based on Green’s bilinear integral identity. 

Let @ be a function harmonic in the open sphere in # of radius 8 > 0 
about the origin and continuous in the closure of this sphere. Any point in 
the open £ sphere about the origin is of the form ga where a is a unit vector 
and O<a< 8. The value of the harmonic function ¢ at such a point aa 
is determined by the values of ¢ on the surrounding surface of the 8 sphere 
about the origin according to the following integral expression, known as the 
Poisson integral formula, 


(2a) = {  v(aa, 6b) 6(8b). 
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The function y in the integrand is called the Poisson kernel and is defined 
for all real numbers œ and 8 such that 0 = æ < 8 and for all unit vectors a 
and 6 as 
v-2 2. g2 
Y(t 88) — T pr Bap cos ETTE? 
where o is the surface measure of the unit spherical surface S and 6 (a, b) 
is the angle between the two unit vectors a and b. 

Now &ı&s = 8182, so we may define the ratio x = 01/82 = B1/%a. Conse- 
quently a, == xz and 6; = x&z, and the inequality 0 < a, < fı implies the 
inequality 0 < fz < &s. The Poisson kernels y(@a, 81b) and (ob, ea) 
are then defined. Moreover, since y is a homogeneous function of degree zero 
and since O(a, b) = 6(b,a), we have | 


Y (Gia, Bib) = W(KBoa, K&20) = (Boa, 2b) = Y (2b, %20). 
The integral ¢(&ı, &2) may be developed according to the Poisson formula 
for the value of $1 at the point æa on the surface of the #, sphere about the 


origin as determined by the values of ¢, on the surrounding surface of the 8: 
sphere about the origin; thus 


€(a3, 2) = f, f Y (ty Bab) $s (Bib) da (020). 


Substituting the kernel y (82b, aa) for the kernel y (aa, 81b) in this iterated 
integral:and interchanging the order of iteration, we obtain 


(ai, 2) = Í f 182, Goth) pa (X20) * pı (fxd). 


Now the inner integral with respect to a is the Poisson formula for the value 
of ¢2 at the point 8b on the surface of the Be sphere about the origin as 
determined by the values of $: on the surrounding surface of the a, sphere 
about the origin. Consequently the above iterated integral has the value 


f $: (B1b) b (8b) = £(B1, Bo). 


This completes the first proof of the theorem. 
The essential content of the theorem is that the integral č (p1, p2) depends 
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only upon the value of the product pip2 and not upon the particular values 

of pı and p2 We base our second proof of the theorem upon this remark. 
Let p be any real number in the open interval 0 < p < V yry2; and for 

such a p let A be any real number in the open interval p/yz <A < y:1/p. 


Then 0 < Ap < yı and 0 < Ap < y2; and we define the function y{A,p) as 


follows: 


(3) n(A, p) = E(Ap, Ap) = f, $i (Ape) a (Apa). 


We shall show that this function is independent of ». Consequently, since 
%1% = 8:82, we shall have proved that 


E (a, ce) rae. V draa) = q ( V B1/ bz» V B:be 2) = A B=). 


Differentiating (3) under the integral we obtain 


(08/8) 9(0, p) = Í, [CBAN Apa) palor) + pi (Apt) < (28/ Bd) bo(Apa) J. 


The operators A8/8A and — A7*8/8A7 are equivalent when applied to a differ- 
entiable function of A; the operators A8/8\ and pd/Sp are equivalent when 
applied to a differentiable function of Ap; and the operators A-*8/8A* and p8/Ssp 
are equivalent when applied to a differentiable function of A“p. Therefore 


(A8/8A)n(A, p) = p fe pjp (Aps) - pa-pa) — di(Ape) - (8/8p)b2(A px) |. 


An expansion of modulus A~* about the origin is a conformal mapping which 
transforms the harmonic function ¢, defined in the open yı sphere about the 
origin into another harmonic function ¢’; defined in the-open A"*y: > p sphere 
about the origin; and an expansion of modulus A about the origin is a con- 
formal mapping which transforms the harmonic function $2 defined in the 
open y: sphere about the origin into another harmonic function ¢’, defined 
in the open ày: > p sphere about the origin. Thus we have 


ABAM) =p f° [(8/80)e's(ot) - Palpi) — 4's (p2) - (3/39) (p2)] = 


The integral vanishes in consequence of Green’s bilinear integral identity, 
for the functions ¢’; and ¢’2 are harmonic in open sets containing the closed p 
sphere about the origin and the directional differentiation 8/dp is taken 
along the outward normal to the surface of this sphere. The function 7(), p); 
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being defined for A in the open interval p/y. < À < y:/p, is then independent 
of à. This concludes the second proof of the theorem. 

We first apply Theorem 1 to a pair of harmonic functions, one of which 
is homogeneous. 


THEOREM 2. If ¢ is harmonic in an open set D of E and oœ is harmonic 
in E and homogeneous about the origin of degree p, then the integral 
ezpression 


pe fga + pr)o(z), 


defined for every point q of D and for every positive real number p such that 
the closed p sphere about q lies in D, is independent of p and is harmonic 
in D as a function of q. 


Proof. Let y > 0 be the radius of the largest open sphere about 4 lying 
in D. According to Theorem 1 the integral expression 


f oq + on)o(w) =p f o(g + ot)0(2) 


is independent of p for 0 < p< y. That the integral is a harmonic function 

of q in the open set D is easily seen by differentiating under the integral. 
By letting » be the constant harmonic function o homogeneous of 

degree zero, we obtain the mean value theorem; for the integral expression 


o fea + pt), 


which is independent of p, has the limit ¢(q) as p—0, whence 


pla) =o f (I+ es). 


Thus the value of the harmonic function ¢ at the point q is the mean value 

of @ over the surface of any closed sphere centered at q and lying in D. 
We next apply Theorem 1 to a pair of harmonic functions, both of which 

are homogeneous, to obtain a new proof of the following well-known theorem. 


THEOREM 3. Any two surface harmonics in E of different degrees are 
orthogonal. 
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Proof. Let the surface harmonics be generated by the functions ; and 
w harmonic in Æ and homogeneous about the origin of degrees m, and pe 
respectively. ‘Then according to Theorem 1 the integral expression 


f. ox(or)o2(o"%2) = ptt f ox(z)on(2) 


is independent of p for p > 0. Since pm, s£ p2, we have 


f _o(@)o0(#) =0. 


Several characterization identities for harmonic functions may be obtained 
by suitable specialization of identity (1). The quadratic identity associated 
with (1) is an example of such a characterization identity. 


THEOREM 4. A function ġ, continuous in an open set D of E, is harmonic 
in D if and only if the quadratic integral identity 


(4) f elterelte) = f bato) ` pm Vom 


hoids for all non-negative real numbers p, and pz such that the closed spheres 
of radii pı and ps about q lhe in D. 


Proof. If @ is harmonic in D then (4) is an immediate consequence 
of (1). 


We now show that if (4) holds then ¢ is harmonic. We need consider 
only the case where pı = 0. Then p= 0 and the identity (4) may be written 
in the form 


(5) #(q)[$(q) — o> f (q+ pe) ] =O. 


We shall say that ¢ has the strong mean value property at a point q of 
[) if the value of œ at g is equal to the mean value of ¢ over the surfaces of 
all closed spheres about q lying in D; and we shall say that œ has the weak 
mean value property at q if the value of ¢ at q is equal to the mean value 
of œ over the surfaces of all sufficiently small closed spheres about q lying 
in D. 

Let U be the set of points of D at which ¢ does not vanish and let V 
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be the interior of the set of points of D at which @ does vanish. Obviously ¢ 
has the weak mean value property at every point of V. Moreover, according 
to (5), ¢ has the strong mean value property at every point of U, and, since 
$ is continuous in D, it is easy to see that ¢ also has the strong mean value 
property at every point of U in D. Thus ¢ has the weak mean value property 
at every point of the set Ū -+ V in D. Finally, since U and V are comple- 
mentary sets in D, the continuous function ¢ has the weak mean value property 
at every point of D and hence is harmonic in D.” 

We use the identity (4) to obtain a new proof of the following funda- 
mental theorem. To my knowledge all previous proofs of this theorem 
have been founded upon series expansions for harmonic functions.? 


THEOREM 5. If the function is harmonic in a connected open set D 
of E and vanishes over some non-null open subset of D, then @ vanishes 
throughout D. . 


Proof. Let V be the interior of the set of points of D at which ¢ vanishes. 
Thus V is an open subset of D; and, since ¢ vanishes over some non-null open 
subset of D, V is non-null. We shall show that F is closed in D. 

Suppose, to the contrary, that V is not closed in D. Then there exists 
in D a boundary point p of V. Since D is open, some open sphere about p 
lies in D. Let the radius of such a sphere be 22. The point p is a boundary 
point of the open set V, so the open pə sphere about p contains a point q of V. 
Now the open p: sphere about q lies, together with its surface, in the open 
sphere of radius 2p. about p and is therefore contained in D. Moreover this 
open pz sphere about g contains the boundary point p of V and hence does 
not liein V. However, since g is a point of the open set V, some open sphere 
about q does lie in V. Let p, be the radius of the largest such open sphere 
about q lying in V; thus 0 < pı < pe. Now ¢ vanishes throughout the open 
pı sphere about q and, being continuous, vanishes on the surface of this 

sphere. Applying Theorem 4 we then obtain 


f e+e) = 0, p = V pip > 0. 


Consequently the function ¢, being continuous, must vanish on the surface 


1 On page 226 of his book Functions of a Complex Variable (1936) W. F. Osgood 
says concerning this theorem: “It can not be proved by the integral representations, 
but requires the development into series.” 
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of the open p sphere about g. Now ¢ is harmonic and hence vanishes through- 
out this open p sphere. But p > pı in contradiction to the definition of the 
open pı sphere about g. | 

This contradiction proves that V is closed in D. Thus V is a non-null 
set both open and closed in D. Since D is connected, we conclude that V == D, 
Therefore ¢ vanishes throughout D. 

We use this result and the quadratic integral identity (4) to prove the 
following generalization of Liouville’s theorem for harmonic functions. 


THEOREM 6. If the function ġ is harmonic in E and vanishes at the 
origin, and if a constant p exists such that 


(6) | foo) Se (p > 0), 
. where * is the continuous function defined at each point of E as ¢ if p > 0 
and as 0 if p Œ 0, then @ vanishes throughout E. 


Proof. Let «> 0 be arbitrarily selected. Since œ is continuous and 
vanishes at the origin, a p can be chosen so large that 


(7) —eS4(p te) Se 


for all v in 8. Moreover, since ¢ is harme and vanieheg at the origin, 
we have by the mean value theorem 


(8) . | fst) =o 


Using the above relations.(8), (7), (6) we obtain the enone inequality ` 
from the quadratic integral identity (4): i 


S= S04 (00) = f, E) + NAE E Re J HC) E Ren 


This inequality holds for all « > 0, so that 
+ 2—0. F 


Consequently the function ¢; being continuous, must vanish on the surface 
of the unit sphere. Now ¢ is harmonic and hence vanishes throughout the 
unit sphere, Therefore, according to Theorem 5, ¢ vanishes throughout E. 

We note that any function ¢ which is bounded or merely bounded above 
satisfies condition (6). 


`~ 
. 
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As a final result we give another application of the quadratic integral 
identity (4). We shall say that a function ¢ defined on the surfaces of two 
concentric spheres of positive radii p,.and pz about g changes sign between 
these two spheres on the ray from g determined by the unit vector v if 


(q + pit) b(q + por) S 0. 


THEOREM 7. If a function 4, harmonic in a connected open set D of E, 
changes sign between some two concentric closed spheres of positive radii lying 
in D on every ray from the common center of these two spheres, then ẹ 
vanishes throughout D. 


Proof. Let the two given concentric spheres have positive radii p, and 
p2 and common center g. Since ¢ changes sign between these two spheres 
on every ray from g, we obtain from (4) the inequality 


fo + px)? S 0, p = V pp: > 0. 


Consequently the function ¢, being: continuous, must vanish on the surface 
of the open p sphere about ¢ and hence, being harmonic, must vanish through- 
out the connected open set D. 

In conclusion we remark that if in the above theorems the function ¢ 
harmonic in JD is continuous in the set D + B, where B is some subset of the 
boundary of D, then the closed spheres mentioned in the theorems may lie 
in D + B. 
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THE LINEAR DIFFERENCE-DIFFERENTIAL EQUATION WITH 
ASYMPTOTICALLY CONSTANT COEFFICIENTS.* 


By E. M. Wricxt. 


1. Introduction. The general linear difference-differential equation is 


ia) È Š Aw (ay (2 + Oy) = 0(2). 


We suppose v a real variable, 
m=i, n=l, y (s) = y(x), 0 = bo < ba <: < bm, 


and v(x) and A(z) bounded and integrable in any finite interval. In 
[10] + I have discussed the existence, uniqueness and behaviour as s —> œ of 
solutions of the general equation (1.1) and in [11] I have added a little to 
the theory of the particular case of (1.1) in which the Au (£) are all constants 
` and v(a) is zero, viz. 


(1.2) A(y) => Lowy” (a + by) =0. 


The latter equation had already received much attention; [11] contains 
references to the literature, including accounts of applications to various 
practical problems. Any solution of (1.2) takes the form 


oO 
y(z) = X P, (x) er, 
r=l 
where the s, are the zeros of 
T(S) = > > Ayvs’ eons 
p=0 p=0 


and P;(z) is a polynomial of degree less than the order of the zero sr of r(s). 
I require here only the existence and order results for the general equation 
contained in [10] and a little information about the zeros of r(s). None 
of the detailed results of [11] for the equation (1.2) is needed. 

In the present paper I suppose that Ayv(2) > apy as g—> -+ œ and 
deduce results about the behaviour of the solutions of (1.1). These results 


* Received April 26, 1947. 
* Numbers in square brackets refer to the bibliography at the end of the paper. 
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are less precise than those known for (1.2) but very much more precise than 
those found for the general equation (1.1) in [10]. I am even able to find. 
a certain pseudo-asymptotic relationship between solutions of (1.1) and 
those of 


(1. 3) A(y) = v(@). 


Apart from this last result, the theory is analogous to that developed by 
Poincaré [6], Perron [3], [4], [5] and Bochner [1] for differential and for 
difference equations. My method owes much to Bochner’s though I use the 
theory of Fourier transforms where he is able to use a much simpler series 
device. 

The theorems which I prove here find immediate application in the 
theory of non-linear difference-differential equations. In [9] I explained how 
a theory of small solutions of such equations could be built up in three stages. 
The third stage, which I dealt with in detail, enables us to find an asymptotic 
expansion of any solution which, together with its relevant derivatives, is 
O(e©*) for some positive C as —>-+ œ. The second stage consists in 
proving, under suitable general conditions, that any solution which is 0(1) 
is in fact O(e°*) for some positive C as x —> -+ co. I have found a variety 
of methods to prove this for particular equations, but the general result 
follows most readily from the results which I prove here. For example, if 
y(z) is a solution of the equation i 


(4) (+1) —=—ay(2){1+y(@+1)} (a>), 
such that y(x) > 0 as z —> + œ, then y(x) is also a solution of an equation 
y’ (£ +1) = A(x) y(e), 


where A(z) —+>—a@ as g—>-+ œ. It can be deduced from Theorem 2 and 
(2.1) of the present paper that y(z) = O(e°*) for some C > 0 provided 
there is a strip | R (s)| < C+ in which 


see -+ a = 0 
has no roots. (This is so unless &— $r is a multiple of 27.) Hence 


y (x) == O(e&) by (1.4), and the methods of [9] are applicable. I post- 
pone a further discussion of these non-linear equations to another occasion. 


2. Notation. In what follows v and ¢ are real variables and s =o -+ it 
is a complex variable. The phrase “almost all 2” means, as usual, “all x 
except for a set of measure zero.” The various functions y(x), y™ (x), v(2), 
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Awhe) vot are frequently: written y,y,v, Apv, + +; wherever the variable 
is thus omitted it is a The numbers » and y are always integers satisfying 
0SpSm, 0SvSn. Except where a narrower restriction is explicitly 
stated, the phrase “ for all v such that 0 S v 5 n ” is to be understood in any 
conclusion or hypothesis involving v; and similarly for m. The symbols 
>, >, denote summation over these ranges. The positive numbers 8 and e 


r 
are to be thought of as small; £o, %ı, Z2* - > are fixed positive numbers, the 
choice of £ being subsequent to that of 8. The numbers 


B,(c), B: (as; S4), B: (8), B, (0), Bs (os; T4) 


are positive functions of the parameters specified in each case, but otherwise 
depend only on the ap, bu and the bounds of the Auv, being independent of 
z, t, Y, Y, 2, v, N and, except for B;(8), of 8 C is a positive number, not 
always the same at each occurrence, independent of 6, æ, t, y, ¥, 2, v, N, but 
possibly depending on e, Quv, Dy, o1, C2; O3; 04, T, 0". 


We write 
Oy) => X (Ape — pv) y™ (a + by), 
a Y» 


so that (1.1) may be written 


A(y) + Q(y) =v. 


We suppose that at least one of the ayn is non-zero, that is © | aun | 540, 


so that the differential order of (1.2) and (1.3) is in fact n. i 

M is the set of the real parts of the zeros of r(s) together with their 
limit points. If amn = 0, we suppose M to contain also the “ number” + co 
while, if don = 0, we suppose M to-contain the “number” —- œo. We discuss 
Mm a little more fully later: 

We say that a function f(z) is L?(a,6) if f is of integrable square over 
the (finite or infinite) interval (a,b). Let f be L” (£o £) for some fixed To 
and every finite >a. We define w(f) by the condition that fe" is 
E?(%,-+ 0) for all o >o(f) but not for any o<o(f). Tt feo is 
L? (x, 4- 0) for all o, we take o(f) —=— œ ; if fe? is not L? (a, + 0) 
for any o, we take w(f) == + œ. Finally we write 


on(y) = max o(y), 
v 
Clearly the number œ(f) provides a measure of the behaviour of f as 


z—>-+ co which is similar to the more familiar lim (log lf |.)/e. It may 
readily be shown that either f tends to a finite non-zero limit as z —> + œ or 
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Er log |f| <w (2) , 
LI+00 T dz 
From this we can deduce that 


(2.1) | Im ely < ony). 


+00 T 





We write | 
oO 
1.(o,f) = f | fee | "de, 
9 


provided f exists for almost all «> 0 and the integral converges, and 


0 
(o,f) = f | fees | tae 
700 
under the corresponding conditions. Again 
I(o,f) = E (c, f) +L(,f), 


if both the latter integrals converge. Where there is no ambiguity about o, 
we write I (f) for I(¢e,f) and so on. Using the well-known inequality 


b 2 Do. b l 
CHALD EINARS) | Fa | ?dz, 


we see that 
(2.2) (Ea) Y E IIG) 
and 
Sf) = f TS leede 
' LE L 0 
=R 2 J Life] oorrde 
| <¥ DUI) 
(2.8) = LSI) 
and so 
L L 
(2. 4) (Šf) S LŽI). 


Similar inequalities hold for 7.(f) and I-(f). Also if d < o”, 
(2.5) © LD ZL”, f), I_{o’, f) SL”, 


equality being possible only if f = 0 almost everywhere. 
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3. The principal results. We regard each of (1.1), (1.2) and (1.3) 
as an equation in the unknown function y) and- the unknown numbers 
y™ (xo) (vSn—1) for some: a, the functions y™ Vent) being 
defined by- 


ya (x) == y”) a ae fia (é) dé, 


If ya i is a function of integrable square over every finite miana and if the 
values of y0) (to) for v S n— 1 are such that an equation is satisfied for 
almost all z, we say that y is a solution of the equation. A solution y for 
£ = £ has the obvious corresponding meaning, the equation being satisfied 
for almost all z = : Lo and y™ being L’ (zo, X) for every finite X >a. We 
remark that the existence of a solution for s = To of (1.1), for example, 
implies that v is L?(a,,X) for every finite X >a. Our present definition 
of a solution differs substantially from that of [10]; we return to this point 
in the proof of Lemma 7 of the present paper. 

We say that two solutions y, z are equivalent (or equivalent for x > x) 
if y”) (a) = 2 (xo) (v S n— 1) for some az and if yè (g) == 2) (x) for 
almost all z (or for almost all s > zo). A solution of an equation, subject 
or not to additional conditions, is effectively unique if any other solution, 
satisfying the same additional conditions, is equivalent to the first. 

We can now state our principal results in the form of theorems. 


THEOREM 1. If y is a solution of 
A(y) + O(y) =v 


for x > some 2, then either ony) (Vv) or wn(y) is greater than see) 
and belongs to M. 


Tuxorem 2. Ify is a solution of 
(3.1) © AY) + Oy) = 0 


for x > some a, then either wn(y) belongs to m or y 1s nes equivalent 
to the zero solution ? foris > some. £a. : 

Results about the relations between solutions of (1.1) aud those of (1. 3) 
can be deduced from the lemmas needed for the proof of Theorems 1 and 2 
and are stated in 9. | / 


2 That is, the solution in which y = y@'=...= ym) =0 for all æ 


$ A eea 
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4, The zeros of +(s) and the set 7m. In [11] I described the dis- 
tribution of the zeros of r(s) in the complex s-plane, deducing my results 
from those of Langer [2]. Here we need much less about r(s) and its zeros 
and quote what we want from [11]. If dma 3&0, M is bounded above while, 
if don £0, M is bounded below. If amn == 0, M contains + œ by definition; 
its remaining members may or may not be bounded above. If amn = 0 and if 
at least one of the amv is non-zero, Mn (apart from + œ) is not bounded 
above. If amv = 0 for all y and am-ı,n 540, M (apart from + œ) is bounded 
above; this case was excluded by the hypotheses of [11] but the result is 
immediately deducible. When &on = 0, similar remarks hold good for bounded- 
ness below. 

In every case there will be intervals (01, 02) such that.t(o + it) 40 for 
any real f and o < @ < oe. We always use c1, 02 for the end-points of such 
an interval (which may well be contained in a similar larger interval) and 
a3,o, for numbers such that 


Ci <o3 Soy L Oo. 
In [11] I showed that 


| r(s)| > O max | aus” etus p 
uP 


whenever s is uniformly bounded from the zeros of r(s). Since at least one 
of the aun is non-zero, we have 


Lemma 1. If op feSoSo.—e, then 
(4. 1) | rlo + it)] >O | #|*). 
In particular, (4.1) ts true for o; So S o, 

5. The equations with constant coefficients. 


LEMMA 2. If y is a solution of (1.2) such that I,(ouy™) and 
I_(o3,y™) converge, then y is equivalent to the zero solution. 
Let s =c -+ tt ando2oy+e Since 


X x 
Cf | yes | dx)? SI, (04, y”) f ea Jay 
0 a7 0 
the integral 


oO 
(5.1) f, y eee da 
0 


is absolutely convergent for all v. Integrating by parts we have, for v= 1, 
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fa (v) est Ja == y (v-1) (X) e-s% a y 0-1) (0) Lt 8 f yr) eIde. 
0 (t) 


Let X —> œ. Since (5.1) is absolutedy convergent for all v, y@-Y) (X)e 8% 
tends to a limit, which must be zero. - Hence 


OO OO 
f yetde—s f yePerde—y) (0) ° 
0 0. . 
and so 


; oO b 
f yO) (x -+ b) e-s2 dae Zis evs Í. y (z) est do aS, gus Í, y”) (x) etda 
0 0 0 


y b 
= o» f yle) etde — $; sy 8 (0) — f y™ (x) e-8*da). 
0 t=1 : 9 
‘Hence, by (1.2), 


(5.2) 0= f> A(y)e°2da = 1(s) fa yoda — H(s), 


where 


H (s) = S 5 5 ausy (y-1) (0) edus 


#=9 pol ł=1 


mo n bu 

-£ > ` Ayyerus Í. y e~8@ dar, 
=L p= 0 

Since n = 1, y is an integral and so is continuous and of bounded variation. 

Using (5.2) in the usual Laplace inversion formula, we have 


1 eerie H (3) oads = {ive (x > 0), 


amien maea 


Imi J oaei T(S) zy(z) = (w= 0), 


0 (2 <0). 
A similar argument leads to 
0 (z >0), 
Oe-EFEOO 
ESE enfin EZO 
idii y(z) (<0), 
and so, for all z, 


i OgtEt+i CO Og-Et tO H ( S) ese 
5.3 Šas ane ds. 
( ) U sal Sa T(S) 
Let us choose e small enough to ensure that 


(5.4) oi -H e < o3 — eE < T -+ E < 0 — E 


‘In the strip 
Og—eSoZSoyte, 
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the integral functions r(s) and H (s) satisfy 
D> Caj LEW] < C+ |s|), 


the former inequality following from (5.4) and Lemma 1. Hence H (s)/r(8) 
is regular and 


Cella! 


A (s) e8® < 
| s | 


t(s) 


` in the strip. It follows from (5.3) that ?riy(z) is the limit as T — œ of 
the integral of e**H(s)/r(s) round a rectangle whose corners are at the points 


os — e — tT, o, +- e — tT, o4 + e+ iP, G3 — e -+ iT, 











By Cauchy’s theorem this integral is zero for all values of T and so y = 0 
for all z. From this it follows that y® = 0 for v S n — 1 and all z and that 
y™ == 0 for almost all z. 


Lemma 3. If o, <o < 02 and if I(e,v) converges, there are a solution 
y of (1.3) and a number B, (o) such that i 


I(o,y™) S Bi(o)L(o, v). 
We may suppose o = 0 without loss of generality. For, if o 0, we 
make the transformations | 
| V = €°7U, Y = eyo, A(y) = A (6%yo) = e Ao (Yo) 


and observe that 


3 R 
yer —= Sen(e)yo, Ile, v) =1(0, v), 
i=0 
and: | 


Toy) EF (+1) ewl) 1(0, yo), 


where civ(c) depends only on J, v and o. 
We use l.i.m. to denote “limit in mean square.” By [7] (p. 69), 


x 
V(t) =1Li.m. sa | 
ee 


exists and is L?(— œ, œ) and so, by Lemma 1, t” V (¢)/r(it) is L?(—- œ, œ). 
We take 


aa I øT a er 
9n(z) — 1.1. m. i 70) a dt, 


T-3060 O71 å 
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By [7]: (p. 69),-yn(x) exists and -is almost everywhere equal to 
o0 n-i 
T al. (tey. (t) feit — Lydi 


Ər dz T(t) 
S af œ e ee dt 
Oe dx r(t) i 
If we take 
1 po (it) Y(t) eiat 
(») oe T eka St, a Sale << y — 
y) (ao) =n we = (v<n—1) 


for some 2, it follows that 

4) (at) »V (t) gitat 
zo 7 (1t) 
both integrals being “ms and uniformly convergent by Lemma 1. Hence 


T (PV (teist - 
(vy) ete es i ase Nee 
y (2) Rr 57 kim. J, 7 (1t) dt 


y (s) => di (vSn—1), 


for all y and 
1 T 3 
A(y) == Lim. f V (t)e%tdt = v(2) 
QT T> -T ; ' 


for almost all z, by p. 69 of [Y] and the definition of V(¢). 
Finally, by the integral form of Parseval’s theorem, 


1 c¢~ | V(t)|? 
, w) y) = — E na LA TE 
TW ) =a S o TEDE A 


zaw BAO fo | V(t) |? dt = B, (0)I (v). 


Lemma 4. If I, A v) and Ele P converge, there are a solution y of 
(1.3) and a number Bo(o3, 04) such that 


(5.5) Los y™) + I-(os, y) S Bz (os, 04) {L (0u v) + I- (os, 0) }. 


If 4, îs any other solution of (1.3) such that IL (o4 y1) and I (osy ) 
converge, then y and yr are equivalent. 


We write . 
V = V, v =0 (z Z0); Va = 0, Vg == (2 <0); 


Yə for the solùtion of ‘A(y) == v2 of Lemma 3 with o=o,; and ys for the 
solution of A(y) = vs of Lemma 3 with o = os, the conditions of that lemma 
being clearly satisfied. ' 
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Now y= y: + 4s is a solution of (1.3) satisfying (5.5). For 


A(y) =A (y2) + A(ys) =v 
for almost all z and, by (2.4), (2.5) and Lemma 3, 
Losy) S21, (04, yo) + 21, (04; Y) 
<2L.(ou yo”) + (os y) 
S 21 (os y2™ ) + 21 (02, yr) 


2B, (04) (o4, v2) + 2B, (03) I (es, vs) 
= 4B (03, 04) {L (ea v) + L(0s, v)}. 


where Bs (Ss; T4) mn 4B, (a3) -+ 4.B, (o4) ‘ Similarly for I_(93, y”) ) ` 
If yı satisfies the hypothesis of the second part of Lemma 4, then y — yı 
is a solution of (1.2) satisfying the conditions of Lemma 2. Hence y and yı 


are equivalent and y is effectively unique. 


6. Successive approximation. Let ô> 0. Since Auv —> luv as T-> -+ 0, 
we can choose a positive number B;(8) such that | Auv — apu | <8 for all 
x > B;(8) and for every p and v. We now take z: > B,(8) and define the 


operator A by 
Ay) =F F (Aw —ayw)y (2 + by) 
A(y) = 0 


Tf I.(o,y™) converges, we have by (2. 4) 

(6.1) I,{0, A(y)} © Ba(o)8* max f | yesa | 2 de 
(6.2) = By(o)&? max Ha, y0), 

where By(oc) = (m+1)(n+ 1). e?n, Trivially 


(6. 3) I_{o, A(y)} =0 
for every o. 


LEMMA 5, Let I,(o4,v) and I_(o3,v) converge, 


Ò = Bs (os, ox) = 4{B2 (os, T4) Ba (o4) }3 


(x aa t2); 


(x < Xo). 
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and @ > B3(8). Then the equation 


(6. 4) A(y) + A(y) =v 


has a solution y for which 


L (osy) +I (0s y”) S 2B: (os, 04) {I (04 0) + I-(o2, 0) }- 


Any other solution Ẹ of (6.4), for-which I, (o4, G) and I.(o3,9) converge, — 


is equivalent to y. 
We consider the sequence of equations 


Maye, AGa Ga) (N=1), 


with the condition that [,{o., zy) and I_(e3, zv”)) are to converge for all 
N= 0. By Lemma 4, the first equation has an effectively unique solution 2 
and ` 

I.(o4, 20) + I- (0s; 20) ) S BD, 
- where 
B = Ba (03,04), D = I (04,0) +1(02, 0). 


Hence, by (6.2) and (6.3), 
I {oa A (Zo) } +. I_{os, A (2) } < B-B D, 
where B, = B4 (04). 


Similarly the equation A(z:) = — A(z) has a solution z, such that 


I, (4, z1”) ) -+ I. (a3, 21?) < BBS D * 
and 
Loa, A(t1)} + {os A(4:)} S Bo2BSD. 


Continuing the process, we see that our sequence of equations has a sequence 
of solutions Zo. . ., Zy. . . such that 


I; (o4, 2N (7) ) + LL (03; ZN (v) ) = B.D ( B2B,8°) Y < 2-2N BD, 


since B,B,o? <= B B4B = 4. Hence, by (2.3), 


N’ N’ 
Los D w) Sl E {(L(os zu” ) PT 
M=N+1 M=N+4 


ld 


N 
<B,D( $ 2M)2?<2°NB,D 30 
zN +1, 
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N’ | 
as Ņ— œ and similarly for I- (cs ®© zx). It follows by the usual 
; M=N+1 
theory of convergence in mean square (see, for example, [8], p. 386 
N 
et seq.) that, as N —> œ, 3% za’) converges in mean square over any finite 
M=0 
interval to a function y“). Also y’) will be the integral of y™ for almost 
N 
all v and so, at our choice, for all æ. Again X zme? converges in mean 
M=0 ` ; 
square over the interval (0, -+ œ) to ye" and there is a similar result 
over (— 0,0). Finally 
l(i y) ~+- I (cz, y) ) < 4BD. 
Let us write 
N 
te yaw, h(s) = Aly) + Ag) — v. 
Since 
N © Na 
A{ © zu) =v—A( È zu) 
M=0 M=0 
for almost all? z, we have , l 
h(x) =A (ry) + A (ry) 
for almost all z Hence 
I, (os h) + I_(as, h) 
< C max {I (04 ry) + Tos, Ty) 
, + I- (cs, ry?) + I (03, Ty- )} 
—> 0 
as N — œ. But F% is independent of N and so 


Ila tyeta s. 


Hence, almost everywhere, h =—= 0 and (6.4) is satisfied. 

= We have now to prove y effectively unique. Let 9 be another solution 
of (6.4) such that I, (ca 9) and I_(os,4) converge. We solve the sequence 
of equations 


A (Fo) =—A (Y),  A(Fx) = —A(Fy.1) (V = 1). 


under the conditions that J,(o.,7v) and J_(o3,#y) converge and - obtain 
(as before) a sequence of solutions {fy} such that I.(o4,7y)-—>0 and 
I (o, fy) — 0 as N— o. 


° By the definition of 3, a solution need only satisfy an equation for almost all æ. 
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If we now write 
ig = Ü — Fo Ëy = Pya — Fv (N21), 


we see that I.(o.,2y™) and I_(cs,3v™) converge for al N=O. For 
almost all æ 


A (%) == A(Y) — A (Fo) =A (9) + A (F) =v = A (20) 
and so, by Lemma 4, Zo ai Žo are equivalent. Hence, for almost all a, 
MA) = A (Fo) — A(R) =— AG) +A) =A) 
. = — A (20) 


and % and % are equivalent. Continuing the argument, we see that corre- 
sponding members of the two sequences ew} and {Zy} are naan Hence, 
for almost all a, 


(W) amie x (v) = w) z= Sz (¥) — fyon), 
y M y a N 
0 


Me 
and so $i zm converges in mean square over any finite interval to 9”) as 
M=0 net 


well as to y™. It follows that y and ¥ are equivalent. 


7. Further lemmas. 


Lema 6. If (i) y is a solution of 
A(y) +20) =o 


for x > m, (1i) A(y) is defined in terms of some t: = x and (ii) c, o” are 
finite numbers such that ve and yP e72 are L? (a2, + œ), then there area Ü 
and a @ such that | , 


(7.1) AG) FAG) =T 
for almost all x, 


(7.2) GP =y (2 >a), YP —0 (z< a2—bm) 
(7.3) T = y (£ > Ta), = 0 (@ < Ta — bm) 


L (oT), L(g”), I(T), Ego) 
all converge, the last two for every finite co. 


We define the numbers d,* ` *,@n-1 in succession’ by the relation 


234 E. M. WRIGHT. 


(—1)4a, =$ (—1)™ ( ý )a 
{=0 Bl 


(11) E (H Dny (2) 
a e LD 


In the interval t — bm S £ S ga we put 


Lgr u na) + ETN S e te Di 


and define 7 by differentiation. Outside this interval YO is defined by 
(7.2). ° It can then be readily verified that 7°) is continuous at £ = £ — bm 
and at z = g, and so is the integral of YO) for all z. Finally we define @ 
by (7.1), so that (7.3) is an immediate consequence of (7.2). The last 
part of the lemma is then trivial. | 


Lemma 7. If, for «=a, (i) | Am | > C, (ii) | Apo | <0, (iii) y ts a 


baa 
solution of (1.1) and (iv) f | v |? de < Oef for all X > m, then 


X 
f | y™ | 2 dx < Cook 
g3 
for all X > as, and | y” | < Cela for v S n— i1 and all t È Ta. 


This lemma is Theorem 3 (ii) of [10], apart from two differences in the 
definition of a solution. In [10] y is said to be a solution of (1.1) for v = z; if 
y™ satisfies (1.1) for all s = z, and is integrable over every finite interval 
(z3,X); in the present paper y has to satisfy (1.1) for almost all 
“= gs but must be of integrable square over every finite (zs, X). Since 
| Amn | > C, the first difference can be overcome by changing the value of the 
y‘™ (c+ bm) of the present paper at every x of a set of measure zero so that 
(1.1) is satisfied for all «= z; this does not alter the value of y™) for 
v= n— 1 nor that of any integral of | y™|*. The second difference is in 
the opposite direction; the y% of the present paper satisfies the stronger 
condition and, in particular, we can omit the condition in Theorem 3(ii) of 
[10] that y™ is of integrable square over the interval (£s, %3 +- bm), since 
this is now so by definition. 


Lemma 8. If dun 0, if o(v) < + œ and if y is a solution of (1.1) 
for x È xı, then waly) < + œ. 


Since amn 3& 0-and Apv — dauw as z— -+ œ, there is a number £; = tı 
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such that | Amn | > C and | Auw | < O for £ È= g, Since wo(v) < + œ, we 
can choose a positive o > w(v) such that ve? is L?(£, + œ). Hence 


x oO 
f jo Pde Sox [Tv |2 eteede = Come, 
«/ Pg 3 


Thus all the conditions of Lemma 7 are satisfied. Hence, for y= n — 1 and 
some positive a, y e2 is L?(z, + 00). The same is true for y == n since, 
on integration by parts, 


X x x “ 
S | y) gaa | 2 dr == Pe y™].2 da + 2e È f | y™ (£) | 2dE , e~Paedg 


x 
<I Og (C-2a) X -+ Ca f elC-2a) ody | 
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where. the C are independent of « The last expression is certainly bounded 
for suitable « Hence on(y) < + ©. 


Lemma 9. If, for x È e, (i) | Aon | > C, (ii) | Aw | <O, (iti) y ts @ 
OO 
solution of (8.1), (iv) | y| eda converges ‘for every finite k and 
(v) | y] does not tend to infinity nor to any non-zero limit as t-> + œ, 
then y is equivalent to the zero solution for «= £a. 


This is Theorem 4 of [10]. Since | Aon | > C, we can modify y™ (a) 
in (8.1) at a set of measure zero so as to satisfy (8.1) for all «= g, 


Lemma 10. If don Æ 0, tf on(y) =— œ and if y is a solution of (3.1) 
for <= a, then y is equivalent to the zero solution for «= some £a 


Since don 0, there is an s, © z, such that | Aon | > C and | Ap | < C0 
for all g = aq. Since on(y) = — œ, ye is L? (as, + œ) for every finite e. 
Hence | y | cannot tend to infinity nor to any non-zero limit as z —> -+ ©. 
Also, for any e > 0, 


xo X ax 
f | ym | ekt a)? < f | y™ | 292 (ktre)ae dp Í esdy < C 
ae 24 Y Ts 


for all X and so condition (iv) of Lemma 9 is satisfied. Our result follows 
at once from that lemma. 


8. Proof of Theorems 1 and 2. It follows trivially from (1.1) and 
the boundedness of Auv that on(y) Z o(v). Let us suppose that Theorem 1 
is false, so that wn(y) > o(v) and on(y) does not belong to Mm. If this is 
so it is impossible that wn(y) = + ©; for in that case ama £0 by the 
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definition of M, o(v) <on(y) = -+ œ and, by Lemma 8, on(y) < + œ, 
a contradiction. Hence on(y) is finite, is greater than w(v) and does not 
belong to the closed set Mm. We can therefore find numbers o1, 02, o'a, 0’ 
such that 

(8.1) wo(v) < or < o's SC only) < o'4 <i Gs 


and o1, oz have their usual property that no o of M satisfies e1 < o < a2, 80 
that 7(o + it) s£0 in this interval. 


We take 
ô SS min {B; (0's, 0°,), Bs(o’s,0’3)}, Z2 > max {z1 B;(8)} 


and define A in terms of z as in 6. By (8.1), e7 and y™eo and 
LD? (%.,-+ œ). Hence, by Lemma 6, we have a ¥ and a v such that 


(8. 2) A(G) + AG) =7 
for almost all g, YO) == y”) for z > a. and — 


I, (0's, ọọ), I (aY (») ), 5 (o's, vi I_ (os, y) 


all converge. By Lemma 5, with ca = o's, og = 0's, ¥ is effectively unique for 
a given ọ. By the same lemma with c, = c4 = o's, since I,(o”s, 0) and 
I.(o’3,0) converge, (8.2) has an effectively unique solution ¥1 such that 
T,(o'3, 9, ) and I_(o’s, 9: ) converge and so, a fortiori, L, (os, 9.) con- 
verges. Hence ğ and ğı are equivalent and JI, (0's y™) converges. Since 
y) ==} for s > x, it follows that on.(y) S o's, which contradicts (8.1). 
Hence Theorem 1 is true. 

To prove Theorem 2, we put v = 0 in Theorem 1, so that (1.1) becomes 
(3.1) and o(v) = — œ. Hence on(y) belongs to M unless wn (y) = — © 
and — œ does not belong to Mm. In this exceptional case, however, aon ~ 0 
and, by Lemma 10, y is equivalent to the zero solution for z > some za. This 
is Theorem 2. l 


9. Further results. We can deduce from our lemmas a connection 
between solutions of (1.1) and those of (1.3). 
THEOREM 3. If (i) y is a solution of (1. 1 for x£ > tı (ii) o is a 
co 
finite number not belonging to M, (iii) f | yo] 2 2-208 de converges and (iv) 


n is any positive number, then there are a number t2—22(y) = z, and a 
solution z of (1.8) for x= s, such that 
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CO 09 
(9. 1) max f | y) — 20) | reede <q max. f | yO | 2e-2erdar 
r Za y Be 


and 


2 00 ) oO 
(9. 2) max f | y) — 2) | 2e-2orde < y max f | 2°) | 2e-2oadg, 
p Fo V 2z 


‘The proof is not lengthy. For any 6>0, we can find a number 
T = max {21,.B,(8)} and define A(y) in terms of wz so that 


(9.3) I(o, A(y)) <Bs(o)8? max f T y | 2e-20ede 
# To 


by (6.1). By hypotheses (i) and (iii), vee? is L? (æ, 0). Hence, by 
Lemma 6 with ¢ =o’ = g, there are a ¥ and a v such that Y” =y") and 
=v for « > a, I(o,t) and I(o,¥) converge, and 


(9. 4) a(g) +A(G) =7 
for almost all 2. Hence, by Lemma 4, with o; = o, = p, 
(9. 5) A(z) = 70 


has an effectively unique solution such that I (o, z) converges. From (9. 4) 
and (9.5), 

A(ğ—z) = —A(Ņ) 
for almost all z and so 


Ilo, 9 —2) < Baa, 0)I(o, A(G)) 


by Lemma 4. But 7 =y” for x > we and so 


© 
f |y” — z0] Ag-2oa a -f | g) — 2) | 29-202 dy 
a La 5 


= I(o, gj —2™) S B,(0,0)I(o, A(H)) 
(s e) 
= Ba (o) Be (0, o)8? max | y) | 2e-2em da, 
¥ Be 


by (9.3). Since B, and B4 are independent of 8, we can choose $ so that 
(9.1) and (9.2) follow at once. 7 
THEOREM 4, If (i) z is a solution of (1.3) for s> a1, (11) o is a 


0O 
finite number not belonging to M, (iii) f | z0) | 2e-2eedz converges and 


& 
(iv) n is any positive number, then there are a number Ta = Lo(y) Z v, and a 
solution y of (1.1) for x È= z, such that (9.1) and (9.2) are true. 


2 
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The proof of this is a little longer than that of Theorem 3 and involves 
the construction of the y of Lemma 5, putting 2o = 2 (a > a2), zo =0 
(a < £ — bm) and defining suitable 2.) for t2 S s a, — bm to secure the 
necessary continuity of z) for vy n — 1 much as in Lemma 6. The details 
are sufficiently obvious and I omit them. 


UNIVERSITY OF ABERDEEN, 
SCOTLAND. 
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SUFFICIENT CONDITIONS FOR MULTIPLE INTEGRAL PROBLEMS 
IN THE CALCULUS OF VARIATIONS.* 


-© By Macnus R. HESTENES. 


1. Introduction. The problem at hand is that of minimizing an integral 
of the form 


I(y) = f. i&d 


in a class of functions 
y(@) = y (Tr, * +, &m) (z on 8) 


in (%1,° * +, £m, y)-space having prescribed values on the boundary of S and 
satisfying a set of isoperimetric conditions 


(1. 1) Io(y) =f fo(z, y, 9) dx = ka (o = 1,- 51). 
Here ý denotes the set (dy/0r,,- ` > , 0y/0tm). 


The purpose of the present paper is to establish a set of sufficient 
conditions for this problem. The set here established has the same generality 
as the corresponding theorem for simple integrals (See 8, 9).2 There are 
essentially three methods of establishing sufficiency theorems in the calculus 
of variations. The first is by constructing a Mayer field. This method has 
been very effective for simple integrals. An excellent account of the theory 
of Mayer fields for multiple integrals has been given by Bliss (2). As has 
been pointed out by Bliss (8) the existence of Mayer fields for multiple 
integral problems is difficult to establish. In fact except for the obvious case 
in.which y does not appear explicitly in the integrand, the only published 
account in which the existence of Mayer fields has been established for multiple 
integrals appears to be the one by Lichtenstein (13) in 1917. Moreover this 
method is not applicable in a natural way to isoperimetric problems. The 
second method is by the expansion methods developed by Levi (12) and Reid 
(18) for simple integral problems. Reid (19) has announced, but not yet 
published, a sufficiency theorem for a strong relative minimum for multiple 


* Received June 25, 1947. 
* Roman numerals in parentheses refer to the list of references at the end of the 
paper. 
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integral problems without isoperimetric conditions, based upon expansion 
methods. The third method is the indirect method developed for simple 
integrals by McShane (14), Myers (17), and Hestenes (8, 9). This method 
has been extended by Karush (11) to multiple integral problems without 
isoperimetric conditions so as to obtain sufficient conditions for a semi strong 
relative minimum. In the present paper we extend the indirect method so 
as to obtain a strong sufficiency theorem for the problem here described. ‘The 
case in which there is more than one dependent variable y but no isoperi- 
metric side conditions is being treated by H. L. Meyer. Free use has been 
made of the ideas of Calkin (4) and Morrey (15, 16) on absolutely continuous 
functions. 

One of the chief features of the indirect method is that it has been 
successful where other methods apparently have failed. It is particularly 
adapted to the study of isoperimetric problems in the sense that the intro- 
~ duction of isoperimetric side conditions does not significantly alter the argu- 
ments in a sufficiency proof. This is not the case when the other two methods 
described above are used. As a matter of fact these methods do not appear 
to be applicable to isoperimetric multiple integral problems. 

The present paper is incomplete in the sense that a further study should 
be made of conditions which imply that the second variation is positive 
definite. It is clear that if there exists an extremal for the second variation 
that does not vanish on the closure of S, then the second variation is positive 
definite. A study of the second variation will be made in a later paper. 


2. Preliminary remarks. Throughout the present paper the symbol v 
will denote a point (#1,- ° °, m) in'an m-dimensional euclidean space. The 
derivative of a function y(z) with respect to zs will be denoted by either of 
the symbols x, 0y/8z,. We shall use the notation ġ for the vector (#1,° + +, Ym) 
determined by these derivatives. Given a vector p= (Pı, ``, Pm) We 
distinguish between the notations | ps | and |p|. The first is the absolute 
value of the k-th coordinate of p, the second is the length of p, that is 
| p | = (pi? +: ° -+ pm?)4, A repeated index in a term will denote summa- 
tion with respect to that index over its range. The range usually will be clear 
from the context and will be omitted frequently. We make two exceptions to 
this rule. The indices k and q will never be summed. They have the ranges 
1,2,- m and 1,2,3,: >- respectively. 
When we wish to fix our attention on a particular coordinate ty we write 
(tx, ux) for æ. Here the symbol s's denotes the point in the euclidean 
(m—-1)-space determined by the remaining m — 1 coordinates of z. The 
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interval a S ti Sb, (t=1,---,m) will be designated by [a,b] and 
lax, bx], [a’x, bn] will signify its projections in zy-space and 2’,-space respec- 
tively. We shall use the abbreviations 


i) bt bm 
f ye) = f = - È y(e)des: `- deem’ 
a ds am 
Dh . by Ük- One » Um 
Í, Y (Tks vy) daly = f oa f Í, eoe i J. years ae AGy-1 dL * re dim. 
a'k e a Bit Alyt 


bk | br 


y | trs S tyle ri) — (aay 2s) Jri 
The function l 


(2.1) g(s) = (2h) f satia 
= (2h) f ; f yest ty - + 52m + tm)dty: -` dtm 


will be called the integral mean of y. Here h is a positive number. We shall 
have occasion to use the relations 


(2. 2) tim f | yt —y | 2de = 0 (a=) 
: h=0 S 


(2.8) fivleas f yle (a 21) 


which hold in case y is in the Lebesgue class $- on a neighborhood of S and 
y = 0 exterior to ©. In case y(x) is absolutely continuous in 2, for almost 
all a’, and its derivative 7, is integrable, we have 


h 
(2.4) ja — Oy" / u — (2h) f inle + t) dt. 
. —h 


Tt will be assumed that the reader is familiar with the properes of the 
integral mean. 

Let R be an open set of points (a1,° > `, Em, Y; Pi" ` *, Pm). A func- 
tion f(x,y, p) will be called admissible if it is continuous on œ and has 
continuous derivatives on R of the first and second orders with respect to 
the variables y, pi,-- +, Pm- It will be assumed throughout that the functions 
f(s, y, p) and folz, y, a) appearing in (1.1) and (1.2) are admissible. 

~ We center our attention upon a particular function 


Yo (T) zon § 
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whose minimizing properties we shall study. The set 8 is the closure of a 
bounded open set whose boundary is of measure zero.. The function yo(x) 
is assumed to be continuous on the closure of S and to have continuous 
derivatives Yox(%) interior to S with continuous limits on the boundary of 8. 
The elements (x, ¥o(@), Jo(x) ) are assumed to be in @ for each point z on 8. 
It is understood that yo(#) satisfies the isoperimetric conditions (1.2). It 
will be convenient to assume that the functions yo(x) and Yox(a) have been 
extended so as to be continuous for all values of x. At points exterior to 8 
the function o(s) will not in general represent the derivative of yo(x) with 
respect to tp. 

In the next section we shall impose further restrictions on the function 
Yo Which will imply that yọ minimizes (y) on a certain class of functions. 
For the purpose of sufficiency theorems it is desirable to select this class to be 
as large as conveniently possible. In fact we shall admit functions which are 
discontinuous on a set of measure zero. Our ‘functions will be defined for 
all values of z, even though we are primarily interested in their values on 
the set S described in the last paragraph. The specific properties a comparison 
function y(z) is required to possess are the following 


(a) The function y(x) is bounded and integrable on S. 


(b) The difference function n(x) = y(x) —yo(x) when extended to 
be zero on the complement of 8 is absolutely continuous in each variable 2; 
for almost all 2’. 


(c) The derivatives (2) = dy/dr, (k =1,--+-+,m) are integrable 
on ©. At points at which (av) fails to exist set g(s) = You(T). 


(d) The elements (z,y(x),¥(a)) are in @ for almost all points 
zon S. 


(e) The integrals I(y), Ic(y). have ‘well defined values, finite or 
infinite. | 


The class of functions y(x) having these properties will be denoted by M. 
If a function y(x) in YW is continuous it is absolutely continuous on S in 
the sense of Tonelli, i.e. (1), y(x) is continuous on S, (2), given a closed 
interval [a,b] interior to S, the function y(x) is absolutely continuous in 
each component tp on [ax, by] for almost all 2’, on [a’x, br], and (3), the 
derivatives #,(@) are integrable on S. Conversely, every function y(x) that 
is absolutely continuous on S in the sense of Tonelli and that coincides with 
yo(z) on the boundary of S belongs to M. 

We shall be. interested particularly in the subclass We of Y on which 
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the relation Io(y) =TIc{yo) (o = 1,: + -+,r) holds. We seek conditions on 
yo that will imply the existence of a neighborhood # of yọ in zy-space such 
that the inequality Z (y) 2 JI(yo) holds for every function y(x) in M, lying 
in F. A function y(x) will be said to lie in # if its elements (2, y(z)) 
are in & for almost all g in BS. | 

We shall be interested in three classes of variations, denoted respectively 
by 8’, B”, Ba’ A function n(x) in B’ is characterized by the following 
three properties: 


(i) The function »(#) is integrable on S and is identically zero on 
the complement of 8. 


(ii) The function n(x) = 7(2x,2'x) is absolutely continuous in each 
component zy for almost all ss (k==1,---,m).- — 


(i11) The derivatives h(x) (k==1,:--,m) of n(x) with respect to Ty 
are integrable on 5. 


The subclass of ®@’ consisting of all variations 7(«) having integrable 
square derivatives will be denoted by #7. In this case „(z) is also of 
integrable square. In order to prove this, observe that the inequality 


ae P 4 
lale) >= | f ni (tx, Zr) dts, | 
š ds 
bz 
S | ty — ay | f | ir (tr 2'r) | Pate. 
ak 


holds almost everywhere on S provided a, and b,x are chosen so that the 
projection of S on the z-axis is within the interval [ax, bs]. The right 
member is integrable on S and hence also | 7(a)|?, as was to be proved., 

The third class of variations, which we denote by Ba, consists of all 
variations 7 in B” satisfying the condition 


(2.5) Toa(n) = f (fev + fonds = 0 (o—1,- + +49), 


the arguments in the derivatives of fo being [z, yo(x), ğo(x)]. The function 
Ioi(n) is the first variation of Ic(y) on yo. The class B, plays a dominan 
role in the study of the second variation of I (y) on Yo. 

It should be observed that because of property (ii) of a function (2) 
in ®’ we have the relation 


l Ve p 
(2.8) fn (base) — ilei) dv= f in(e)de (k=l: m) 
a’, a 
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which holds on every interval [a,b]. Moreover the function é(2) = fim n(x), 
i=0 


where 7" is the integral mean of v(x), differs from »(x) at most on a set of 
measure zero and belongs to the same class 8’, B” as y does. Consequently 
in our proof we can assume that 4(x) is equal to the limit of its integral mean. 
Functions of this latter type. that belong to @’ can be characterized as 
described in the following 


LEMMA 2.1. Let n(x) be an integrable function on S that is identically 
zero on the complement of S and is equal to the limit of its integral mean 
whenever this limit exists. If there exist integrable functions (2) 
(k=1,:-+,m) such that the equation (2.6) holds for almost all intervals 
[a,b], then n(x) belongs to the class B’ and (a) is equal almost everywhere 
to the derivative of n(x) -with respect to x. 


The proof of this lemma and of the remarks in the paragraph preceding 
this lemma can be found in the paper (4) by Calkin. 


Lemma 2.2. Let uw(e),- © `, Um(£), v(z) be continuous functions 
on K. The relation 


(2. 7) Í, (Uih -+ vn) da = 0 
holds for all functions q in B’ if and only if the formula 
b B'i 
(2. 8) f v(z)dr == f, {ui (bi 24) — ti (ai g'i) }de", (i summed) 


holds for every closed interval [a,b] interior to S. 


The necessity of the condition (2.8) has been established by Carson (5). 
He has also shown that the condition (2.8) implies (2.7%) under more 
restrictive hypotheses than those here imposed. In order to prove that the 
condition (2. 8) implies (2.7) as stated above, let the functions ui(x) be 
extended ‘so as to be continuous for all values of æ and let u(x} be their 
integral means. Set v* (s) = ĝu*;/ðx; (i summed). Consider an interval 
[4, B] containing 8 in its interior. By iterated integration we have 


Bo B 
J, {urine + vg} da = S (8/3x:) (qu) da = 0 


for every variation ņ in @’, » being zero on the boundary of [A,B]. But 
(£) = (x) = 0 exterior to S. It follows that 
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(2. 9) l Í, {urini -+ vy} da = 0. 


By virtue of the relation (2.8) and the definition of v'(x) it is seen that, 

at each point interior to S, v*(x) is the integral mean of v(x) provided A is 

sufficiently small. Consequently lim v*(z) —v(a) interior to §. In view of 
=ô 


this fact (2.7) follows from (2.9). 


3. The sufficiency theorem. The principal theorem in the present 
paper is the sufficiency theorem described in this section. Its proof will be 
given later.. In this theorem we impose certain conditions upon yo that will 
insure that yo will afford a proper strong relative minimum to (y) in the 
class Mo. These conditions are the customary necessary conditions suitably 
strengthened. ‘They are as follows: 


I. There exists a set of multipliers ào = 0, Av, not all zero, such that 
given a closed interval [a,b] in S the formula 


h va by 
(3.1) J Fyd = | By | dx’ ; (4 summed) 
holds on Yo with i ' 
(3. 2) F(x, y, p, A) = àf (2, Y, p) + Acfo(z, y, p). 


According to Lemma 2.2 this condition is equivalent to the condition that 


(3. 3) Tana) = f (ovis + Fim)de —0 
for every variation y in 4&8’. This condition is commonly called the first 


necessary condition. 


IIn. The multipliers in I can be chosen so that there exists a neighbor- 
hood 9% of yo in wyp-space and a constant h > 0 such that the inequality 


(3. 4) Hp (2X, Y, P q> d) =h | Ets (#; Y, P» q) | (o = 1, i sy) 


holds whenever (æ, y, p) is in N and (s, y,q) is in œ. Here Ær is the 
Weierstrass F-function 


(3. 5) Lp (2, Y, p, qs A) = F (2, y, q> A) — F(a, Y p, X) 
ee (gi — pi) Fp, (z, Y; Ps d) 


and Ero is the corresponding E-function for fo(x,y,p). This condition is 
called the strengthened condition of Weierstrass. 
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Illy’. The multipliers ào = 0, Ac in I and IIn can be chosen so that 
the inequality 
(3. 6) Pons (©, Yo(X), Yo(@),A)mexj > 0 


holds for every set r 40 and every s on S. If yo satisfies Tin this eee 
holds if and only if the matrix 


(3. 7) | Foin; (2, Yo (T), Y(T); A) | 


is nonsingular on the closure of S. This condition is called the strengthened 
condition of Legendre. 


IV’. Given a non-null variation y(x) in Bo there exists a set of multi- 
pliers Ao 220, Av such that I, IIn, III hold and such that the further 
inequality 


(3.8) Tala) = f  20(2 mi, Ade > 0, 
holds, where 
(3. 9) ew (a, Ws Ty A) R Py? + QP yp yrs + Fp .p iT}, 


the derivatives of F(s, y, p, à) being evaluated on yo. 

It is clear that yo cannot satisfy condition TV’ without satisfying the 
conditions I, In and IIT’. 

The principal theorem to be established in the present paper is the 
following 


THEOREM 3.1. If the function yo satisfies the conditions I, IIn, ITV, 
IV’ described above, there exists a neighborhood F of yo in xy-space and a 
constant p > 0 such that the inequality | 


(3. 10) I(y) —I (yo) = pD(y— yo) 


holds for every function y in Uo lying in F. Here D(y) is defined by the 
formula 


(3.11) Dine f TO — Ne 
in which 
(3. 12) V (p) = (1 + pipi)?. 


The function D (y — yo) is a measure of the deviation of y from yo, and 
in fact equals twice the difference between the volume of the m-dimensional 
surface 7 = Y — Yo in xy-space and the surface 7==0. The function D(y) 
plays an important role m the proof of Theorem 3.1. 
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It may happen that there is a unique set of multipliers of the form 
Ao == 1, Ac with which yo satisfies condition I. This case is called the normal 
case, All other cases are called abnormal. By the completely abnormal case 
will be meant the one in which the multipliers ào = 0, Ae in condition IV’ 
can be chosen so that Ap = 0 for each y in Bo. It is easily seen (cf. 8) that 
except possibly in the completely, abnormal case one can always choose Ay == 1 
in condition IV’ for each y in Bo. 


THEOREM 3.2. Let yo satisfy conditions I, IIn, III’, IV’. In the com- 
pletely abnormal case, there is a neighborhood F: of yo in xy-space such that 
yo is the only function in A, that lies in F. 


The proof of this result will be given at the end of the next section. 


4, A related problem in the abnormal case. In the abnormal case our 
problem can be modified so as to obtain a more general result than that 
stated in Theore 3.1. This modification will be described in- this section. 

We assume that our problem is abnormal. Then there exists more than 
one set of multipliers satisfying condition I. Let Aor, Aor (r = 1, + -, 8) be 
a maximal set of linearly independent multipliers with Ao; = 0 such that 
equation (3.1) holds as stated for each of these sets and hence for any linear 
combination of these sets. Obviously, s=7, the numberof isoperimetric 
conditions (1.2). By virtue of Lemma 2.2 the equation ) 


(4.1) hasloa(n) = 0 (G=: +48) 


holds for every variation 7 in @’. It follows that, if we select additional 
constants tog (@=1,---,r—s) such that | Aor cg | 340, then a variation 
» in 8’ will satisfy the conditions Ic:(y) =0 (e =1, °° r) if and only 
if it satisfies the conditions 


(4. 2) Jpn) == Uoglor (n) = 0 (0 == 1,- : ‘,r—S). 


The class 8o is accordingly completely determined by the r—s conditions 
(4.2). The function J9:(7) is the first variation on yo of the integral 


(4.8) Joly) = {90% 9,9) de — woolo(y) 
in which we have set 
(4. 4) Ja (T, Y, p) = Uogfo (T, Y, p). 


From the remarks just made it is clear that as far as the variations y 
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in B, are concerned we can replace the original set of r isoperimetric con- 
ditions (1.2) by the smaller set 


Joly) = Ja (Yo) (G@==1,+++,r—s). 


In fact this replacement can be made even in the sufficiency theorem if we 
modify our concept of a minimum in the manner described in Theorem 4. 1 
below. The integral I(y) must also be modified as follows: Recall first that 
in the completely abnormal case the multipliers in condition IV’ can be 
restricted to be of the form 


(4. 5) Ao = 0, AorCs (r = I; w ari 8), 


where Ao; are the multipliers described in the last paragraph and the c’s are 
constants. If the problem is not completely abnormal there is one set of 
multipliers of the form ào = 1, Ao effective as described in condition IV’ for 
some variation in Beo. Every set of multipliers having A» = 1 is expressible 


in the form 
(4. 6) Ay == I, Ao + Aorlr (7 == 1,- i 2a) 


and, as was remarked at the end of the last section, we can restrict the 
multipliers in condition IV’ to be of this type. Using the multipliers (4.5) 
or (4.6), according as our problem is completely abnormal or not, we define 
a new integral by the formula 


(4.7) J(e) = Í, g (2, Y, Y, ©) da = MA (y) + (Ao + Ares) Io (y), 


in which it is agreed that àc == 0 in the completely abnormal case. The 
integrand g is given by the formula 


(4. 8) g (E, Y, P, 6) = dof (2, Y, p) + (Ao + Aorer) fo (2; y, p). 


In terms of the new integral J(y,c) the conditions I, IIn, IY’, IV’ 
imposed upon yp take the following form: 


I. Given a closed interval [a,b] in S the formula 


bi 
dz; (i summed) 
ay : 





b b'i 
(4.9) > ff gyde— f on 
g at 


holds on yo for every element c == (¢,: **,Cs) or equivalently 


(4. 10) Tomo) = Í, {goin + gm}de = 0 
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holds for all y in 8’ and for all c, the arguments in the derivatives of g oem 
(z, Yo(%), Jo(@),¢). 


IIn. There exists an element c= (c:,° **,Cs) in e-space, a neighbor- 
hood Sè of yo in zyp-space and a constant k > 0 such that the inequality 
(4.11) Eig (2, Y, P: 4) Z= h | Eyo(#,y; p, q) | (e = 1,» T) 


holds whenever (2, y, p) is in N and (£z, 4,q) is in &. Here E; and Hs, 
are the #-functions for g and fe respectively. The set of all elements c of 
this type forms an open set C*. In order to prove this we use the relation 


Lig (a, Ys Pol F k) T E(z, Y» P> Js C) -+ Aor lez Li tg (2, Y> Ps q). 
Suppose that c is in C* and choose X and h such that (4.11) holds. Choose 
ô such that whenever | k | < 8 one has | Acrk, | < h/2r. Then 

E;(z, Ys Po J, © T k) = Ei, (2, Y, P; q) z h/2 | Lite (a, Y P: q) | 
= h/2 | Ete (2, Y, P q) |. 


It follows that the -neighborhood of c is in C*. Consequently C* is open, 
as was to be proved. . 


IY’. There exists an element c in C* such that the inequality 
(4.12) ` Jos (£, Yo(X), Yo(@), c)rimy > 0 


holds whenever + Æ 0 and xis on S. The set of elements c of this type forms 
an open subset C of C*. The matrix 


(4. 13) | Goss (2, Yo(2), Yo(%), €) | 


is nonsingular whenever ¢ is in Č and g is on S. 
IV’. Given a variation n40 in Bo there is an element c in C such 
that the inequality 


(4. 14) Ta(ne)—= f, (mmi 0)de > 0 
holds, where 
(4. 15) A NoT, C c) m Gun? + 2Jun.nms + Joiny7 i753 


the arguments in the o of g being (2, y(x), jo(T), GC); E will be 
seen in Theorem 9.1 below that the ¢’s can be restricted to lie on a compact 
(bounded closed) subset Cy of C. 

The generalized sufficiency theorem for the abnormal case is given by 
the following 
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THEOREM 4.1. If a function yo satisfies the conditions I, IIn, III’, IV’, 
there exists a bounded and closed subset Oo of- O, a neighborhood F of yo in 
cy-space and a constant p > 0 such that given a function y in X lying in F 
and satisfying the isoperimetric conditions 


(4. 16) Joly) = Jo (Yo) (8 =1,' "y r==8); 
there exists an element c in Co such that the inequality 
(4. 17) J (Y6) —F (Yo, 6) = pD (Y — yo) 


holds, where D (q) is given by (8.11). 


it should be noticed that the conclusion in the theorem is analogous to 
the condition on the second variation J.(y,c) in IV’. It will be seen in the 
course of the proof that any compact subset Ce of C that is effective in con- . 
dition IV’ as indicated in Theorem 9.1 below is effective in Theorem 4. 1. 

If a function y(x) lies in # and belongs to the class Me determined by 
the initial isoperimetric conditions (1.2), then it satisfies conditions (4.16) 
and J(y) =à (y) by virtue of (3.7). It follows that in the completely 
abnormal case J (y, c) ==0 on Wo, since ào = 0. The condition (4.17) then 
takes the form D(y— yo) = 0, which can hold only in case y == yo. Theorem 
3.2 therefore holds and Theorem 3.1 is vacuously true. If the original 
problem is not completely abnormal, then ào = 1 and J(y,c) ==I(y) on Mo. 
Consequently (3.10) follows from (4.17) and Theorem 3.1 holds as stated. 
Even in this case we have no guarantee that there is a function y= Yo in Wo 
that lies in #. 

For the normal case Theorem 3.1 can be considered to be the special 
case of Theorem 4.1 in which there are no c’s, provided we interpret the 
remarks concerning the c’s to be vacuously true. This will be done in the 
sequel. Our main problem is then that of establishing Theorem 4. 1. 


5. A property of the Weierstrass E-function. In order to carry out 
the proof of Theorem 4.1 it will be convenient to make use of a property 
of the Weierstrass H-function which is a consequence of conditions TIn and 
ITY’ imposed upon yo. This result is not new. It has been used by Reid (18) 
and others. It is a consequence of certain results obtained by the author (6) 
in considering the parametric problem of Bolza. For the sake of completeness 
we shall give a brief outline of a proof. This proof is novel in the sense that 
we make use of an identity on the H-function (see equation (5.2) below) 
that does not appear to have been used before in this connection. This 
identity has a simple geometric interpretation, which we shall omit. 
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THEOREM 5.1. Let yo satisfy conditions IIn, IIY of 4 and let Co be 
a compact subset of the set C appearing in these conditions. There exists a 
neighborhood Ro of Yo in xyp-space and a constant h > 0 such that the 
inequalities (4.11) and 


(5. 1) Ey (2, Y, Ps q, 6) = 2h{V(q—p) — 1} 


hold, whenever c is in Co, (2,9, p) is in Ro and (2, y,q) is in R. The 
function V(p) is gwen by (8.12) and g(x,y, p,c) by (4.8). The function 
Eg ws the Weierstrass E-function for g. 


It is interesting to observe that the difference V(qg—p)—1 is the 
Weierstrass H-function for V(q—p) with p held fast. | 

Observe first that there is a neighborhood W, of yo in xyp-space and a 
constant h > 0 such that the inequality (5.1) holds whenever c is in Qs, 
and (x,y, p) and (z, y, q) are in Ra. This follows from condition ITI’ by 


a continuity argument together with the customary application of Taylor’s 


theorem to the Weierstrass W#-function (cf. 6). Diminish #1 and A if 
necessary so that (4.11) holds when c is in Co, (2,y,p) is in R: and 
(z,y,q) isin R. An application of the Heine-Borel theorem is effective here. 

Let o be a second neighborhood of ys whose closure is in œ, and let = 
be a positive constant such that if (s, y, p) is in @,» then (s, y, p+r) is 
in 0¢, for every vector m with |r| Se Consider now a set (x,y, p,q, c) 
with (£z, y, p) in o, (2,y,q) in R — Wi, and c in Cy. Select a vector r 
and a positive constant k such that qg = p + kr and | m | =e. Obviously k > 1 
since (x,y, q) is not in Æ. Consider the identity 


(5.2)  E(p, p + ler) = Ey(p + 7, p + kr) 
+ kE; (p, p +7) + (k—1)Es(p + r, p), 


in which only the significant variables are displayed. The first and last 
items are non-negative, by (4.11). It follows that 


Ey p, p + ker). = hE g(p, p+ a) Z hlel V(x) — 1], 


the last inequality being obtained from the fact that (5.1) holds with (v, y, p) 
in Ro and (s, y, p+r) in ®,. But for k >1 and |az|=<« we have the 
further inequality 


kV (a9) —1] Ze V (er) — 1], E == ¢/(2 + €) 
which follows readily from the definition (3.12) of V(p). Consequently 


E(P, q) = he [V tg — p) — 1]. 
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The formula (5.1) accor holds for a suitable choice of h, as was to be 
proved. 


COROLLARY. Let Cy be a compact subset of C and let 


(5. 3) E*(y cj —= f E2, 9,902), 9,0) ax 
(5.4) Bey) = f Bo, (2,9, foe), 9) ae 
(5. 5) Diy) =? f (VG) —1)de. 


There exists a neighborhood F of yo in xy-space and a constant h > 0 such 
that the inequalities 


(5. 6) E* (y, c) = hD(y — yo) 
(5.7) B*(y,c) Zh | B*o(y)| (9—=1,---,r—s) 
hold for every element c in Cy and every function y in A lying in d. 


This result follows at once from the inequalities (4.11) and (5.1) 
and the definition (4.4) of gg. 


6. An analogue of a theorem of Lindeberg. The analogue of the 
theorem of Lindeberg given below is established under weaker hypotheses 
than those imposed on Yə in the preceding sections. The principal hypotheses 
are as follows: Consider an integral 


J (y, c) = f g (z, Y, ¥, c) dz, 


where g(x, y, p, c) is continuous and has continuous derivatives with respect 
to Y, Pis © © +, Pm for all (z, y, p) in R and c= (¢1,: * `, Cs) in an open set 
C in c-space. It is assumed that given a compact subset Cy of C there exists 
a neighborhood # of y, in zy-space and positive constants g, B such that the 
first of the inequalities 


(6.1) Eg(2, Y, Yo(@), p, c) = 0 
(6.2) E(x, y, jo (2), p, c) Za | p — ġo (2) | 


holds whenever ¢ is in Co, (x,y) is in F, (x,y, p) is in R and the second 
holds if in addition one has | p—yo(x)| = 8. The second condition can be 
replaced by an inequality of the form — 
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Ep (% 9, Go(), p, 0) ZAT (p —Ho(w)) —1} (h > 0) 


= subject to the restriction that | p—4%(x)| Z 8- It follows that there is a 
constant V such that 


(6. 3) D(y—Yo) SNL TAS 


whenever ¢ is in Co and y is a function in A lying in ¥. The function D(y) 
is defined by (5.5) and H*(y,c¢) is the corresponding integral (5.3) deter- 
mined by the function g(s, y, p, c) here used. 

The proofs of the theorems in this section are based upon the following 


Lemma 6.1. Let I*(y,c) be an integral of the form 


(6. 4) (yo) = f. {us(2,9,0)9 + oley 0) de, 


where ui(x,y,¢), v(x, y,c) are continuous functions of (a,y,c) for (x,y) 
on a neighborhood of those on yo and c= (ti,' * *,€s) on a compact set Co. 
Given a constant «> 0 there exists a neighborhood F .of yo in xy-space such 
that the inequality 


(6. 5) | I*(y, ¢) —I* (yo, €) | < [+ D(y—w)] 


holds whenever c is in Cy and y is a function in U lying in oe The function 
Dy) is defined by equation (5.5). 


In the proof we can assume without loss of generality that y(x) == 0. 
‘From the definition of D(y) it is clear that there is a constant Q such that 


(6. 6) J, Var = Of + DI 


for every function y in Wf. Given a number e > 0 select functions U; (æ, c) 
of class ©’ such that 
| U (x, c) — ule, 0, c) | < ¢/3Q) 


whenever x is in S and c is in Co. Set 


A(z, Y, C) = Ui (T? Y> ¢) — Us(2, ¢) 
B(x, y, c) = v(x, y, c) — v(@, 0, c) — y (80: /dx.). 


Choose a neighborhood F of yo such that the inequality 
(6. 7) Aidi +B? < &2/Q? 


ee tt er tM 
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holds whenever (x,y) is in ¥ and c is in Co. Observe that I*(y,c) is 
expressible in the form 


I* (y, c) = J* (y, 0) + K*(y, c) 
where 


J* (y, c) = f, {o(z, 0, c) + (0/0x:) (yU: (z, ¢)) }dz, 


K*(y,0) = | {Ai(a,y, 0)ge + Bt, 4,0) jde. 


Consider now a function y in N lying in F. Clearly J*(y, yes J” (Yo, ¢). 
Moreover, by (6.7) and the relation K* (yo, c) = 0 we have 


| I* (y, c) —I*(yo, c) | =| E* (y, 0)| S 0 f V (ġ) de. 


Combining this result with (6.6) one obtains (6.5) with y(v) ==0. This 
proves the lemma. 
We have the following result concerning lower semicontinuity. 


THEOREM 6.1. Let Cy be a compact subset of C and let e be a positive 
constant. If the conditions (6.1) and (6.2). hold as stated, there exists a 
neighborhood F of Yo in xy-space such that the inequality 


(6. 8) T(y,¢) ZJ (Yo ¢) —e 
holds for every element c in O and every function y in U lying in F. 
In the proof of this result we iiss the familiar formula 

J (y, e) = I*(y,¢) + E* (y, €) 


in which E*(y, c) is defined by the formula (4.3) and J*(y, c) is the Hilbert 
integral 


(6.9) m= f {gle ¥(@),H0(e),0) 

+ (Ga) — dos (2)) gor (2 (2), G0(2), c) Fae 
Since J* (Yo, c) = J (Yo, ¢) it follows that 
(6.10) J (y, 0) — F (Yos 6) = J* (y, 6) —I* (yo, 6) + E* (y, 0). 


Let Cy be a compact subset of C and let e be a positive constant. We can 
suppose that e < 1. Choose ¥ so that the inequalities (6.1) and (6.2) hold 
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as stated and let N be the number appearing in (6.3). By virtue of Lemma 
6.1 we can diminish # so that the relation 


| J*(y, c) —J* (yo, ¢)| < (e/(N +1)) [1+ D(y—y)] 


holds, whenever c is in Co and y is a function in % lying in F. Using (6.3) 
_ we find that 


| J*(y, c) —I*(yo,¢)| << [1+ E* (y, c)]. 
Consequently (6.10) yields 


J (Y, c) — dJ (Yo, c) T (1—«)E* (y, c). 


The last term is nonnegative by (6.1). It follows that the relation (6.8) 
holds, as was to be proved. 
Consider now a second integral 


K(y,c)— f G(e,y j, c)de 


of the same type as J (y, c). We assume that given a compact subset Co of C 
one can select a neighborhood ¥ of yo in zy-space and a constant h > 0 
such that the inequality 


(6. 11) Eg (2, Y, Yo(x), p, c) Z h | Le (a, Y, ġo (£), pc) | 


holds whenever c is in Co, (z, y) is in # and (z, y, p) isin R. Again Eg, 
Eg are the E-functions for g, G respectively. 

The following theorem can be considered as an analogue of the theorem 
of Lindeberg. 


THEOREM 6.2. Suppose that the conditions (6.1), (6.2), (6.11) hold as 
stated and let Co be a compact subset of C. There exists a constant p > 0 
such that given a number « > 0 there is a neighborhood F of yo in xy-space 
for which the inequality 


(6. 12) T(y,¢) — J (Yo, ¢) = pl| K(y,¢) — E (yo, c) | —«] 
holds, whenever c is in Cy and y is a function in Y lying in d. 

In order to establish this result consider the integral 
(6.13) Imot) = f Pleyt, 0,t)de—J(y, 0) + 1K (9,0) 


in which 
F(x, y, p, 6,t) = g (2, Y, pc) + tG (2, y, p, c). 


Lo au ae mee nan nre ea aan a a a a A 
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Given a compact subset Cy of C choose F, h, a, 8 so that conditions (6.1), 

(6.2), (6.11) hold as stated. Set p= h/2.. A simple argument will show 

that for £= + p the conditions (6.1) and (6.2) will remain valid if g is 

replaced by F and a by «/2. Consequently we may apply Theorem 6.1 to 

I(y,¢,#) using e = ep in place of e It follows that we can diminish # so 

that the inequality eG 
I(y, c, = p) — I (Yo 6 + p) =— ep 


will hold whenever c is in Cy and y is a function in YM lying in F. This 
inequality together with (6.13) yields the desired relation (6.12). 

Observe that the H#-function for the integral D(y——-y.) is given by 
V(p—Y(x)) —1. Consequently under the hypotheses of 4 it follows from 
Theorem 5.1 that the inequality (6.11) holds when K(y,c) =D(y—y). 
For this special case Theorem 6.2 takes the special form described in the 
following 


THEOREM 6.3. Let. J(y,c) be the function described in 4 and suppose 
that yo satisfies conditions Iln, III’. Let Cy be a compact subset of C. There 
exists q number p > 0 such that given a number e > Q there is a neighborhood 
F of yo in xy-space such that the inequality 


(6.14) I (y, ¢) — J (Yo, ¢) = PLD (y — yo) — «l, 
holds whenever c is in Co and y is a function in Ù lying in F. 


7. Auxiliary lemmas. The present section will be devoted to a set of 
lemmas which will be useful in the proofs of the convergence theorems given 
in the next section. We begin with the following 


Lemma 7.1. If q is a function in the class B’ described in 2, satisfy ying 
a condition of the form 


(7.1) J la@|a<y, 
then its integral mean n” satisfies the inequality 


(7.2) Í. | y* (2) — q(x) | dx < mNh. 


In order to prove this inequality observe that | 
a ho 
(7.8) (x) aE) = (2h) S lett —a(e) at 
k 1 
— (2h) f f tiji (2 + Ot) dødt. 
-h 0 
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Hence 3 
me f | P(e) —a(z)| de 
L h > 
senf Í | ts | f | he (w + 08) | de dt d. 
0 -ħ 5 


Since y ==; =0 exterior to S we have, by (7.1) 


fle t- 08) | de <W. 


Using this inequality in (7.4) one obtains (7.2) by integration. 


Lemma 7.2. If » is a function in the class B” described in 2 which 
satisfies a condition of the form 


(1.8) faa) tae < Wy, 
then its integral mean yn" satisfies the inequality 
(7.6) | f _ |e) —1(2)| de < mR 


For by (7.3) and the inequality of Schwarz it is seen that 


T@) ala)? BYE” EEA Ss [te | dt] 


AE the last integral it is seen that 


f, ra= («)| 2da S ma-mh-m J f j f, | 3( -+ 0t) | 2da dé dt. 


Using: the relation (7.5) together with the fact that ==0 exterior to $ 
it is found that (7.6) holds as was to be proved. 
The next lemma has been established by McShane and Reid (18). 


Danii 7.3. If (t) is absolutely continuous on a St&b and 
|A (t)] < 8, then 


(7.7) fo lee |aesal [Rw a + 6(0)1 


(7. 8) © S PESAS Ba + ela] 


where dı, da are constants depending on 8 and b —a and R(2) = Vi + #—1. 
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We shall use this lemma to establish the further result 


LEMMA 7.4. If n(x) is a function in B’ having | y(x)| <è on 8, then 
(7.9) J, In| [| de S èD (n) 


(7. 10) f de <8D(n) 
5 
where D (q) is given by (3.11) and 8, 82 are constants depending upon 8 and Ñ. 


In the proof we can assume that S is an interval [a,b]. Then y(ax, 2x) 
is absolutely continuous in a, on [ax, bx] for almost all 2, on [a’s, br]. 
Moreover (ax, v's) ==0. Using Lemma 7.3 with t= it is seen that the 
- relation 


bk bi 
S Inot lielos) doe Sd f “RL je( we 2'r) Jåer 


holds for almost all 2’, on [&r b’x]. Consequently 


Solr lwlaesd f Rosa f RO de= hD). 


The relation (7.9) therefore holds with 8, = mdı. The inequality (7.10) 
follows in a similar manner from (7.8). 

We conclude tis section with two lemmas on weak convergence. <A 
sequence of functions {zg(x)} is said to converge weakly to a function 2(a) 
in the class a (« =21) of Lebesgue integrable functions on S if Zozi): 
are in a and 


(7.11) n f A (£)Za(s)dr = Í; A (@)%(x) da 


for every function A(z) in the Lebesgue class fa where B= aaa, /a if 
@>1 and 8 = œ if g =1. 


LEMMA 7.5. Let {zq(v)} be a sequence of functions in a (a21) 
satisfying a condition of the form 


(7.12) | Í, | zq(a)| “de < N. 
In case «= 1 assume further that the sequence of set functions 


N | %q(x) | dx 
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4s uniformly.absolutely continuous on ©. There exist a subsequence, agam 
denoted by {2zq(x)}, and a function zo in Pa such that zq converges weakly 
to zy in P on g. 


As a second lemma we have 


Lemma 7.6. If a sequence of functions {zg(x)} converges weakly to a 
function 2.(x) in £, = £., on S- and the inequality (7.12) holds, then the 
sequence converges weakly to zo(x) in La on BS. 


For a proof of these Lemmas on weak convergence for the case m = 1 
see the treatise by Banach (1), pp. 126-1382. 


8. Convergence theorems. We are now in position to prove convergence 
theorems that will be useful in the proof of Theorem 4.1 and in the study 
of the second variation. The classes 8’ and #8” found in these theorems 
are defined in 2. 


THEOREM 8.1. Let o, éu én: © be a sequence of functions in B’ 
satisfying the relations 


(8.1) im f l&le)— il) deo f |e de <N 


AK N 
where N is a constant. If P(x), Q1(@),° + *, Qm(@) are continuous functions 
on S then 
(8.2) lim f _ (Pit Ob} da = f , (Ph + Qiéoi}de. 
q=00 


Observe first that the equation (8.1) implies that 


(8. 8) lim f Plé é)de = 0 


for every bounded integrable function P. If Q(x) is a function of class O” 
for all values of z, then given an interval [a,b] containing S we have 


b b 
J Q (fan — box) de = Í Q (Èi — Eor) de = — f (8Q/dax) (Éa — £0) da 


heck Í, (8Q/8ax) (ér — &) de. 


In this formula we have used freely the relations g== & == 0 exterior to 8. 
It follows from (8.38) that | 
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lim Q (Egr eae Eon) da == () 
g=00 8 : 


in this case. Consider now a function P(z) that is continuous on S. Let e 

be a positive constant, Select a function Q(x) of class O” such that 

| P(x) — Q(2)| < «/4 on 8. Then by virtue of the inequality in (8.1) 
we. have 


Lf 0) ta tardn tS CANES, [tele [Vettel <a 


‘Next choose a number go such that when q = qo we have 


| Í, Q(z) (Ea — Fox) | < €/2. 
Using the relation l 


Í, Plên — tox)do— È (P — Q) eee +f. O (Eqn — Eon) da 
it follows that 
| f P (Ee — €ox) det | LE 


Hence 


lim P (ox mmea or) dx = 0 
gw A S 
in this case also. This proves Theorem 8.1. 


THEOREM 8.2. Let {&} be a sequence of functions in ®’ satisfying a 
condition of the form 


(8. 4) J hla i =L) 


There exists a subsequence {yg} that converges almost everywhere on S to a 
function no in p and is such that | 


(8. 5) lim | Pa —~ Ao | dz — Q. 
F 7 ‘  g=00 Ss ‘ : S 


In order to prove this result we can assume that S is an interval [a, b], 
since é& = 0 exterior to S. Then on [az, bs] we have 


| Eq (ax, 2x) | = | S Saltis z'r)dir |S fi Ša | dir ` 
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for almost all v's on [a’x, br]. Consequently 7 

(8. 6) f lelas (be — ar) f'lalez (bn m) N. | 

Consider now the integral mean é” of én By virtue of (8.4) we have 
EEES eae f inle + t)de | S N (2h), 


Similarly from (8. 6) we have 
|E ES (bn — ar) N (2h) ™. 


It follows from Ascoli’s Theorem that the sequence {é} contains a uniformly 
convergent subsequence {7°}. Let {nq} be the corresponding subsequence 
of {é}. Restrict h to be of the form h == 22, where p is a positive integer. 
Then by means. of a diagonal process a sequence {y4} can be chosen to be the 
same for each h on. this restricted range. . . 

Consider now a number «> 0. Choose h = ae such that kh < aa 
Then by Lemma 7.1 we have 


(8. 7) | | 20" — na || < 6/3, 


where for the ‘moment | Ea as 
lal= f 17] de. 
S 


Since the sequence ya” converges uniformly on S there is an integer go such | 
that whenever q >r > qo we have | 


(8. 8) Wad ar < €/8. 
Using the relation 


(8.9) > ng — ar | S | "a — nat | + iat — nt || + || ar — a || 


it is seen that || yg— nr || <e whenever qg>r >. Since the space p of 
Lebesgue integrable functions is complete with respect to the norm | y | 
it follows that there is a function yo in £ such that (8.5) holds. 


THEOREM 8.3. Let {fu} be a sequence of functions in B’ satisfying the 
condition (8.4) for a suitable choice of N. Suppose further that the sequence 
of set functions 


Si, | ëa | de ; (g= 1,2,- °) 
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is uniformly absolutely continuous on S. Then there exists a function no 
in B’ such that (8.5) holds. Moreover the subsequence can be selected so 
that na has (k==1,---,m) converge weakly in $, to yo; nox respectively. 


In order to prove this result select {yg} and ~o to have the properties 
described in Theorem 8.2. Then (8.5) holds and yg converges weakly in £ 
to mo. We can suppose that 7 is equal to the limit of its integral mean when 
this limit exists, and that 7) == 0 elsewhere. We shall show presently that 4o 
is in 8’. As a first step observe that the function yg satisfies the hypotheses 
of Lemma 7.5 with «a — 1. Consequently we can replace {mq} by a suitable 
subsequence such that yaw converges weakly in P to a function nox. Consider 
now the equations. 


bs b : 
(8. 10) f {na (bx, 2'e) — na (ax, 2x) de’, = f hada 


which hold for every interval [a,b]. Since hæ converges weakly to nox the 
right member of this equation converges to the right member of the equation 


bx, b 
(8. 11) S, onsi) — mlae) dare — S inde. 


Since (8.5) holds, then except for a, and bz on a set Mz of measure zero in 
x,-space the left member in (8.10) will converge in subsequence to the left 
member of (8.11). It follows that (8.11) holds unless az, bx are on My. 
By virtue of Lemma 2.1 the function yo is in 8’, as was to be proved. 


THEOREM 8.4. Let {éq} be a sequence of functions in B” satisfying the 
condition 


(8.18) Í, |é | 2de < N. 


There exists a subsequence tna} and a function no in B7 such that ng, Nar con- 
verge weakly on P» to no, nor respectively and 


(8.14) lim f oen | Pe S20: 
q=% 8 


In order to prove this result let W be a measurable subset of 8. By the 
inequality of Schwarz we have 


f lelas lile f daam 
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where | M | is the measure of M. The hypotheses of Theorem 8.38 are satis- 
fied and we can select a subsequence {yg} and a function yo in 8B” having 
the properties described. in that theorem. Since 7 @ converges weakly in £2 
to nox and (8.13) holds with é= yg it follows that mq, converges weakly to 
nor in P Consequently yx, is in B”. That yg converges weakly to yo in 
£2 will follow from the relation (8.14). To ‘prove (8.14) we may suppose 
as in the proof of Theorem 8.2 that the sequence {yq} has been selected so 
that its integral mean y converges uniformly on S at least if we restrict h 
to be of the form 4 —2-?, where p is an integer. By Lemma 7.2 we can 
select # so small that (8.7) holds with 


lal= f Ino 24a 


for a preassigned number e >0. Next choose go such that (8.8) holds with 
g>r>q.: By (8.9) we then have | y7—a || <e if g>r>q. Since 
lim nq == 0 almost everywhere it follows that (8.14) holds, as was to be- 
q=00 


proved. 


9. Properties of the second variation. The second variation of the 
problem described in 3 is of the form 


Ja(m 0) = f 20l, m4, 0) dz, 
where 
2w (x,y, m, 6) = P (z, e)n” + 204 (z, ¢)yms + Birha, C) wim. 


The functions P (a,c), Q, (z, c), Rix(z, c) == Rri (x, c) are continuous in (2, c) 
for all points z == (#1,° ° `, £m) and c==(¢1,:**,¢s). Moreover there is 
an open set C such that the inequality f 


(9. 1) Bi; (2, c)ayrj > 0 


holds whenever v s£ 0, c is in C and v is on S. If c is restricted to lie on a 
compact subset C, of C one can select a constant A such that 


(9. 2) Rij (2, C) writ = hair; 
for all r 5£0 and all z on a neighborhood of 8. 


We begin with the following lemma 


Lemma 9.1. Det {nq} be a sequence of variations in B” satisfying the 
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hypotheses and the conclusions of Theorem 8.4 and let no be tts limit function. 
Then for each element c in C one has 


(9. DJs. a inf Ja (hg e) = J2(%,;,¢). 
Moreover the conditions | 
(9.4) no(@) ==O0on S, . lim inf Jo(nq¢) =0 
can hold only in case | o 
(9. 5) limint (— | 4_|2%de—0. 

go 4 


In view of Theorem 8.1 with ég = n the inequality : 8) will be 
established if we show that 


(9. 6) | n iE Í. Rijnqing de Z f, Es jnoinos- 
To this end we use the fordh 


Bi shainas = Rishoitjos + eb eaoi (%q3 — ~ 703) + Rij (iai anne hoi). Chai — foi) 
By virtue of (9.1) we have | 


Í, Bijhet = f Eijhoinojðe + 2 f. Bishoi (nas — hoz) da. 


Since %; converges weakly to ġo; in $e the last term has % zero as its limit. 
It follows that (9.6) holds, as desired. 

Suppose next that (9.4) holds. Then by Theorem 8.1 with == 0 
and equation (9.2) we have E | 


0 = lim inf Ja(nq, ¢) == lim int f. Rimaiude = hlimint (| tq | 2de 
q=% q=00 5 . q=% § 


It follows that (9.5) holds. This completes the proof of Lemma 9.1. 


THEOREM 9.1. Suppose that for every non null function y in Bo, there 
is an element c in O such that Jo(y,¢) >0. Then there exists a compact 
subset Co of O such that given a non null function y in Bo there is an element 
cin Co such that Js(y,c) > 0. 


Let {Cq} be a sequence of compact subsets of C whose union is Ọ and 
which has Cy < Came If the conclusion in Theorem 9.1 were false, there 
would exist for each integer q a variation ngs 0 in Be, such that J2(yq, c) S09 
whenever c is in Cg. We can suppose that ng has been normalized so that 
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(9.7) ff, lu)’ =. 


According to Theorem 8. 4 we can replace {ng} by a subsequence, again denoted 
by {74}, having the properties described in Theorem 8.4. Let yo be its limit 
function. Since aq is in Bo we have foi(yq) == 0, where Jo: is given by (2.5). 
By Theorem 8.1 we have Ioi(mo) 0. It follows that yo is in Bo. Consider 
now an element c in C. Choose p such that c is in Op. For q = p we have 
J2(nq ¢).=0 and hence Jalo c) S0, by (9.38). If 7 ==0 the condition 
(9.4) would be satisfied and (9.5) would hold. This is impossible in view 
of (9.7). It follows that Theorem 9.1 holds as stated. 


THEOREM 9.2. Suppose that the hypotheses described in Theorem 9.1 
hold and choose Co as in Theorem 9.2. Let K2(y,¢) be a second function of 
the same form as J2(y, 6). There exists a constant p> 0 such that given a 
variation nÆ 0 in Bo there exists an element c in Cy such that 


(9.8) Ja(m c) Zp | Ke(m ¢)]. 


Observe first that since K2(y,c) is of the same form as Je(y,¢) we can 
select a constant N such that 


(9.9) + EDSN f al +l Bae 


whenever c is in Co. Suppose now that the theorem is false. Then there 
exists for every integer q a variation yg340 in @ > satisfying the inequality 


Ta(nq,¢) S (1/4) | Ko (74 ¢)| 
whenever c is in Oy. We can suppose that yg has been chosen so that 
(9. 10) S Cat lild m1 


and such that the sequence {yg} converges to a variation 7) in Bo in the 
sense described in Theorem 8.4. Then by (9.9) we have 
0 = lim inf Je (na, C) È Jefo; €) 
q=00 
whenever c is in Co. Consequently no = 0 by Theorem 9.1. The relations 


(9.4) are accordingly satisfied. It follows that (9.5) holds. Using (8.14) 
with o =Q it is seen from (9.10) that l 


lim f | Ja | 7de = 1, 
q=00 S 
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contrary tọ (9.5). The conclusion in Theorem 9.2 is accordingly valid, 
as was to be proved. 


10. Proof of Theorem 4.1. Theorem 4. 1 will be established by showing 
that one of its contrapositives is true. The particular one that we shall use 
is the following 


THEOREM 10.1. Suppose that yo satisfies the conditions I, IIn and IIT’ 
described in 4 and let Co be a compact subset of the set O appearing in these 
conditions. Suppose further that for every number p > 0 and every neighbor- 
hood F of yo in xy-space there is a function y in A lying in F ae ey the 
conditions 


J (y, c) — J (Yo 6) < pD(y — yo) 
Ja ly) = Jo (Y0) (@=—1,---,r—s)’ 


for every c in Cy. Then there exists a variation 5740 in Bo such that 
J2(yo,¢) SS 0 whenever c is in Cy. Here, J2(,c) is the second variation of 
J (Y, C) On Yo. 


If we assume that this result is true, we can establish Theorem 4.1 as 
follows. Select Co as described in Theorem 9.1. Let 7 be a variation in Bo. 
By virtue of Theorem 9.1 the relation J2(y,c) <0 holds for every element c 
in Cy if and only if n = 0. It follows that the hypotheses of Theorem 10.1 
and 4.1 are incompatible. Consequently Theorem 4.1 is true as stated. 

The remainder of this section will be devoted to the proof of Theorem 
10.1. By virtue of our hypotheses there exists a sequence {yg{x)} of 
functions in Y converging uniformly to yo{z) and satisfying the condition 


(10.1) F(Ye.) —F (yo 0) < (1/4) D(ye—Yo)s Talya) = Toyo) 


whenever c is .in Cy. From the first relation it follows that yay. By 
virtue of Theorem 6.3 there is a constant p > 0 such that whenever c is in 
Co we have 


lim inf [J (Ya; ¢) — J (Yo, ¢)] = pune inf D(y¥q— Yo) — J 


for every number e > 0 and hence also for e==0. The last two inequalities 
can hold only in case 


(10. 2) lim J (Ya, €) = J (Yo, €) (c in Co) 
gq=00 


(10. 3) lim D(ya— yo) = 0. 
g=% 
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From the definition of D(y) it follows that the sequence {ġar} converges to 

Yor in measure. Replacing our original sequence by a suitable subsequence 

it can be brought about that lim ġa (£) = Yor(@) (bh ==1,-+°,m) almost 
g=00 


uniformly on S. Setting 

Ya = Ya — Yo» va = (3) [1 + (1 + | 89a | ?)#] 
it is seen that m valz) = 1 almost uniformly on S and that 
(10. 4) D (ya) = Í o C a | °/va}da. 
In view of Lemma 7.4 we have the further relations 


(10. 5) Í, | ya | [ða | dæ < ND (sya), Í. | 8y¥q | *da < ND (8yq) | 


for a suitably chosen constant N. 


We now define a sequence of variations {nq} by the formula 


(10. 6) na = ŠYa/ ay 
where kg is the positive root of 
(10. 7) kg S D (Ya) . 


Using (10.4) and (10.5) it is seen that ņa satisfies the relations 


(10.8) f {lnel*/oddo—1, f Inoilalde<N, f lnl’ <N. 


By replacing our original subsequence {yq} by a suitable subsequence the 
variations y4 can be selected so that they have the additional properties 
described in the following 


Lemmas 10.1. The sequence of functions {yq} described above can be 
chosen so that the corresponding sequence of variations {nq} given by (10. 6) 
converges almost everywhere to a variation yo in B” and in fact is such that 


(10. 9) lim f |yg—|de=0, lim | ng? — 0? | da = 0. 
Q=00 S 8 


g=00 


The functions ya na (k==1,:°-+,m) converge weakly in $ to ao; Tor 


“ 
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respectively. On every measurable subset T of S on which {Yau} converges 
uniformly- to You, the functions nq, nas are in Pe for large values of q and 
converge weakly in Pa to no nox Finally if P(x), Q:(@),°° +, Qm(@) are 
continuous functions on the closure of S, we have 


(10.10) lim Ò (Pra? + Qmimi — J | {Prot + 20min}. 


In order to establish this result observe first that by virtue of the first 
relation in (10.8) and the inequality of Schwarz we have 


| f | ja | de |? S f na | °/ vajda f, vde S f rede 


for every measurable subset M of S. Moreover from the definition of va and 
D(y) it follows that l 


f, ies | MIL $, (vg —1)de S| M | + D(a) 


where | M | is the measure of M. It follows from these relations together 
with (10.8) that the sequence of set functions . 


f lial ae (qg—1,2,3,---) i 


is uniformly bounded and uniformly absolutely continuous on S. By virtue © 
of Theorem 8.3 our sequence can be replaced by a subsequence, again denoted 
{nq}, that converges almost everywhere on S to a function 7 in 8’ and is 
such that the first equation in (10.9) holds. Moreover the functions na, fak 
converge weakly in P to mo, nox by the same theorem. 


Consider now the function Za ey, V va By virtue of. the first relation 
in (10.8) it follows from Lemma 7.5 that by replacing our sequence by a 
suitable subsequence the corresponding functions 2, will converge weakly in 


$: to a function Zo. Since lim vg == 1 almost uniformly on S it follows 
g=00 


that Zos == jor almost everywhere on S and hence that yo is in the class 8”. 


Moreover on each subset T of S on which lim vg == 1 uniformly the functions 
g= 

Hor converge weakly to fox in $e since the functions zg, have this property. 

From the last relation in (10.8) it follows that mą converges weakly in 


L- to mo on BS. 
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Consider next the function ég == ņa" whose derivatives are given almost .- 


everywhere by the formula bon == 2ngnox. By virtue of the last two equations 
in (10.8) we have 


o  filalde<w, ff lela <an. 


Consequently é is in B’. Using Theorem 8.2 it is seen that the’ second 
equation in (10.9) holds. This result together with Theorem 8.1 yields 
(10.10) with & = ng, o= 70. This completes the proof of Lemma 10.1: 


We proceed with the proof of Theorem 10. 1 by establishing the following 


Lemma 10.2. The Hilbert integral J*(y,c) of J (y, c) given by formula 
(6.9) satisfies the relation 


a __.. J * 
(10. 11) TO A Beet A. TD wy a 


Q=00 feq 


for each element cin Co. The variation q is the one described in Lemma 10. i 
and 


(10. 12) J*, (9, 6) = f _ (gun? + Imari} da, 


the arguments in the derivatives of g being [x, yo(x), Yo(z), c]. 


For by the use of Taylor’s theorem it is seen by (6.9) that J*(yq, c) 
can be written in the form l 


, (10.13)  J* (Ya c) = J* (Yo, ©) + 31 (Bye, 6) + 4*2 (Ya c) + Rallya c), 


where Ji(y,c) is given by (4.10) and Ra(ņ, c) is of the form 


Relm ¢) = f {Pa + 2Qainni da. 


Since lim y4 = yo uniformly on S an examination of the functions Py, Qai 
q=00 
will reveal that lim Pa == lim Qoi = 0 uniformly for v on S and c in Co. ` 


q=% g=00 


It follows from the last two relations in (10.8) that the first of the relations 


lim Rely c) =0 lim J*3(q, ¢) = J*2(no, c) (c in Co) 
g=00 q=0o 


holds. ‘The second follows from equation (10.10). Using (4.10) we see 
4, 
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that Jı (ya c) == 0. Using these relations together with (10.13) we obtain 
equation (10.11). 
As was seen in 6 the function J(y,c) can be written in the form 


(10. 14) I(y,¢) = I* (y, 0) + E* (y, c) 
where as in (5.38) 


E*(y,c) = Í Blz, y (2), ġo (2), ý (2); c]dz. 


We shall now prove the following 


Lemma 10.3. The function E®(y,c) satisfies the relation 


(10. 15) lim int [kE (yo c)1Z4 È gounitosresde, 
g=00 s 
the argument in the derivatives of g being [z, yo(x), Yo(x), c]. 


In orđer_ to establish this result let T be a subset of S on which Go 


converges uniformly to Jo(x). Then lim vg = 1 uniformly on T and by 
=00 


(10.8) there exists an integer go such that 
(10. 16) f Niet <2 KETY 
Increase Qo if necessary so that for q = qo the functions 
Ras (2, 0) = f° dria, vala), Gol) + tlale) — tole), Jdi 
are well defined on T. Then by Taylor’s theorem 
Eg (x, Yalt), Yo(X), Yale), 6) = Rair dhaidha 
whenever g = qo, © is in T and c is in Co. Moreover, if we set 
Bij (2, €) = gpp LZ, Yo (£), Yo (£), c] 
we have a Reig = Riz unformly for x on T. Consequently by (10.16) 


(10. 17) lim int È Raray — lim inf f AEEA 
T gq=00 T 


q=00 


By an argument like that made in the proof of Lemma 9.1 we have 


(10. 18) lim inf f Rigging Z f Ri snovqoj Ae. 
g=00 P T 
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Observing that the integrand E“(yq,c) is nonnegative for large values of q, 
by virtue of condition IIn on yo, it follows that 


lim inf kge E* (Yo c) Z lim inf kg? f Lig {&, Ya Yos Ya, C) AX 
q=% q= T 


= lim inf 4 f Raining de. 
g=00 7 P , 
Combining this result with (10.17) and (10.18) we obtain the inequality 
lim inf [kg E* (Ja ¢)] = 4 f, A TA 
q=% T 


Since T can be chosen so that the measure of S—T is arbitrarily small this 
inequality also holds when T = §, as was to be proved. 


Lemma 10.4. The variation yo is non null and satisfies the inequality 
Ja(no ¢) 0 for every element c in Co, where Ja(q, c) is the second variation 
(4.14) of J(y,¢) on Yo. 


In order to establish this result observe that by (10. 1) 
(10. 19) J (Ya 6) —I (Yos ¢) < ha’/d- 
Using the familiar relation 
(10.20) F(ya 0) —I (Yos c) = J* (Yas 0) —I* (Yo, 6) + B* (yay) 
it follows from Lemma 10.2 that 
(10. 21) lim inf kg? [J (Ya ¢) — J (Yo, £) | 
© = I*a Cm c) + lim int (ke*B* (yo, )) 0. 


From the definition of Je({y,¢) and Lemma 10.3 we conclude that 
Ja(no,¢) 0. If a were null we would have J*2(yo,¢) = 0 and hence by 
(10. 21) 
lim inf kg?E* (yo, c) Z 0. 
q=00 


On the other hand, the inequality (5.6) holds with y = yq if q is sufficiently 
large. It follows that there is a constant h > 0 such that 


lim inf kg?* (yq,¢) Zh >O. 
q=% 


In view of this contradiction 4) cannot be null. This proves Lemma 10. 4. 


- 
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The proof of Theorem 10.1 will be complete when we have established 
the following 


LEMMA 10.5. The variation no is in the class Bo described in 2. 


In order to prove this result it is sufficient to show that y satisfies the 
equations (4.2). To this end observe that, by virtue of (10.19), (10.20), 
. Lemma 10.2 and the nonnegativeness of E™(yq,c), we have 


(10. 22) : lim kg E* (ya, = 
Setting = 
J* 4 (y) = f {Jo (2, y (2), jo (z) ) -A (j (z) = Yoi(@) ) Jor: (z, y (z), Yo(a) ) }da 


we have 


Jg (Yo) = Jo (Yo) 
and 


Ta (ya) — To (yo) = J*o (Ya) —J* (yo) + E*o (ya) 
where H’*,(y,c) is given by (5.4). In view of (5.7) and (10, 22) we have 
lim keg E™ o (Ya) => 0 * 


g=0o 
But by hypotheses Jg(y¢) = Jo (Yo). Hence 


(10. 23) lim kg Ea (Ya) — J* (Yo) ] dg = ù. 
q=00 


Using Taylor’s theorem again we see that 


J*5(y) — I" a (Yo) = Jor (Ya) + Í {Pa8ya + Vad¥ai} de 


where lim P; == lim Qu = 0 uniformly on S. Consequently 
q=00 Q= 


0 = lim ka [J*g (ya) — J" o (yo) ] =m Jos (ma) = Tox ne) 
q= 
as was to be proved. 


11. Consequences of the sufficiency theorem. We begin with an exten- 
sion of Theorem 6.2. To this end let K (y, c) be a second integral having the 
properties described in the section preceding Theorem 6.2. Then we have 
the following — l 
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THEOREM 11.1. Suppose. that yo satisfies the conditions I; Lin, IIT’, IV’ 
relative to J(y,c). Suppose further that yo satisfies condition I relative to 
K(y,c) for every element c in C and that (6.11) holds as stated. There 
exists a compact subset Cy of C, a constant p > 0 and a neighborhood F of yo 
in xy-space such that given a function y in A, lying in F the inequality 


GLI) ST (y,¢) — J (Yo, 6) Z p | K (y, c) — K (Yo ¢)| 


holds for a suitably chosen element c in Oo. ` 


In order to prove this result set 
I(y, cxt) = J (y, c) — tE (y, 0). 


Since yo satisfies condition I relative to J(y,c) and K(y,c) it satisfies 
condition I relative to I (y, c, t). Next choose Co as described in Theorem 9.1. 
From the proof of Theorem 6. 2 it follows that there is a constant p œ> 0 such 
that yo satisfies condition IIn relative to I(y,c,t) provided c is in Cy and 
|¢|Sp. By continuity considerations it follows that we can diminish p 
if necessary so that IIT also holds in this case. Finally diminish p so that 
it is effective as described in Theorem 9.2 when K2(y,c) is the second - 
variation of K(y,¢) on yo. The function I(y,c,t) with t= = p satisfies 
the hypothesis of Theorem 4.1. It follows that there is a neighborhood F 
of Yə in vy-space such that the inequality 


I(y, c, t) z= (Yo tc) (t= + p) 


holds for each function y in YW lying in F provided c is a suitably chosen 
element in Cy. The inequality (11.1) follows from this result. 

There is a second consequence of Theorem 4.1 that we shall now describe. 
Let [A,B] be an interval containing S in its interior. For a function 7 
in 8” bounded by a constant è we have, by Lemma 7. 4, 


By, B’ Tk 
f | a (£r; 2'r) | Pda’, = f | f 2m (ir Ue) te (te, s'r) dt | da’s 
a A’, A'r Åk 


<2 f lal lild SND), 


where N is a suitably chosen constant. Let D*(7) denote the least number 
such that 


B; 
| 1620 2) | 3da S Da) (b—=1,- ym). 
kt 
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Then D*(y) is a second measure of the magnitude of y and 
D* (4) S ND (q). 


Consider now a function y in & restricted to lie in the è neighborhood of yo. 
Then D*(y— yo) is a second measure of the deviation of y from yo For the 
case m==1 it takes the useful form 


D* (y — yo) = sup | y(2) — yo() | ?. 
We have the following result 


THEOREM 11.2. The conclusion in Theorem 4.1 ts valid when D(n) 
as replaced by the function D*(n) described above. 


This theorem can be considered to be an extension of the Theorem of 
Osgood for simple integrals. 


12. Sufficient conditions for a weak relative minimum. As is well 
known. sufficient conditions for a weak relative minimum can be obtained 
from those for a strong relative minimum by a simple device that will be 
explained below. We shall describe this result for the problem formulated 
in 4. It is a simple matter to interpret these results for the problem described 
in the introduction. . 

Let III” and IV” be the conditions obtained from the conditions IIT’ 
and IV’ described in 4 by omitting all references to the condition IIn. The 
weak sufficiency condition is then given by the following 


THEOREM 12.1. If the function yo satisfies the conditions I, III”, IV” 
there exist a compact subset Cy of O, a constant p > 0 and a neighborhood Ry 
of Yo in xyp-space such that given a function y in W, lying in Eo the inequality 


J (y, e) —J (Yo, 6) = pD (y — yo) 
holds for a suitably chosen element c in Co. 


A function y in M, is said to lie in Ry if its elements (z, y(x),y(a)) 
are in Fo for almost all values of z on S. 

In order to prove this result choose Cy as described in Theorem 9.1. 
By the use of a continuity argument and Taylor’s theorem it is seen that if 
the region Æ described in 2 is diminished suitably the condition IIn will 
follow from condition III” if we restrict the elements c to be in Co. For this 
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new region Æ the conditions I, IIn, III’, IV’ will hold. It follows from 
Theorem 4.1 that p and Ro can be chosen to have the properties described 
in Theorem 12.1, as was to be proved. 

It is not difficult to see that for weak relative minima the function 


Di(y) = f lald 


can be used in place of D(y). This is not true in a strong relative minimum, 
except for special integrands f(z, y, p). 

Theorems analogous to Theorems 11.1 and 11.2 also hold for weak 
relative minima. 


‘ 
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ON THE REPRESENTATIONS OF THE SYMMETRIC GROUP.* 
(Third Paper) 


By G. pe B. ROBINSON. 


Introduction. Perhaps the best known result of classical representation 
theory is that the number of conjugate sets is equal to the number of irre- 
ducible representations of a finite group G. In the case of the symmetric 
group Sn the association of the conjugate sets with the irreducible repre- 
sentations is made precise through the Young diagram [a] consisting of a 
nodes in the first row, ¢, in the second, and so on, where 


Oy = Uy Z -Ag = . ‘=< ah 


and a, —+@ta,+---+ta,==n. We shall refer to such a diagram as a 
right diagram, to distinguish it from a skew diagram [a] — [8], consisting 
of those nodes of [a] not belonging to [8], with a;=;. These skew 
diagrams were studied in another paper? and it was shown that each such 
diagram which contains n nodes is associated with a reducible representation 
of Sn, whose irreducible components can be obtained according to a precise 
rule. The ideas had immediate application to yield a new proof of the 
Murnaghan-Nakayama recursion formula. We shall further investigate the 
properties of skew diagrams in Part I of the present paper, and apply the 
conclusions in Part II to obtain some new relations between the characters 
of the symmetric group. 

Perhaps the most important results obtained in Part I have to do with 
skew diagrams whose disjoint constituents are right-diagrams. Such diagrams 
arise when the g-hook structure? of a right diagram [a] is represented by 
means of a skew diagram [a]*,z (see below). Also, these diagrams complete 
the story of the relationship between the symmetric group and the full linear ~ 
group. For if a, +d+--:+:-+a-=n, we may consider the irreducible 
Kronecker product representation 


(1) La] X [a2] X: A [ar] 


* Received April 18, 1947. 

+ [14]. The papers [18] and [14] will be referred to as SG, and SG). 

? [11]. The papers [11] and [12] will be referred to as N, and N: Nakayama 
defines a p-hook to be any hook whose length is a power of p. Here we shall understand 
a q-hook to be a hook of length exactly q. The restriction that q be a prime will not 
apply here. 

act 
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of the subgroup H, where H is the direct product 
(2) Sa, X Sa X: X Sa, 


The representation (1) induces a representation of Sa which is characterized 
by a skew diagram whose disjoint constituents are the right diagrams [a:]; 
such a representation may be denoted 


(3) [a.]-[a.}- < > > [a], 


and there is'a one-to-one correspondence between the irreducible components 
of (3) and the irreducible components of the representation 


(4) {a1} X {a2} X` > X {ar} 


of the full linear.group.* The case where all the constituents [a:] in (3) 
are identical is important in the application of these ideas to invariant theory * 
which, it is hoped, will form the subject of a later paper. 

Part II is largely devoted to a study of the Murnaghan-Nakayama 
recursion formula in the case where successive cycles of equal length q are 
removed from a given substitution. Let us assume that a maximum of b 
hooks of length g can be removed from a right diagram [a] containing n 
nodes, leaving a g-core [«o] containing a nodes, so that 


(5) | | n=a -+ bg; 


here a may be zero. If fewer than b hooks are removed the residual diagram 
is not in general unique, but depends on the order of removing the hooks. 
On the other hand the g-core [æ] is unique and is independent of the order 
in which the g-hooks are removed. In 6 it is proved that 


(6) Xa(V Pr) =o t*a Xah Y), 


where yxa is the character of [a], V is any substitution of the symmetric 
` group Sz on the first a of the n symbols, P» is the product of b cycles of length 
q on the remaining n — a symbols, c == + 1 and depends only on [«], and 
w*, is the number of distinct ways in which b hooks of length g can be 
removed from [«] to yield [«&]. If V- P» contains more than b cycles of 
length g then its characteristic in [a] vanishes identically. 

One can pursue the matter further by constructing a skew diagram [a]*q 
containing b nodes, each of which represents a. particular g-hook of [«] and 


3 References to the literature will be found in SG,; cf. in particular Murnaghan 
[10], p. 448 and [8]. The language here is different but the result is the same. 
.*Cf. [8] and [9]. 
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such that every rg-hook of [a] is represented uniquely by an r-hook of [@]*,. 
Clearly, the subgroup of Sn» generated by those substitutions W. of Sn on the 
last bg symbols which permute the b cycles of P» is isomorphic to a symmetric 
group on b symbols which we may denote 8%. Actually, [a]*, yields a 
representation of S*, of degree “a The result (6) is generalized in 7 to read 


(7) xa(V : Pa: W) = o-x(W*) in [a]*q° xa(V), 


where |V* is the representative of W in 9*>. 

Apart from their intrinsic interest these results have an important 
application in the modular theory to the proof of Nakayama’s conjecture ° 
concerning the blocks of characters of Sa. The proof in question is based 
on a refinement of Nakayama’s theorem concerning the prime factors of the 
degree za of [a]. In its revised form the theorem.reads 


(8) (a) = e(n!) —e((n—a) !) + e(2*p), 


where e(za) is the exponent of a given prime p dividing ta, and here 
n==a&-+- bp. The quantity e(z*,) is the unknown e, or extra power of p, 
appearing in Brauer’s formula °° 


(9) e(t) =a—d+te., 


where æ is the degree of a given irreducible representation of an arbitrary 
group G, p? is the exact power of p dividing the order g of G and pê is the 
order of the appropriate defect group of G. 

Since the writing of the present paper the author’s attention has been 
drawn to a paper by Aitken’ in which the skew diagram is introduced and, 
though the language used is that of Schur functions, the corresponding 
irreducible components are obtained. Aitken proves the result contained 
in Theorem 1. 3. 


5 Na, p. 423. For the proof of the conjecture see [5] and [15]. For Nakayama’s 
. theorem concerning the prime factors of w, see N,, section 8. 

°[4], p. 217. 

” [1]. Recently, the papers left by Alfred Young have been made available to the 
author for study and it is of interest to note that Young had a very clear idea of a 
skew diagram as representing a reducible representation of S,, though he says in his 
notes for lectures given in the tutumn of 1932 that he has not had an opportunity to 
develop the theory of such diagrams. (Added in proof, Feb. 12, 1948). In section III 
of Young’s last paper (Proceedings of the London Mathematical Society, vol. 37 (1934), 
pp. 441-495) however, he does consider special skew diagrams obtained by shifting the 
upper rows of a right diagram to the right, and in section IV he obtains the irreducible 
components when there are just two rows. Further study of Young’s unpublished MSS 
has brought to light a discussion of the irreducible components of a skew diagram 
consisting of two disjoint right diagrams. It is impossible to date these MSS 
accurately; Young died in December, 1940. 
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PART I. 
Skew Representations. 


1. In SG. we studied the reducible representation of the symmetric 
group Sn on n symbols which corresponds to the skew diagram [«(1)] 
— [B(m)], where l— m +n and the notation [a(1)] serves to emphasize 
the fact that the right diagram [a] contains just J nodes. We shall change 
the notation slightly and denote the character of such a skew representation 
by xa® where ya is the character of the irreducible representation [a]; we 
shall denote the degree of the reducible representation [a] — [8] by zaf 
and the degree of the irreducible representation [a] by za. It may happen 
that the skew diagram [«]— [8] breaks up into a number of disjoint 
constituents which have no row or column in common. If this is so, we 
may assume that the i-th constituent contains ny nodes, where n == ni + ne 
+: -+ nrn and 4.11 of SG. becomes 


n! 


5 rea ee es ge 
i Ni nale - np! 


nTn” * * Enp 


where Ta; denotes the degree of the corresponding representation of Sn,, in 
general skew. 

The symbol (n:) will be used to denote a skew diagram containing ni 
nodes, or the corresponding skew representation; the symbol [n:] will be 
used to denote a right diagram containing n; nodes. When used as sub- 
scripts the brackets in these symbols will often be omitted if no ambiguity 
will result. Greek symbols will refer to particular right diagrams according 
to the usual custom. 

If the rows and columns of a right diagram [«] are interchanged the 
resulting diagram [a]’ is said to be conjugate to, [a]. If such a trans- 
formation is applied to the rows and columns of a skew diagram [«] — [8] 
then we obviously obtain [«]’—[]’, and the irreducible components of 
[a]’—[]’ are just the conjugates of those of [a] — [8]. “The following 
theorem is of greater significance: 


1.2 The irreducible representation [a] of Sn is similar to the skew 
representation ® 


[a] d [8] = Lo" ] = [æ — Ah * * 5 hy — Go, A — a, j; 


where [a,"] is used to designate the right diagram having h rows, each of 


8 The Symbol [2] appears in D. E. Littlewood’s work on invariants. Cf, [8], p. 316. 
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length a,. Put in other words the theorem states that the rotation of a right 
diagram through 180° is an invariant operation so far as the irreducible 
components of the representation of Sn are concerned. | 

To prove 1.2 it is necessary to recall the method of obtaining the 
irreducible components of a skew representation as given in 3 of 8G». 
- Construct first the standard diagrams associated with the representation and 
the corresponding permutations; if any of these are lattice we have one of 
the irreducible components immediately. Transform the non-lattice permu- 
tations into lattice permutations, according to the association I of SGi, and 
read off the irreducible component. 

In the case under consideration it is evident that the process of rotating 
a standard right diagram D of [a] through 180° and reversing the assumed 
order of the symbols leads to a standard skew diagram D belonging to 
[2] — [8], and conversely; moreover, the permutation p(D) associated with 
D is lattice while the permutation p(D) is non-lattice. It will be sufficient 
to show that p(D) is transformed into a lattice permutation p(D,) under 
_ the association. I of SG, where D, (54D in general) is a standard right 
diagram of [a]. For this we remark that the association I can be reinter- 
preted in terms of the association II of SGi, which leads to a definite operator 
the same for every standard diagram [a], which describes the raisings of 
symbols from the rows of [a] — [8] which are necessary to yield [«]. Thus 
the non-lattice permutations obtained from the standard skew diagrams 
[a] — [Ē] are associated with the lattice permutations obtained from the 
standard right diagrams of [a], though not in the same order, which proves 
the theorem. 

It is natural to generalize 1.2 to apply to the skew diagram [a] — [8]. 
We shall suppose that the two right diagrams [a] and [8] are taken as 
small as possible. This implies that nodes of [8] appear in the first row 
of [a], and that the numiber of rows of [a] is greater than the number of 
rows of [@]; i.e. 


[e] sas [e C7 Gna |, . [£] = [Bs Bo, _ os Bal, 
where a; > 8; and &>0. Then we have: 


1.3 The skew representation [a«a] — [B] of the symmetric group Sn is 
similar to the skew representation 


. [eine (k times), Oy — Br, i +5 %— Bo, % — Bil 
— [a — Onan, ° * * 5&1 — Oo, Oy — %]. 


For brevity we may again denote the rotated skew diagram by [a] — [8]. 
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The proof resembles that of 1.2, with the added complication that one must 
take into consideration not only the operator required to change [a] — [8] 
into [e] — [8] but also that required to change the non-lattice permutations 
of [a] — [8] into lattice permutations. As before, these operators are the 
same for permutations associated with the same irreducible component ; 
conversely, they are determined by the component. 

To illustrate these ideas let [a] = [4,1], so that the corresponding 
right diagrams are as follows: 


nee 1234, 1235, 1245, 1845, 
: 5 4 3 2 


with the associated lattice permutations : 
1.5 C1C1C1C1Cay C CCCG C1C1C2C1C1 109010163. 


If the diagrams 1.4 are rotated through 180° and the order of the symbols 
reversed, we obtain the four standard skew diagrams associated: with the 
skew representations [a] — [8] = [47] — [3]; these yield the non-lattice 
permutations : 


1.6 Cy C2C2C2Co, C2C1C2C2C2, C2C2C3C2C2, C2C2C2C1Cq, 
which in turn lead to the lattice permutations 1.5, but in reverse order. 


2. Consider an arbitrary group G of finite order g and a subgroup H 
of order h. We can write 


G& = H 4+- H8 + H8;,;-+---+ HSn 


and obtain a permutation representation of G on these k co-sets. The group 
matrix of the regular representation of G can be written: 


M MS: ->> . MS 
KM SaM S T oe SiM Shr 

2.1 | gee 
SM Sy 1M 8: ecet Sy M Sy 


where M is the group matrix (tp+q) of H and P,Q are any two elements 
of H. If M is replaced by any irreducible representation » of H we obtain 
the representation of G induced? by w. 

We can now see the true significance of 4. 4 of SG., which, in the notation 
of this paper becomes 
2.2 (U1/m') a my = Sta? Lact- 


° [16], pp. 199-200. 
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If the left hand side of 2.2 be compared with 1.1, the suggestion is 
immediate that we have to do here with a skew diagram one of whose 
disjoint constituents is the right diagram [68], the others being n isolated f 
nodes. Such a skew diagram is associated with the representation of 8: 
induced by the irreducible Kronecker product representation 


2.8 [8] x [1]"~ LA] 


of the sub-group Sm, where [1]” = [1] X [1] X: -- (n factors). It is 
natural to denote the corresponding skew diagram by the symbol 


2.4 BIS 


A little consideration will show that every irreducible component of the 
skew representation 2.4 appears on the right hand side of 2.2 with the 
proper multiplicity, and only these. In fact, the process involved in deriving 
2.2 is exactly the reverse of that required to find the irreducible components 
of 2.4. Thus we. can write 2.2 in the form 


2.6 [6] - BD] = Zz [e]. 
If this -be compared with 4.3 of SG, i.e. with 
2.6 [a] = 32,°[ 8], 


attention being restricted to operations of Sm, we have an illustration of 
Frobenius’ reciprocity theorem which states that the frequencies Za? must 
be the same in each case. 


3. Thus we are led to consider those skew diagrams whose disjoint 
constituents are right diagrams. In the notation of the preceding paragraph, 
such a skew diagram would be denoted by 


3.1 [nii [m] - - - [re], 


where the order of writing the constituents is unimportant, The sub-group 
H is here the direct product l i 


3.2 | Sn, X Sng X ° i “X Snp 
and the representation of H under consideration is the Kronecker product 
8.3 [n] X [me] X- + X [m], 


which is irreducible if and only if each of the representations [n;] is 
irreducible. The degree of the induced representation 3.1 is given by 1.1. 


+° [6], p. 587. 
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Again we have a formula analogous to 2.5: 
3.4 [n] : [na] es [ne] == Z An], 


` where A is the number of ways in which the diagram [n] can be built from 
the [ni] according to the Littlewood-Richardson rule. If there are just two 


constituents [8] and [y], 3.4 becomes ; 
3.5 [8]: [y] = Sarge], 

which should be compared with 1.10 of SG, i.e. with 

3.6 [e] — [8] = ~ arp” [y]. 


We state the conclusion in the form of a theorem: 


3.7 The frequency with which the representation [y] appears as an irre- 
ducible component of [a] — [8] is equal to the frequency with which 
[a] appears as an irreducible component of [8]- [y]. 


But one can go further and relate the general (nı) (na): - ++ (mr) to 
[n]; [ne]; < > > [nr]. This involves merely the repeated application of 3. 6 
to the constituents (n;) to yield 

3. 8 (1%) ° (na) +> + (tr) = D plm]: [n]; -- + [nr]. 


We can combine 3.4 and 3.8 to yield an alternative and perhaps more 
natural proof of case (iii) of the Theorem proved in 6 of SG.. Taking each 
of the (nm) in 3.8 to be a skew hook we have what was there called an 
incomplete skew hook, and it follows from case (ii) of the Theorem that 
there is just one term on the right hand side of 3.8 in which each [1] is a 
right hook; this is the only term which can contribute irreducible hook 

components [n], according to 3.4. It is easily seen that the number of even 
hooks obtained in this way is equal to the number of odd ones. Clearly," 
if one of the (7:) is not a skew hook there can be no hook components [n], 
which is case (i) of the Theorem. 

One naturally asks the question, how are these skew representations 
related to the more familiar permutation representations? It is well known 
that the indentity representation must appear exactly once in any transitive 
permutation representation of a finite group.?® This will happen in the case 
of a skew representation if and only if each disjoint constituent consists of 


11 Cf, [7], p. 107. 
12 [16], p. 181. 
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a single row. These permutation representations were denoted by the symbol 
A(#) in SG | 

The notation 3.1 suggests an important analogy with the Kronecker 
. product ° 
8.10 {ni} X {n} K+ X {nr} 


of irreducible representations of the full linear group. We have, in fact, 
the theorem: 


38.11 There is a one-to-one correspondence between the irreducible com- 
ponents of the representation 3.1 of the symmetric group and 
the irreducible components of the representation 3.10 of the full 
linear group. 


4. We come now to the extension of the theory of hooks? In N, 
Nakayama gives a careful analysis of the relation of one hook to another in 
a given right diagram [a], containing n nodes. Following Nakayama, we 
shall designate the right hook whose corner node is at the intersection of 
the i-th row and j-th column of [a] by the symbol (i, 7), which symbol will also 
serve to define the equivalent skew hook consisting of those nodes in the 
corresponding part of the rim of [«]. For two hooks (i,7), (s, t) of lengths 
Jı» 92 respectively, there are three distinct cases: **. 


(i) +28, 7 2t; one skew hook is completely contained in the other; 

4.1 (ii) a; St or yj >s with t+] s, 7 S t; the two skew hooks overlap; 

(iii) a << tor y;< s with i Z s, j S t; the two skew hooks have no 
common nodes. 


Here the diagram [y] = [«]’, conjugate to [a]. We shall have occasion to . 
refer to this classification shortly. Nakayama’s further conclusions which 
are significant here are summarized below. 


4.2 The removal of a hook of length g—= rq from a Young diagram [a] 
can always be accomplished by the suecessive removal of r hooks 
of length q, and these q-hooks will not intersect in [a]. 


If as many g-hooks as possible, say b, are removed from [@], then, either the 


+ Tt is important to notice here the shift in emphasis, as compared to N, and Na 
from the right hook to the skew hook. 

143, p. 169. 

15 N., section 5. 
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nodes of [«] are exhausted or a g-core [%] remains which contains a nodes 
and from which no further g-hooks can be removed. 


4,3 Let [a] be a q-core. For each r=0,1,2,---,qg—1, there exists * 
one and only one diagram [a] such that the removal of a g-hook 
r = |g —r, 1"] from [a] reduces [a] to [aol]. 


Nakayama calls [a] the kernel of [a], but g-core is preferred here on 
account of its brevity, since the q must be made explicit, and because the 
word carries with it no other important mathematical connotation. It should 
be remarked that Nakayama insisted that q be a prime, but this is unnecessary 
at this stage and the assumption will not be made in the present paper. 

The novelty in the following extension of the theory consists in deter- 
mining how a succession of g-hooks can be removed from [a] to yield [oo], 
and in particular, in how many ways these removals can be accomplished. 
We shall prove that the g-hooks of [a] can be associated with the nodes of a 
new diagram [a]*_ which completely represents the q-hook structure of [a]. 

In the particular case where [«] is a right hook containing bg nodes 
our statement is obviously correct and [«]*¢ is a right hook containing b nodes. 
This implies that every cg-hook of [a] is represented by a c-hook of [a]*g, 
and conversely. In the general case the situation is somewhat complicated 
and the reader may find it helpful in following the steps in the construction 
of [a]*, to refer to the example worked out at the end of the section. 

We begin by locating the longest right hook in |«] of length cig. There 
may be several of the same length but fix attention upon one of them. 
This ¢,g-hook H, of [a] gives rise to an equivalent skew hook H, consisting 
of those nodes on the rim of [a] lying between the top right and bottom 
nodes of H,, which nodes are of course the top and bottom nodes of A.. 
If the top node of H, be taken to be (i, a), there will in general be p other 
skew hooks Æ+ of lengths c:q, all having the same top node (i, i), and such 
that 
4.4 Hia gc Se 87H 6: 


We may designate this sequence of skew g-hooks as the q-chain C in [a]. 
If the corner node of H, is (4,91), and that of Hz is (4,72) and so on, then 
it is evident that 

4.5 fifo t + <p 


But these conditions are precisely what are required to construct [a]*,. 
We have in fact the equations: 


16 Na, p. 414. 
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y“: == ti —p + 4, 
$ == Ce 2 
4.6 Y 2 p -+ Pd 


yp = Cp — p + p, 


which completely determine the constituent [y*] of [o]*,, albeit in con- 
jugate form.” As a matter of fact the coordinates of the c:-hook H*; in 
[y*| are just (1,7). 

Taking the longest hook in [«] whose length is a multiple of q and is 
‘not contained in O, proceed as before and construct a second g-chain CO’ and. 
its corresponding constituent of [«]*,, and so on until all the g-hooks of 
[a] have been included. In general, the C‘ will overlap as far as the nodes 
of the rim of [a] are concerned, but not so far as the g-hooks of [a] are 
concerned. In respect of these g-hooks the chains are separate entities. Thus 
we have the fundamental theorem: 


4.7 For any integer q <n the g-hook structure of a right diagram can be 
completely represented by a skew diagram [a]*g; each node of [a]*g 
represents a g-hook of [a] and each r-hook of [a]*g represents an 
rg-hook of [a]. 


To each q-chain of [a] there corresponds a constituent of [a]*q; 
these constituents are right diagrams in number at most q. 


The final statement follows immediately from 4.3, since we may remove 
_all but one g-hook from [a] and this hook can occupy at most q different 
positions which correspond respectively, to top left hand corner nodes of the 
constituents of [a|*,. Thus the number of these constituents is at most q. 

To illustrate the above construction, consider the representation 
[a] = [8, 7, 4%, 3,27] of Sao and set g==2. The longest hook Hı = (1,1) 
is of length 7.2 and the top node of Æ, is (1,8); starting from this node 
we also have H,== (1,3) of length 5.2, Hs == (1,4) of length 4.2, and 
H, = (1,6) of length 2.2. Thus p==4 for the chain C and y*,=4, 
y: = 3 = y", and y*,—2 as in the accompanying diagram 4.8. There 
remains a single hook H == (4,2) of length 3.2 which has not been con- 
sidered and this hook constitutes a second 2-chain C” of [a]; there is no 
2-core left. It follows that the second constituent of [a]|*. must be the 
tight diagram [1°]. 


+7 The equations 4. 6 can also be written: c, = y*; + p-—1, where p == a*,, in which 


form they are already familiar as applied to [a] (cf. Ny, p. 167). It seems to the 
author that these equations take on new significance when thought of from this point 
of view. 
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There is one point in connection with the skew diagram []*¢ which 
requires further comment. As will appear from the preceding example, a 
given node of [#] may belong to several right 2-hooks depending on the 
order of removal of the hooks; this ambiguity arises from the existence of 
more than one constituent of [¢]*.. For if [#]*, had only one constituent, 
no two g-hooks of [«] corresponding to two nodes of [«]|*, could intersect, 
by 4.2. On the other hand, if [«]*, has more than one constituent, then 
either (a) [«] — [æo] is connected and there exist skew hooks of [æ] which 
overlap in the sense (ii) of 4.1 so that the corresponding right hooks will 
intersect, or (b) [a] — [a] is not connected. In this latter case it may 
still be true that every node of [a] belongs to at most one right q-hook. 
We have, in fact, the following theorem: 


4.9 The necessary and sufficient condition that every node of [a] belong 
to at most one g-hook is that every disjoint constituent of [a] — [oo] 
be represented by a single constituent of [a]*,. 


A little consideration will show that the operations (”), as in 1, and (*) 


are permutable, 1. e. 4 

4. 10 [a] "a = [a] e 
PART II. 
Characters. 


5. In 6 of SG. we proved that 1° 
5.1 xa (C) = (— 1Y or 0, 


according as [«] — [8] is a skew hook with n nodes equivalent to the right 
hook H, = [n—r,1"] or not, where C is a cycle on the n symbols. The 
equation 5.1 associates with the skew hook H,, equivalent to Hy, a parity 
g==(—1)"=-+1. We can state the following theorem: 


18 Of, [10], p. 462. 
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5.2 If at most b hooks of length q, of parities o1, can be removed from a 
right diagram [a] containing n nodes, where n= a+ bq, then the 
quantity 

b 


0 == l Og = (—1)*rt == + J 
4=1 


is independent of the order of removal of the hooks. 


i To prove 5.2 we must utilize Nakayama’s notion of the image of a 


hook.!? Since all the hooks'under consideration arè of length g, case (i) of 
4.1 does not concern us; in case (iii) there is no problem, so we can confine ` 
our attention to case (ii). Let us assume that 


y 2s withi<s 7 >t. 


If the g-hook (4,7) be removed from [a], we may denote the residual diagram 
by [«] and the image of (s,t) in [a] will be (s—i,¢). Conversely, 
if (s,¢) be removed from [a] the image of (i,j) in the residual diagram 
[a(?)] will be (4,71). Now it is the sum of the lengths of the legs of 
these hooks which concerns us. Since the leg of the g-hook (u,v) is of 
length ys — u, we have 


(ya —t) + (ne — (8 —1)) =, (yt — 8) + ia) — 4) ka 


where kı = ke +- 2, since yz: == y; and yj P =y; — 1. Thus hi, ke are 
both even or both odd and the product of the corresponding o;’s is constant. 
Successive applications of the argument prove the theorem, since all b hooks 
are removed in every case. 

It will be important in the sequel to compare the parity of a cq-hook 
in [a] with that of its representative c-hook in [«]*,, which necessarily 
belongs to a single coristituent of [a] K Let us take the cq-hook in question 
to be H == [eq —r, 17] with parity o’ = (— 1)" and suppose that its pe 
sentative in [a]*, is H* == [c — s, 1°]. Then it is clear that 


E 
5.83 r= Drits, 


yal 


where H,, = [q — ra 1"*] is the i-th of the c component g-hooks of H. This 
relation implies that 


5. 4 . o =o: oË, 
where o’ = (— 1)", o = (— 1)?" and o* == (—1)* 


1° Ny, pp. 169-173. 
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6. Instead of considering the matrices of [«] associated with all the 
. substitutions of S» let us restrict attention to those of the sub-group 


6. 1 H = 8a X Sg X 8g K+ K La, 
where Sa is written on the symbols 1,2,---,a, 8S, on the symbols 


a+1,@+2,:--,a-+g, and so on. Such matrices yield a reducible 
representation of H, and if we denote any substitution of H by 


6.2 T=VX 8 Xs KK gM, 


where FV is any substitution of Sa and s‘ any substitution of S,{, we have 
the following relation between the characters: °° 


6.3 xa(U) nn =x 101 V ) xc (s@)) 7. % XD (s® ys 


which corresponds to the removal of successive skew diagrams, each con- 
taining q nodes, from [a]. Of course this process of removing skew diagrams 
could continue quite irrespective of the g-core [a] of [e], but we shall assume 
that it is-repeated 6 times only. The significance of stopping at this stage 
is that some at least of those terms for which [a] = [a] involve g-hooks only. 
For [a] 4 [æ] there must always be at least one yg) which does not 
correspond to a skew q-hook. If the process were carried any further, every 
term would have at least one such factor. 

We now simplify the situation drastically by assuming that each s‘# 
is a cycle on g symbols. It follows from 5.1 that only those terms contribute 
to the right hand side of 6.8 in which every (q) is a skew hook, which implies 
that [a] = [2o]. For any such term 


6.4 XM (8SM) + + XD (8M) =e, 


by 5.2. If we denote the number of such terms by x*,g, then this is clearly 
also the number of- standard skew diagrams [@]*, Thus we have proved 
the following theorem: 


6. 5 If P» represents the product of b cycles, each of length q, on the last bq 


of n symbols and V is any substitution of Sa on the first a symbols, 
then 


Xa( V: Pa) = 0: e*u xah V), 
_ where n =a + bq. 
If Py contains b cycles of length q, where Y >b and n =g + bg, 


then every term on the right hand side of 6.3 will vanish in virtue of 5.1, 


since at most b hooks of length g can be removed from [«]. Thus we have 
the following corollary to 6.5: 


2? SG, in particular Part II, 
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6.6 xal V: Po) = 0, 


for all V’ ‘of Sa. It should be emphasized that these results hold for all ` 
g <n; the case g = n is of little interest. 


7. -But we can go deeper still. Let us denote the normaliser of Ps in 
Sn by N (Po); then a little consideration will show that 


Nn (Pr) = Sa X P X S8*o, 


where P is the sub-group generated by the b individual cycles of length q 
and S*y is isomorphic to the sub-group of subslilutions W which permute — 
the cycles of Py amongst themselves. We prove the following generalization 
of Theorem 6.5: 


7.1 If W* is the element of S*, which corresponds to W of Sy then 
xa(V ` Po: W) =o-x(W*) in [a]"4" xXa(V). 


Let us assume that the cycles in the product P»: W = W - P» are of 
lengths 619, boq,- + <, brq where bi +b.-+:-+:-+0,—b. Then we can 
write 
7% Xa( V : Pa: W) = 3x (V) + Xtal (Po: W) 

= Jx (V) ` xemxcom Xo. 


As before, we are only interested in those terms which arise from a sequence 
of skew hook representations (big), so that we can take [a] — [æo]. Con- 
sider one such term on the right hand side of 7.2 and apply 5.4 to its 
component hooks. Here o is the product of the parities of the hooks of 
length q, o” is the product of the parities of the b;g-hooks, and o* is the 
product of the parities of the corresponding b;-hooks in [a] I.e. multi- 
plying the k equations 5.4 we obtain 


%.3 o == 0'0", 


. It follows from 5.2 that o is the same for all such terms of 7.2, so we can 
sum 7.3, applying the Murnaghan-Nakayama recursion formula iterated 
k times, to yield the equation 
14 xa (Po W) =o-x(W*) in La]*o, 
which proves 7.1. 

As before, if P» contains 0’ cycles of length | g, where b’ > 6 -and 
n =d -+ bq, we conclude that 
7.5 xa(V"- Py: W) = 0, 
for any V’ of Sq. 
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There is another approach to [«]" which is of interest. We proved 
in the fundamental Theorem 4.7 that [@]* is a skew diagram having at most 
q disjoint constituents, each of which is a right diagram. Hence we can write 


7.6 La]*a = [bi]; [be]: - + - Eba], 
where bı + b+: +--+ ba=b, and we can think of the representation 
[a]*, as induced by an irreducible representation M of the sub-group 
Sv, X St. X’ + X Ss, as in 2 and 3. Thus 
(ei x(W*) in [a]*,—2*, for W* =], 

== SIIxv,(ss,) for W* = Ils, 

= 0 otherwise. 


These statements follow from the fact that the elements in the leading 
diagonal of 2.1 are M and its conjugates, which explains why a summation 
is required in the second line of 7. 7. 

As a simple illustration of these formulae consider the irreducible 
representation [a] == [47,27] of Si. with g = 2. There is no 2-core, [«]*, 
=: [2,1]-[2,1] and o= + 1. Take P = (12) (34) (56) (78) (9 10) (11 12) 
and W = (135) (246), W* = (abc), P. W = (145236) (78) (9 10) (11 12) 
and 
7.8 xa(P) = + 2%, = 80, XIP: W) = + (—1) (2) 2 = —4, 


since two terms in the diagonal of 2.1 must be taken into account.”* 
If we think of [a]*, as a sum of irreducible representations of Sz, then 
x(W*) becomes a sum of irreducible characters. 


8. : We shall conclude by deriving some interesting identities between 
the degrees of the irreducible representations of Sx. Consider the formula 
2.5 with n == bq. If one were to suppose that no g-hooks could be removed 
from [£] one might expect that, by introducing the product Py of b cycles 
of length q and taking characters, all those [a] whose q-core is different from 
[8] would be ruled out. Such a procedure would rule out those [a] whose 
g-core is larger than [8], in view of 6.6, but it would not eliminate those 
[a] whose g-cores are on the same or a smaller number of nodes. 

Consider the regular representation of Sn obtained by setting [8] = 0 
in 2.5. In this case we have the familiar reduction 


8. 1 [1P =D zale], 
where n = bq. Introducing Po and taking characters we have 
8.2 x (Po) in [1]" = X aacr*g, 


1 Of, [17]. 
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where the summation applies to all [«] which have no q-core; the other 
representations have been eliminated in virtue of 6.6. But the character 
on the left vanishes by 2.1, so that | 


8. 3 l ` Laot g = 0. 
a 
On the other hand, one could introduce a substitution W which permutes the 
cycles of P» and apply 7.1 to yield 
8. 4. x(Po i W) in [i]? == > Laox (W*) in eal here 
a 


from which it follows as before that 


8. 5 > Laox (W*) in [a] a = 0. 
a 


Once more the summation is over those [x] which have no gq-core. 


Choosing any irreducible representation [b] of Sə we can multiply 8. 5 
by x(W*) in [b], and sum over W* to yield 


8. 6 > tor = 0, 


where » is an integer > 0 which gives the multiplicity with which [«]*, 
contains the representation [b] as an irreducible component. 

We give as an illustration the case of n = 6 with q = 2. : The following 
table, with the help of 4.10, gives the necessary information concerning ox": ` 
and the irreducible components’ of [«]*.. Note that the representation 


fe] | 6) legg (42) fer | TA 


LS |S |S | | 


oy | | IS, fa 


” [2]: [1] = [2]: [1] = 
[als | EB] f BI | gp pay | PH | B+R 


rr | a SSS 





[3,2,1] is itself a 2-core and so will not appear. Corresponding to 8.3 
we have the equation 


8. Y Bo — Ts, F 3La, o — Ta, 1 — Barge + BT -H REg, 18 — BL! + Lo,14 — 219 
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which is a consequence of the three equations: 


Ts — Ts, + Za, — Tg? = 0, 
8. 8 Ta, 2 — La, 1? — Ta F Lo? -H Ta, — Taa = O, 
T — L1? F 2,1 — T1 = 0, 





arising from 8.6 by setting [b] equal to [3], [2,1], [1°] respectively. We 
have here a clear picture of the refinement resulting from the introduction 
of W or WF. 


UNIVERSITY OF TORONTO. 


REFERENCES 





[I] A. C. Aitken, “ The monomial expansion of determinantal symmetric functions,” 
Proceedings of the Royal Society of Edinburgh (A), vol. 61 (1943), pp. 300- 
310. 

[2] R. Brauer, “On the arithmetic in a group ring,” Proceedings of the National 
Academy of Sciences, vol. 30 (1944), pp. 109-114. 











[3] , “On blocks of characters of groups of finite order” I, ibid., vol. 32 
(1946), pp. 182-186. 

[4] , “On blocks of characters of groups of finite order” II, ibid., vol. 32 
(1946), pp. 215-219. 

[5] , “On a conjecture by Nakayama,” Transactions of the Royal Society of 


Canada (III), vol. 40 (1947), pp. 11-19. 

[6] R. Brauer and C. Nesbitt, “On the modular characters of groups,” Annals of 
Mathematics, vol. 42 (1941), pp. 556-590. 

[7] D. E. Littlewood, Group Characters, Oxford, 1940. 





[8] , “Invariant theory, tensors and group characters,” Philosophical Trans- 
actions of the Royal Society (A), vol. 239 (1943), pp..305-365. 
[9] , “Invariants of systems of quadrics,” Proceedings of the London Mathe- 





matical Society, vol. 49 (1947), pp. 282-306. 

[10] F. D. Murnaghan, “On the representations of the symmetric group,” American 
Journal of Mathematics, vol. 59 (1937), pp. 437-488. 

[11] T. Nakayama, “On some modular properties of irreducible representations of a 
symmetric group,” Part I, Japanese Journal of Mathematics, vol. 17 (1940), 
pp. 165-184. 

[12] , Part II, ibid., pp. 411-423. 

[13] G. deB. Robinson, “On the representations of the symmetric group,” American 
Journal of Mathematics, vol. 60 (1938), pp. 745-760. 

[14] , Second Paper, ibid., vol. 69 (1947), pp. 286-298. 

[15] , “On a conjecture by Nakayama,” Transactions of the Royal Society of 
Canada (IIT), vol. 40 (1947), pp. 20-25. 

[16] A. Speiser, Theorie der Gruppen von endlicher Ordnung, 3rd ed., Berlin, 1937. 

[17] M. Zia-ud-Din, “ The characters of the symmetric group of degrees 12 and 13,” 
Proceedings of the London Mathematical Society, vol. 42 (1937), pp. 340-355. 











CRITERIA OF NON-DEGENERACY FOR THE WAVE EQUATION.* 


By Puiniep HARTMAN and AUREL WINTNER. 


1. Let f(s) be defined on an half-line s > const., and let x(s) denote 
an unspecified solution of the differential equation 


(1) x” + f(s) = 0. 


It will always be understood that f(s) is continuous, hence z(s) has a con- 
tinuous second derivative, and that f(s) is required, hence (s) can be 
assumed, to be real-valued. Since 2(s) is continuous, such notions as its 
integrability will be meant to refer to its behavior as s—> œ. In particular, 
z(t) is of class (Z?) when 
E 

(2) f 2%(s)ds < o, 
where the numerical value (> const.). of the lower limit of integration is 
immaterial. 

If æ is a real constant and 


(3) f(s) = s*, 


then (1) becomes a normal form of Bessel’s equation. Correspondingly, 
it is easily verified from the asymptotic formula of the functions J(s) that 


(3*) according as the index @ occuring in the case (3) of (1) does or does 
not exceed the value 2, every or no solution will satisfy (2), 


provided that the trivial solution, y(s) ==0, is not included in the second 
part of (3*). On the other hand, it is easily verified from the asymptotic 
formula of the functions J(s), that the case (3) of (1) does or does not 
have a non-trivial solution x(s) tending to 0, as s—> œ, according as «æ does 
or does not exceed the value 0. 


2. If two linearly independent, hence all, solutions of (1) are of class 
(L?), then a (homogeneous) boundary condition assigned for the end of an 
s-half-line fails to define an eigenvalue problem for 


(4) | a” + (f(s) +A)e—=0. 


* Received October 27, 1947. 
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It is therefore important to delimit conditions which, when imposed on f(s), 
preclude this degenerate case. The object of the first part of the present 
paper is to collect such criteria of non-degeneracy. 

Corresponding criteria will then be obtained for the case in which (1) 
fails to possess any non-trivial solution of class (£7). Since what is now 
required is that the number of linearly independent solutions of class (Z*), 
instead of being less than 2, be 0, the conditions to be imposed on f(s) are 
now stricter than before; every criterion sufficient for an f(s) of this type 
being automatically sufficient for an f(s) of the former type. In other words, 
the eigenvalue problem is surely well-defined, and what is required of f(s) 
is that A==0 be not in the point spectrum of (4), no matter son the 
boundary condition be chosen. 

As proved in [2], this condition cannot be satisfied unless A= 0 is 
either a point of the continuous spectrum or, with reference to every boundary 
condition, a cluster point of the point spectrum (possibly both). Since 
several of the sufficient criteria to be obtained happen to be such as to be 
satisfied by f(s) + Const. whenever they are satisfied by f(s), it follows 
that they contain sufficient criteria in order that the entire line — œ < À < œ 
be in the continuous spectrum, while the point spectrum 1S VACUOUS, 


3. The simplest criterion of the first kind is this: 

(i) If f(s) satisfies the unilateral restriction 
(5) f(s) < Const., _ (s—> œ), 
then (1) cannot have two linearly independent solutions of class (L°). 


Two proofs of (i) are known. The first is contained in the existence 
theories of A. Kneser ([5], §2) and H. Weyl ([8], p. 238). The second 
(cf. [9], p. 8, end of §8), being independent of existence proofs, reaches 
further; it concludes (i) as a corollary of the following elementary fact 
(which is known since a long time, but is not interesting, if (5) is replaced 
by | f(s)| < Const.; cf. [9], p. 6, end of §1): If (5) is satisfied, then a 
solution of (1) cannot be of class (L?) unless the cue of the solution 
also is of class (L°). 

An adaptation of the second, rather than one of the first, proof of (i) 
will be needed in the proof of the following criterion : 


(ii) If f(s) satisfies the unilateral restriction 


(6) f (se) — f (sı) < Const. (so—s,), where const. < sı < S: < 0, 
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(for instance, tf f(s) has a derivative satisfying 
(6 bis) lim sup f (s) < œ, (s> œ), 


while imini f (s) =— œ ts allowed), then (1) cannot have two linearly 
independent solutions of class (L°). 


As far as “ orders of magnittide” are concerned, the following criterion 
is sharper than (ii); 


(iii) Jf f(s) is monotone and satisfies the condition 


oO 


(1) © f Lf) ds o, 
then (1) cannot have two linearly independent solutions of class (L*). 


In (iii), it can be asumed that 


(8) if(s) =0 
and 
(9) , f(s) > 0, ` 


since otherwise the assertion of (ili) is contained in (i). By (8) is meant 
that the continuous function f(s) is non-decreasing; its absolute continuity 
is not required. In other words, (8) should be interpreted as applying to 
estimations of Stieltjes integrals 


f poas) 


by the “first mean-value theorem.” 


Needless to say, (7), (8), (9) are neither necessary nor sufficient for 
(6); so that (iii) and (ii) are independent of each other. This implies that, 
even if only functions f(s) satisfying (8) and (9) are admitted, (7) cannot 
be necessary for the truth of the assertion of (iil). 

On the other hand, if only those functions f(s) satisfying (8) and (9) 
are admitted which are of regular growth, then (7%) is both necessary and 
sufficient for the truth of the assertion of (iii). This can be read off from a 
general asymptotic formula, deduced in [10] (cf. [8]) by a device of Liouyille 
(or Riemann-Schwarz; cf. [7]). In this sense, the criterion supplied by 
(iii) is the best possible of its kind. The content of (3*) is the simplest 
manifestation of this. situation. 
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4. Proof of (ii). Corresponding to the second proof of (i), which is 
a corollary of the fact that (1), (2) and (5) imply 


co 


(11 bis) f x'?(s)ds < œ, 
(ii) will be proved as a corollary of the fact that (1), (2) and (6) imply 
(11) lim sup | g’ (s)| < œ (s—> œ). 


For, if the latter fact is granted, (iii) follows by considering the Wronskian 
of two linearly independent solutions of (1); cf. [9], p. 18. 
On the other hand, (6) implies that the unilateral estimate 


(12) w’*(s) + f(s)x?(s) < const. (s—> œ) 


holds for every solution of (1) satisfying (2). Im fact, if (6) and. (12’) 
denote the bilateral estimates which result if the functions occurring on the 
left of (6) and (12), respectively, are replaced by their absolute values, then 
(6’) implies (12’) if (2) is assumed. This was proved in (9, pp. 7-8. But 
a glance at the proof given loc. cit. makes it clear that (12’) can be replaced 
by (12) if (6’) is replaced by (6). 
Accordingly, (ii) will be proved if it is shown that (12) jagia (11). 
If (1) is multiplied by s and the result is subtracted from (12), it 
follows that 
(13) a’?(s) — a(s)” (s) < const. 


Two cases will be distinguished, according as æ” (s) is or is not distinct from 
0 for every s = 8°, if s is sufficiently large. 

In the first case, 7’(s) can be assumed to be positive on the half-line 
s° Ss < œ (in fact, (s) can be replaced by — e (s) in (1), (2)). Then 
æ == v(s) is of class (L?) on the half-line over which the (s,x)-graph is 
convex from above. This clearly implies that both x(s) and z’(s) tend to 0, as 
s—> œo, which is more than what is claimed by (11). 

In the second case, let » denote the set of those points of the half-line 
L Ss < œ at which z” (s) vanishes. Since the half-line is closed and g” (s) 
is a continuous function on it, » is a closed set. By the assumption of the 
second case, 4 contains points tending to œ. On the other hand, (13) 
reduces to #*(s) < const. on p. Hence, (11) is true if s is restricted to w. 
It remains to be shown that (11) holds without this restriction also. 

Let tin < S < Un, where n = 1,2,: - -, be the sequence of open intervals 
which constitute the complement of the closed set æ with reference to the 
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closed half-line s° =s < œ. Since 2”’(s) does not vanish on the complement 
of », the graph of «= æ(s) is either. convex or concave on the closure of the 
n-th interval. Consequently, the maximum of | (s)| for un Ss Sun is 
attained either at s = ün or at s = vp. Since un and vn are in p, and since 
(11) holds when s is restricted to u, it follows that (11) remains true when s 
is not restricted to u. 

This completes the proof of (ii). 


“4 


5. Proof of (ii). As mentioned after (iii), it can be assumed that, 
besides (7), the pair of supplementary conditions (8), (9) is satisfied. It 
will be shown that the function 2’/f* of s must then be of class (L*) whenever 
v = g(s) is a solution of class (£7). If this fact is granted, the assertion 
of (iii) results as a corollary, along the lines of the beginning of the proof . 
of (ii), as follows: 

Suppose that the assertion of (iii) is false, and denote by s= g(s), 
y = y(s) two linearly independent solutions of class (L°). Since the Wron- 
skian sy’ — ya’ is a non-vanishing constant, it follows from (7) and (9) 
that f? times this Wronskian cannot be of class (L) = (Z£*). But this is 
impossible if «’/f?, y’/f? must be of class (L°) whenever v, y are of class (Z”). 
In. fact, since the product of two functions of class (L°) is of class (L), it is 
seen that fÈ? times the Wronskian becomes the difference of two functions 
of class (L) and is therefore of class (L). 

Accordingly, it is sufficient to prove that 2’/f*# must be of class (LZ?) if 
æ is of class (LF); in other words, that (2) implies 


09 


(14) ff 6) +.2(6)/f(s)}ds < o. 


. 6. It turns out that the-truth of this implication is independent of 
the assumption (7) of (iii). In fact, the following Lemma involves only (8) 
and (9). 


Lemma. If f(s) is positwe and non-decreasing, then every solution of 
(1) satisfying (2) satisfies (14) also. l 


In order to prove this, a few standard facts will have to be collected. 
First, if f(s) is any continuous function, then 


kad 


b b 


(15*) J e) +12 (@)}ds= f o%(s) f(s) 


a a 


300 PHILIP HARTMAN AND AUREL WINTNER. 


is an identity in a,b along every solution 7 = x(s) of (1); cf. [9], pp. 7-8. 
If, in addition, f(s) <0 for as S b, then 


b b 
a) S {a"%(s) +.2°(8)/f(s)}ds— f eaae) 


& 


can be verified in exactly the same way as (15*). If (8) is assumed, it 
follows from (15*) that 


(45) d{x’*(s) + f(s)a?(s)} = 0, 
and from (16*) that 
(16) d{a?(s) + #*(s)/f(s)} S0, 


` provided that f(s) £0, e.g., that (9) is assumed (the inequalities in (15), 
(16) are meant in the same sense as in (9); so that f(s) need not have 
absolute continuity). 

Next, (8) and (9) imply that, if s°=s < œ and ¢ =f(s°), then (1) 
is minorized, in Sturm’s sense, by the linear oscillator y” + c?y == 0, where 
c0. Hence, if (s) is any non-trivial solution of (1), then z(s) has an 
infinite sequence of isolated zeros (which tend to œ). Let So < sı < 8 
<---+ be the sequence of all these zeros. Then, since (9) implies that 
u’ + f(s + Sn)u == 0 is minorized, in Sturm’s sense, by v” + f(s + Sno = 0, 


(17) Sn — Sn-1 = Sn —— Sie 


Since z(s) can be replaced by the solution — z (s), there is no loss of 
generality in assuming that x(s) is positive between so and s, Then, since a 
zero of a non-trivial solution of (1) cannot be a multiple zero, 


(18) (—1)*2(s) > 0 when Sa < S < San, (a@(Sn) == 0). 


Since (1) and (9) imply that z(s) and z” (s) cannot have opposite signs, i. e., 
that the curve z == x(s) must turn its concavities toward the s-axis, it is seen 
from (18) that the graph of y == | (s)| is a convex arch over each of the 
intervals Sn-1 S 8 S Sn. 

In particular, there exists on the interval Sn-ı < S < Sn a unique point 3, 
say $==s,*, at which 2’(s) vanishes. It is also clear from the convexity of 
the arch that : 

(19) | 2(s)| 2 4x(sn*) when pa S8 Sq, 


where pu SS § S qn i8 a certain interval contained in the interval Sn-1 SS s S Sn 
and having a length subject to the inequality 
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(19) Qn — Pu = $ (Sn — Sn-1). 
On the other hand, since sn*, San” „are within the respective s-intervals 
(Sn-1s Sn), (Sns Sns); 
Sns1 — Sni > Smr” — Sn™. 
Finally, (17) can be written in the form 
Sn — Sn-1 = $ (Sait — Sn-1)- 
Since the last three formula lines imply that 
Jn — Pn > (Sni — Sn*)/4, 
it follows from (19) that | 


dn 
f a (s)ds > g? (Sn*) (Sna = Sn*) /16. 
pn 


But the intervals (p1, q1); (pe, q2); * © > are disjoint. Hence, the last inequality 
implies that 


i oO 
S L (Sn) (Sna — Sn”) < œ if f u?(s)ds < œ. 


On the other hand, since s,* has been defined by 2’ (sx*) == 0, it is clear 
from (16) alone that 


x? (sy*) Z g (8) for Sn” Ss E San”, 
if g = g(s) is an abbreviation for the (positive) function 2 +- (g/f) of s. 
The last two formula lines imply that 


0o 
S G(s", Se) LL f x*(s)ds < œ, 


where 


3 
G(a,b)—= f 9(s)dss ga? + (a/f). 
Since s,*—> œ as n— oo, it follows that (14) must be true if (2) is assumed. 
This proves the Lemma. Hence, the proof of (iii) is now complete. 
7. The following variant of (iii) will now be proved: 


(iv) If f(s) has a derivative satisfying 
(20)- lim sup | f’ |/| f |3 < œ, (s-—> œ), 
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(so that, in particular, f(s) 40 when s is large), and tf 


me, oo 
(1) J Ods = s, 
then (1) cannot have two linearly independent solutions of class (I°). 
For another application of (20), ef. [1]. 


It is clear from the proof of (iii) that (iv) is a corollary of the following - 
variant of the Lemma: 


If f(s) is positive and has a derivative satisfying (20), then ever y solu- 
tion of (1) satisfying (2) satisfies (14) also. 


In order to prove this variant of the Lemma, multiply (1) by z and use 
the identity sg” == (sz) — x”. This gives 


(sg) — g + fa? = 0 
or, since f > 0, 


(ax’)’/f —2"*/f + 2? =0. 
Jt follows therefore from (2) that the integral 


f { (w2’)'/f — 2”*/f}ds 


tends to a finite limit, as r— œ. Hence, a partial integration of the first 
term of this integral shows that the expression 


o(r)a’(r)/f(r) + J (erf /f—a"2/f) as 
tends to a finite limit, and remains therefore bounded, as r—> œ. 


Next, every solution z(s) of (1) must have a sequence of zeros s tending 
to œ. For otherwise it can be assumed that, as s—> œ, the value of 2z(s) 
is ultimately positive. Then, since f(s) > 0 by assumption, it follows from 
(1) that 2(s) is ultimately negative. Consequently, 2’(s) is ultimately 
positive. Accordingly, z(s) is positive and increasing from a cer tain s onward. 
But this contradicts (2). 

Hence, r can tend to œ through a sequence of values s==r at which 
a(s) == 0. Since the expression in the last formula line was seen to be 
bounded, it follows that 


(21) S (ox'P/f? —0'/f) ds 
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is bounded on a sequence of r-values- tending to œ. 

On the other hand, if the inequality | ab | = 4(a?-+ 6) is applied to 
a? = g?/f and b? = 2°f?/f*?, it is seen that the absolute value of (21) is 
minorized by ' 


4f @f—xf*/f)ds 


for every r. This means that 


(22) f is 


is majorized by 2 times the absolute value of (21) plus 


f (2°f*/f?) ds. 


But (2) and (20) imply that the last integral remains bounded as r— œ. 
Since (21) remains bounded when r tends to « on a certain sequence, it now 
follows that the same is true of (22). But (22) is a non-decreasing function 
of r, since f >0. Hence, (22) remains bounded when r tends to œ con- 
` tinuously. In view of (2), this proves (14). 

The proof of the last italicized statement, and therefore that of (iv), 
is now complete. 


8. Those criteria will now be considered which are of the second type 
(in the sense of the description given between (4) and (5) above). A 
criterion of this type can be formulated as follows:. . 


(I) If f(s) is positive, monotone and such as to satisfy 


0o 
(23) J FOE = o, 
then (1) has no non-trivial solution ($20) of class (L*). 


Needless to say, (iii) assumes less, but claims less, than (I). On the 
other hand, the above criteria of the first kind, viz., (i), (m1), (iii) and (iv), 
fail to contain even that criterion of the first kind which is a corollary of the 
following criterion of the second kind: 


(II) If f(s) is positive, monotone and such as to satisfy 
(24) lim sup f(s)/s < ©, (s> ©), 


then (1) has no non-trivial solution (s£0) of class (L*). 
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Whereas (24) is necessary, though not sufficient, for the assumption (6) 
of (ii), the assumption of (II) requiring the monotony of f(s) is not stipu- 
lated in (i). 

Actually, (24) implies (28); so that (II) is contained in (1). On the 
other hand, the following variant of (II) is not implied by (I): 


(IIT) Jf f(s) ts positive, monotone and such that there exists a sequence 
11,72," © © satisfying 


(25) lim sup f(Tn)/Tn < © and Th %, (n— œ), 
then (1) has no non-trwial solution (540) of class (L°). 


9. Proof of (I). Let s= s(s) be an arbitrary non-trivial solution of 
(1). It must be shown that x does not satisfy (2). 

First, the argument employed before (21) shows that, if the zeros of x(s) 
do not cluster at œ, then (s) is not of class (L°). Hence, it can be assumed 
that «(s) has an infinite sequence of isolated zeros (which tend to œ). Let 
So < Sı <S2<- + be the sequence of all these zeros. The description of © 
the graph of y = | a(s)|, given after (17), is applicable in the present case, 
as are (19) and (19). | 

Since f is monotone, it is either non-increasing or ET A Suppose 
first that f is non-increasing. It then follows from (16*) that 


(26) g(s) = (s) + {2(s)/f(s)} 
is non-decreasing. Hence, since s,” < s# <<--- and g(s”) = 0, 
. 0 < 27(s.*) S 27(s.*) S°° 


Consequently, from (19) and (19), 


co OO 
3 I (Pns qu) Z (4)*0*(8*) 3 (Sn — sn), 
n=l z = N= 


where 
b 


Tapes f "OA 


a 


Since the intervals (71,91), (pe, g2),° * > are disjoint, z*(si*) is positive, and 
Sn —> œ as n— œ, it follows that (2) cannot hold. 

Next, suppose that f(s) is non-decreasing. Then (15) holds, But (15) 
and (9) imply that, since the trivial solution «(s) ==0 has been excluded, 
there exists a positive constant c satisfying 


a? t fe*>e>0 
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as s—> œ. Accordingly, if s is large enough, 


(27) - w+ (a/f) > o/f > 0. 


Tt follows therefore from (23) that (14) cannot hold, and so, since the 
conditions of the Lemma are fulfilled, (2) cannot be satisfied either. 
This completes the proof of (I). 


10. Proof of (III). It can be assumed that f(s) is non-decreasing 
(otherwise (III) is contained in (I)). Then, if (s) is any non-trivial solu- 
tion, (27) is applicable. In addition, (8) and (9) make applicable all 
notations and formulae occurring in the proof of the Lemma. Furthermore, 
(8) implies (15), and so the function (26) is non-increasing. 

Since s1” < s* <--- and 2’(s,*) = 0, 

g? (s,*) => P(S) = 7 . 


It follows therefore from (19) that the inequality 


x? (s) = (2)*a* (sn*) 


holds at every s contained in any of the i intervals (91,91), (Pe, G2),° °° 
(pn, Gn)» But the last inequality implies, by (27), that 


x? (s) > (4)?c/f(sn™), 
since a(S") == 0. Hence, by the monotony of f, 
s’ (s) > (4)?¢/f (rx) 


holds if sx* & rx. Consequently, by (19), 
8n 


f w?(s)ds > $ (sn — si) (4) °e/f (te) if 83 < Sn S fk 


83 


On the other hand, the assumptions (8) and (9) imply (17); in 
particular, Sı —— So, S2— Sı' °° is a bounded sequence. Hence, if s» is the 
largest zero of x(s) not exceeding 1k, it follows from the second of the 
assumptions in (25) that 

Sn/Tk -> 1 as k — œ. 


If 7 is fixed but k (and so n) tends to œ, the last two formula lines 
supply the estimate 
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oO 


Í s? (s)ds = (4)°c lim inf ry/f (r4). 


8i 


The first assumption in (25) then shows that there exists a positive constant O 
satisfying 
ey 
Í z?’ (s)ds >C> 0. 


83 


But the existence of such a C = const. contradicts (2), since s; > œ as ]} — œ. 
This contradiction proves (III). 


ll. The remarks, preceding the beginning of the proof of (ii), con- 
cerning the necessity (rather than the sufficiency) of (7) in (iii) when f is 
of a regular growth, can be paralleled (and made more precise) when (iii), 
a criterion of the first kind, is replaced by (I), a criterion of the second kind. 
In fact, the situation is as follows: 


(IV) If f(s) is of “regular growth” and tends to œ as s—> œ, then 
(7) is necessary and sufictent in order that (1) should not possess any non- 
trivial solution of class (L°). 


On the other hand, if f(s) tends increasingly to œ without being of 
“regular growth,’ then, while (23) is still sufficient, (7), and even 


CO 


(28) f {f (s) =E ds == œ for every e > 0, 
fails to be necessary. 


There is no point in making here precise that meaning of the “ regularity ” 
of growth under which the first assertion of (IV) is true. Suffice it to 
mention that if f(s) is an “ £-function” (t.e, a logarithmic-exponential 
function), then, in order that (1) should have no non-trivial solution of class 
(Z?), condition (7) is both necessary and sufficient. This can be read off 
from the explicit asymptotic results referred to before the beginning of the 
proof of (i1). 

Since (I) asserts the sufficiency of (23) without a condition of regularity, 
it follows that the proof of (IV) will be complete if it is ascertained that 
there exists an increasing function f(s) which tends to œ with s and satisfies 
(28), although (1) has a non-trivial solution satisfying (2). 
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If f(s) is allowed to be a step-function (hence discontinuous), an hypo- 
thesis which simplifies the construction but is hardly material, then an 
adaptation of a construction of Milloux [6], p. 50, leads to examples of the 
desired type, as follows: 


In terms of a sequence of numbers A;, Áz * - satisfying 
0 < A, <A Li K Ano om 
and 
an —> ©, where ar = 2r S Ax, 
kzi 
define f(s) by placing 
f(s) = An for Aa = = 8S < One 


í 


Then f(s) satisfies (8), (9) and, since 


oO 
Í {f (s) pos ds = 27 S Ants, 
(28)- becomes satisfied by choosing, for instance, 
Án? = n log? (n + ij: 


Clearly, this choice of A» satisfies all of the above requirements and is such 
as to make the series | 

S An? 

n=l 
convergent. Hence, the proof will be complete if it is verified that a constant 
multiple of the latter series is a majorant of the integral (2) belonging to a 


non-trivial solution of (1). 
The definition shows that (1) reduces to 


r” + Ana = 0 for Ona S S < an 
and admits, therefore, the solution 
g(s) == Ant sin {An(s—an)} for dn- Ss < Qh. 


Since An — Any == rAr, the choice an = an-ı of the arbitrary phases æn lets 
(s) acquire a continuous second derivative for every s. On the other hand, 
the last formula line implies that 
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an 2r 
f g? (s) ds == Ay f sin? s ds. 
Un- 0 


This proves that the integral (2) is majorized by a constant multiple of 3 4r”. 


THe JOHNS HOPKINS UNIVERSITY. 
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ON THE ORIENTATION OF UNILATERAL SPECTRA.* 


By Puinie HARTMAN and AUREL WINTNER. 


Consider the differential equation 
(1) . (pr yY + gu = 0 
on the half-line 0 S s < œ, on which the coefficient functions © 


(2). p=p(s) >0 and g—q(s) 20, where OSs < œ, 
. < 


are continuous (but some or all of the four signs of equality occurring in 


0S lim inf p, lim sup pS 00, — œ Sliminfg, lmsupgSo 
8-7 $9 8-9 OO 878 
are allowed), and suppose that (1) does not possess two linearly independent 
solutions of class (L°). By this is meant that at least one solution # == æ (s) 
of (1) -is not in Hilbert’s space 
co 


(3) f 2(6)ds < o. 


The formulation (3) of the (Z*)-condition is justified because, on the one 
‘hand, only real-valued solutions of (1) need to (and will) be considered and, 
on the other hand, the lower limit of integration is immaterial, every solution 
of (1) being of class OC” (hence, locally bounded and measurable). 

It is known? that the assumption that the case A= 0 of 


(4) (pzy + (¢ + A)a=0 


has some solution violating (3) implies that some solution of (4) must violate 
(3) in the case of an arbitrary à = const. Hence, what is required is that 
an homogeneous, linear boundary condition assigned at the lower end of the 
s-half-line, viz., 


(5) (0) cos -+ 2’(0) sin ¢ == 0, 


(for instance 2(0) 0, where 6—0) should actually define an eigenvalue 
problem. 


* Received October 28, 1947. i 
1 This is precisely the circumstance on which Weyl’s alternative of Grenzkreisfall 
and Grenzpunktfall depends; ef. [4], p. 238. 
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Accordingly, the suppositions made with regard to p,q can be expressed 
as the following set, (*), of assumptions:. | 


(*) ASSUMPTIONS. Both coefficient functions p,q of (4) are continuous 
for 08s < œ, satisfy (2), and have the property that the differential 
equation (4) and a boundary condition (5) determine an eigenvalue problem 
(with a spectrum S==S() which can be, or can contain, a continuous 
spectrum). 


Since the expression on the left of (1) is the Lagrangian derivative of 
L (a, 2’; s) = 3( px’ — gx*), 


the eigenvalue problem of (4) can (even though just formally) be thought 
of as associated with the isoperimetric problem ‘which, with reference to the 
fixed boundary condition (5), depends on 


8 f (pE? — (q +à)E)ds = 0. 


Then the chances for being in the spectrum S = S (¢) appear to be “ loaded ” 
in favor of large positwe A-values. For, on the one hand, p(s) is positive and, 
on the other hand, the contribution of #7 (s) to the last Integral can be brought 
arbitrarily close to + o ; even when é = &(s) is subject to restrictions such as 


1= f (s)ds— f #(s)ds (so that £(s) =0 for r&s < o), 
0 “o 


which indeed fail to prevent the curve é= é(s) from being arbitrarily steep. 
Correspondingly, and first of all because continuous spectra and cluster points 
of point spectra are not excluded (in this connection, cf. [6]), we were unable 
to use the formal connection with the heuristic minimum problem, in proving 
the following 


THEOREM. Under the assumptions specified under (*), the spectrum 
S(p) of (4) and (5), where ¢ is arbitrarily fixed, contains values A clustering | 
at A= -+ œ. | 


That such A-values must cluster evther at + © or at — œ (possibly 
at both) is known, but this alternative lies quite on the surface. In fact, 
Weyl ([8], p. 47 or [4], p. 257) has pointed out that the alternative holds 
for any bounded integral kernel K (s, t) =— K (t, s), rather than for just those 
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having the particular structure-of a Green function. In other words, the 
alternative is so general as to have nothing to do with differential equations 
as such. Correspondingly, even a completely continuous K can fail to have 
a positive characteristic value. Thus the content of the theorem to be proved 
is not an issue which can be settled Just in Hilbert’s space. Actually, the full 
force of Weyl’s generalization of Hilb’s theory for singular boundary value 
` problems will be involved, via the following 


Lemma, If, besides the assumptions specified under (*), it is supposed 
that S(p) is not the entire A-line, and tf A» denotes a à not contained in S(¢), 


then the corresponding homogenéous differential equation 
(6) (Pr) + (q+ ro)a—=0 
possesses two real-valued, linearly independent solutions, say 

g = u = u(s) and z = v = v (s), 

having a Wronskian with a signature determined by 
(w) (vu—uwv)p =+ 1 
and assigning for0Ss<0,0St< œ the kernel 
(8) K (s, t) = u(t)v(s) = K (t, s), where t & s, 
in such a way that, 


for every continuous function g == g(s) of class (L?) on the half-line 
O0Ss< œ, the integral 


(9) y(s)—= f K(s,#)g (tat 


defines on the half-line a function which, on the one hand, is of class (L°) 


and, on the other hand, represents that solution of the inhomogeneous difer- 
ential equation 


(10) (py’)’ + (a +rA)y= 9 
which satisfies the given boundary condition (that to which S() belongs, ù. e., 


(11) = y(0) cos + y' (0) sin $ = 0; 
of. (5)) ; finally, 
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v(s) is of class (LF), i.e., 
Xx) 


f v’ (s)ds < œ. 


The Lemma results by collecting and using various aspects of the general 
eigenvalue problem (*) which are contained in, or between the lines of, Weyl’s 
papers [3], [4]. As this will be quite a tedious task, it will be convenient 
to first deduce the Theorem from the Lemma and to verify the Lemma 
afterwards. 


Proof of the Theorem. 


Suppose that the Theorem is false. Then there exists a pair (4), (5) 
to which there belongs an half-line c Sà < o containing no points of the 
spectrum. S(p). In particular, the Lemma is applicable at a ào > c defining 
this half-line. It will be shown that this leads to a contradiction. 

Since the spectrum is shifted by the amount — p if the constant p is 
added to g(s) in (4), it can be assumed (without altering the given boundary 
condition (5)) that the hypothetical ¢ is negative. Hence, if K(s,t) 
= K(t,s) is a bounded kernel defining an integral equation which has the 
same spectrum as the eee problem determined by (4) and (5); then 
the quadratic form 


(12) . ff K(s, t)é(s)€(¢) ds dt 


0 


cannot attain a positive value? for any continuous €(s) which vanishes for 
large s. On the other hand, the kernel (8) supplied by the Lemma, a kernel 
which the assertions of the Lemma imply to be bounded, clearly is a Green 
function ° associated with the eigenvalue problem of (4) and (5), and so the 
integral equation belonging to (8) determines the same spectrum. as the 
problem of (4) and (5). Hence, if it is shown that (when é(s) is restricted 


2 For the case of finite symmetric matrices, or of symmetric integral kernels of 
completely continuous type, the fact referred to is a corollary of the circumstance that 
the extreme values contained in the spectrum are identical with the least upper and 
greatest lower bounds of the values attained by the quadratic form on the unit sphere. 
For the case of symmetric kernels which are just bounded (in Hilbert’s sense), the case 
occurring above, we cannot locate in the literature an explicit passage. But it is clear 
that the proof is exactly the same for bounded integral kernels as the proof given in 
[5], § 65, for bounded matrices. 

‘The verification of this fact is precisely the same as in the case of a regular 
Sturm-Liouville problem; ef. [2], pp. 103-107. 
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to continuous functions vanishing for large s) the quadratic form (12) is 
capable of positive values, it will follow that the denial of the truth of the 
Theorem leads to a contradiction. 

In order to construct a €(s) having the desired properties, substitute 
(8) into (12). Then, if €(s) vanishes at every s not contained in an interval 
aZ s Zb, where OSa<b < œ, an application of Fubini’s theorem (to a 
continuous function on a square) reduces (12) to 


b b l 
(13) af v(s)&(s) if u(t)é(t) dé ds. 


But it turns out that the interval a < s < b can be so chosen that u(s) and 
v(s) have the same sign on it. Let this be granted for a moment. It is then 
clear that the form (13) attains a positive value for every continuous function 
(s) which is positive for æ < s < b (and so, in particular, for certain con- 
tinuous functions which vanish at s = a and s = b). In fact, the Wronskian 
identity (7) implies that neither u(s) nor v(s) can vanish identically on any 
s-interval. 

' Accordingly, the proof of the Theorem will be complete if it is shown 
that u(s) and v(s) are of the same sign at any s contained in some interval, 
as3b. To this end, two cases will have to be distinguished, according 
as v(s) does or does not have at least one zero on the open half-line, 0 < s < œ. 

Since z = u(s) and x v(s) are two linearly independent solutions of 
(4), they cannot have a common zero, and either of them must change its 
sign at any of its zeros. Consequently, if v(s) is in the first case, i. e., if v(s) 
vanishes at some s$ == So > 0, then v(s) must be of the same sign as u(s) 
on a sufficiently small interval either to the right or to the left of so. 
Accordingly, it is sufficient to consider the second case. 

In the latter case, since ào > c is arbitrary, it follows from the con- 
tinuity of g(s) and from the Sturm comparison theorem that, if Ao is 
sufficiently large, every solution x = æ(s) of (6) vanishes at some positive s. 
In particular, æ ==v(s) vanishes at some s= so> 0. Consequently, the. 
second case does not occur if ào is suitably chosen. This completes the proof 
of the Theorem. 


Remark. It is clear that the above proof supplies the following statement 
as a by-product: 


If the asumptions (*) are satisfied and if, for every à, every solution of 
(4) possesses an infinity of zeros, then the spectrum S(¢) determined by (4) 
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and (5), where p is arbitrarily fixed, contains values à clustering at \N== — œ 
and at A= -+ ©, 


Proof of the Lemma. 


Let the ¢ defining the boundary condition, (5) or (11), be fixed. 


: Since not every solution of (6) is of class (L?) and since Ay is not in 
the spectrum S($), Weyl’s theory supplies* the existence of a real-valued 
kernel 


G(s, t) =G(t,s), . (0Ss< 0~,0St< aw) 


which is bounded (in the sense of the L? (0,  )-realization of Hilbert’s theory) 
and which has the property that 


(14) (sy = f alegi 


transforms every continuous g(s) of class (L?) into a function y = zg(s) of 
class (L°) satisfying (10) and (11). 

Needless to say, (10) cannot have (for any g) two distinct solution of 
class (L°) satisfying (11). For if y = yı and y = yz are two such solutions, 
then x = yı — yo #20 satisfies (6), (5) and (3), which means that ào is in 
the point spectrum, in contradiction to the assumption that A» is not in the 
spectrum at all. The completion of the proof of the Lemma will depend on - 
this uniqueness. l 


First, since Ay is not in 8 (¢), it follows from a general oscillation theorem, 
proved in [1], that (6) has a non-trivial solution x(s) of class (L°). Let 
v—=v(s) be such a solution (this takes care of the last assertion of the 
Lemma). Since Ao, being outside the spectrum, cannot be in the point 
spectrum, (5) is not satisfied by z = v (s). Hence, if z == u(s) is any non- 
trivial solution of (6) and (5), then w(s) is linearly independent of v(s). 
Since nothing is altered if such a u(s) is multiplied by a non-vanishing 


t In [3], the coefficient q of the above equation (4) is supposed to be bounded from 
above, which, due to a theorem of A. Kneser, implies that every negative number à of 
sufficiently large absolute value is “non-singular,” in the sense of being a A, admissible 
in the above Lemma (if ¢ is fixed); cf. [3], p. 39 and p. 43. In contrast, [4] does not 
assume that there exists such a real A, and must, therefore, operate with a complex A, 
(= 4); ef. [4], p. 267. The content of the above Lemma is the inclusion of the situation 
in which there exists a real ^o which, however, need not be supplied, as in [3], by a 
“ Kneser half-line.” 
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constant, and since the Wronskian, (£187 — xet.’)p, of two linearly inde- 
pendent solutions, £ == %, and s = 2%, of (6) is a non-vanishing constant, 
it can be assumed that (7) is satisfied. 

In terms of the resulting pair of solutions v(s), (8) of (6), define 
K(s,t) by (8). Then the transformation (9) of a function g(s) into a 
y = Yg(s) becomes 


(15) ols) =0(s) f u(eyg (edt Huls) f oged 


If s, where 0s < œ, is fixed, the integrals in (15) exist whenever g is 
of class (£7). For, on the one hand, u(t) is bounded on every finite interval 
Q0<t<s and, on the other, the product vg is of class (L), since v and g 
are of class (E°). 

The proof of the Lemma will be complete if it is shown that, for any 
continuous g of class (L?), the functions Zø, Yg, which are defined by (14), 
(15), respectively, are identical. In virtue of the continuity of the function 
Yyo(s) (where g needs to be of class (L?) only) and of the function zy(s) 
(where g, besides being of class (L7), is continuous), it is sufficient to prove 
that, if g is any function of class (L°), then Yg = Zg almost everywhere. 

Clearly, (15) is nothing but the standard quadrature formula, supplying 
a solution of (10) satisfying (11) when two solutions of (6) are known 
and g is continuous. Consequently, by the uniqueness mentioned above, the 
identification of yg and zg (for a continuous g) will be complete if it is 
shown that yg is of class (LF). 


To this end, suppose first that g(s) is continuous and vanishes from a 
certain s onward, say for so Ss < œ. Then g is of class (L°), and (15) 
shows that yg(s) is a constant multiple of v(s) for s&s < œ. Since v 
is of class (L°), it follows that yg is of class (Z*). Hence, yg(s) == 2,(s) 
for such a g. l 


Next, the identity of yg with zy (almost everywhere), for an arbitrary g of 
class (Z°), follows from the continuity of the transformation g — Zs, con- 
tinuity being meant with reference to the topology defined by the L? (0, œ )- 
metric. For, if g is any function of class (L°), choose a sequence of con- 
tinuous functions g1, go,‘ <- the n-th of which vanishes for n S&S s< œ and 
tends to g, as n—> œ, in the mean of the L?(0, œ )-space. Let zn and yn, 
respectively, denote the case A = gn of zn and yx. Then, as just proved, zn == yn. 
Since the kernel G(s, t) of (14) is bounded, z» tends to zy in the mean of (L°). 
In particular, 2:(s),22(s),- © © contains a subsequence converging to 2g(s) 
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almost everywhere. In order to simplify the notations, n will be written in 
place of kn if kn is the n-th index of the selected subsequence. Then 


lim yn(s) == 29(s) almost everywhere, 
n0 


since Ya (S) == Zn (s). 


If g is replaced in (15) by gna and if (152) denotes the resulting relation, 
then, as n—> œ, term-by-term integration is legitimate on the right of (15a), 
when s is arbitrarily fixed. For, on the one hand, gn tends to g in the mean 
of £°(0, œ), and therefore in the mean of both £7(0,s) and L? (s, œ) and, on 
the other hand, v is of L?(0, œ). Accordingly, the expression on the right 
of (15,) tends to the expression on the right of (15). Since the functions 
on the left of (15n) and (15) are yn(s) and yg(s), respectively, it follows that 


. lim yn(s) = yo(s) 
2-0 
holds at every s. 


Since the last two formula lines imply that yg(s) == 2(s) holds almost 
everywhere, the proof of the Lemma is now complete. 


THE JOHNS HOPKINS UNIVERSITY. 
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ISOMORPHISMS OF JORDAN RINGS.* 


By N. J. ACOBSON. 


In a recent paper G. Ancochea* has defined a semi-isomorphism S of an 
associative ring A on an associative ring B to be a 1—1 mapping of N 
on B such that 
(1) (a+ b) S = aS + b8 


(2) (ab + ba) S = (aS) (08) + (b8) (a5). 


Moreover, Ancochea showed that if X and 8 are simple algebras with finite 
bases over their centers of characteristic 4 2 then any semi-isomorphism of 
% on % is either an isomorphism or an anti-isomorphism. The starting point 
of the present paper is the observation that semi-isomorphisms are nothing 
more nor less than ordinary isomorphisms of the non-associative Jordan 
ring determined by the given associative ring. For the sake of simplicity 
we assume that our rings have the property that the mapping a—> 2a is 1—1. 
Then for each a, $a is uniquely defined. Hence we can introduce the Jordan 
multiplication 
a:b = $ (ab + ba) 


If we use this in place of the ordinary multiplication we obtain the Jordan 
ring A; determined by the associative ring W. It is immediate that’ S is a 
semi-isomorphism of X on $ if and only if this mapping is an isomorphism 
of YW; on Dj. l i 

If X is a finite simple algebra it is known that N; is a simple Jordan 
ring. Thus from the non-associative point of view Ancochea’s theorem gives 
a solution for one case of the general problem of determining the isomor- 
phisms between simple Jordan rings that are algebras with a finite basis 
over a field. Besides the rings M; we note also the following type of simple 
‘Jordan ring. As before let M be a finite simple associative algebra. Assume, 
moreover, that X possesses an involution J, i.e. an anti-automorphism of 
period two, and let (A, J) be the set of elements that are J-symmetric 
(aJ =a). Then it can be shown that $(2,J7) is a simple (Jordan) subring 
of %;. In this paper we determine the isomorphisms between any two simple 
Jordan rings of the types enumerated here (W; or §), As will be shown 


* Received May 2, 1947. 
1 [2] in the Bibliography. 
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elsewhere ” these systems together with one other type obtained from Clifford 
number systems give all of the simple Jordan rings that are algebras with a 
finite basis over a field of characteristic 0. Since it is trivial to determine 
the isomorphisms for Clifford systems our results give a complete solution of 
the isomorphism problem for simple Jordan algebras of characteristic 0. 

It should be observed that the results and methods of the present paper 
are quite similar to our former ones on Lie rings.’ The Jordan theory is, 
in fact, simpler in one important respect, namely, simple Jordan algebras 
have identities. Hence in studying the isomorphisms one can get along 
without the concept of the multiplication centralizer (extended centrum). 
It suffices to consider the ordinary centers for these rings. We remark finally 
that the results in the Lie case could also have been formulated in terms of 
another kind of “semi-isomorphism ” of an associative ring, namely, a 1 — 1 
mapping S such that 


(3) (a+b)S—aS +8 
(4) (ab) S — (ba) S = (aS) (BS) — (b8) (a8). 


1. Types of Jordan rings. We shall consider the following classes of 
Jordan rings. * 


Type A: Let X be a simple associative ring that has finite dimen- 
sionality over its: center ®. We assume throughout that the characteristic 
is not two. Let M; be the Jordan ring obtained from W by replacing ordinary 
multiplication by the Jordan multiplication a:b = $ (ab + ba). We shall 
say that A; is a Jordan ring of type Ar. 

Assume again that X is simple and finite over its center, which we now 
denote as P. Assume further that Y possesses an involution J of second kind. 
Thus J is an anti-automorphism of period 2 and J induces a non-trivial 
automorphism in P. Let (A, J) be the subring of A; of J-symmetric 
elements and let # — § [|] P. Then it is known that P is a quadratic extension 
of @ The rings H(A, J), J of second kind, will be called Jordan rings of 
type Ag. 


Types B-C. The distinction between these types will be given later. 
Both are obtained by starting with a simple associative ring finite over the 
center & that possesses an involution J of first kind. This means that J acts 


2 This will be proved in a fortheoming joint paper on representation theory of 
Jordan algebras by the author and F., D. Jacobson. 
3 [3] and [4]. 
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as the identity in ®. Let O(A, J) be the totality of J-symmetric elements. 
Then §-is a subring of A; that we shall call a Jordan ring of type B or C. 


2. The extended algebras. Simplicity. If © is the field specified in 
the various cases above then the given Jordan ring U contains ®. If ae® 
the ordinary products «a and aa are equal. Hence 


(5) Gh Ob == AA. 


The associative ring A from which U is obtained can be regarded as an algebra 
over ® since ) 


(6) a(ab) = (aa)b = a(ab) 
for all a, be YM. This condition also implies that 
(7) a(a: b) = (za): b =a: (ab) 


for all a,be 2. Hence U can be regarded as a Jordan algebra over ®. We 
now let © be the algebraic closure of the field © and we consider the extended 
algebras Ilo. 


Type A; Since © is algebraically closed Ago = Qna the full matrix 
algebra over Q. Since U = Mj, Uo = Ajo = (Wa); = Oyj. | 


Type Ar. Here U== Q(X, J), J an involution of second kind. It is 
known that if 21,2," - °, m is a basis for § over ® then it is also a basis 
for A over P. Hence m is the dimensionality n? of Æ over P. This shows 
also that Up — 2;. Hence if Q is the algebraic closure of ® chosen to contain 
P then Woe = Qaj. 


Types Band ©. In this case U = G(X, J), J of first kind. The involu- 
tion J can be extended to an involution J in Aa == Qn.t As is known we 
can suppose that J is either the usual mapping a— a’ the transposed or J is 
the mapping a — qaq where | 


(8) : g= (_ : "l 


Of course the latter can hold only if n == 2y is even. In the first case we 
say that J and (N, J) are of type B and in the second that these are of 
type C. If J is of type B the set (Qn, J) of J-symmetric elements is just 
the set of ordinary symmetric matrices. The dimensionality over Q is 


n(n + 1)/2. If J is of type © the set $(Qn,/) is the set of matrices that 
satisfy | 


4 Of. [3] pp. 535-537. 
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(9) . qia’g = a. 
These are of the form 

S Qir Aye 
(19) i 


where the ai; € Qy and satisfy 


- 


(11) aso == O's Bas = m fli . Qg, == — Oo. 


Hence the dimensionality over Q is n(n — 1)/2 = v(2v— 1). For both types 
it is easy to see that § (Qn J) = S(U,J) a. 

= The algebras Qn;, Š (Qn, J ), J of either type, are known to be simple.® 
It follows that the Jordan rings U are simple when regarded as algebras 
over ©, This implies also that the rings U are simple. 


3. The centers. The center T of any non-associative ring U is defined 
to be the totality of elements y that commute with every ae U and that 
associate with every pair a,b in the sense that. 


(12) y(a-b) = (y-a)-b, a: (y:b) = (a-y) - 3B, 
a: (b-y) = (a'b) -y. 


It is easy to see that the middle condition is a consequence of the other two. 
Moreover, if the ring is commutative the first condition is sufficient that a 
be in the center. If we now. consider a Jordan ring U and we use the definition 
a:b = (ab + ba) then we can verify that 


(18) [[ay]8] = 0 


is equivalent to the condition y: (a@-b) = (y-@)- 6. 

It is clear from this condition that if y is in the field ® specified in the 
various cases above then ye T. Hence CT. We shall now show that T = ®. 
The proof will not make use of the explicit form of (13) but rather it will 
depend on some general principles that are applicable to other non-associative 
simple rings. We observe first that because of the simplicity of U the center T 
is an ordinary field.® The field T as well as U is finite dimensional over ®. 
Now let © be the algebraic closure of ® and form the extension algebra Ug 
of U regarded as an algebra over ®. Then it is clear that Ug contains TQ 
and that the latter is in the center of Wo. Since Uo is simple its center is 
a field. On the other hand if (T : &) > 1 then Tg has zero-divisors. Hence 
we must have (T : 6) = 1 and r=. 


€ [7] pp. 7-10 or [1] p. 553. 
e [6] p. 239 or [9] p. 62. 
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We can now state the results on the dimensionalities obtained in 2 in 
the following way. The dimensionality (1: ®) of U over its center @ is 
given by the table: 


(U : 6) = n? if U = W; and (UV: #) = n? 

(U : 6) =n’? if U= Q(A, J), J of second kind and (A : 6) = 2n? 

(U : @) =n(n + 1)/2 if U= H(A, J), J of type Band (UV: 6) =n? 
(U : #8) = n(n — 1)/2 if U= (A, J), J of type C and (UW: 6) = n’. 


We shall assume in the sequel that n >1 for the types Ar and B and 
that n > 2 for type C rings. ` 


4, The enveloping rings. By the enveloping ring of a subset U of a 
ring W we mean the subring of W generated by U. We shall now show that 
in all of the cases considered ‘above the enveloping ring of the Jordan ring U 
is the ring 9 from which U is constructed. This is, of course, clear if U = W; 
is of type Ay. Suppose next that U = H(A, J) is of type Ar and let B 
denote the enveloping ring. Since P, the totality of linear combinations of 
elements of © with coefficients in P, is Y we have also that PB —W. Hence 
if BP then B—YW. Evidently BOG. We assert that B is a simple 
algebra over ©. For 8 is semi-simple since a nilpotent ideal 3t in B deter- 
mines a nilpotent ideal P% in W. -Hence if B is not simple, B == B, + Ba 
where the B; are two-sided ideals. Then BB, = 0 = P,V,. If M; == PY; 
then also A == W, +, and M,N — 0 = M-AM. This contradicts the sim- 
plicity of W. Thus %8 is simple. Now suppose that 8 is a proper subring . 
of M. Then Bf] P= and it follows that © is the center of B. On the 
other hand J induces an anti-automorphism of period 2 in B. Since J 
leaves the elements of © invariant J is of first kind in B. Hence § = 9(%, J) 
is of type B or ©. But then the dimensionality of § over its center woold 
be n(n -+ 1)/2 or n(n—1)/2. Since we know it is n? and n > 1 this is 
impossible. 

Next let B be the enveloping ring of U = $(U, J) of type B or ©. Since 
U contains ©, B is a -subalgebra of M. It is easy to see that the enveloping 
ring of Ug is Bq. Also BQ = Q, implies that B =M. Hence it suffices 
to show that the enveloping ring of Ug = ©(Qn,J) is Qn.’ 

To prove this suppose first that J is of type B. Then §(Qn,J/) has the 
basis hi; = (ei; + ej), <J, and en if the ei; are matrix units. Then 
eii € Bo and also e:z; eshsjejj and eji = esjhijeisce BQ. Since Bo contains 
Q this implies that B o = Na. Next let J be of type C. Here © (Qn, J) has 
the basis 


fas 
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fij = 64; -+ Oj4V,44V, t, J] = 1, 2 T tay 
lei jav = ei jay — Cj itys Le] td Oy SD, <] 
kiv, = Ciav, j — Êj, io t, ] = 1, By °. s V 4 < f. 


It follows that the enveloping ring contains e; = fiufij 1% j, Cii = 6jlji 
OC js, iay =T fifii t f Ojay, jay == jav, ivi jay, Ĉi jav Ciil jars t< Js Cj, iY 
= — bjjki jv, tL jy Ciawi = kiv, jli 1 <4, Opava = — keia, jlin tL J, Chav 
= Ei, j+vÊjay, ivs Civ, i == Civ, jeje This shows that Bo == Q, and completes 
the proof. 


5. Non-isomorphim of the extended rings. We consider now two 
Jordan rings U, and U, or types A, B or C with enveloping rings W, and Me 
and centers ©, and ®, respectively. Let S be an isomorphism of U, on Ue. 
Then § induces an isomorphism s of ©; on ®2. Moreover, since Jordan multi- 
plication by elements of ©; coincides with ordinary multiplication, s is an 
isomorphism between the (ordinary) fields @;. Also 


(14) (ym) S = (y+ 1) 8 = 7° a.8 = y*(a,8). 


By constructing a new system Ms if necessary we can suppose that ®, == &, 
=-@, Then s is an automorphism in © and by (14) S is a semi-linear 
transformation between U, and U, regarded as vector spaces over ®. 

As before let Q denote the algebraic closure of ®&. Then s can be extended - 
to an automorphism § in Q and & can be extended in one and only one way 
to a semi-linear transformation § of Uo on Uo having § as associated 
automorphism. It is easy to see that § is an isomorphism between the 
Jordan rings Uig. 

We have seen that if U is one of our Jordan rings then Ug is either 
of the form Qn; or of the form $(Qn,/7) where J is either of type B or of 
type C. Now it has been proved by Albert’ that distinct systems of the 
forms noted are not isomorphic. We give a new proof of this fact here. 

We shall define the degree of a simple Jordan ring over its center to be 
the maximum dimensionality of any subspace A generated by the powers of 
an element & in the ring. It is clear from the definition of Jordan multi- 
plication that Jordan powers coincide with ordinary powers. Also we know 
that Q is the center of Qna; and of §(Qn,7) and that Jordan multiplication 
by elements of © is the same as ordinary multiplication. Hence the degree 
of Qn; and of §(Qn, J) is the maximum degree of the minimum polynomials 
of the elements of the system. 


7 [1] p. 554. 
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By the Hamilton-Cayley theorem it is clear that the degree deg Qu; Sn 
and deg (Qn, J) Sn. It is known also that if a is a 2v X 2v matrix such 
that a= g"a’q where q is skew-symmetric then a satisfies an equation of 
degree v.2 Hence deg §(Qn, J) Sv if n == 2v and J is of type ©. Since 2 
is infinite, Qn contains a matrix 


diag {pi, p2,° °°, pn} 


with pi £p; for iA j and (Qa, J) of type C contains 


| diag {pu po," * * 5 pv} pr, pa," © *» pr}. 
Hence the bounds indicated for the degrees are attained: 
deg Qn; = n, deg (Qn, J) =n or v = 7/2 


according as J is of type B or of type C. 


Now suppose that two of these Jordan rings are isomorphic. Then the 
degrees are the same. Hence the isomorphic pair is in the triple: Onj, 
$(OQn, J), J of type B; (Qan, 7), J of type C. The dimensionalities over 
the center are, respectively, n°, n(n-+1)/2, n(2n— 1). Since we. have 
assumed n > 1 and 2n > 2 respectively in the last two cases, these numbers 
are all different. Hence the isomorphic pair coincide. 

Our result shows that if U, and Ul, are isomorphic Jordan rings of types 
A, B or C then they have the same type and we can suppose that ll,o = Ug 
for Q the algebraic closure of the center ®. In this case, of course, the 
extended isomorphism § is an automorphism. 


6. Isomorphisms between Jordan rings of type A. We suppose now 
that U, and U: are of type A. We assume first that U, is of type Ar and U 
is of type Ar. Then U, == N; for a simple ring A with center ® and 
U == §(%, J) where B is simple with center P a quadratic extension of ® 
and J is of the second kind. Now U%oqQ=—Q,. Hence we can suppose that Y is a 
subring of the associative ring Qa. Similarly since (B over P)Q = Qu we 
can suppose that B is a subring of Qu. l 

As above let § be an isomorphism of 11, on U, and let § be the extended 
automorphism in Ugo = Uo = Qn; The form of § can be deduced from 
the following 


8 [5] p. 748 or [4] p. 497. 
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LEMMA 1 (Ancochea). Any algebra automorphism of Qn; over Q is either 
an automorplusm or an anti-automorphism of the associative algebra Qn 
over Q? 


By an algebra automorphism T we mean a ring automorphism such that 
(va) S = (aS) for allweQ. The proof is a simple computation with matrix 
units and will be. omitted. 

We consider now the automorphism § in Qaj. We have (wa) 5 = oë (a8). 
The mapping (æ:;) —>(&:;5) is an automorphism G@ in the associative system 
Qn. Hence it is an automorphism in Qui. Since (wa) G = w8(aG), T = G 
is an algebra automorphism in Q,; By Lemma 1, T is an automorphism or 
an anti-automorphism of Qn. Hence § = TG is either an automorphism or 
an anti-automorphism of Qa. Clearly 3 induces either an isomorphism S, 
or an anti-isomorphism 8’, of the enveloping rings of U, -on the enveloping 
ring of ll, We know that these rings are respectively & and 8. Since Si: 
or 8’, coincides with S on U, and U, =N the image US is closed under 
multiplication. Hence 1,5 =B. Since 1,8 = U, = G (V, J) this implies 
that- the elements of 8 are invariant under J contrary to assumption. We 
therefore have the following 


THEOREM 1. A simple Jordan ring of type Az can not be isomorphic to 
one of type Asr. 


We suppose next that both U, and U are of type Az, say, U, = W; and 
Vl, == B;. Also we can suppose that X and % are subrings of Qn. Then the 
argument just given shows that S is either an isomorphism or an anti- 
isomorphism of X on B. The converse is clear: If Y and B are isomorphic 
(anti-isomorphic) and S is an isomorphism (anti-isomorphism) of X on B 
then W; and B; are isomorphic under S. This proves 


THEOREM 2 (Ancochea). Zf N and B are simple associative rings that 
have finite dimensionalities over thew centers then the Jordan rings W; and 
B; are isomorphic if and only if X and B are either isomorphic or anti- 
isomorphic. Any automorphism in W; is either an automorphism or an anti- 
automorphism of X. 


We assume finally that both U, and U; are of type An, say. U = §(2, J) 
and ll, = §(%, K). Here we can suppose that W and B are subrings of Qp. 
Our argument shows that if § is an isomorphism of U, on U there exists 
either an isomorphism &§, or an anti-isomorphism 8’, of Y on 8 that induces 


° [2] pp. 151-152. 
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S in U, We note that in reality both S, and Sı exist. For if S, is an 
isomorphism of the required type then S,K and JS, are anti-isomorphisms 
having the required properties. Similarly if S’, is given then 8’/.K and JS’; 
are isomorphisms. Since M and % are the enveloping rings of U, and U: 
respectively there is only one isomorphism and only one anti-isomorphism 
that coincides with S in U,. Hence we see that Sik = JS, and SK =J 

We summarize our results as follows: If G(X, J) and 5(%,K) of type 
Az are isomorphic then N and B are isomorphic. In this case we can identify 
. A and B and consider H(A, J) and H(A, K). Then a necessary condition 
for isomorphism is that the involutions J and K be cogredvent in the sense 
that K = S,;"J8, where S, is an automorphism in W. It is easy to see that 
this condition is also sufficient for isomorphism. Finally we see that dny 
automorphism S of (M, J) is induced by an automorphism S, of A that 
commutes with J. For in this case we have J = 8,7J8,. The automorphism 
Sı is uniquely determined by S. Conversely any Sı that commutes with J 
induces an automorphism in (A, J). 


THEOREM 3. Let A and B be simple associative rings that have finite 
dimenstonalities over their centers and that possess involutions J and K, 
respectively, of second kind. Then if the Jordan rings O(A, J) and §(%, K) 
are isomorphic, X and B are isomorphic. A necessary and sufficient condition 
that (2,7) and (A, K) be isomorphic is that J and K be cogredtent. 
The group of automorphisms of O(A, J) ws the subgroup of-the group of 
automorphisms of A that commute with J. 


7. Isomorphisms between Jordan rings of types B and C. The 
isomorphism theory for these rings is similar to that of the rings of type Ar. 
Let U, = H(A, J) and U = §(%, K), J and K of first kind (types B or C) 
and let S be an isomorphism of U, on Us. Then we can suppose that X and 
H have the same center &. Let the dimensionality of A over @ be n”. 
Then Ao = Q, and Uo = $(2./7), J of type B or type C. Similarly if 
the dimensionality of B over © is m? then BQ = On and Wig = § (Nm, É). It 
follows that m == n and that J =K. Thus we can suppose that Ie == Uno 
== Q (Qa, J) and that the enveloping rings AX and B are subrings of Qu. 

The isomorphism § can be extended to an automorphism § of the system 
(Qn, J). We can prove that § is induced by an automorphism of Qn by 
using the following 


Lemma 2 (Kalisch). Any algebra automorphism of the Jordan algebra 
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S(Qn, J) over Q can be extended to an automorphism in the associative 
algebra Qn.*° 


As before this result can be used to show that § can be extended to an 
isomorphism in Q». It follows that § induces an isomorphism S, between 
the enveloping rings X and B. The rest of the argument is a duplication 
of the one given in the Ay case. The following result which has been proved 
for algebras by Kaliseh is therefore readily established. 


THEOREM 4. Theorem 3 holds also for involutions J and K of the first 
kind. 


THE JoHNs HOPKINS UNIVERSITY. 
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SUBGROUPS OF LOCALLY COMPACT GROUPS.* 


By DEANE MONTGOMERY. 


1. Introduction. Very little is known about the structure of a locally 
compact group unless the group is compact or abelian. It is the purpose 
of this paper to prove a theorem (Theorem 2) about n-dimensional groups 
which is suggested intuitively and which will be useful for further investiga- 
tion. Theorem 1, a theorem about more general locally compact groops, 
is needed in the proof of Theorem 2 and is of interest in itself. After writing 
this paper the author learned that Leo Zippin has independently discovered 
Theorem 1. The two theorems are stated as follows: 


THEOREM 1. Let G be a locally compact connected group and let U be 
an open subset of G which includes the identity e. If K is the identity com- 
ponent of U and tf M is the smallest closed subgroup generated by K, then 
M is all of G. 


THEOREM 2. Let G be a locally compact connected group of dimension n. 
If H is an n-dimensional closed subgroup of G, then H is all of G. 


Since dimension theory is In an unsatisfactory state beyond the range 
of separable metric spaces, the topology of G is assumed to be separable 
metric. In case G is compact or abelian the two theorems follow from the 
work of von Neumann and Pontrjagin [5,4] on the structure of these repec- 
tive types of groups. However, in the general case these theorems do not 
follow from any known result. 


2. Proof of Theorem 1. The proof of Theorem 1 is made by assuming 
that the theorem is false and showing that this assumption leads to a con- 
tradiction. It will therefore be assumed that M is not all of G, but is a 
proper subgroup. 

The mapping 

f: G3 G/M 


is continuous and open. The’ space G/M is connected and by the assumption 
above must contain more than one point. It is therefore at least one- 
dimensional and it is also a separable metric locally compact space. 


* Received July 22, 1947. 
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Let V be an open set in Œ which satisfies the following conditions: 
(a) eisin V 

(b) V= p= 

(o) PCU 

(d) V is compact. 


Let a be any point of V and let A be the component of aM {) V which 
includes a. In symbols this will be written as 


A= Ca(al N y). 


By definition K = Oe (U) == C,(M N U) and therefore aK = Ca(a(M N U)) 
= Oa(aM {) aU). But from the conditions on V it follows that V is 
in a@U and hence CalaM Q Y) C CalaM {) aU) that is ACaK, and 
A = Ca (aK [| V). Now let Q= Ca(?) so that it is immediate that A C Q. 
By the choice of V, a*Q C a”¥ C U and since aQ includes e it follows 
that aQ C K and QZ aK. From this it can be seen that QCA and 
hence Q = A. In view of the definitions it has therefore been shown that 


Ca( Y) = Ca (aM N Vv). 
When bead, then bM =aM and hence when Be aMYV, then 
Co(V) =Cr(aM N F). 


The components of V form an upper semi-continuous collection and 
they determine a space B and a continuous map T [6; p.126] of V onto B 


T: VB 


such that for every b in B the set 7*(b) is a component of Vv. The space B 
is compact and metric and must be totally disconnected (== zero dimensional). 
In order to see this last point notice that since T is monotone the inverse of 
any connected set in B is connected. Hence, if B contained a connected set 
with more than one point, its inverse would be a connected set containing 
more than one component of V which is impossible. This proves that B is 
totally disconnected. 

The fact that B is totally disconnected implies that if Y* is any open 
set (in and relative to B) including a closed set B*, then there is a subset 
X* of Y* which includes B* and is both open and closed in B [1, Chap. IT]. 
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Again let a be any point of V and consider the closed set aM N V. 
By previous results this set is the union of a certain set of components of V, 
so that T [T (aM (VY V)]—aM N) 7. Let 


T (aM (| V) = B*, 
and let Y be any open set in and relative to V such that 
aM (VV CY. 


Let Y, be the set of all points of Y each of which is on a component of V. 
entirely contained. in Y. Then [6; p. 123] F, is open in and relative to V. 
Furthermore, the set T(Y1) is, by definition, open in B and B*C T(Y;). 
Consequently, there is a set X* which is such that 


(a) B*CxX*CT(Y,) 


? 


(b) X* is both open and closed in B. 


The set X =7-'(X*) is open and closed in V and Æ is such that 
AMT) Vex yey. . 

To sum up, it has now been shown that if Y is any open set, in and 
relative to V, and aM N) V C Y, then there is a set X open and closed in 
V and such that aM ()VCXCY, 

Let W be any open set of V such that WC V, and consider the set 
f(W) which is an open subset of G/M. The space G/M is the union of a 
countable number of sets each of which is homeomorphic to f(W) and f(W) 
is the union of a countable number of compact sets. If each of these compact 
subsets of f(W) was of dimension zero, then by the sum theorem [1] f(W) 
and G/M would be zero dimensional, but G/M is not zero dimensional. 
Hence f(W) contains a compact set of dimension greater than zero, and 
_f(W) is of dimension greater than zero. The contradiction which is being 
sought will be obtained by showing that, on the other hand, f(W) must be 
zero dimensional. 

Let w* be any point of f(W) and let w in W be such that f(w) = w*. 
Let Y* be any set in and open in f(W) such that w*e Y* and let 
Y =f7*(¥*) (\V. Then F is in and open in V and wM N) VY. By the 
result obtained above there is a set XY open and closed in V which is such 
that wM()VCXCY. It is also true that wM WC X and hence 
f(wM N W)C F(X) CTf(W). The set f(X) N f(W) is closed in f(W) 
and it will next be proved that it is also open in f(W). | 
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Assume that b* is any point of f(X) N f(W). Choose any point b ` 
such that b s Wf) X, f(b) = b*. Then b is also in a set O which is such that 


1) O is open in G 
2) OCW 
3) OC YX, 


Hence, f(O) is open in G/M, and f(O) is in and open in f(W) and f(X). 
But b* is in f(O), that is b* ef(0) Cf(X) (f(W) which proves that the 
arbitrary point b* of f(X) N f(w) is in a set open in @ which is in 
F(X) MN f(W). This proves that f(X) N f(W) is open in f(W). 

\ It has therefore been shown that w*, an arbitrary point in f(W), is in a 
subset f(X) M f(W) of f(W) which is open and closed in f(W) and which 
is in a given open set Y* containing w*. This proves that f(W) is zero 
dimensional and gives the desired contradiction. This completes the proof 
of Theorem 1. 

A constituent of a point v in a topological space is defined to be the 
totality of all points y such that x and y are in a compact connected subset. 


COROLLARY 1. Let G be a locally compact connected group. Then the 
constituent of the identity 1s everywhere dense in G. 


This follows from the fact that K, K*, K-4, E- and so on are compact 
connected sets whose union is dense in M and hence in G. 


COROLLARY 2. Let G be a locally compact connected group and let O 
be an open set including e. If H is a closed proper subgroup of G, then O 
contains a continuum C such that e is in C but C is not in H. 


In the ‘previous proof the set K is a continuum in U which contains e 
If H is a proper subgroup then K is not in H. If U is chosen so that U 
is in O the corollary follows. . 


3. Non-existence of n-cycles. It is convenient to prove a lemma about 
the non-existence of n-cycles, which is entirely analogous to a lemma already 
stated in the one-dimensional case [3]. However, the proof is sketched for 
the sake of completeness, and is made simpler by Theorem 1. 


Lemma 1. Let G be a locally compact connected n-dimensional group 
which is not compact. Then if B is any compact set in G the n-th homology 
group of B (reals mod 1) is trivial. 
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If B is any compact set in G, then by Corollary 1, there must be a 
compact connected set Q which contains e and which contains a point g which 
is such that B and q(B) do not intersect. Let z be any Vietoris n-cycle in B 
which, contrary to the desired conclusion, does not bound in B. Then g(z) 
is a Vietoris n-cycle which does not bound in g(B), and q(z)—z is a 
Vietoris n-cycle in B |J g(B) which does not bound in B U q(B). 

However, it can be proved exactly as before [3] that q (z) — z does bound 
in Q(B). This is done by choosing a finite chain of points e = q1; ` * +, dn = 9 
with @(q:, qi-1) < r where r is a preassigned positive number. Using these 
intermediate points and the standard constructions of algebraic topology, it is 
proved that g(z) —z bounds in Q(B). 

The fact that q (z2) — z bounds in Q(B) but not in B U q(B) contradicts 
the hypothesis that G is n-dimensional [1, p. 151]. This contradiction com- 
pletes the proof of the lemma. 


4, Proof of Theorem 2. In proving Theorem 2 it will be assumed that 
the conclusion is false and that H is not all of G. In more detail, it is now 
assumed that Œ is a locally compact, connected, n-dimensional group and 
that H is a closed n-dimensional subgroup which is not all of G. It will be 
shown that this assumption leads to a contradiction. 

The n-dimensional group H must contain a compact set F, which is also 
n-dimensional, and the set Fı must therefore contain a closed set B, BC F., 
with the property that there is an (n —1)-dimensional cycle z (reals modulo 
one as coefficients) which bounds in F, but not in B [1]. Then there exists 
a neighborhood U of e in G which is such that z does not bound in UB. 

By Corollary 2 there is a compact connected set C with the following 
properties CCU, ee C, CŒ H. Let c be a point of C which is not in H, 
and let 


2 = cf, U] CB 
F == Fi U F 
Fi: = F |e 


Then B C Fi» so that the cycle z is carried by Fiz. But 
(1) | 240 in Fro 
_ because Fıs is in UB. However, it is known that 


(2) | z~0 in F; 
and it is also true that 
(3) z~ 0 in F. 
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This last fact can be seen in the following way. As.in the preceding section 
ce ~z in CB because O is a compact connected set including e and c, and 
cz-~0 in CF, since cF, is homeomorphic to F;. From these remarks (3) 
follows. 

_ From homology properties of unions and intersections of sets [2, pp. 266- 
271, particularly (18.5) and p. 270. The equivalence of the Cech theory of 
homology used in 18.5 and the Vietoris theory is also proved in [2].] the 
desired contradiction can now be obtained. The relation (18.5) of [2] is 
H”/D” = L” where H” is the n-dimensional homology group of F, D” is the 
subgroup of H” consisting of the differences y,” — yə” where y;” is a homology 
class in F4, and L" is made up of the (n — 1)-dimensional homology classes 
in Fs which are homologous to zero in both F, and F. It has been shown 
above that ZL” is not a trivial group. On the other hand, Lemma 1 proves 
that H” and D” are trivial, and this contradicts the relation above. This 
contradiction completes the proof of Theorem 2. ` 


YALE UNIVERSITY. 
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DIFFERENTIAL GEOMETRY OF A SURFACE AT A PARABOLIC 
POINT.* 


By CHuan-Cure Hstuna.t 


1. Introduction. In recent years projective differential geometers have 
made interesting contributions to ‘singular points of curves and surfaces.” 
Since at an ordinary point of a surface in ordinary space there are two 
distinct asymptotic tangents, a singular point which naturally presents itself 
for consideration is the parabolic point, at which the two asymptotic tangents 
are coincident. The purpose of this paper is to study the projective differential 
geometry of a surface at a parabolic point. We shall speak of the plane ` 
section of a surface made by its tangent plane at a parabolic point as the 
tangential section. According as the tangential section has a cusp or a 
tacnode at the parabolic point, there are five essentially different cases. For 
each case there is obtained a canonical power series expansion of the surface 
in the neighborhood of the point, together with a geometrical interpretation 
of the system of reference giving rise to the expansion. , 

By the use of the osculants associated with a cusp of a plane curve, 
Popa [10] has obtained a canonical power series expansion of à surface at a 
parabolic point for the case of a cuspidal tangential section. In 2 we shall 
derive another simple canonical expansion for this case in a different manner. 


2. Tangential section with a cusp. First of all we establish a point 
coordinate system in ordinary projective space, in which a point has non- 
homogeneous coordinates s, y, z and homogeneous coordinates Zi,’ + +, 
connected by the relations 


C= Taf Ti; Y = T321 2 = 04/2. 
Let O be a parabolic point on an analytic surface S, whose equation is 


z == f(x,y). 


If we choose the point O as origin, the coincident asymptotic tangents and, the 
tangent plane of the surface S at the point O respectively as the z-axis and 


* Received September 22, 1947; Presented to the Society, April 26, 1947. 
1 The author wishes to thank Professor V. G. Grove for his suggestions in the 
preparation of this paper. 
* See the bibliography at the end of the paper.- 
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the coordinate plane z = 0, then the Taylor’s series expansion of the function 
f(z, y) in the neighborhood of the point O may be written in the form 


(1) assay? + bi? + ben®y + bity? + bay? 
+ ott + eazy + can?y? + cany? + oytt (a0), 


the unwritten terms being of degree at least five. In this section we shall 
consider the general case, bı 5&0, in which the tangential section at the 
point O of the surface S has a cusp at O. : 

It is known that for a non-asymptotiè tangent at an ordinary point of a 
surface there is a quadric of Moutard, which is the locus of the osculating 
conic at the point of the plane section of the surface made by a variable 
plane through the tangent. For a parabolic point, the quadric degenerates 
into a cone with vertex on the coincident asymptotic tangents [10]. By 
` means of the expansion (1), it is easily seen that the cone of Moutard for 
the y-axis at the point O of the surface S has the equation 


(2) z — ay? — (b3/a)x2z — (ba/a) yz + (1/a*) (b/a — ¢5) 2? = 0, 


with vertex at the point (63,4,0,0). If we choose this vertex as the vertex 
(0,1,0,0) of the tetrabedron of reference, then 


(3) bs = 0. 


Furthermore, if the vertex (0,0,1,0) of the tetrahedron is taken at the 
point of intersection of the y-axis and the polar plane of the vertex (0, 0,0,1) 
with respect to the cone (2) of Moutard, then | 


(4) b,—0. 


If the vertex (0,0,0,1) and the unit point of the.system of reference are 
on the cone (2) then, respectively, 


(5) Cs = 0, a= l. 


After these simplifications, expansion (1) and equation (2) become respectively 


(6) z = 4? + bi? + bor?y + crt + ery + ca? y? + cery? 
+ dit? + deaty +'d H 
(7) z= J’. 


Through the y-axis there are two plane sections of the surface 8 each of 
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which has a sextactic point or a six-point conic at the point O. From (6) 
these two planes are easily found. to be given by the following equation 


(8) _ box? +- cazz + dez? = 0. 


If the coordinate plane x == 0 is the harmonic conjugate of the tangent plane 
z= 0 with respect to the two planes (8), then 


(9) i l Ca = 0. 


A general plane through the asymptotic tangent y ==z = 0 cuts the 
surface 9 in a curve having an inflexion at the point O. Associated with 
any such plane section, we may. determine Bompiani’s covariant point O,. Its 
coordinates [1] are 
(10) = (c 2b, 0, 0), 


and hence are independent of the plane considered. If the point (10) is taken 
as the vertex (0,1, 0,0), then c = 0. 

' Let us now consider a general tangent of the surface at the point O; 
its equations are 

(11) Z = y — ÀT = 0 (à 0). 


Any plane through the tangent (11), 


(12) z == n(y — àr) (n= 0), 


cuts the surface S in a curve C. The expansion of the projection C’ of the 
_ curve C from the vertex (0,0,0,1) onto the tangent plane z = 0 is found, 
by eliminating z between equations (6), (12), to be 


(13) yaw + (A?/n)a? + (1/n) (ba + Bed + 2A°/n) 0° 
+ (1/n) (5A4/n? + 3baA7/n + 2b, /n + Oy + Cod + 63d? + Cad”) r*+ 


The osculating conic of the curve C” at the point O is given by the equations 
z= 0 and 


é 


(14) Q == y — Aw — (d?/n) ua? — (1/d?) (203 /n + bà + b jely — às) 
— (n/ bed? /n — 2b,4/n — ba? — 2/22 
— 2b1b2/À -> Cy ai Cor -H CÀ? + CaA’) (y =m Az)? == 0. 








Elimination of n between equations (12), (14) yields the equation of the 
cone of Moutard for the given tangent (11) 
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(15) 2 —y? + (1/A*) (2b, + ed) yz — (1/22) (3b: + 2b0d) 22 
+ (A/A8) [b12 2b1B0d + (ba? — 01) A? — CA3 — 094 — cah" ]2? = 


The residual conic of intersection of this cone with the other cone of Moutard 
associated with the harmonic conjugate of the tangent (11) with respect to 
the a-, y-axes lies in the plane 


t 


(16) A E ae (1/A°) (2b1b2 — CA?) 2 = 0. 


The plane through the asymptotic tangent y= z ==0 and the line of inter- 
section of the two planes (16) and æ == 0 is given by the equation 


(17) 2biy + (1/A*) (2b1b2 — Cod?) 2 = 0. 


The equations of a general line through the point O and in the plane s = 0 
may be written as 
(18) . s = z — ny = 0, 


so that the plane (12) passes through the line and a variable tangent (11). 
As the tangent (11) varies through the point O, the locus of the line of 
intersection of the two planes (12), (17) is a cubic cone with vertex at the 
point 0: | 

26 box*e + (2b1y — coz) (y — z/n}? = 0. 


This cubic cone is intersected by the plane æ= 0 in the arbitrarily chosen 
line (18), counted twice, and another line whose equations are 





(19) t = biy — Coz = 0. 


This latter line is independent of the line (18). If the vertex (0,0,0,1) 

is on the line (19), then ca = 0. The system of reference is now determined 

except for the actual position of the unit point on the cone (7) of Moutard. 
From the form of the coordinates of the vertex of the cone (15) of 

Moutard, 

(20) (3b, + 2bed, A?, 0, 0), 


it follows that for any point, distinct from the point O and on the asymptotic 
tangent y = z = 0, there are two tangents of the surface S at O, associated 
with which the two cones of Moutard have a common vertex at the point. 
For convenience, we shall call the tangents the associated tangents of the 
point, and the point the associated vertex of the tangents. It should be 
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‘noted that one of the associated tangents of the vertex (0,0,0,1) has been 
chosen to be the edge z = z = 0.. 

The cone (7) intersects the surface S in a curve with a triple point at O. 
The residual triple-point tangent, other than the y-axis, is 


(21) z = bg + boy =0. 


If the unit point (1,1,0) in the tangent plane z= 0 is taken on the’ 
harmonic conjugate of the tangent (21) with respect to the s- and y-axes, 
then bı = bə Moreover, with reference to the expression (20), we know 
that if the unit point (1,0,0) on the asymptotic tangent y == z = 0 is the 
associated vertex of the tangent (21), then b: = b, Since 6:b.540, we 
arrive at the following canonical power series expansion of the surface 8 
an the gee of the parabolic point O: 


z= y? + a? + ey + cgety? + 


Finally, we consider the equation of a general quadric having second 
order contact with the surface S at the point O, which maybe obtained 
from the expansion (1): _ 


(22) 2— ay? + (how + kay + leaz) = Í, 


where ke, ks, ka are parameters. The quadric (22) intersects the surface S 
in a curve with a triple point at O, whose tangents have the equations 


(23) z = bye? + boay + (bs + ake) ay? + (bi + aks) y? = 0. 
It is easy to show that there is a unique line, 
(24) z = 8b,0 + boy = 0, 


in which the three triple-point tangents (23) may coincide. Since the 
tangent at the point O to the parabolic curve or the locus of the parabolic 
points of the surface S has [10] the same equations as (24), we ‘obtain the 
folowing conclusion: 


At a parabolic point of a surface there is a unique tangent of Darboux, 
which coincides with the tangent to the parabolic curve on the surface. 


3. Tangential section with a tacnode. This section is devoted to the 
case in which the tangential section of the surface S at the parabolic point O 
has an ordinary tacnode at O. The expansion of the surface S in the neigh- ` 
borhood of such a point O may be written in the form (1) with the 


388 . CHUAN-CHIH HSIUNG. 


condition 6:-=0. From equation (24) it follows immediately that the 
tangent at O to the parabolic curve of the surface S coincides with the 
coincident asymptotic tangents [11, 12]. 

For later use we find, from the expansion (1) and the condition bı = 0, ' 
the expansions of the two branches of the tangential section of the surface 9 
at the point O, namely, 


(25) z = 0, y = Ag? + Br? -+ rtp., 
where the coefficients A, B, C satisfy the following equations 


aA? — boA -l O, == 0, 
(26) (2aA —- bo) B +- b,A? 4- CoA. -- dy = 0, 
(2aA + be) CO + aB? + 2b,AB + CB + b,4? +. OA? + dA + e = 0. 


By means of equations (8), (4), (5), (9), we may choose the system 
of reference so as to reduce the expansion (1) of the surface S at the point 
O to the following form: 


(27) z = 4? + dow*y + ort + Cony + cgay? + dia’ + doxty 
+: . -+ dey? +: e., 


For the purpose of completing the determination of the system, let us recall 
an osculant of Su [13] associated with a singular point of a plane curve. 

Let O be a singular point of order m — 1 (Z= 2) of a plane curve C 
such that the tangent to of the curve C at the point O has contact of order 
m—-1. Consider all the algebraic curves of order m in the plane of C every 
one of which has a multiple point of order m — 1 at a point M, not on to. 
Denote one of these curves by Cm and suppose that all the branches of Cn 
at M are tangent to the same line t at M, and further suppose that Cm has 
contact of order m-+1 with C at O. Then the tangent ¢ intersects the 
tangent to in a point Om, which is independent of the particular curve Cy 
being considered. If the expansion of the curve C in the neighborhood of the 
point O takes the form 


(28) == Mé" + yE 4--- (ao 0), 
the coordinates of the point Om are 
(29) ((m—1)ao/a,, 0). 


From the series (27), (28) and the expression (29), it is easily seen 
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that a general plane through the asymptotic tangent cuts the surface S in a 
curve having O as a singular point of the third order, and that associated 
with any such plane section there is a fixed covariant point O; with the 


coordinates 
(30) ; - (83c1/da, 9, 0). 


It the vertex (0, 1,0, 0) is taken at the point (30), then dı = 0. 


There is a nine-parameter family of cubic surfaces having third ae 
contact with the surface S at the point O. The equation’ of a general one 
of these cubic surfaces is found, from the expansion (27), to be 


(31) 2 = Y? + kizz + kyz + bex®y — kyxy”? — koy? + kzz? 
+ kaæyz + k?z + kiy?z + kizz? + ksyz? + kozt, 


where the k’s are parameters. The cubic surface (31) cuts the surface S 
in a curve with a quadruple point at O. The four eee tangents 
are 
(32) z = Gtt + (c — bok, eY + (ey — Deke — a)! y? 

— kwy? — (ka + he) y* = 0. 


Furthermore, the intersection of the tangent plane z = 0 and the cubic surface 
(31) is a cubic curve which degenerates into the Pap INg tangent y = z = Q 


and the conic 
(33) z = y + ba? — hry — ky? = 0. 


Among the cubic surfaces (31), we may therefore determine a five-parameter 
family satisfying the following two conditions: 


(i) The y-axis is the polar line of the vertex (0,1,0,0) with respect 
to the conic (33). . 
(ii) Three of the tangents (32) coincide with the y-axis. 


For this five-parameter family, we have a common residual quadruple-point 
tangent of (82) with the equations 


(34) z = 60+ Coy = 0. 


If we choose the vertex (0,0,0,1) on the cone (15) of Moutard for the 
tangent (84), then cs == (bs¢2/c.)*. Moreover, if the unit point (1,1, 0) 
is taken on the harmonic conjugate of the tangent (34) with respect to the 
g- and y-axes, then co==¢,. Finally, from equations (11), (20) we observe 
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that for each non-asymptotic tangent in the tangent plane z = 0 at the point O 
there is only one associated vertex on the asymptotic tangent. If we choose 
the unit point (1,0,0) at the harmonic conjugate of the point O with respect 
to the vertex (0,1,0,0) and the associated vertex of the unit tangent 
gz = y — = 0, then b,—1. Thus we are led to the following canonical 
power series expansion of the surface 8 in the neighborhood of the point O: 


2 = Y? -+ oy + c (at + ay) 4 ay? + daty + daty? + - epdp. 


4. Tangential section with a simple inflexional tacnode. According as 
one or both branches of the tangential section T with a tacnode at a parabolic 
point O of a surface 8 have inflexions at O, we call the point O a simple or 
double inflexional tacnode of T. We shall discuss the first case in this section, 
and leave the other to the last section. | 

From the expansion (1), with the condition b, == 0, and the first of 
equations (26), it follows that the condition for the point O of T to be a 
simple inflexional tacnode is cı = 0. As in 3, the expansion of the surface 
8 at such a point.O may also be reduced to the form (27) in which c = 0. 
Any four-point conic of the branch of T, having O as an ordinary point, has 
the equations | 
(35) z = y + baz? + (1/b2") (dı — bzc2) ay + ky’ = 0, 


where & is a parameter. There is only one point on the asymptotic tangent 
y = z = 0 such that its associated tangent coincides with its polar line with 
respect to the conic (35), namely, the point 


(bee ae dy, 254", 0, 0). 
I£ we choose this point as the vertex (0,1,0,0), then dı = bots. 


Among the cubic surfaces (31) we may determine an eight-parameter 
family such that two of the four quadruple-point tangents (82) coincide 
with the asymptotic tangent. For this family, kı == c2/b and the polar line 
of the vertex (0,1,0,0) with respect to the conie (33) is 


(36) Z = Coy — 2b; t = 0. 





The harmonic conjugate of the y-axis with respect to the z-axis and the 
tangent (86) has the equations 


(37) Z = Col — biz == ÛÎ, 


If the vertex (0,0,0,1) is taken on the cone (15) of Moutard for the 
tangent (87), then cs = 0. 
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The quartic surface, whose equation is . 
(38) o © g=? + bow?y + cony, 


is completely characterized by the following -properties: it has fourth order 
contact with the surface S at the point O; it has a unode of the third order 
at the point (0,0,0,1); and its uniplane is the plane sı == 0. The tangent 
plane z = 0 intersects the quartic surface. (38) in a curve degenerating into 
the z-axis ‘and the cubic curve 


(39) z = y -+ baz? + cg? == 0. 


If the unit point (1,0,0) is taken at the harmonic conjugate of the residual 
point of intersection, other than O, of the asymptotic tangent and the cubic 
curve (39) with respect to the point O and the vertex (0,1, 0,0), then cz = be. 
Finally, by choosing the unit point (1,1,0) on the tangent (37), we obtain 
the following canonical power. series expansion of the surface S in the 
neighborhood of the point Q: 


ap + vy + avy + wv + anty + dey? ++ > +--+ dey? +-° -. 


5. Tangential section with a symmetric tacnode. For an ordinary tac- 
node P of a plane curve C with tacnodal tangent t, the first polar curve T 
of a genéral point on ¢ with respect to C has a double point at P with t as a 
tangent. If the curve I has an inflexion at the point P with ¢ as the 
- inflexional tangent, then the point P was called by Wölfing [14] and Segre 
[11] a symmetric or harmonic tacnode of the curve C. Segre [11] also 
showed that a necessary and sufficient condition for the parabolic curve of a 
surface S to have a double point at a parabolic point O is that the tangential 
section of the surface © at the point O have O as a symmetric tacnode. 

The parabolic point O of the surface S with the general expansion (1) 
is a symmetric tacnode of the tangential section of S at O if and only if 
bı = ba = 0. Thus from (6), the expansion of the surface S at the point O 
for this case can be reduced to the following form 


z = Y? + ewt + Cow y -H cyv?y* + cry? 
+ da + darty +--+ ++ dgyit--:. 
By means of the expression (20), it is obvious that all the tangents at the 


point O to the surface S have the vertex (0,1,0,0) as'a common associated 
vertex. Making use of equation (25) and the first two of equations (26), 
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we may easily obtain the equations of the two polar lines of the vertex 
(0,1, 0,0) with respect to any four-point conics of. the two branches of the 
tangential section T at the point O of the surface S, namely, 


z = 40, V— 00 + (eV — 6, + dy = 0. 


If the harmonic conjugate of the x-axis with respect to these two polar lines 
is the y-axis, then c.==0 since c, does not vanish. 

From equation (8), it follows that through the y-axis there is only one 
plane section of the surface S which has a sextactic point at O. If this 
plane is taken as the coordinate plane s = 0, then d= 0. 

We now consider the plane (12) passing through the general lines (18) 
in the plane == 0. Observing the conditions bı = be = de = 0, calculating 
the series (18) to the fifth degree and then substituting the result for y in 
the left member of equation (14), we obtain 


(40) Q = (U/n)a’ +" >>, 
the coefficient U being defined by the formula 


Gao =i PE E ER E 
+ (da — 2¢3/n) A8 + (ds — ca/n) At. 


Thus through a general line (18) in the plane s= 0 there are four plane 
sections of the surface 8, each of which has a sextactic point at the point O. 
In particular we can determine a unique line through which only three such 
plane sections may be drawn. From the expression (41), we easily find the 
equation of this line to be 

(42) t= dst — cy = 0. 


If the vertex (0,0,0,1) is on this line, then d; = 0. 


If we take the harmonic conjugate of the point O with respect to the 
vertex (0,1,0,0) and the covariant point (30) as the unit point (1, 0,0), 
then dı = 6c,. Finally, if the unit point (1,1,0) is chosen on the polar 
line of the unit point (1,0,0) with respect to any four-point conics of any 
one branch of the tangential section T at the point O of the surface S, 
then cı = — 1.  -° 


Hence we obtain the following canonical power series ea pensuin of the, 
surface S in the neighborhood of the point O: 


z = y? — zt -+- ct’ y? + cry? — 62° + dazty + daty? + dyx?y? -+ 
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6. Tangential section with a double inflexional tacnode. Finally, wé 
shall consider the case in which the tangential section T of the surface S 
at a parabolic point O has a double inflexional tacnode at O. From the 
general expansion (1) and equations (25), (26) it is easily seen that the 
conditions for this case are b, == b: = c, = d, == 0. The expansion (6) is 
then reduced to the form 


(43) z == Y? -+ con?y + cgv?y*? + eey? + darty + dsx°y? 
fob doy! + 


As in the preceding section, all the tangents at the point O of the surface & 
have ‘the vertex (0,1,0,0) as a common associated vertex. 

By means of equation (15) and the expansion (43), we see that the 
cone of Moutard for a general tangent ta (11) intersects the surface S in a 
curve with a quadruple point at O, and that two of the quadruple-point 
tangents are the asymptotic tangent and the tangent t,. In particular, we can 
determine two tangents ż\. such that for each of them one of the two residual 
quadruple-point tangents of the intersection further coincides with it. If we 
choose the harmonic conjugate of the asymptotic tangent with eer to 
these two tangents to be the y-axis, then cz == 0. 

From equation (8), it follows that through the y-axis fers is only one 
plane section of the surface § which has a sextactic point at O. If this plane 
is taken as the coordinate plane æ = 0, then dy = 

By using equations (14), (40), (41) we can easily show that through a 
general line (18) in the plane =O there are three plane sections of the 
surface S each of which has a sextactic. point at O. In particular, there is a 
unique line (42) through which only two such plane sections can be drawn. 
If the vertex (0,0,0,1) is on this line (42), then d; = 0. 

The cone (7) cuts the surface S in a curve with a quadruple point at O. 
The residual quadruple-point tangents, other than the z- and y-axes, are 


(44) | Z = Cot? + ogy? = 0. 


If the unit point (1,1,0) in the tangent plane z = 0 is on one of the two 
tangents which are harmonic conjugate with respect to the pair of the tangents 
(44) and the pair of the z-, y-axes, then c, = C2. 

Finally, the z-axis intersects the cone (15) of Moutard for the unit 
tangent z = y— x = 0 in two points P, and Pe. If the unit point (0, 0,1) 
on the z-axis is chosen at the harmonic conjugate of the point O with respect 
to the vertex (0,0,0,1) and one of the two points P, and P2, then c.—1. 
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‘Thus we reach the following. canonical power series expansion of .the surface S 
in the neighborhood of the point O: 


z = y? + ay + ay? + darty + daty? + day +0 +. 
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THE DIFFERENTIAL EQUATION y = f(y) 


By SYLVAN WALLACH. 


-- J. Let f(y) be a continuous, real-valued, function on the interval 
cZ yd. It is known [1] that if 


(1) f(y) >0 fore<y < a, 


then the differential equation and the initial condition 


(2) =F), s= e 


have a solution y == y(x) s£c on some interval 0S5 b if and only if 
(3) a. S Getty) < o. 


Tt is the object of this note to describe the general situation, in which con- 
dition (1) is not assumed. The solution of the general problem depends on 
tools less elementary than one might suspect. It is true that all solutions 
prove to be monotone, and are, of course, absolutely continuous. The problem 
depends, however, on the inversion of a monotone function, and the inversion 
leads, in general, to monotone functions which are not absolutely continuous. 
For this reason the description of the general situation will have to involve 
Lebesgue’s decomposition of a monotone function into absolutely continuous, 
continuous but singular, and purely discontinuous components. 


As to the mere existence of solutions, the situation is as follows: 


(I) Let f(y) be a real-valued, continuous function on the interval 
cSysd. In order that (2) possess a solution y = y(x) Se on some 
interval 0 Sa 5S b, it is necessary and sufficient that there exists a number 
d* satisfying 


(4) f(y) 20 for e SyS d" (e < d* S d) 
and i 
(5) f. a/f) Z; 


* Received June 7, 1947. 
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If (4) and (5) are satisfied, a strictly monotone solution y == y(x) 
results by inversion of the quadrature 


x Yy ; 
(5 bis) o(y) = { ds/f(s); 
c 
and this solution is an extreme solution. 


If f(c) 0, the sufficiency of the conditions is trivial and the solution 
of (2) is unique. If the conditions are satisfied and f(c) —0, any solution 
y = yı(x) of (2) satisfies 


c ZS p(z) Sy(a), (0S23b), 


where y = y(x) is that solution of .(2) obtained by the inversion of the 
quadrature (5bis). It is in this sense in which the solution supplied by 
(5 bis) is called “ extreme.” 

Tbe content of Theorem (I), when (1) is not satisfied, will be illus- 
trated by an example to the following effect: 


(II) There exist real-valued, continuous TA f(y), where cS y Sd, 
with the properties that (4) and (5) are satisfied (with d = d*) and that 
(2) possesses stricily monotone solutions distinct from the solution obtained 
by the inversion of the quadrature (5 bis). 


It may be remarked that (II) is equivalent to the following fact con- 
cerning monotone functions: 


(III) There exist two monotone increasing functions yi(v), Ya(s), 
where 0 Sx S 1, with the properties that y,(0) = y2(0) = 0, the respective 
inverse, functions zily}, Sely) possess continuous derivatives, and 2',(y) 
= ga (y), where 0 Sy S min (y:(1), ye(1)) but y(t) Æ y2(2). 


It will follow that, if conditions (4) and (5) of (I) are satisfied, the 
non-constant solutions of (2) can be described as follows: 


(IV) Let f(y) be a real-valued, continuous function on the interval 
cS yd, and let f(y) satisfy conditions (4) and (5). Define 


(6) 2(y) =a1(y) + 22(y) + as(y), for cSy Sd, (c<d*sd), 


where xi(y) ts the quadrature (5); Ze (y) is non-decreasing, continuous, 
singular, and constant in each interval where f(y) >0; and z(y) is a 
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purely discontinuous, non-decreasing function whose jumps occur only where 
f(y) vanishes. 

The non-constant solutions of (2) are pied by that inverse , of (6) 
defined as follows: | 


(7) | y(e) = 1. u. b. y for a(y) Sa, 


where 0S sS e(d")... 
2. In order to prove (I), some elementary facts will first be proved. 


(i) If f(y) is a continuous function on c&y S d and y =y(xz) wa 
solution of (2) for OSs S b, then y(x) is monotone for 0S rb. 


For, if the solution y(z) were not monotone, there would exist two 
numbers @,5<Z2 on the interval (0,6) such that y(zi) =y(v2) and 
y (æ) > 0, y (a2) <0. This contradicts (2), since (2) implies that y’ is 
a single-valued function of y. 


(ii) If fly) ts a continuous function on c Sy S d and if f(y) changes 
sign on every interval (c, c + €), then y = y (£) =c is the only solution of (2). 


The continuity of f(y) implies that f(c) 0 and, therefore, that 
y(x) =c is a solution of (2). Suppose y—y(x) were a solution of (2) 
for 0 S v S b and that y (£) s£c. Then for some s = zı, where 0 < m, S b, 
the function value y(%ı) >c. But f(y) changes sign in the interval 
(c, y(t1)), which means, by (2), that y= y(x) is not monotone on 
0ScS2,. This contradicts (i) and so (ii) follows. 


3. The proof of the necessity of the conditions (4) and (5) in (I) 
will now be given. It will, therefore, be supposed that y = y (£) s£c, where 
02s b, is a solution of (2). The statement (ii) implies that there exists 
a number d*, where c < d* Sd, such that f(y) does not change sign on 
(c,d*). Consequently, (4) holds. For otherwise 


f(y) $0 fore SySa*, 


which, by (2) and (i), means that y(x) is non-increasing on OSs Sb. 
Hence, y(x) s#c implies y(x) <c for some value of z But this contra- 
dicts the assumption that f(y) is defined only for eS yd. . 

It will now be shown that (5) holds if d*=-y(b). Since y(2) se, 
this d* satisfies ce < d* << d. It is known that a monotone function y = y (s) 
maps the set of z-values on which the derivative y’ (v) vanishes on a y-set of 
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measure zero. Hence, by (2), the zeros of f(y), where OS y= a", form a 
y-set, F, of measure zero, The continuity of f(y) implies that F is a closed 
‘set. Let E denote the open set which is the complement of F in (c,d*). 
Let E = %(¢n, dn) be the decomposition of E into disjoint open intervals and | 
let the numbers da, bn be defined by y(@n) = Cn, y(bn) = da. It follows, 
from the definition of the open set ‘F, that f(y) > 0 for cn < y < dn, and 
from the theorem quoted in the first paragraph of 1, that the integral 


f “as/f(s) 


converges and has the value bn — an. Hence, 


f ds/f(s) = 3 (bn — an). 
E 


Since the disjoint open intervals (an, Ùn) are contained in (0,b) and since 
the complement F of Ẹ in (c, dđ*) is a zero set, it follows that 


q* 

(8) J as/f(s) Sd < @, 
5 z 

This completes the proof of the necessity of (5). 


4. The proof of the sufficiency of the conditions (4) and (5) in (I) 
will now be given. These conditions imply that the y-set on which f(y) 
vanishes is a zero set on (c,d*). Hence, 


(9) z(y) = J ds/f(s) 


is a strictly increasing function of y and so possesses an inverse function 
y =y (s), where 020 and b—-az(d*). .Then (9), (4) and the con- 
tinuity of f(y) imply that 


y (£) = 1/7 (y) = f(y (2) ), (0255), 
where it is understood that 1/o = 0. 


5. In order to complete the proof of (I), it remains to be shown that, 
if (4) and (5) are satisfied, the function y = y (æ) obtained by the inversion 
of (9) is an extreme solution. To this end, let y = yı (x£) be any solution 
of (2) on some interval 0 Ss S b,. It will be proved that 


(10) - cL y(r) S yle) for 0 S z Sb. = min (b, bi). 
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The first inequality in (10) is clear. It follows from (i) that y:(r) is 
monotone. If y:(z) = c, then (10) is obvious. Hence, suppose y:(b2) = de > 0. 
Let zı (y), where ¢ = y = dz, be an inverse (possibly discontinuous) of y, (x). 
It is clear from the arguments employed in 3 that 


z(y) = f “ds/f(s) = c (9) ; 


cf. (8). This relation between the inverse functions z:(y) and 2(y) shows 
that, the second inequality in (10) holds. This completes the proof of (I). 


6. In order to prove (II), let T be a nowhere dense, closed set on 
02551 such that the common part of T with every interval (0,2) 
contained in (0,1) has positive measure. Let 9 be the complement of T 
in 0OSeS1. Let g(x) be a continuous function on 0 & s & 1 such that 
g(s) = 0 if v is in T and g(x) > 0 if v is in S (that such a g(s) exists, 
follows by taking the absolute value of Volterra’s well-known example). 
Define y = yi (x) by 


(11) n(2) = f gät, Garan: 


Since the set S is dense in (0,1) and since g(x) > 0 on S, it follows that 
yi(@) is monotone increasing for 0S a1. Let zı(y) denote the inverse 
function of yı (x) for 0S y Sd, where d=y,(1). Let f(y) be defined by 


(12) f(y) =y (as(y)) for 0S y Za. 


Then (11) is a monotone increasing solution of (2), where c—0. Hence, 
by (I), the function (12) satisfies conditions (4) and (5). On the other 
hand, the image of the set T under the mapping y = y.(z) is a zero set, since 
y'1(%) = g(x) =0 on T. Hence, the inverse function s = z, (y) maps a zero 
set onto the w-set T of positive measure and, therefore, is not absolutely 
continuous. Consequently the function (11) is not the inverse of the 
quadrature (9). This completes the proof of (IT). 


7. In order to prove (IV), it will be shown, first, that the function 
y(x), defined in (7) is a solution of (2). But this is obvious from the 
argument in 4, since t,(y) can be identified with (9), and the derivates of 
we(y) and ws(y) are bounded from below. 

Conversely, let 


(13) ° y* (vz), for OS eS b, 
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be any non-constant solution of (2), where f(y) is defined in (IV). In view 
of (i) and (10), y*(z) is non-decreasing. Let 2*(y) be the inverse of y*(z) 
defined as follows: 


(14) së (y) =l u.b. for y* (£) Sy, 


where ¢ Ss y S y (bı). The function x*(y) is monotone increasing. According 
to the decomposition theorem of Lebesgue 


(15) s” (y) == "1 (y) + 0¥2(y) + 2*s(y), 


where the three functions on the right in (15) are non-decreasing; 2*1(y) 
is absolutely continuous; s*a (y) is continuous and purely singular; and 2#*;(y) 
is purely discontinuous. The total variation of w*2.(y) + a*s(y) clearly - 
occurs on the y-set where y’ (x) = 0, hence where f(y) = 0. Therefore, x*(y) 
satisfies the conditions imposed on x(y) in (IV). Since (13) is obtained 
from (15) in the same way that (7) is obtained from (6), this completes 
the proof of (IV). 
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THE NEIGHBORHOOD OF AN UNDULATION POINT ON A 
SPACE CURVE.* 


By Aticr T. SCHAFER. 


In projective differential geometry the neighborhood of an ordinary point 
on a curve in three-space has already been studied [3; 61-62].1 In a previous 
paper by the author a study was made of the neighborhood of two singular 
points on a space curve: the inflexion point and the planar point [4]. The 
next singular point which naturally presents itself for study is the undulation 
point, which is defined as a point at which the tangent to the curve has pre- 
cisely four-point contact with the curve instead of the usual two-point contact. 
For this reason the point is classed as a singular point’ although the curve 
may be represented in the neighborhood of the point by power series as is 
the case in the neighborhood of an ordinary poirt. 

In 1, the projective coordinate system, consisting of a delrahedion of 
reference and a unit point, is chosen so as to give canonical power-series 
expansions for the curve in the neighborhood of an undulation point. These 
series are then used to study properties of the curve in the neighborhood of 
the singular point; 2 is devoted to a study of surfaces osculating the curve 
at the undulation point; in 3 plane sections of the tangent developable in the 
neighborhood of the singularity are investigated and in 4 a similar study is 
made of the projections of the curve from the faces of the tetrahedron of 
reference. 

Throughout the paper homogeneous and nonhomogeneous coordinates 
are used interchangeably. A point is represented in nonhomogeneous coordi- 
nates by s, y, 2 and in homogeneous coordinates by Zi, T2, Zs, Us. The two 
systems of coordinates are connected by the relations @ == %2/%, Y == 43/2, 
Z == Vaf Tı. 


1. Canonical power-series expansions. In the neighborhood of any 
point on an analytic curve in three-space two of the coordinates may be 
expressed as power series in terms of the third. Let the coordinates of a 
variable point on the curve be represented by (z,y,2) and the point O around 
which the expansions are to be taken by (co, ao, bo) ; then the expansions will be 


* Received April 15, 1947. 
* Numbers in brackets refer to the works listed in the bibliography at the end of 
the paper. 
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(1) Y = lo + a (T — Co) + aa (2 — 6)? +t, 
%= by + bile =) + balea p 


where a; and b; (i= 0,1,2, - +) are constants. We shall choose the point 
O as the undulation point we are to study and then prove the following: 


THEOREM 1.1. By a suitable choice of the projective coordinate system 
in the neighborhood of an undulation point on a space curve, the power-serres 
expansions representing the curve in the neighborhood of the undulation poini 
can be reduced to the following form 


y = art — (8/2) ax® + aszt! + art? +- agt? + aog? + tiog? 
+ anag” + aoa? + aye: -, 
(2)` z == axă — Ras? + (as + 80/4) 27 +- (a, — ag/2 + a/8) 2° 
+- (dg — 7/2 — 8a/16) z? + (dy — 88/2 + 6/8 — 4/16) x" 
+ (Gig — do /2 + a7/8 +- 84/32) a4 + (a1 — Ain /2 + as/8 
— te/16 + 54/128) T? + biag 4 - - - (a0). 


There are fifteen arbitrary parameters involved in the determination of 

the projective coordinate system and therefore fifteen conditions which may 
be imposed on the constants in the equations (1) in deducing canonical power- 
series expansions for the space curve C in the neighborhood of the undula- 
tion point O. In order to derive equations (2) from equations (1), we first 
take the vertex (1,0,0,0) of the projective tetrahedron of reference to be 
at the point O (Co, @, bo), thus making do == by = Co=0. The tangent to C 
‘at O now has the equations y == as, z= 6,2; we shall place the edge 
y == z = 0 of the tetrahedron along this tangent line, thus making a, = bı 
= 0. Since O is an undulation point, a2 = a, = bz = b; = 0 and not both a 
and b, equal zero if O is not to be a singularity of higher order. We shall 
assume this to be the case. 
l Since O is an undulation point any plane through the tangent to C 
at O intersects C in four consecutive points at O and so the osculating plane 
of C at O is indeterminate. However, the plane a.z — bay == 0 has five-point 
contact with C at O and we shall call this plane the hyperosculating plane 
of C at O. We choose the face z == 0 of the tetrahedron to coincide with 
this plane, making b4 = 0 and a£ 0. For convenience we replace as by a, 
bs by b. Of the fifteen conditions which we are at liberty to impose on the 
coordinate system, six have already been determined. We now proceed to 
impose the remaining nine conditions. 

In order to do this we consider cubic surfaces having contact of various 
orders with the curve C at the point O. To find the equations of such 
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surfaces, we write the most general equation of the third degree in z, y, and z 
and demand that the expansions (1) for C satisfy this equation through terms 
in æ to the power desired. First we demand that equations (1) satisfy the 
general cubic equation through terms in 2°, thus getting the equation of the 15- 
parameter family of cubics having 4-point contact with C at O. It can 
easily be shown that the tangent to C at O, y = z == 0, lies on all these 
cubic surfaces. Among these surfaces there is a 9-parameter family, each 
of which has at least 8-poimt contact with C at O, on which the tangent to C 
at O is a double line, making these surfaces ruled surfaces. Let us consider 
the unique one of these ruled surfaces osculating the curve at O and having 
1%7-point contact with C at O. Its equation in homogeneous coordinates is 


(3) Be + Da, + Fao? +- Gtt, + Har? + Lagng? + Srotsa 
+ Maye? + Razr, == 0, 


where the capital letters are homogeneous parameters representing functions 
of the coefficients of s in equations (1) and where not both M and R are zero 
for a non-composite osculating cubic surface. The coefficients in (3) are 
found by demanding that the series (1) for y and z satisfy equation (3) 
through terms in zê. Since these coefficients are long, we shall omit writing 
them down until later. . 

Choose the vertices (0,0,1,0) and (0,0,0,1) at points on the surface 
represented by equation (8). This choice makes B == D==0. The equation 
of the tangent plane to (3) at (0,0,1,0) is Fz- Gz, = 0. Choose the 
face t2==0 along this plane, making G == 0, #540: The equation of the 
tangent plane to the surface at (0,0,0,1) is Mz, 4- Hz: + Iz= 0. Take 
the face vı = 0 along this plane; then H = I == 0 and M 0. 

The polar quadric of the ruled surface represented by equation (3) with 
respect to (0,1,0,0) consists of two planes £s =0 and Fr Jz, = 0. 
Put the unit point (1,1,1,1) on the second of these two planes making 
F == — J. The polar quadric of the cubic surface with respect to (0, 0, 1, 0) 
has the equation Razz, -+ 2F aor; + Jat, = 0; put the unit point on this 
quadric. Then P==-—&; R=~«0 since #50. It follows that J = Rk. 

The polar quadric of (0,0,0,1) with respect to the cubic surface (3) 
has the equation Rrx, + 2l1a,2,-+ Rr:£3 = 0 and the equation of the 
tangent plane to this quadric at the point O(1,0,0,0) has the equation 
fa, + 2Max,—=0. If we put the unit point on this plane, then M == — R/2. 
The equation (3) now takes the form 


(4) 2203" a Lolla -+ pit = RU1L3L4 = 0), 
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As was stated previously, the coefficients in (3) are found by demanding 
that the series (1) satisfy (3) through terms in 2*°. These coeficients 
are now given with the simplifications the above conditions will make. First 
F =—bR/a. Since we have F = — R, R 0, a=b. Similarly J = — M 
— R(b,—a;)/a; however, J = R, M = — R/2, and hence bg = 4s — 48/2. 
Next H = (b; — a, + @6/2)/a, but H = 0, so that b; = de — as/2. Sim- 
ilarly B = (bs — a; + de/2 —a/8)/a® = 0, so that bg == a; — 46/2 + a/8. 
In the same way, G = (b — ds -+ a,/2 — @s/8)/@æ, but G= 0, so that 
bo == Og — 7/2 + 5/8. Also I= (bio — Gy + ag/2 — as/8 + a/16)/a = 0 
so that bio == dy — O3/2 -+ ae/8 —a/16. In addition, D = (bıı — dio + 9/2 
— @7/8 + a5/16) /a? = 0 so that 011 = dip — 9/2 + @7/8 —a;/16. From 
2M + R= 0, we get biz = G11 — Ain /2 + ag /8 — @s/16 + 5a/128. Equations 
(1) now have the form 


Y = act + ast + a£? + ag" + dst? a n +. mog’ 


= Qg +. lrx? +. aT 4 - 
(5) z = ag’ + bax? + bya? + ia + bgr? ic Droit + by,0" 

+ bit + bist? + (a 0) 
where 


(6) — bn == Ona — On-2/2 + An-4/8 — an-6/16 + 5an_g/128, 
(n ==6,- + +-, 12). 
Of the fifteen conditions we are at liberty to impose on the coordinate 
system, we have already imposed fourteen. We have yet to locate the face 


za == 0 of the tetrahedron. In order to do this, we consider the quartic cone 
with vertex at O and osculating C at O. Tts equation is 


(7) yt — ace + Ay 2 + By?2? + Dyz? -+ Ezt = 0, 
where 
== — {a5 + 3a/2}/a, B == {a° + ads — ade} /a’, 
D = {2/4 + (a?a5)/4-+ (@ag) /2 — aa; — (ats”)/2 + Raasde — 25°} /a’, 
E = {(8a*) /16 + (aas) /4 — aas — (aas?) /4 + aao? -+ 2a7 A507 
— Baas’ äs + as*} /a*. 


The polar plane of the vertex (0,0,1,0) with respect to the cone (7) 
has the equation 4%;-+ Az,—0. If the face r;==0 is chosen to coincide 
with this plane, then A = 0 and a; = — (3a)/2. Now the coordinate system 
has been uniquely determined and: with this condition on a; substituted in 
equations (5), Theorem 1.1 is proved. 
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2. Osculants of the curve. In this section equations (2) will be used 
to study properties of osculants of an analytic space curve Q in the neighbor- 
hood of an undulation point O on the curve. It would be natural to consider 
first the quadric cone with vertex at O osculating C at O. To find the equation 
of this cone it is sufficient to write the most general homogeneous equation 
of the second degree in v, y, and z and to demand that the equation be satisfied 
in v by equations (2) up to and including terms in 2°. When this is done 
it can be seen that the equation of the cone is 22 == 0. It would then be natural 
to consider the general quadric surface osculating C at O. By writing the 
most general equation of the second degree in x, y, and z and demanding 
that it be satisfied by equations (2) through terms in z’, it can be seen that 
the equation of the osculating quadric is also z? = 0. These results give the 
following: 


THEOREM 2.1. The only 10-point cone with vertex at an undulation 
point O on a space curve C and osculating C at O is the hyperosculating plane 
of C at O counted twice. The 10-point osculating quadric of C at O is also 
the hyperosculating plane counted twice. 


We turn our attention, therefore, to cubic surfaces osculating C at O. 
First, by the method used above, we find the equation of the osculating cubic 
cone; with vertex at O, of C at.O to be z* = 0 which gives the following: 


THEOREM 2.2. The 15-point osculating cubic cone, with vertex at the 
undulation point O, of a space curve C at O ts the hyperosculating plane of C 
at O counted three times. 


Let us then consider arbitrary cubic surfaces osculating C at O. If we 
write the most general equation of a cubic surface and demand that it inter- 
sect C at O in four consecutive points, the equation of such a surface will be 
of the form: 


P Ay? + Bz + Da?y + Ex’z + Fry + Gy’z + Heg + Iye + Jeyz 
(8) -+ Ly? + Mz? + Nay + Qrz + Ryz + Sy + Tz == 0, 


where the capital letters denote homogeneous parameters. We note a property 
of this surface. 


THEOREM 2.3. The tangent line of a space curve C at an undulation 
point O lies on every one of the 15-parameter family of cubic surfaces having 
4-point contact with C at O. 


| Among this 15-parameter family of cubic surfaces is a 9-parameter family 
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of ruled surfaces on which the tangent of C at O is the double line. The 
equation of this family is given by equation (8) with D=H=N=-Q=S 
== T = 0. In this 9-parameter family of cubics is a surface having 17-point 
contact with O at O and osculating C at O. Its equation is (4). It was this 
surface which was used in developing the canonical expansions (2) for C 
in the neighborhood of O, and it is this surface which we discuss now. 

As is known from the theory of projective differential geometry, there 
are only two projectively inequivalent cubic ruled surfaces [2; 145]. 
One of these has distinct directrices; a canonical form of its equation is 
LaLa” —~ C4l_" == 0. The other, with directrices coinciding, is called Cayley’s 
cubic scroll; a canonical form of its equation is-2? -+ 2, (223 + £g) = 0. 
We state the following theorem showing that the surface (4) is projectively 
equivalent to the first of these two. 


THEOREM 2.4. The cubic ruled surface (4) is projectively equivalent 
to the cubte ruled surface whose canonical form is gwen by the equation 
a a4? — a! sx’,? = 0. The projective transformation taking (4) into this 
canonical form is 


Tı = — i(t + 4) /2, Le = (L's — 4) /2, ; 
£, = U's (1 —1)/2 + r'a (1 +74) /2, Ba == (2 — T'i); i = V— 1. 


The equations of the one-parameter family of rulings on the surface 
(4) are 


key (ke +- 2h) -+ 2hao(k +h) = 0, kes + ha, = 0, 


where h and & are homogeneous parameters. Among the special lines on . 
this surface, other than the double line (the tangent zs = z, = 0 of C at O), 
are the edges tz = x, = 0 (k = 0), tı = t; = 0 (h = 0), zı = za = 0 of the 
tetrahedron of reference, the line Z4 — 2z, =0 (2h ==— k) in the face 
za = 0 and the line £3 — z4 = 0 (h ==— k) in the face z, = 0. ` 

All four vertices of the tetrahedron of reference are on the cubic ruled 
surface (4), but the unit point (1,1,1,1) is not. At the points (1, 0, 0,0) 
and (0,1,0,0) the tangent planes to the surface are indeterminate since the 
line z == 4, == 0 joining them is a double line on the surface. At the vertex 
(0,0,1,0) the tangent plane is the face za = 0 of the tetrahedron; at the 
vertex (0,0,0,1) the tangent plane is the face z,=-0. The equation of the 
polar plane of the unit point with respect to the surface (4) is sı + 2a, = 0. 

The polar quadric of the vertex (1,0,0,0) with respect to the cubic 
surface (4) is degenerate, being composed of the hyperosculating plane, 
va = 0, of C at O and the plane z4 — 2gs = 0. Similarly the polar quadric 
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of the vertex (0,1,0,0) is composed of two planes: the face 73 = 0 and the 
plane t == £4 through the unit point. The equation of the polar quadric of 
the vertex (0,0,1,0) is 24(z, + £2) —2aor3==0 and the equation of the 
polar quadric of (0,0, 0,1) is £a (£1 + £2) — Tı£4 = 0. The polar quadric of 
the unit point has the equation 21% — We% + Xo, =e, 82.6, T /2 = 0. 

As is known, the Hessian of a surface [1; 313] is the locus of all the 
points whose polar quadrics with respect to the surface are cones. In the 
case of the cubic ruled surface (4) the Hessian has the equation 


{2r — a4(1 + i) }2{2a, — r (1 — i) P = 0. 
We have the following: 


THEOREM 2.5. The Hessian of the cubic ruled surface represented by 
equation (4) consists of two planes through the tangent of C at O, each 
counted twice. The intersection of the cubic surface and the Hessian is the 
tangent of C at O counted eight times and the two generators of the cubic 
ruled surface 

ZT — ga (1 +i) =0, iz, + T: = 0, 
and 
2403 — T4 (1 — 1) = 0, i£ — Ta = 0, 


each counted twice. 
If equations (2) are substituted in equation (4), we have 


acy? — rye + z? — 2yz = (— abis + Lady, — Ady, + atte /4. 
— aa7/8 — 15a?/128)a*7 p: 


Thus we have a geometric interpretation of the coefficient bus: a necessary 
and sufficient condition that the cubic ruled surface represented by equation 
(4) hyperosculate C at the undulation point O is that bis = diz — 11/2 
+L ao/8 — a;/16 — 154/256, which is equation (6) with n= 13 since 
ds = — 3a/2. We shall henceforth assume that bı, does not have this value, 
so that the cubic ruled surface (4) does not hyperosculate O at O. 

We now turn our attention to quartic cones intersecting C at O. If we 
write the most general homogeneous equation of the fourth degree in 2, y, 
and z, this equation will represent a quartic cone with vertex at O(1, 0, 0,0), 
the undulation point on the space curve C. By demanding that equations (2) 
for Č satisfy this equation through terms in zë, we have the equation of the 
5-parameter family of cones having 16-point contact with C at O: 


(9) Fyt + Ezt + Gaz’ + Aye + By?2? + Dyz? = 0, 
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where the capital letters represent homogeneous parameters. The following 
theorem is immediate: 


THEOREM 2.6. The tangent to a space curve C at an undulation point O 
is a triple line on any one.of the 5-parameter family of quartic cones, with 
vertices at O, having 16-point contact with C at O. 


If we choose the unique one of these cones which has 21-point contact 
with C at O (that is, the osculating cone of C at O), its equation is found to be 


16a74* — 16a°az* — (16aag + 48aa; + 104aas — 16a,” — 75a") zt 
— 4a (4ag — 8a) y?2? — 2a(8a, + 20a, — 17a) y2? = 0. 


Some of the properties of this cone are listed in the following: 


THEOREM 2.7. The tangent line of a space curve C at an undulation 
point O is a triple line on the osculating quartic cone of C at O. The inter- 
section of the cone and the hyperosculating plane of C at O is the tangent of 
C at O counted four times. The intersection with the face y==0 of the 
tetrahedron is the tangent counted three times and another line through the 
point O and in a plane through the edge x =z = 0. The intersection of the 
cone and the face s= 0 consists of four lines through the point O, each in a 
plane through the ine y == z =Q. 


We next investigate the nature of some of the polar surfaces associated 
with this quartic cone. The polar plane of the vertex (0,0,1,0) of the 
tetrahedron is the face y == 0. The polar plane of the vertex (0,0,0,1) has 
the equation 


Bata -+- a (8a, + 20a,-— 17a) y + 2(16aas + 48aa, + 104aas 
~~ 168° — 75a?)z = 0. 


The polar quadric of the vertex (0,0,1,0) is degenerate, being composed of 
two planes given by the equation 24ay? — (4a, — 3a)2? = 0. The polar cubic 
of the vertex (0,1,0,0) is the hyperosculating plane of C at O counted three 
times. The polar cubic of the vertex (0,0,1,0) is degenerate, being composed 
of three planes given by the equation 


82ay? — 4(4a, — 3a) yz” — (8a, + 20a, — 17a) 23 = 0. 


The polar cubic of the vertex (0,0,0,1) is also degenerate, being composed 
of the hyperosculating plane of C at O and a quadric whose equation is 
24a5az + 4a (4a, — 8a) y? + 8a(8a7 + 2005 — 17a) yz 
-+- 2(16aa, + 48aa, + 10400, — 16a,” — 75a?) 2? = 0, 
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3. Plane sections of the tangent developable. In the neighborhood of 
the undulation point O on the space curve C the equations of the tangent 
developable are 


(10) A == 1, Yeytry, Z =z + rz, 


where (s, y4y,z) represents the point'on C at which the tangent is drawn, 
(1,y,z) is a point on that tangent, primes denoting differentiation with 
respect to z, (X, Y, Z) is a variable point on the tangent, and r is a para- 
meter. We shall first study the intersection of the tangent developable and 
the hyperosculating plane, Z = 0, of C at O. In order to do this, we set 
Z4==( in the third of equations (10), substitute for z and 2 their values 
from equations (2), and solve for r as a power series in x Substitute this 
value for r in the first of equations (10), getting an expression for X in terms 
of æ. Invert this series to get 2 as a power series in X. Then in the equation 
for Y in (10) substitute the series for r and the series for y and y’ from (2), 
getting Y as a series in « Now use the series for œ in terms of X to get Y 
as a series in X. The result of this computation is 


(11) Y = (53/4*)aX!— (3-53/2-44)aX5-+---, Z=0. 
The following theorem follows from the form of equations (11): 


TEEOREM 3.1. The section of the tangent developable in the neighbor- 
hood of an undulation point O on a space curve C made by the hyperosculating 
plane of the curve at the undulation point is a curve having an undulation 
at O, having as tis tangent at O the undulational tangent of C at O, and 
having precisely 4-point contact with C at O. 


In a manner similar to that employed above, the intersection of the 
tangent developable with the face X — 0 of the tetrahedron of reference 
can be found. The equations of this section are 


(12) Z = AY" 4 BY 4., X=, 
where 
A = 4/{8(—8a)*¥*}, B = {2 — (Vas) /8a}/{3 (— 8a) ™*}. 


From the nature of these equations, we draw the conclusion: 


THEOREM 3.2. The plane curve (12) has a quadruple point at O with 
the quadruple point tangents coinciding in the line X = Y = 90. 


Finally, let us investigate the section of the tangent developable made by 
the face Y = 0. - The equations of this curve are 
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Z == AX" 4 BX: OX +, F=, 
where 


A = (— 4a) /35, B= 644/36, O = — 44(3%a/2 — 4°as/3}/83'. 


This sèction has a quintic point at O; the tangent at O is the undulational 
tangent, Y = Z = 0, of C at O; and the curve has precisely 4-point contact 
with Č at 0. 


4, Projections of the curve. Let us take a point («, 8, y) in space and 
project the curve C, represented by equations (2) in the neighborhood of the 
undulation point O on C, onto the faces of the tetrahedron of reference. 
If we designate a point on the curve as (x,y,z) and a point on the projection 
as (X,Y,Z), the equations of the projection are 


(13) £=-a+ (a—a2)t, Y=y+ (B—y)t, 22+ (y—2)t, 
where ¢ is a parameter. 


First we consider the projection of the curve onto the hyperosculating 
plane, Z = 0, of C at O. In this case y><0. To find thé equations of this 
projection, set Z = 0 in (13), solve for ¢, put this value for ¢ in the expression 
for X, at the same time substituting for z its power-series expansion from (2). 
This will give X as a series in x. Invert this series to get x as a series in X 
and then make this substitution for « in the expression for Y, having used 
the series for y from (2). The result of this computation furnishes the 
following equations for the projection: 


(iay. Yeux AE BEO hyde, Gosh GA, 
where 


A = — a (83/2 + B/y); B = as + (2a8) /y, 
C = a; — B (as + 30/4) /y, 
D == 4a? a/y + ag — B (ar — a¢/2 + 0/8) /y. 


From these equations the following theorem is seen to be true: 


THEOREM 4.1. The projection of a curve C in the neighborhood of an 
undulation point O from a point (a, 8,y) in space onto the hyperosculating 
plane of C at O is a curve having an undulation point at O, having the 
tangent of C at O as its tangent, and having precisely 5-point contact with 
C at O. 


NEIGHBORHOOD OF AN UNDULATION POINT ON A SPACE CURVE. 3861 


It is evident that if («, B, y) is chosen in the face XY = 0 but not on the 
line X == Y = 0, the results of the above theorem are not changed. However, 
if the point («, 6, y) is in the plane Y = 0, but not on the line X = Y = 0, 
then equations (14) become 


Y = aX*— (80/2) X® + aZ + aX" + (as + 40%a/y)X°+- °°, 
4 =0 (y 0), 


and it can be seen that this projection has, in addition to the properties stated 
above, the property that the cone represented by the series for Y in (15) 
has precisely 8-point contact with C at O. | 

If the point (a, B, y) is chosen on the line X = Y = 0, but not at the 
point (1,0,0,0), the equations of the projection are 


Y == aX* — (3a/2) X + aX" + aX? + agX8 4- (ao — 8a? /y)X> +: 
aa (y #0). 


In addition to the properties stated in the theorem above, the cone represented 
by the series‘for Y has precisely 9-point contact with the curve at the undula- 
tion point. 

Next we assume that the point (a,8,y) is not in the face XY —0 
(that is, 2540) and study the projection of the curve Č from this point 
onto X == 0. Let us first assume that (¢,8,y) is not in the face Y —0; 
the equations of the projection then are 


Z = (y/B) Y — (aaty/p°)¥*#-+---, -X=0 (a8 0). 


The next theorem follows immediately : 


(15) 


THEOREM 4.2. If a space curve C, in the neighborhood of an undulation 
point O, be projected from a point («, B, y) not in either the face X =0 
or the face Y = 0, onto the face X = 0, then the projection is a curve having 
an undulation point or singularity of higher order at O. The tangent to the 
projection at O has the equations X = 0, BZ — yY = 0. 


If the point (a, 8,y) lies in the hyperoseulating plane, Z == 0, but not 
on the line Y == Z = 0, the equations of the projection from (a, 6,0) onto 
the face X = 0 are: 


Z = — {aa®/B°} Y5 — {2a0° (2 + a) /BO}Y% + - “+, X=0 («aß =0). 


This projection has a quintic point at the undulation point O of C and has 
as its tangent at the quintic point the edge X = Z = 0 of the tetrahedron. 
If the point (¢,8,y) lies in the plane Y ==0 but not on the line 
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Y =— Z = 0, then the equations of the projection of C onto the face X == 0 
are 

Y = AZt -+ BZ: 4-024: --, X=0 (ay 0), 
where 


A==aat/y*, B= (8aat/y) (1+ 4/2), C= (aas + 6a + baa) /y*. 


It can be seen that this projection has an undulation point at O with the 
edge X = Y == 0 of the tetrahedron as the undulational tangent. 

Now let us take (a, 8,y) on the line Y = Z—0, but not at the point 
(1,0,0,0). The equations of this projection are i 


Z = aY a (1a + 1/2)(¥"*)/44---, X=0 (a0). 


This curve has a quadruple point at 0 with the quadruple point tangents 
coinciding in the edge £ = Y = 0 of the tetrahedron. 

Lastly, let us take the projection of the curve C in the neighborhood of 
the undulation point O onto the face Y—0O from the point (a, @,y) in. 
space with 820. The equations of the projection are 


(16) Z= (ay/g)X* + AR + BY*4+ OYT4 DFX*1---, YO 
(80). 


where 


A = a 4- 3ay/2ß, B = — (2a + acy/B), 
C = as + 30/4 — ary/B — 4a°ay/B?, 
D == a; — as/2 +- a/8 — asy/B + 8a?y/B + 27a? ay/2B? + 5a?a/p. 


- The next theorem is a consequence of the form of these equations. 


THrorEm 4.8. The projection of C onto the plane Y =Q, represented 
by equations (16), is a curve having an undulation point or singularity of 
higher order at O, the undulation point of C, and having precisely 4-point 
contact with C at O. The undulational tangent of the projection is the 
undulational tangent of C. 


It can easily be verified that if («, 8, y) lies in the plane X = 0, but not 
on either of the lines ¥ = Z = 0 or X = Y = 0, none of the results of the 
above theorem is changed. On the other hand, if («, 8,7) lies in the plane 
Z == 0, that is, y == 0, but not on either of the lines X = Z = 0 or Y = Z = 0, 
then the projection represented by equations (16) has a quintic point at O with 
tangent Y = Z == 0 and has 4-point contact with C at O. The cone repre- 
sented by the equation for Z has precisely 8-point contact with C at O. 
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Finally, if («, 8,y) lies on the line X = Z = 0 but not at the point 
(1,0,0,0), then the equations of the projection of C in the neighborhood 
of the undulation point O from (0, 8,0) onto the plane Y =Q are 


Z == aX’ — 24X% + (ag + 34/4) X? + (a, — te /2 + 0/8) £ 

H (ag — a7/2 — 34/16 — 407/B)X° +--+, Y=0 (B50). 
This curve has a quintic point at O, the tangent at O being Y = Z == 0, the 
undulational tangent to C at O. The projection has precisely 4-point contact 
with C at O and the cone represented by the series for Z has precisely 
9-point contact with C at O. 
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PAIRS OF RECTILINEAR COMPLEXES.* 
By V. G. GROVE. | 


1. Introduction. It is our purpose in this paper to initiate a study 
of pairs of rectilinear complexes in one-to-one line correspondence. If corre- 
sponding lines of the pairs are skew we call the pair skew; if corresponding 
lines intersect we call the pair non-skew. We derive a canonical tetrahedron 
for each of these two cases. Fundamental to the study are pairs of pencils 
of linear complexes Lı, La having first order contact with the given nia 
Tı, T; along corresponding lines gi, g2- 

Skew pairs may be classified into two types—to the first of these Sie 
those pairs for which the congruence of lines common to certain complexes 
of the pencils Lı, Le has distinct directrices, and to the second those having 
coincident directrices. 

Certain covariant figures associated with the pairs are found, namely 
quadrics and tetrahedral complexes, and general methods of finding covariant 
curves and surfaces are given. From these considerations many points, lines 
and planes, covariant to the pairs, may be found. 


2. Analytical basis for skew pairs. Let the complexes T,, Tə under 
study be generated by lines gı, ge, and let zı, z2 be distinct points on gu 
and Ta, % be distinct points on gs. Let the homogeneous coordinates 
(2;*, £i, 2:3, 2;*) of these four points s: be analytic functions of the inde- 
pendent variables ut, u’, už, and let the corresponding lines gi, gz be given 
by the same values of ut, u’, u®. The coordinates of the points v: satisfy a 
system (3) of differential equations of the form 


(2. 1) Cig == ligi@;, Lig = 0x; /du*. 


repeated indices indicating summation over the ranges of those indices. The 
following indices, and ranges will be used consistently t, J, k = 1, 2, 3,4; 
-&, B, p, o = 1,2,3; p, q =l, 2; r,s = 3,4. The integrability conditions [1] 
of (2.1) are 

(2.2) Aral, B F Qiatang? = Qipi a + Qip dia’. 


* Received June 28, 1947. 
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The complexes I',, T- are unchanged by the tranformations 


(2. 3) Ep = Mpilo Ëp = py SLs, | Apt | =£ 0, | ur? | 0, 
and . : ; m 
== go (a, u? 2 ue), 


We shall use (2. 3) to reduce (2.1) to a aie form. 
The general coordinates Xt of a point X may be related to its local 
coordinates é referred to the tetrahedron (21, %2,%3,%s) by the expression 
Xt os Eig, jt, 


Let Xp be two points on a neighboring line g’; of gı of T, determined by 
the parameter values u% + Aut, and X, similarly be two points on g's near 
gz. The general coordinates of these four points are given by the power 
series expansions 

X; = ti + Tipu + - 


Using (2.1), we find that the power series expansions of the local coordinates 
ét of Xp and ét of X, are respectively 


(2. 4) Ép? == Sp! F dypt*Au? F - >, Ert = 8 + GrptAw Hiio 

Defining the homogeneous Pliicker coordinates of the lines g'i, g’2 by 
the expressions | 

wt == $ tE — éé, wzi = EE a IPA 
we find from (2.4) that the power series expansions of these Pliicker 
coordinates are 
(2. 5) 94) == Pp (A 4 Aap AUP) Hooo, ett m E we E M ett ae 0) 
wga tl == ersi, (8I + asp Aue) > +, Mae Ot A — eH = I. 


Imposing the conditions that the equations of the linear complexes 
(2.6) Ajijwtl = 0, Bijot = 0, Aij = — Aji, Bij = — Biji. 


be satisfied respectively by the first and second of (2. 5) up to and including 
the first powers of Aut, we obtain the equations of the pencils of linear com- 
plexes having four-line contact with Ti, Ta along ga, go in the form (2.6) 
with coeficients given by 


10 
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(2. 7) PIA pjlgat E 0, 8B, sq) == 0, Ais = Bg = 0, 


Azi = ky, Bry = ks, kı, ka arbitrary. 


Among the complexes of these pencils are those containing the lines g2, 91 
-respectively. They are given by (2.6) under the conditions (2.7) with 
kı = k = 0. We denote these by Lı = 0, Le = 0 respectively. If we denote 
the well known invariants [2] [4] of Lı =0, L: ==0 by I, I. and their 
simultaneous invariant by J, that is 


l pan Ar2As4 =- ArzAas -H A4423 I E By Bos + By2Bae + By Bos, 
J aa AieBs, + A:2Bao + A14Bo2 + AosBrs + As2Bis -} Åz4B12, 


then the invariant I of the pencil AZ, + aLe = 0 is given by 
(2. 8) I= LA -+ Srp + Lop?. 


The directrices of the congruence L, = 0, L= 0 are therefore distinct or 


coincident according as 
T — J? A 4I I 


does not or does vanish. We shall say the skew pair Tı, Tə belongs to the 
first type or the second type according as T5£0 or T =~ 0. 


3. Skew pairs of the first type. In the null-system established by 
L, == 0 (or by the first of (2.6) under (2.7)) and by Le = Q (or the second 
of (2.6)), the null-planes of the points p Žr defined by (2.3) have the 
respective equations 
(8.1) Alplar = 0, pri Bp = Q. 


The first of (3.1) for p = 1 passes through %,, and for p = 2 passes through 
s, the second of (3.1) for r = 3 passes through Z, and for r == 4 through 2, 
if the respective equations are satisfied by Ag’, ps”: 


(3. 2) AIA greg” = 0, AlTA gris” =R 0, ps” Bards? = 0, pa’ Bord? = 0. 


Interpreting the first and third of (3.2) as two projectivities on a line 
corresponding “points” having coordinates Ai1/Ai?, pa?/mat and AtA, 
pa?/p3*, it is easy to show that the double points are distinct or coincident 
according as 75<0, or T=—0. Since for pairs of the first type T £0, 
we may choose the point x1, 2, £s, v4 So that 


(3. 3) Ais == Ags = Biz mms Bas = 0. 
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We may readily confirm the fact that if conditions (3.3) hold, and if 
. IT, (or I= 0), then T = 0, contrary to hypothesis. It follows now from 
(2.7) and (8.3) that there exist functions f, g such that 


(3. 4) laa? = farg*, lsa” = Jlsq”. 


The equations of the complexes L, = 0, L: == 0 now may be written in the 
respective forms 


(3.5) Lı = o? — fo = 0, Dig = o? — go = 0, 


From (3.5) the special linear complexes of the pencil AL, -+ pL: = 0 are 
the complexes wë = 0, w? == 0. Hence the directrices of the congruence 
L, = La = 0 are the lines (£z) and (z:z4). The local tetrahedron- of 
reference is therefore completely determined. The complexes L, = 0, Ly = 0 
are in involution if f + g —=0. 

The vertices, faces and edges of the local tetrahedron being covariant to 
the pair T,, Tz one may find other covariant figures in many ways. We 
illustrate one method, which is essentially that of moving frames of reference 
of Cartan [1]. 

It may be verified that the derivatives of the local coordinates é of a 
point X are given by the formulas 


Ea a eos lja Éi. 
Under the conditions 
(3. 6) Ut = ut (t), a — du*/dt, 


the points v; of the covariant tetrahedron of reference generate curves (i, 
the lines gı, g2 generate ruled surfaces, and the faces é == 0 envelope develop- 
able surfaces S; respectively. The tangents. to the edges of regression of S; 
are respectively 

(3. 7) i = djptPEl = Q. 


Suppose the functions (3.6) satisfy the system of differential equations 
(3. 8) bp? AP = 0, 


the matrix of whose coefficients is of rank two. Then the equations of the 
generators of S; are 
(3. 9) gia (Gjat, Bat, ba?) = 0 
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wherein (ajat, bat, ba?) is the determinant of the matrix whose a-th ‘row is 
Qja*, bat, ba?» In particular if bat == deat, Da? == daa’, the line go of V2 ts the 
tangent to the edge of regression of Si; again tf bat == aga? = fara’, ba” = Osa? 
= gisa” the tangents to the curves Ci generated. by the points a; intersect 
the respective edges (£a, £3), (21, Ta); (fi Ta), (ta, T3) for i = 1,2,8,4. The 
edges of regression of the developables S; are the respective curves Ci generated 
by zi. It will be shown in the last section that the rank of the matriz of (3. 8) 
in this latter case is one if and only if the four-line linear complexes of the 
complexes of lines (Tı, £3) contain the lines (a1, 24) and (2, as). 

Returning to (2.6), under the conditions (3.4) we observe that the 
null-plane, of the point Pi(1,,0,0) on g, in the first of (2.6) intersects 
g2 in the point P,(0,0,Af,— 1). The points P, on gi are projectwely related 
to the points P'on geo, the line P,P, generating the quadric 


(3. 10) : EE L fetes = 0. 


By using the second of (2.6) a second covariant quadric, 


(3.11) 00 Eté + gE = 0, 
is found. 

One may readily verify that the „polar planes of the points on 
(£1, Z3) [ (42,05) | with respect to (8.10)[(3.11)], and the null-planes of 
those point with respect to Lı =Q (Le=0) are planes of an involution on 
the line (£2, £4) | (21,23) ], the double planes being the faces of the covariant 
tetrahedron through that line. 

Again, the tangent planes at points on gı to the quadrics (3. 10), (3.11) 
intersects gə in projective ranges of points. These points determine respec- 
tively with zı, za projectively related pencils. of lines. The tetrahedral 
complex [2] determined by these pencils has the equation.. 


(3.12) gow? + foo? = 0, 


One of the cross ratios of the points of intersection of the lines of this 
tetrahedral complex being f/g, we note that these points are harmonic if 
and only if Lı = 0 and La = Q are in involution, that is f + g =Q. 

The ruled surface R, generated by. gı, under the conditions (3.6), is a 
developable if and only if . 
(3.13) Ppp "ga" duldu? = 0, 


and the ruled surface R, generated by gə is a developable if and only if 
(3. 14) dtarp'asodu’du = == Q. ) 
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It follows.from (8.13) and..(3.14) that ordinarily there exist four curves 
C, along which x, must move so that the ruled surfaces Ri, Ra generated by 
dı, Go shall both be developables.. A partial- study of skew pairs of ‘the first 

type may be made by a study of the simultaneous E (8.18), (3. 14). 


4, Skew pais of the secon type. In a manner similar to that ii 
in the previous section, we may choose the line (a, %3) as the doubly counted 
directrix of the congruence La == 0, [,=-0. This is equivalent to choosing 
the coordinate system so that Ai, = Bi, == 0, as may readily be verified from 
(2.7) and the condition T = 0. An examination of Iı, J, and T = 0 shows 
the existence of a function g such that 


(4. 1) Bag = gAss, B; = JÅ 


The pencil. AL, +- Le == 0 has a doubly counted special complex given by 
. À/e = — g, the equation of this complex .being w*? = 0 verifying that the 
line (41,23) is the directrix of L, == La = 0, provided of course that 
Bas gAa. If Ba = g4., the complexes Dı = 0, La = 0 are identical. 
Since a single linear complex has no absolute invariant, it is clear that no 
covariant tetrahedron can be found for T,, Te using such linear complexes. 

Under the conditions (4.1), the equations of the complexes Lı = 0, 
Le = (0 asume the form 


Ly, = Aygw"* 4 Á» N a i Aut? == 0, 


4. 2 
( ) Io = gldrio -+ A2073] -= Baut? = (), 


The form of (4.2) is preserved under alı transformations of the form 


(4. 3) Vi = V1; Le == Ax? La; s = T3, fi = Ha Tr, Àz pat af 0, 


From the first of (4.2) we observe that the null-plane of zs in Ty —0 is the 
plane (21, Ta; T4) if and only if A. = 0. An examination of the transform 
Ag of Ag under (4. 3) shows that for a. gwen point T there exists a unique 
point č, for which A = 0.. The conditions As: = 0, Aıs = 0, in view of 
(2.7), and I, Æ 0 imply the existence of a function f such that. 


Aza = flra”. 
The equations L, == 0, La'= 0 now assume the form 


L = ot + fo = 0 


„4 P 
(4 ) PEN g (w"4 + fw?) 4- hut? = = 0, h = Boo/ Ars. 
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The form of (4.4) is preserved under all transformations of the form (4. 3) 
for which 
(4.5) - A/A? Hefe pt = 0. 


The projectivity (4.5) between the points Z2. on g, and Ža on gz generates 
the covariant quadric 


(4. 6) EEL JEE — 0), 


It is easy to show that the envelope of the null-planes in Lı ==0 of points on 
(Zo, T4) is the quadric (4.6); and the envelope of the null-planes in Lz == 0 
of the points on (£2, 4) is the quadric 


g (E1é4 he JEE) — héét == O. 


In a manner similar to that used in Section 2 the equation of the pencil 
of four-line complexes of the complex of lines (tz, £3) t8 


(A, 7) . Cija? = 0, Cos ad 0, Cia ae Ie. (arbitrary ) 
the remaining coefficients being determined by the equations 
(4. 8) Cajdgp? — C's jGop/ == U, 


We observe that the covariant line (£ı, z3) belongs to every complex of the 
pencil (4.7) if and only tf Cis = 0. Under the transformation (4.3), the 
transform Cy; of Cis is given by the expression 


Cis == ro? { (daan Aga”, Oia") (Ag*/A2”) á 
+ | (asat, daa”, la“) gia (aza; Asa’; Qia”) ]A2*/A2? ams Crs} /pa*. 


There exist therefore two points £, on g, each of which determines with the 
‘covariant point zs a complex whose pencil of four-line complexes contains the 
covariant line (21,23). We now choose the point x2 as the harmonic conjugate 
of 2, with respect to these points. That is we may choose 22 so that 


(4. 9) (asa, lza“, lra ) s= (asas sa‘, Goa*), (asa sa“, la) zÆ 0. 


The point z4 is determined by the projectivity (4.5). This coordinate system 
may be described as follows: the tetrahedron Sı, Ez, Zs, 4 1s such that the 
lines (a, £2), (£a, %4) are the lines gı, 9a of Ti, Po, the edge (T1, £a) ts the 
doubly counted directrix of the congruence Lı = La = 0; the verter x is the 
harmonic conjugate of x, with respect to the two points each of which deter- 
mines with x, a complex whose four-line complexes each contain this directric ; 
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the point x, is the corresponding point of x in the projectivity which preserves 
the form of Lı = 0, L,==0. We give a geometrical interpretation of the 
inequality in (4.9) in the next section. 

In a manner similar to that of the previous section, covariant curves, 
lines and points for pairs of this type may be found. We content ourselves 
with the remark that on every surface through xı there is a curve O, whose 
tangent at x, intersects the edge (22,23) of the covariant tetrahedron. The 
tangent to the corresponding curve Cz at x intersects the directriz (a1, 43) 
of L, = L =Q. 


5. Non-skew pairs. In this section we derive a canonical tetrahedron 
for non-skew pairs of complexes. Let the corresponding lines gi, go of Pı, T3 
be the lines (21,23), (T1, t4) respectively in the notation of Section 2. These 
complexes are unchanged by the transformation 


(5.1) == t, == Àit, Za = lt, + Mty Ža = AM + yyy. 

The four line complexes of T, T along gı, g2 are found to be respectively 
(5.2) Pijat = 0; Qiwi = 0, Pis = Qu = 0, Pa = ku Qos == ka, 
kı, kee aea the remaining coefficients being determined by the equations 
(5.3) P3j03q — Pajtie = 9, Qija? — Qija = 0. 


' The first of (5.2) contains the lines (zı, 84) (2,23) tf Pi == Pog = 0. 
These conditions are equivalent to demanding that the rank of (3.8) with 
bat == dga, Da? == daa’ be one. 

We observe that the null-plane of æa in the first of (5.2) passes through 
x, and the null-plane of the second passes through x, respectively if and 
only if 
(5.4) Poa = Qoa = 0. 


The transformation (5.1) with 
Pial + Pram = 0, Qisr — Qaan == 0 


makes Pas, Osa, the transforms of P34, Osa under (5.1), vanish. We assume 
that this transformation has been effected. It remains to choose the edge 
(%1,%2) and the vertex zz of the tetrahedron. . 

To this end we choose the line (1,22) to lie in both complexes (5.2). 
This is equivalent to choosing A*, A3, Af in (5.1) so that Pi: = Qi = 0. 
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This choice is unique; we assume that this transformation has been effected. 
Assuming -that the complexes (5.2) are not special, that is Pi.‘ P23 0, 
Qis ` Qa = 0, it follows from our assumptions concerning the choice of £s, T4 
and the line (tı, z2), namely 


Pip = Paa = Qi = Qoa = 
that there exist non-vanishing functions f and-g such that 
(5. 5) O Agat == fra", = Qaa? = — Glia”. 


The four line complexes of D, Ts along Jı; 92 assume the respective simple 
forms 
wlt — fw? + byw? = 0, ols — gu? + kow = 


The conditions (5.5) are invariant under the transformation 
Tı = V1, Lo = NPXy, Ëa = U3, ta = Tis A? E 0. 


The equation of the pencil of four-line linear complexes of the complex 
of lines (#1, 22) is 
(5.6) Agata, 


Ai; being defined by the first of (2.7) and A1rze==0, As = k. This complex 
contains the line (£s, %4) if k= 0, and the null-planes of v3, v are the 
respective planes no 3 

(5.7) Ap é? = 0, Åp = 0. 


The point za may be uniquely chosen as the harmonic conjugate of s, with 


respect to the two points of intersection of the planes (5.7) with the line 
(£1, %2). That is we may choose s, so that ; 


AzsArs pone A g2Ai3 = (), 
The equation of the pencil (5.6) then assumes the form 
Axs[ot + hw??] + Alot + hot] + hogy = 0. 


A covariant tetrahedron for non-skew pairs of complexes has therefore 
been characterized geometrically. It may be described as follows: the edges 


& 


PAIRS OF RECTILINEAR COMPLEXES. 373 


(£1, £3), (Z124) are the corresponding line gi, ge.of the pair; the edge 
(21,2) belongs to all complexes of the pencils of four-line linear complexes 
of Ti, Ta along gı, go; the null-planes of x, and ws in these respective com- 
plexes pass through z, and xv, respectively; the point xə is the harmonic 
conjugate of x, with respect to the two points of intersection with (a1, x2) 
of the null-planes of Tı, £, in the four-line linear complex of the complex 
of lines (%1,%2) which contains (£s, £4). 

Returning to the first of (5.2) with coefficients given by the first of 
(5.3), we find that the equation of the null-plane of the point X defined by 


AX = Aa, + A'r 
is 
A} ( P12" -+ Ps s€*) +- A’ (Pog? -+ Pug) = 0. 


By imposing the conditions that this plane coincides first with the covariant 
plane (Tı, Ts, %4) and then the plane (Tı, £2, £3) the covariant points 


(5. 8) | Ay = Pat, + P1423, Xo = Prot, + Prots 


are given geometrical characterizations. The vanishing of Pı, and Pes may 
therefore be interpreted. But from (5.3) we find that : 


Pis = (dea s lia Ara"), Pa; = (asa, Asa", ia‘) ° 


A geometrical interpretation of the inequality in (4.9) 1s therefore known. 

In a manner similar to that used in Section 4, and in view of (5.5) 
we may show that on every surface through w, there exists a curve C, such 
that its tangent at æ, intersects the line (£s, %4). The tangents to the corres- 
ponding curves Os, Ca at Ts, Za intersect the line (4,22). Unless the rank 
of the matrix of the coeficients of the equations 


(5. 9) frp"? = 0, opr? ax 0 


is less than two, there exist unique curves Cy, Co, C3, Oa whose tangents at 
Tı, Zo, Lz, La intersect the respective lines (Ls, £4), (£3, Za), (41,22), (21, £2)» 
If the rank of (5.9) is one, there exists a function A4 such that 


loa” = Allia’. 


~- 


From (4.7) and (4.8) these conditions are equivalent to demanding that 
the four-line complexes of the complex of lines (£, £a) be non-singular and 
contain the lines (£1, %2), (Ts; 4). . 
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l Under thé conditions (5.9), the tangents to the edges of regression of 
the developable surface 8; enveloped by the planes é = 0 are 


== (tja É, Boa’, dra”) == 0 


These covariant lines determine in an obvious manner other coraan points 
and lines. 
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ON THE REPRESENTATION OF PROJECTIVE ALGEBRAS.* 
By J. ©. ©. MoKinsey. 


C. J. Everett and S. Ulam * have defined projective algebras and have 
raised the question whether every projective algebra is isomorphic to a certain 
kind of class of binary relations. They answer this question affirmatively 
for complete atomic projective algebras. In the present paper I shall show 
that the answer is affirmative also for the general case, by proving that every 
projective algebra is isomorphic to a ae ae of a complete atomic, pro- 
jective algebra. 

The method of proof is by means of the Boolean ideals which M. H. 
Stone used in establishing a representation theorem for Boolean algebras.? 
I shall assume without proof such well-known results* as that every ideal 
is contained in a prime ideal; and that, if one prime ideal is contained in 
another, then the two are identical. 

I shall refer to Everett and Ulam’s postulates and elementary theorems 
by the same symbols they use (“P1”,---,“P?” for the postulates, and 
“O1”,: --+,“C31” for the theorems), but without quoting them in extenso. 

T shall use Everett and Ulam’s notations for Boolean algebras: thus I use 
“A” for logical product, “y ” for logical sum, an accent for negation, ` 
“i” for the Boolean unit element, “0” for the Boolean zero element, “== ” 
for inclusion, and “ < ” for proper inclusion. I also use their notation for 
z-projection, y-projection, and O-product. 

I shall follow Everett and Ulam in using lower case Latin letters to 
designate elements of an arbitrary projective algebra. I shall use lower . 
case Greek letters to indicate sets of elements of an arbitrary projective 
algebra—and thus, in particular, for ideals. I shall use Latin capitals to 
stand for classes of sets of elements of arbitrary projective MEOD NS; 
in particular, for classes of ideals: 

I shall use the usual notation of set theory for set-theoretical operations 


* Received February 27, 1947. 
*C. J. Everett and S. Ulam, “ Projective algebra I,” American Journal of Mathe- 
matics, vol. 68 (1946), pp..77-88. 


2M. H. Stone, “ The theory of representations for Boolean algebras,” Transactions 
of the American Mathematical Society, vol. 40 (1936), pp. 37-111. 
See M. H. Stone, loc. cit. ` 
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and relations—thus, “|J” for union, “{]” for intersection, “—” for 
difference, “.C.”’ for. inclusion,.“” for proper inclusion, and “e” for 
membership. I shall write “ {a} » to mean the set whose only ne is a, 
and “A” for the empty set. | 


Definition 1. By an ideal in a Boolean algebra, I shall meai a non-empty 

set « of elements such that: 
(i) if a ea and 6 ea, then aNbe a: 

(ii) if “EG, and ab, then bea; 

(ii) ofa. 
An ideal « is called a prime ideal, if it satisfies the further condition: 

(iv) for every a; either aea@ or a’ ea. 

Definition 2. If & is any prime ideal, then D Gz we shall mean “the 


set of all elements u such that, for some v in &, ve =u. By &y we shall mean 
the set of all elements u such that, for some v in @, vy SS u. 


LEMMA i If œ is a prime ideal, and tf a Æ ta, then either a E&x or 
(a A te) € Ue. 


Proof. ‘Of the two elements a O ty and (a O ty)’, one belongs to a. 
Hence, by C21; either (a D ty) e@ or [(a’ A iz) Diy] ea. Hence, by Def- 
nition 2, either (a O ty)” € & or EC A ta) O iye E€ Ge. Hence, by P5, either 
QEXg Or (a Aig) Eaz. i | 


Lemma 2. If a is an ideal, then a, is an ideal. 


Proof. Candido (i) of Definition 1 ga from C4. Condition (ii) 
is obvious. ,Condition (ii1)-follows from F3. 


LEMMA 3. If & is a prime ideal, then Ge is a prime ideal. 


Proof. From Lemma 2, we see that it suffices to show that condition 
(iv) of Definition 1 is satisfied. Let a be any element of the projective 
algebra. Since (a A^ ie) & is, we see from Lemma 1 that either (a A is) € Gs 
or [(a A ie) Ais] ea. Since [(a A tz)’ A tz] =a’ A iz, we conclude that 
either (a A te) € a or (a’ A is) eae. Since (a A is) S a and (d Ai) Sa’, 
our lemma now follows from condition (ii) of Definition 1. 
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Lemma 4. If «is a prime ideal, then ay isa prime ideal., 
Proof. Similar to the proof of Lemma 3. 


Definition 3. If A is a class of prime ideals, then by Az we shall mean 
the class of all prime ideals as, where «e A. By Ay we shall mean the class 
_ of all prime ideals ay, where ae A. We shall denote the class of all prime 
ideals by Z; thus J, is the class of all prime ideals æ such that, for some £, 


== Be. 
Lemma 5. If A and B are classes of prime ideals, then 


(AU B).— = As U Be and (A LU B)y = Ay U By. 
Pr oof. From Definition 3. 


Lemma 6. If A is a class of lane ideals, then Ag =A if and only if 
A = A, and 4y =A if and only if A == A 


Proof. By Definition 3 and Lemmas 3 and 4. 


f? 


Lemma 7, If ais any element of a projective algebra, then (a A iz) SS ae. 
Proof. Since (a A^ is) Sa, we see by Cl that (a Ate)e Sade. Since 
(a A ta) SS ts, we see by C8 that (a /\te)2 = (a A is). Hence the lemma. 


LEMMA 8. For any prime ideal a, the following conditions are equivalent. 
(i) «= Ge; 

(ii) «eles; 

(iii) tea. 

Proof. It is obvious that (i) implies. (11). 


To see that (ij) implies (iii), let «efs. Then there exists a prime 
ideal 6 such that « == Bz. Since teg, we conclude that tc € æ. 

To see that (iii) implies (1), suppose that isea. In order to show that 
æ == a, it suffices (since a and a, are prime ideals) to show that &s Coa. Let 
a be an arbitrary element of a». Then, for some b in a, be 4. Since bea, 
and, by hypothesis, iz¢a, we have (b A iz) ea, and hence, by Lemma 7, 
brea. Hence, since bs S'a, we have ae a, as was to be shown. 
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LEMMA, 9. For any prime ideal a, the following conditions are equivalent 
(i) «= ay; 
(ii) «elI; 
(iii) iye a. 
, Proof. Similar to the proof of Lemma 8. 
Lemma 10. If a is any prime ideal, then Ae = &s and ayy = Uy. 
Proof. By Lemmas 8 and 9, since azeJlz and aye Ly. 


Lemma 11. If A is any class of prime ideals, then Aca = As and 
Ayy = Ay. 


Proof. By Lemma 10 and Definition 3. 


Definition 4. By rọ we shall mean the set of all elements u of the 
projective algebra such that po = u, where po is the atom mentioned in P2 
and P6. By P we shall mean the class whose only member is ro. ` 


Remark. It is readily seen that mo is a prime ideal. 
Lemma 12, If a is any prime ideal, then asy = Gye = ro. 


Proof. To show that ¢zy == ro, it suffices to show that po € Gzy. But since 
tea, we have iz€@,z, and hence isy <= &sy; therefore, using P2, poe dey, as 
was to be shown. The proof that ys == mo is similar. 


LEMMA 13. Fz n yg = Py 
Proof. By Definition 3 and Lemma 12. 


Definition 5. If « and B are prime ideals such that «el, and £ e Iy, 
then we denote by œ XI 8 the set of all elements u such that, for some v in z 
and w in 8, u = (v A is) O (w A iy). We denote by œ Œ 8 the set of all 
elements u such that, for some v in «XB, v=u. 


LEMMA 14. If « and B are prime ideals such that «€ Is and Bel, then 
x E B is an ideal. i 


Proof. To show that condition (i) of Definition 1 is satisfied, suppose 
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that u, £ («a D £) and we (al 8). Then there are elements a; and de of g, 
and elements b, and b; of 8, such that l 


[fai Ate) O bA] Su 
[ (a2 /\ te) O (b: A iy) ] = Ue; 


from this we conclude immediately that 
(1) ` {L(a Ate) O (bi A ty) 1 A [Cae A te) O (b2 A ty) ]} S (u A ue). 


From Cll, since a, hie, tty A te Siz, bi A ty Sty, and bo NS wy, 
we see that | 
(2) {[(a Ate) A (as A is)] O [br A ty) A (b: A wy) I} 

= {[(a Ate) O (b1 A iy)] A [az A te) O (ba A ty) J}. 


It is clear, since we are dealing with a Boolean algebra, that 


(3) [(a1 A in) A (a2 A te)] = [ar A ae A te] 
and 

(4) [ (bı /\ ty) as (be /\ ly) | = [by /\ bo I, iyl- 
From (1) we conclude, by means of (2), (8), and (4) that 
(5) [ (a, A ade A te) O (bi A b2 A ty) | S (u, A w). 


Since (a, A dz) £ & and (b, A b2) £8, we see that 
| (ay A he Ls tx) E (b: A. be A ty) | 
is in & XI 8. Hence, from (5), t, A ua is in @ O £, as was to be shown. 


It is obvious that condition (11) is satisfied. 

To see that condition (iii) is satisfied let us consider the implications 
of the assumption that 0ea¢ ©@ 8. Then by Definition 5 we conclude that 
Oca, and hence that there is an element a of « and an element b of 8 
such that (a Atis) O (b Aw) =0. By C? we conclude that either 
a/\ is = 0 orb A iy==0. By Lemmas 8 and 9, ise « and tye 8; hence since 
a and 8 are ideals, (a \t2) ea and (b At,) ef. Thus we see that either 
Oe or 0e 8, which is absurd in view of the fact that «and 8 are ideals. 


Definition 6. If æ and B are prime ideals such that «eI, and Bey, 
then by « (18 we shall mean the class of all prime ideals y such that 
(«O) 8) Cy. If A and B are classes of prime ideals such that A G J» and 
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BCI, then by 4 O B’we shall mean the union of all classes a O 6 of prime 
ideals, where «£ A and Be B. 


LEMMA 15. If A and B are non-empty classes of prime ideals, such that 
ACI, and BC I, then A OB is not empty. 


Proof. -Let «e A and Be B. By Lemma 14, « O. is an ideal.. Since 
.every ideal is contained in a prime ideal, we see from Definition 6 that 
a O8 is not empty. Since «Of is contained in A O B, we conclude, 
finally, that A © B is not empty. 


Lemma 16. If A and B are classes of prime ideals such that A CIs 
and BC Iz, then (AUB) Oh=—(AOTL,) U(BOL). If A and B are 
classes of prime ideals such that ACI, and BCI, then Is O (A U B) 
= (Is OA) U (e O B). 


- Proof. By the second part of Definition 6. 
Lemma 17. If «elz then (a O mo) = 2. 


Proof. Since « is a prime ideal, and « Œ ~ro is an ideal, it suffices to 
show that a C «@ El wo. Suppose, then, that a is an arbitrary element of «. 
Since, by Definition 4, poem, we see by Definition 5 that [(a@ A tx) 
O (po A ty)] © (@ Ela). By C6 we have pa A ty = po, and by C16 we see 
that(a A iz) OD po== (a A is). Thus we conclude that (a A is) e (a Œ ro). 
Since a / is Sa we therefore have ae (a © ro), as was to be shown. _ 


Lemma 18. If «els, then a O m = {a}. 


Proof. It is clear, by Definition 6, that a e (a O 7o) since, by Lemma 17, 
a = (& C ro). Now let 8 be any prime ideal belonging to «Oa. Then 
a Ela C 8, and hence, by Lemma 17, «Cf. Since g and £ are prime 
ideals, we therefore conclude that 8 = «, as was to be shown. 


LEMMA 19. If aely, then m O a = {a}. | 
Proof. Similar to the proof of Lemma 18. 

Lemma 20. Ip O Po Ip and Po O Iy—Iy. 

Proof. By Lemmas 18 and 19. 


LEMMA 21. Let asel. and Bely, and suppose that ye (« O B); then 
ys = & and yy = 8. | 
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Proof. To show that ys = q, it suffices to show that æ C ys. Let a be 
an arbitrary element, of œ. Since ipe 8 we have [(a A is) Oi] ey, and 
hence [(a A is) O tylee ye. By P5 we then have (a A iz) €ys; and hence, 
since (a A is) S a, @E ys, as was to be shown. 


The proof that yy = is similar. 


Lemma 22. If ACACIy and ACBCIy, then (AD B)s =A and 
“(40 B)y=B. 


Proof. The inclusion (4 O B)s Œ A follows immediately from Lemma 
21. To see that AC (A O B)a, suppose that «e A; we wish to show that 
ae (A 1B)». Since, by hypothesis, B is not empty, let Se B. Since a O 8 
is not empty, let yé (« D £); then yze (a O B)sz. Since ae A, and A C Iz, 
we see that œ €s. Similarly, Bel, Thus g, 8, and y satisfy the hypothesis 
of Lemma 21, so we conclude that & = ys. Thus gae (a«a O 8)ez. Since 
(«0 B)zC (4 O B), we conclude finally that «e (A OD B)z, as was to be 
shown. 


T 


The proof that (A O B); = B is similar. 


LEMMA 23. If a is a prime ideal, and if wea and vea, then 
(us O vy) ea. 


Proof. Since wea and veg, we have (u/v)ea. By C10 we have 
(u Av). S [ (u Av) O (u ^v), and by C4 and C9 we see that 
| (u A v)s O (u A v)y] S (us CO vy); hence (u Av) S (us O vy), so that 
(us O vy) Eg, as was to be shown. 


LEMMA 24. If a is any prime ideal, then ae (ae O ay). 


Proof. To prove the lemma it suffices to show that (a O a) Ca, and 
hence it suffices to show that (as X ay} Ca. Let, then, w be an arbitrary 
element of a, Kay. By Definition 5, there is an element u in &z, and an 
element v in ay such that w = (u A iz) O (v A ù). By Definition 2, there 
are then elements u, and v, in & such that (u:)s Su and (vı) Sv. By 
Lemma 23 we see that [(w)2 O (vr)yl ea. Since, by C2, (u)2 Site and 
(v) © ip we have (h)a Su ^is and (m)ySvAity; hence, by C9, 
[(ui)2¢ O (v,)y] Sw, so that wea, as was to be shown. 


' Lem 25. If A, B, and C are non-empty classes of prime ideals such 
that Ca =A and Cy = B, then CC (A 0O B). 


11 
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Proof. Let « be any member of C. Then %eA and ae B, and hence 
(%O%w)C(AOB). But, by Lemma 24, «e (ae fa). Hence 
ae (A O B), as was to be shown. , 


THEOREM I. The class of all classes of prime ideals of a projective 
algebra is a complete atomic projective algebra under the operations of umon, 
intersection, complementation (with respect to the class, I, of all prime ideals) 
and the operations Ac, Ay, and A O B introduced in Definitions 3 and 6. 


Proof. It is clear that the algebra ‘is a complete atomic Boolean algebra. 
From Lemmas 5, 13, 6, 11, 22 and 25, 20, and 16 (respectively) we see that 
Everett and Ulam’s: postulates P1,- - +, PY are satisfied. 


LEMMA 26. If b Sar and (b D ù) Aa=0, then b =0. 


Proof. Since (b O wy) A a = 0, we have aS (b O iy)’; and hence, by 
C21, a= (b A is) Oty. Hence, by Cl, as S[(b’ A ie) D igle. We then 
conclude by P5 that as S (V A is). Thus b Sas (0’ Ais) SO’; and 
hence 6 = 0, as was to be shown. ` 


Definition Y. If ais any element of a projective algebra, then ii F(a) 
we shall mean the class of all prime ideals « such that ae a. 


Remark, Thus, to say that ae F(a) is equivalent to saying that ae. 


LEMMA 27. If a is any element of a projective algebra, then F (az) 


== [F (a) Jo. 


Proof. Suppose first that «ae [F(a)]s. Then there exists a prime 
ideal 8 such that Be F(a) and a= s. Then ae £, and hence are Bo, or 
z€% But age means that «eF(az). Hence [F(a)]eC F (as). 

Now suppose, on the other hand, that ee F (as). Let 8 be the set of all 
elements of the form (u O ty) A a, where uea and u S ts. is not empty, 
since [(as O iy) Aa] ef. 

Moreover, we notice that 0¢ 8. For otherwise there would be an element 
u of « such that (u O iy) A a= 0. Then, by 09, [(u A as) O iy] A a = 0, 
and hence, by Lemma 26, u A as = 0. Since u S tz, we have, by C8, us = u, 
and hence u € d&s. Since & e F(as), we have-aze a, and hence, making use of 
P4, dge%. Thus (u A as) eas, Or 0&%, which is absurd in view of the 
fact that a is a prime ideal. 

We notice next that if u, € 8 and wef then (u, A u2) £8. For suppose 
that u = [(v: Oy) Aa} and w=([(v% Oy) Aa], where vea, v2, € 4, 
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0; Siz and v: S is. . Then, making use of C11, we have u, A u: = [ {v1 A v2) 
O iy] Aa, and hence (uw, A ta) eg, as was to be shown. 

We now define y to be the set of all elements u such that, for some 
element v of 8, v S u. From what has been proved about £, it is easily seen 
that y is an ideal. Let 8 be any prime ideal such that y © ô. 

Since dea, we see that isea, and hence [(t Ow) AaleB. Hence, 
by C10, we conclude that a is in 8, and hence in 6 Hence Se F(a). To 
complete our proof, it will therefore suffice to show that «= s. Since 8 
and @ are both prime ideals, however, it is sufficient to show that æ C ôr. 

Suppose then that wea. Since isea, we have (w/\t%) ea. Hence 
[(u A tz) Oty] ^a is in £, and hence in & Hence (u A itz) O îy is in ô, 
and hence [(u A, is) O tyJe is in ès. Hence, by P5, (u At) is in ôs, 
= and hence u is in 82, as was to be shown. 


LEMMA 28. If a is any element of a projective algebra, then F (ay) 


= [F (a) ]y. 
Proof. Similar to the proof of Lemma 27. 


LEMMA 29. If a, and a, are any elements of a projective algebra (with . 
ay Sig and de Sy), then F(a; CI Gs) == F (a) q F (az). 


Proof. If a, = 0, then, using C7, F(a; O a2) = F (0) = A = A O F (a2) 
= F(a) O F(a). Similarly if as == 0. Hence we shall take a, 540 Æ ap. 


Now suppose first that ae F(a,) O F(a). Then there is an % eF (a1) 
and an & £ F(a.) such that a e (ar O a); and hence such that (a, K a) Ca. 
Since M, € % and a€ g we therefore conclude that (a, O a2) € a, and hence 
that ae F(a, O a2), as was to be shown. 

Now suppose, on the other hand, that ae F(a, O Then (a, O ae) £ @, 
and hence (a; O d2)s € &e, or a,€ &s. Similarly a,eay Thus ae F(a) 
and «ye F(a); and hence, by Definition 6, (&s O a) C [F (a) O F(az) ]. 
By Lemma 24, on the other hand, «e (as O a). Hence we conclude that 
ae [F(a) O F(a2)], as was to be shown. | 


THEOREM II. Every projective algebra is isomorphic to a subalgebra of 
a complete atomic projective algebra. 


Proof. Let K be any projective algebra, and let T be the corresponding 
algebra of prime ideals over K. By Theorem I, T is a complete atomic 
projective algebra, Let A be the class of elements A of T such that, for 
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some a in K, A = F(a). It follows from the results of M. H. Stone ? that 
whenever F(a) = F(b} then a=b, and that | `. 


F(a ^b) =F (a) N F(b) 
F(a b) = F(a) U F(b) 
F(a’) =1— F(a). 


Moreover, from Lemmas 27, 28, and 29 we have 


F (as) = [F (a) Je 
F (ay) = [F (a) ]y 
F(a Ob) =F(a) O F(b). 


Thus A is a subalgebra of T, and is isomorphic to K. 


From Theorem II, together with the results of Everett and Ulam, we 
obtain the following. 


THEOREM III. Every abstract projective algebra is isomorphic to a 
projective algebra of subsets of a direct product. 
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THE ARITHMETIC OF BELL AND STIRLING NUMBERS.* 


By H. W. BECKER and JoHN RIORDAN. 


1. Introduction. The Stirling numbers of the title, are those intro- 
duced by E. T. Bell [3] and are derived from ordinary numbers of the 
second (or first) kind by repeated matrix multiplication: thus 


(1.1) 8(¢,7,8) = X: S (0, is —t)S (i,r, t) 


where the summation is over all values for which the numbers exist. The 
Bell numbers introduced in Bell [2] are Stirling numbers summed ‘on c, i. e.: 


(1.2) , B(r,s) = 3. 8 (c, r,s) = 3: 8(,r,t)Bui,s—t) . 
the last as a consequence of (1.1). 


The notation adopted here, which is an innovation, is intended to suggest 
the exhibition of the Stirling numbers in ‘three dimensional lattices, c for 
column, r for row and s for stack or index. | ) 

The interesting thing, aesthetically, in the arithmetic of these numbers 
is their periodicity modulo p, a prime. For the Bell numbers of index 1, 
fairly complete results are known and are reviewed in 2. In 8 we give a 
generalization of these to numbers of index s, proving that the period is 


pr” NSN 1, i ae = s < gn, 


Similar results for the simpler Stirling numbers (index 1) which can hardly 
be new are given in 4, while 5 treats the general case. 

Our treatment, following Bell, rests essentially on the Lagrange identical 
congruence 


(1.3) (z) =a? — a, (p), 
(x)p being the J onan [6] and [7], factorial notation ; 
(2) p—=2(e—1)- + (1—p + 1) =X: S (ip, — 1)a. 
Of its many extensions, Bell [2], we need only the following 
(1.4) (a? — 7) Mg" = (a? — g)” 3; S(4, 7,1) (s); 
== g 9 (4, 7,1) (2) mpss- 
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Here and from now on all congruences are taken modulus p, a prime, without 
explicit indication. ry 
For use of these in the sequel, it is worth noting that the instances 


t= — 1 of (1.1) and (1.2) may be written more concisely as 
(1. la) S(c, T, s) i LS (e, se 1) fr, 
(12a) B(r,s) = [B( ,s + 1)]r 


In these the terms on the right are to be interpreted symbolically using the 
conventions of the Blissard or umbral calculus: st ==2;, 2° = to, with blank 
spaces indicating the variable so treated; thus 


O [Se s +D] zsir s1], 
= 315 (4,7, — 1) 8(¢,4,8 + 1). 


For concreteness, a table of the Stirling numbers of general index for 
the first few rows and columns appears below. | 


. TABLE I. 
Stirling Numbers (ec, c -+ r,s) 
cfr 0 E 2 3 
1 1 S _ s(8s— 1)/2 s(2s — 1) (3s — 1) /2 
2 1 3s s(9s — 2) 5s (3s — 1) (4s — 1) /2 
3 1 6s 5s(6s —1) 15s (4s — 1) (5s — 1) /2 
4 1 10s 5s(15s—2) 35s(5s — 1) (6s—-1)/2 
5 1 15s 835s (9s — 1)/2 70s (6s — 1) (Ys — 17/2 
4 


s (45s? — 65s? + 30s — 4) /6 
38 (225s — 23582 + 80s — 8) /6 
21s (225s? — 185s? +- 50s — 4)/6 
14s (1575s? — 1070s? + 240s — 16) /6 
126s (630s® — 365s? +- 70s — 4) /6 


S(c,¢e+1,8) = cns; S(c,¢ +2,8) = e2C38[8(¢ + 1)s —2]/4 
S (c, c + 8,8) = oCas[(¢ + 1)s— 1] [ (c +2)s—1]/2 | 
S(c,¢ + 4,8) = c40ss[15 (e + 3) g8% — 20 (8c? + 120 4-11)s? 

+. 80 (c -+ 2)s — 32] /48. 


For any s, S(c,r,s)=0, e>7, ¢<0 or r<0; S(e,¢,s) =], 
8(0,7, s) = 0, r£ 0, and S(c,7, 0) = 8(c,1r), the Kronecker delta. Similar 
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` results for Bell numbers, which are used later, are obtained by summing on 
diagonals; thus B(1,s) = 1, B(2,s) = 1 +s, and so on. 


2. Exponential integers. A brief résumé of the arithmetic of the Bell 
numbers of index 1, due mainly to Bell [2], Touchard [8] and Hall [4], 
but rediscovered by ee [9], is given here for the light it casts on the 
general case. 

From 

[B( ,1)]-= B(r,0) =1 


which is an instance of (1. 2a), ad (1.4) with m1 and a =B(r,1), 
the Touchard congruence 


(2.1) B(p+r,1)=B(r +1,1) + B(r,1) 

follows at once. Regarded as a difference congruence, this has the charac- 
teristic equation’ |. 

(2.2) HPs Hy, + 1. 

E, of course being a shift operator such that E B(r, 1) =B(r 4-1, 1). 


Congruence (2.2) implicitly contains the whole of the arithmetic of 
these numbers since ` 


Br = (B +1)? Fe +1=F, 42, 


(2.3) Hy? = E, +34, 
(2. 4) E == (Ey +1) acp, 
(2. 5) £,8))s=0(B, +7)", [p] = zap. 


. Writing B(r,1) == B, for brevity, the last corresponds to 
(2.6) Bratr) =1(B 4 i)e Br, 
where the right hand side is sbel: 
If ai = 1 for t= 0 to p— 1, 


[Lp] =1 +p tH P+: o m (p1) 1l) = 


1 Thanks are due Marshall Hall for a long communication to one of us showing 
the elegance of the characteristic equation in deriving the period of the exponential 
numbers given in his unpublished paper [4]. 
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and | 

(27) Bnp = B" (B +1) (B +2): (B +p—1), 
= Br ( B? — B), 
= B,, 


which is Hall’s result (rediscovered by G. T. Williams [9]) that P, or some 
divisor of P of course, is the period of the exponential numbers. The result 
used in the second line is a consequence of Lagrange’s congruence. 


8. Bell numbers. By (1.2a) and the instance m==1 of (1.4) with 
a replaced by the umbra B( ,s+1): 
(3. 1) B(p+r,s +1) — Ber + 1,s + 1) =3,8(4,7,1)B(p+z24,s). 
The characteristic equation corresponding to this is 


(3. 2) Esn? z= E gay =F Es? 
where i 
E;B(r, s) — 3B ( i+ 1,7) 5 (3, r,s — j) ) 


that is to say, the shift operator E; operates on the Bell number of corre- 
sponding index in the second form of equation (1.2). 
Equation (3.2) with the boundary relation: F, == 1 leads by iteration to 


(3. 3) eee Ms + Bey +s +H, +1, 
so that 


E = E? + Bey? + +++ +1, 
== Ee + 2E te G+ 1) Be + shi ts+1, 


and finally, provable by induction: 


(3.4) Be = By + iE H ++ e} DEEE EET 


The formula for the congruence of a general Bell number, index s, with 
r arbitrary in the scale of p is similar to (2. 5)—with E, -+ i replaced by the 
right of (3.4)—-and need not be written out in full. But we should note, 
for verifications, the congruence corresponding to (3.4) namely: 


(5) Btn) =E ( TITI) BEL — Sn i). 
F k ] l 


For r == 0, S (k, 0,7) = 1, k = 0, and zero otherwise, so that 
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(8.6) B(ps) = (HI) Bash H) = (it. 
Í j F=0 ři 
in agreement with Bell [2], 4.5. 


For r= 1, (0,1,7) = 0, 8(1,1,7) = 1, and 


eno o B(p' + 1,3) = (1+) AE 


e a TE a) 


in agreement with Bell [2] eq. 4.6. The next three results of the same 
kind (not given explicitly by Bell) are as follows: 


(3.8) B(s) =B) (THEE) 4 a 


(8.9) B+B s) ==.B(8,8) (EIEI) 4 (as +2) ‘pana? 


(3. 10) B(pt -+ 4,5) = B(4,s) ey +) 


TE (ieee 
+ (98+ 108-8) (TE (ESE), 
_ where 


B(2,s) =s+1, 
B(3,s)=st1i+3 ea: 


B(4,s) =s +1413 ew +18 ee. 


A more interesting use of (3.4) is in determining the period of the 
numbers. Note first that the coefficients on its right are those in 


(1—2) += 3; are zi, 


Hence for i = p, it may be reduced by the congruence (Hardy and Wright 
[5] Theorem 76) 


(1—2)?Seltataoet--- 


For s < p and q = p’, 
E == EB, 
and 
(3. 11) B(q +r—1,s) = B(r;s). 
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The period of B(r,s) is then p?—1 for all s less than p. B(r,1) of 
course has the smaller period, 2, (p? — 1) (p— 1)*. For specific values of p, 
smaller periods may appear. We have no results on these but have verified 
that B(r,2) has its full period 26 for p = 3. 

For pS s < p*, and 


Ete Es + Lisp + Esop +: “3 
E? = Es, 
by a repetition of the preceding argument, so that the period for p S s < p? 
is př —1. | 
The general result for the period is 
(3.12) -P= p —], pisse < p”. 


This may be proved as follows. First the persistence of the period over 

the interval is evident from the results given above. In (3.4) put i = s = p”; 
then since 

2p” — j} — 1 ae ae Pe 

( pm — J )=1,7—=0, 9", 

= 0 otherwise, 


all terms of (8.4) vanish, save the first and last, and 


(3. 13) Ee = Hy +1, Q= pe", 
or | 
(3. 14) B(Q +r, p”) = B(r +1, p”) + Br, p”). 


This reduces to Touchard’s congruence (2.1) for m—0. Also 


or 


(3. 15) B(Q? + r—1, p”) =B (r, p”). 


Hence the period for s = p” is Q?— 1 or p?™7— 1, as in (3.12). 


4. Stirling numbers of the second kind. Though strikingly similar to 
that of Bell numbers, the arithmetical structure of the generalized Stirling 
numbers is sufficiently different to warrant a preliminary study of a simple 
case, the Stirling numbers of the second kind, for orientation. 

Using (1.4) with m == 1 and z" replaced by S(c,r,1), or for brevity 
S(c,7), and the instance s == 0 of (1. 1a), a congruence which sums to the 
Touchard congruence, (2.1) above, is obtained at once: 
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(41) | S(qp+r)=S(e,r+1) + 38(t,7)8(c,p+i), 
or 
S(c,p-+r) =S8(c,r+1) +8(c—p,7). 


Note that S(c,r) = 0, e < 0. 
Then | 
(4. La) S(e p +r) =S (or -+4 1), c< p, 


and in this range of c the numbers have period p— 1. For other values of ¢ 
it is convenient to replace r by c +r since S(c,r) = 0, r < c; this squares 
of the triangular matrix.of values. From (4.1) it is apparent that the 
residues may be treated in rectangular blocks of p by p— 1 and each block 
-is the sum of the block above and the block on its left; hence 


(4.2) S(e+ipetiptrt+iip—1))=(*T7) setr). 


Here ¢ andj are positive integers or zero and the ranges of c and r are 1 to p 
and 0 to p— 2, respectively. The arithmetical structure then follows from 
that of the binomial coefficients. 

The characteristic equation corresponding to (4.1) is 


(4. 3) Hy? == E + Ho? 
with both operators working only on the row index as with Bell numbers: 
BS (c,r) — 38 (i,7)8(c,4-+ 1) = 8(e—1,r). 
By iteration of (4.3), 
(4. 4) . Ey? = By + By? + Bo? + + Bo, 


so that ` 
S(c,r + p*) =8 (er +1) + S(e—p,r) t ++ +8(c—pt.r). 


Note that the left has «+1 terms in concordance with the Bell number 
congruence B,” == E, +i. For c< p, all but the first term on the left are 
vacuous; for pc < p? all but the first two are vacuous and so on. It 
follows at once from this that the period of the numbers is 


(4. 5) P =p (p— 1), p <c< pi, 


for in this range of c both S(c,r-+- pi) and Sle, r + pi) have the same 
congruence. This may be improved slightly since, from (4:2), the period 
for c = pi is pi*(p—1). 
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5. Generalized Stirling numbers. For the generalized Stirling number 
S (c, r,s), the fundamental characteristic equation is 


(5.1) E? = Es + E-n. 
By iteration, and equation (4.3), this leads at once to 
(5. 2) E p? == E; + za Egi +’ iaka E S EP, 


and to the more general result 


(5.3) B= Bs HiBs tH “ee (oe a) 


s— i 


t+Hs—2\ z AN: Pe 
+( S—2 ) Be + +( sad DES k 


s 
This congruence plays the same role in. the arithmetic of Stirling numbers 

that (38.4) does for Bell numbers. In non-symbolic form it reads: 

os t+ 3—1 l ; 
(5.4) S(ep'-+rs)= SE (TITT) Sri) —i) 

+> (isi r) S(e— pi, r,s). 
j=1 $ — 1 

Hence it may be used for specific results and for periodicity. 


For the former note first the instance r == 0, for which 
(5.5) Spay (T). 


it + s —1— 
(5.6) sarasi TTI) orh c> 


As instances of the last, verified by Bell ([3], equations 4.2, 4.14, 4.18, 
respectively) note that 
S (c, pt, s) =0, l<ecagp, 
S (o, ps) =8(c, p), 
(o, p°, s) = 88 (6; p) + 8(c, p°)- 
It is convenient to exhibit results for two conditions: c and p greater 


than r+ 1 and less than r+ 1. For the former 


rat 
(5.7) sapr+n =$ ITTI) sern. 


f= S 
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For the latter the results corresponding to those given for Bell numbers 
may be conveniently exhibited in the table below, where for brevity B*, is 
written for B(p++7,s—1) and Si; for S(4, 7, s) 


see. A 2 3 4, 
0 B*, i 
1 B*, B*, 
2 B*, 2B*, + SioB*, B*, 
3 BY, 8B*, + 8B 4 SB, 3B%, + 8B B* 


Turning now to the period, results similar to those for Bell numbers 
(and in form similar to those of Stirling numbers of the second kind) may 
be obtained by a similar method. We first state the general result: writing ` 
qm == p?™, then the period for the general Stirling number S(c,7r,s) is 


(5. 8) Pes = qm (qn — 1), pm <sSpr, 
Gm* 1 p8 < C < Imt pë. 


For orientation, the case s = 2 deserves notice as the simplest available. 
Here, by equation (5.3), 


(5.9) Bytes By + (p—1) Be +s + (p+ 1—f) Bei +: + + Bot, 
and 
Et == Bo, C < p’, 


since all terms after the first are vacuous in the given range of c. For 
p’ < e <qp*, 
(5. 10) Ett a= Hy, 


for the same reason. Continuation of the process leads to 

(5.11) Ett = pT, qip? < e < qip’. 
Now put i == s = p” in equation (5.3); then 

(5. 12) O Ep™ = Ep + E, 


by the binomial congruences used for the Bell numbers. By the process used 
above, it appears at once that 


(5, 18) O Ept = Ept Gmi <6 L dmt, 


in accordance with (5.8). 
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For t= p”, s =p” 4 1, 

(5. 14) Eo = Es + Ey, 

and for t= p”, s= p” +k 

(5. 15) Bam = B, + a, 


and (5.8) follows from a detailed application of the process illustrated 
for s= 2. 


DESCANSO, CALIFORNIA. 
BELL TELEPHONE LABORATORIES, 
New YORK. 
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ON A THEOREM OF MILLOUX.* 


By PHILIP HARTMAN. 


1. In the system of linear, homogeneous differential equations, 
(1) z = A (t)z, (== d/di}), 


let ¢ denote a real variable, A(t) an n by n matrix of functions (possibly 
complex-valued) and z a vector with n components. An asterisk will denote 
the complex-conjugate transpose for square matrices, vectors or scalars. The 
main theorem to be proved is 


(i) If A(t), where OSt < œ, 18 a continuous matrix function having 
the property that 


(2) lim | z(¢)| exists for every solution z = z(t) 
$00 


of (1), then necessary and sufficient for the existence of at least one solution 
vector z == z(t) 0 satisfying 


(8) lim |2(¢)| =.0 
(4) Bf trace A(s)ds->— œ ast-—> o. 


It is possible to state criteria in terms of the coefficient matrix A(t) 
which assure that the system (1) has the property (2). In this direction, 
a result of Wintner [2], pp. 557-559, on non-linear systems implies 


(ii) If A(t), where OSt < œ, is a continuous matrix function such 
that the Hermitian matrix 


(5) A(t) + A*(¢) is non-positive definite for 0 S t < œ, 
then every solution vector z = z(t) of (1) satisfies 


(6) | 2(4)| is non-increasing ; 
hence (2) holds. 


While conditions (4) and (5) together imply the existence of at least 
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one non-trivial solution of (1) satisfying (8), they do not imply that all 
solutions of (1) satisfy (3), see 2 below. -If, however, the “averaged con- ° 
dition” (4) is replaced by 


t 
J ne 2*{A(s) + A*(s)}zds—>— œ as tro, 

gizi 
then every solution of (1) satisfies (3); cf. Wintner [2], p. 557. 


2. The assertions (i) and (ii) imply the following theorem of Milloux 
[1], p. 49: 


(iii) If f(s) is a real-valued, continuous (scalar) function which, for 
large s, is monotone and satisfies 


(7) f(s) —> œ as s> œ, 

then the diferential equation 

(8) z+ f(s)e=0 (== d/ds) 
possesses at least one non-trivial solution x —x(s) £0 satisfying 

(9) | t(s) —> Q as s— œ. 


The question of the existence of such a solution was first raised by 
Biernacki, cf. Milloux [1], p. 49. The proofs of (i) and (ii) furnish a 
simple proof of (ili), in contrast to the very complicated proof of Millour. 

An example given by Milloux [1], p. 50, shows that not every solution 
of (8) must satisfy (9). Although, in his example, the coefficient function 
f(s) is a monotone step-function, this function can be modified* so as to 


1 When f(s) possesses isolated discontinuity points, by a solution œ = w(s) of (8) 
for s < s < © is meant a function which possesses, on s < s < ©, a continuous first 
derivative and, at every continuity point of f(s), a second derivative, which is con- 
tinuous and satisfies (8). 

The required modification of Milloux’s example f(s) can be obtained as follows: 
The non-decreasing property of f(s) implies that every solution w= a@(s) of (8) is 
bounded {as s œ). It follows, therefore, that if g(s) is a function (with isolated 
discontinuities) satisfying 

fol g(s)| ds < ©, 


then every solution #=a@(s) of (8) satisfies (9) if and only if every solution 
y =y(s) of 
(8 bis) G+ (f(s) + 9(s))y =0 _ 


tends to 0 as`s > ©; Wintner, [3], (iva), p. 267. (This theorem is statétxand proved 
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furnish a smooth f(s). The modified example shows that (4) and (5) do not 
imply that every solution of (1) must satisfy (3); cf. the deduction of (ii) 
from (i) and (ii) below. 


3. Proof of (ii) and (i). In order to prove (ii), suppose that (5) holds. 
If 2==2(¢) denotes an arbitrary solution vector of (1), then the derivative 
of | 2 |? = 2*2 is | | 
| 2¥2! +. g/g =e zt (A + A*)2. 


Hence, by the assumption (5), the derivative of the non-negative function 
| z(t) |? is non-positive. This proves (6) and (ii). 

In order to prove (i), suppose that (2) holds. Let Z(t) denote a funda- 
mental matrix of (1), that is, a non-singular matrix in which the j-th column 
is a solution vector z == z;(t) of (1) for ; = 1,:--,n. If c is an arbitrary - 
constant vector, then the vector 


(10) z =z(t) = Z(t)c 


is a solution of (1); furthermore, (10) is a non-trivial solution whenever 
c 320. The squared length of (10) is the positive definite Hermitian form 


(11) | z(t) |? = c*Z*(2)Z (2). 


The elements of the matrix Z*(¢)Z(¢) are the scalar products 2;*(¢) z(t). 
By applying (2) to the solutions 2;(¢) + z(t) and 2;(t) + izx(t) of (1), 
it is seen that the scalar products 2;*(t)z.(¢) tend to limits as ł— œ. 
Hence; the Hermitian matrix Z*(t)Z (t) tends to a limit matrix, say H, and 
the corresponding limit belonging to the function (10) is the non-negative 
Hermitian form 

(12) c*He = lim la) 

->00 


The proof of (1) will be complete if it is shown that (4) is necessary 
and sufficient for the existence of.a vector e40 for which (12) vanishes. 
Since H is a non-negative definite Hermitian matrix, the existence of such 
a vector c is equivalent to the vanishing of the determinant of H. Clearly, 


loc. cit. for the case where f(s), g(s) are continuous, but it is clear that the proof also 
-holds for the type of functions at hand.) Hence, (8 bis) possesses a solution y = æ (s) 
violating (9), since the same is true of (8). Now, if f(s) is the function in the 
example of Milloux, an absolutely integrable function g(s), with a sequence of isolated 
discontinuity points, can be constructed such that f(s) + g(s) is monotone, tends to 
infinity and is continuous (or even differentiable). 


12 
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det H = lim det{Z*(t)Z(¢#)} = lim | det Z(t) |? 
too ; t->00 
Hence, the Jacobi identity for fundamental matrices, 


det Z(t) det Z(0) exp f trace A(s)ds, (det Z(0) + 0), 


shows that (4) is necessary and sufficient for det H = 0. 
This completes the proof of (i). | 


4. Proof of (iii). Let s= s, be chosen so large that f(s) is positive 
and monotone non-decreasing for s> so In what follows, only s-values 
satisfying $ == Sọ occur. 

Suppose, for a moment, that f(s) possesses a continuous derivative, 
- f(s) 20. If the new independent variable — 


(13) t = t(s) = f P()ds 
So 
is introduced, the differential equation (8) becomes 
a” +. (f/f%)2’ + e= 0, 


where the prime denotes differentiation with respect to ¢ and the argument 
of the function occurring in the coefficient of 2’ is s==s(t), the inverse of 
(18). The last differential equation is equivalent to a system (1), where 
n is 2, the vector z is (x,2’) and the coefficient matrix is 


af & 14), one g A 
A(t) —(_| i ; hence, A(t) + A*(t) = (3 nied ; 

What remain to be verified are conditions (4) and (5) of (i) and (i), 
respectively. Clearly, (5) holds, since #20. Also the integral in (4) is 


ou ae 8 3 
— f Gfat—— J G/fds——log f(s) + const, 


by (18). Hence, (7) implies (4). This proves (iii) if f(s) possesses a 
continuous derivative. 

If f(s) does not have a continuous derivative, this proof can be modified 
along the following lines: Let sv = gæ(s) be any real solution of (8) and let. 
%o(s) denote the “ conjugate energy,” 


(14) | zo(s) =z? (s) + {2*(s)/f(s)}- 
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Then, in virtue of (8) and the monotony of f(s), 
day(s) = «°(s)d(1/f(s)) = 0, 


where the differentials are to be interpreted in the sense of Stieltjes inte- 
gration; cf. Wintner [3], p. 257. Since (14) is non-negative, it follows that 


lim 2% (s) 
8-7 


exists and is non-negative for every real solution z = (s) of (8). Clearly, 
the proof of (1) can now be applied to the present situation, where the vector 
z becomes (x, &/f*). 


THe JoHns HOPKINS UNIVERSITY. 
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THE SET ON WHICH AN ENTIRE FUNCTION IS SMALL.* 


By R. P. Boas, JR., R. C. Buck, and P. Erpiés. 


ea a aa +., ae 


Let f(z) be an entire function and M (r) the maximum of | f(z)] on 
| z | =r. We give some results on the density of the set of points at which 
| f(z)! is small in comparison with M (r) ; although simple, these results seem 
not to have been noticed before. 

` If # is a measurable set in the z-plane, we denote by DrR( E) the ratio 
m(zeE,|z|SR)/rR® and by D(H) and D(F) the upper and lower 
densities of Æ, that is the superior and inferior limits of Dr(f) as R- œ. 
For a fixed function f(z), let Fn be the set of points z for which log | f(z) | 
< (1—A) log M(|z|). Our results may be stated as follows. 


THEOREM 1. For any X>1, there is a number K, the same for all 
functions f(z), such that D(E)) S K. Moreover, 0 < KSA. 


In particular, for A—2, the upper density of the set where | f(z)| 
=1/M(|z|)-is at most 1/2. Much stronger results are known for entire 
functions of small finite order. The interest of Theorem 1 is that it holds for 
all entire functions and that, contrary to what might be expected, K is 
strictly positive. We shall show that a lower bound on K is given by 
5°/(1-++8)* where ẹ is the positive root of §(2-- 8)4—-1. For \=2, 
this can be improved to .1925; the same method will yield better values for 
other choices of A. For lower density, the following is true. 


THEOREM 2. As A> œ, D(H) =o0(A"). 


It might be conjectured that this also holds for the upper density, and 
for the numbers K = K(A). 
We first prove that A+ is an upper bound for D(#,). Consider the 
integral 


I= (1/2n) f "Clog M (r) —log | f (rett) |}d0. 


Let f(z) = 2°9(z), g(0) 40. Then, by Jensen’s theorem 


* Received July 28, 1947. 


400 


THE SET ON WHICH AN ENTIRE FUNCTION IS SMALL. 401 


I =log M(r) — p log r — (1/2) {ve | g (ret?) | dð 
= log M (r) — p log r — log | g (0). 
Let Hea be the set of values of 0 for which log |f(ref)| is less than 
(1—.) log M(r). By applying to the integral J the identity f (x) dx 
= f u(r) dr where ¢(7) = 0 and (r) is the measure of the set on which 


$(z) =r, the integral J may also be expressed as 


00 
I == (2r) log M (r) f m (Hra) dà 
. G6 
Hence, writing C = log | g(0)|, we have 


oe plogr+C 
(1) (1/2zr) Í, m(Hra) dà S 1 — Jog M(r) . 


Choose Ry so that M (r) > 1 for r= Ry; then 
R 
m(ze B, Ro S |z| S R) = f m(Hr a)r dr. 


Integrating this with respect to A and using (1), we have 


@) fDmoasi—r e ym f 


where Z,* is Fa with the circle |z | = R, deleted. 


We may suppose that f(z) is not a polynomial. (In this case, it is 
easily seen that (En) = 0 for all A>0.) Since log M(r) is convex in 
log r, it follows that log r= o(log M(r)) as r tends to infinity, and hence 
that the right side of (2) is 1-++0(1) as È- œ. As à increases, the sets 
E * decrease and Dr(Ea*) is monotone for fixed R. Thus, ADr(L*) 
= f, Di (E *)dà and letting R increase, we have AD (Ey) = AD (Ex*) <1, 


The proof of Theorem 2 also falls out of the inequality (2). Letting 
E tend to infinity, we have 


co 
f D(a S1 
6 
and since the integrand is monotonic, lim A D(F) =0. 
A->00 


To obtain a lower bound on K, the least upper bound of D(£,) for all 
functions f(z), we investigate a special function. Consider the product 
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OO i 
f(z) al (1—2/ar)™, a>b>1, 
which defines an entire function of order log b/log a. Put 
oO . : 
(2) = | F0) M Ce) = TY (| 1 e/a (brat e 
Suppose that z lies in the region 8 described by 
(3) [Lefer | 1+ r/o ps p< 1. 
Let r/a" be less than y for all z in 8. Then, 
(2) STL (1+ 1/0) pT (1 + r/o) N 
<n kon’ 


S (Aya) M (Nyan) NE. + (dya) 1B exp aya" J; (b/a)*) 
kon 


and 
À log Ay My 


log ġ (2) =o" j o E Àb Ablog a 








5 Hogg F 





As b and a tend to infinity in such a manner that b log a and b/a approach 
zero (e. g., @==b?), the bracket approaches log 8 which is negative. Thus, 
for any £ < 1 and for suitable a and b, d(z) < 1 for all z in S, and for the 
special function that we have constructed, S C Fy. 

There is a set of type S enclosing each of the points za". We now 
estimate the upper density of the union of these sets, and hence the upper 
density of Hy. We may take B==1. Put w = z/a” = pett; the set 8 
corresponds to the set S* bounded by the curve |1—w|(1-+p)*—=—1. 
The circle |w—1|<8 where 8(2-+8)*=1 lies in S*. The ratio 
Dı, ( 8") is at least 8/(1 -+ 8)? and since this is independent of n, this 
- number is a lower bound for K(A). A better bound can be obtained by 
computing the radius po for which Dp,{(S*) == m(w e 8*, | w | Spo) /mpo” is 
greatest. This number is then the desired lower bound. In the special 
case A= 2, numerical integration gives the value .1925 for this ratio. 

With reference to generalizations, we observe that the relations (1) and 
(2) hold with p=0O with any subharmonic function v(z) replacing the 
function log |f(z)|, and with a(r) == maxgv(re”) replacing log M(r), 
provided that C == v(0) is finite. In addition, there is equality instead of 
inequality in (1) and (2) if v(z) is a harmonic function without singularities. 
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CONCERNING NON-APOSYNDETIC CONTINUA.” 


By F. Burton JONES. 


Introduction. During the past thirty years considerable attention has 
been given to the topological properties of compact continua. But until 
recently very little has been done to fill the gap between indecomposable con- 
tinua and continuous curves.t The work of Whyburn ? and Wilder * on semi- 
locally-connected continua is a step in this direction. In many ways semi- 
locally-connected continua strongly resemble continuous curves. So there 
still exists a gap between them and indecomposable continua. This paper is 
devoted largely to a beginning of the study of the internal properties of 
continua lying in this gap. ‘These continua are non-aposyndetic and are 
studied from that point of view mainly because of its simplicity. The other 
characterizing notion is the weak cut point property. A continuum which 
is totally non-aposyndetic must contain at least one weak cut point. And 
such points are everywhere dense in a continuum which is not semi-locally- 
connected anywhere. It is well known that every point of an indecomposable 
continuum is a weak cut point of it. 


1. Definitions and preliminary theorems. Let space be metric. A 
circular region with its center at the point p and its radius equal to e > 0 
will be denoted by U(p,c). A point p of a continuum M is said to be a 
weak cut point of M provided that M — p contains two distinct points x and 
y such that every subcontinuum of M containing v -+y contains p. Under 
these conditions p is said to cul x from yin M. A point p of a continuum M 
is said to be a strong cut point (or a separating point) of M provided that 
M—p is not connected. Under these conditions p is said to separate x 
from y in M. If M is a set, by an open subset of M is meant a subset of M 


* Received June 10, 1947; Presented to the American Mathematical Society, 
November 29, 1946, and December 30, 1947. 

4 See R. L. Moore’s Foundations of Point Set Theory, Karl Menger’s Kurventheorie, 
and G. T. Whyburn’s Analytic Topology. ; 

2 G. T. Whyburn, “ Semi-locally-connected sets,” American Journal of Mathematics, 
vol. 61 (1939), pp. 733-749. 

° R. L. Wilder, “Sets which satisfy certain avoidability conditions,” Casopis pro 
Pestavani Mathematiky a Fysiky, vol. 67 (1988), pp. 185-198, and “ Property Sp” 
American Journal of Mathematics, vol. 61 (1939), pp. 823-832. 
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which is open relative to M. A circular open subset of M with center p of M 
and radius e will also be denoted: by U(p,«) when no confusion results. 

Let M be a continuum and let x and y be distinct points of M; if M 
contains a continuum H and an open subset U such that M —y DH 2 U a, 
then M is said to be aposyndetic at x with respect to y. Let x be a point of a 
continuum M; if for each point y of M — zs, M is aposyndetic at x with 
respect to y, then M is said to be aposyndetic at x.t A continuum M which is 
not aposyndetic at a point s of M is said to be non-aposyndetic at x or more 
briefly, non-aposyndetic. A continuum which is non-aposyndetic at each of 
its points is said to be totally non-aposyndetic. 

A continuum M is said to be semi-locally-connected at a point x of M 
provided that for each open subset U of M containing æ there exists an open 
subset V of M such that U D VD g and M—JU is contained in the sum 
of a finite number of components of M — V. A continuum which is semi- 
locally-connected at each of its points is said to be semi-locally-connected.* 


THEOREM 0. In order that a compact continuum M be semi-locally- 
connected at a point p of M, it is necessary and sufficient that M be aposyn- 
detic at each point of M — p with respect to p. 


Theorem 0 may be established with the help of the Heine-Borel Theorem. 


THEOREM 1. Suppose that M is a continuum and that a, %2,%3,° °° 
and Yı, Yz, Ys, °° are sequences such that (1) for each i, x; is a point of M 
and y; ts a point of M — zi, (2) Lı, %2,%3,° © © converges to a point x and 
Yis Yo, Ya," © ` converges to a point y distinct from x, and (3) for each 1, M 
as not aposyndetic at x; with respect to yi. Then M is not aposyndetic,at x 
with respect to y. 


Proof. If M were aposyndetic at # with respect to y, M would contain 
a continuum H and an open subset U such that M—y HOU a. Hence 
for some integer i, M — y: D H D U D 2, and M would be aposyndetic at 
x, with respect to y; contrary to hypothesis. 


THEOREM 2. If x is a point of a continuum M and K is the set of all 


points y of M — x such that M is not aposyndetic at x with respect to y, then 
K + v is closed. 


tF. B. Jones, “ Aposyndetie continua and certain boundary problems,” American 
Journal of Mathematics, vol. 63 (1941), pp. 545-553. 

5G. T. Whyburn, loc. cit., p. 734. For ‘the definition of other terms and phrases 
the reader is referred to Moore’s book. 
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THEOREM 3. I f y is a point of the compact continuum M and L is the 
set of all points x of M — y such that M is not aposyndetic at x with respect 
to y, then L+ y is a continuum. 


THEOREM. 4. If M is a compact continuum, the set N of points of M 
at which M is non-aposyndetic is the sum of a countable number of closed 
sets (i.e, N is an Fo-set). 


Proof. Let i denote a positive integer and let N; denote the set of all 
points æ of N such that for some point y of M — gz, M is not aposyndetic at æ 
with respect to y and (s, y) = 1/1. Let a denote a simple sequence of 
distinct points of N; converging to a point zo For each x of a, let y denote 
a point of M such that M is not aposyndetic at « with respect to y and 
(x, y) Z 1/1, and let B denote the sequence of these points y. Let Y1, y2, 
Ys," © © denote a subsequence of 8 converging to a point yo of M and let 
21, 2,%3,- ` © denote the corresponding subsequence of æ. Evidently 2, Ta, 
Z3,° °° converges to the point z and goyo By Theorem 1, M is not 
aposyndetic at vo; hence NW; is closed. But N = 3Ni, +—1,2,8,---. 


THEOREM 5. If M is a compact continuum, the set of points of M at 
which M is not semi-locally-connected is the sum of a countable number of 
closed sets. 


Theorem 5 may be established with the help of Theorem 0 and an 
argument similar to that used for Theorem 4. 


THEOREM 6. Suppose that (1) M is a compact continuum, (2) D ts an 
open subset of M, and (3) M, is a closed subset of M such that D-M,=0. 
Suppose further that for each point x of D, there exists a point y of Mo 
such that M is not aposyndetic at x with respect to y. Then if z is a point 
of M— Mao, there. exists a point x» of D and a point yo of My such that yo 
cuts To from z in M. 


Proof. Let z denote a point of M — Mae. and let D, denote an open subset 
of M such that D D D,, Di: (Mo + 2) = 0, and 8(D,) < 4. Let K, denote 
the set of all points y of Mo such that for some point z of Di, M is not 
aposyndetic at # with respect to y. The set K, is closed and is the sum of a 
finite collection G, of closed subsets each of which has diameter less than $. 
For each element g of Gh, let L(g) denote the set of all points x of D, such 
that for some point y of g, M is not aposyndetic at « with respect to y. For 


€ The hypothesis of Theorem 6 may be weakened in many respects without affecting 
the validity. of the conclusion. For instance, D may have points in common with Jf. 


406 l F. BURTON JONES. 


each g of G,, L(g) is closed and D, = 3L (g). Hence for some element M, 
of G,, L(M,) contains an open subset of Dı. Let V, denote an open subset 
of M containing M, such that F,- (D, +2) =0 and 8(V7,) <4. The com- 
ponent C, of M — V, which contains z does not contain an open subset of M 
containing a point of £(M,). Hence L(M,) contains an open subset D, 
of M such that D,:-C,=0 and 8(D.) < t. 

Let K, denote the set of all- points y of M, such that for some point æ 
of D., M is not aposyndetic at x with respect to y. The set K, is closed 
and is the sum of a finite collection Ga of closed sets each of which has 
diameter less than 4. For each element g of Ge, let L(g) denote the set of all 
points ~ of D, such that for some point y of g, M is not aposyndetic at 2 
with respect to y. For each g of G., L(g) is closed and D, = L(g). Hence 
for some element M of Go, L(Ma) contains an open subset of Da. Let V3 
denote an open subset of M containing M, such that V, D Fand 8(V2) < £ 
The component Cz of M — V; which contains z does not contain an open 
subset of M containing a point of L(M-). Hence L(M@-) contains an open 
subset D, of M such that D,-C,—0 and 8(D3) < 1/8. Continue this process. 
Let zo = ILD; and let yo == MM; = OV;. Evidently, £o is a point of D and 
Yo is a point of M>. Furthermore yo cuts vo from z in’ M, for if it did not, 
then M — yo would contain a continuum from zo to z, and hence for some i, 
To would have belonged to Ci. 


THEOREM 7. The topological product of a nondegenerate continuum Ma 
with a nondegenerate continuum M> 1s aposyndetic at each of its points.’ 


Proof. Suppose that (dı, as) and (bj, be) are points of M, X Mz such 
that M, D a, + bi, Mz a2 + be, and a,540,. Let (cı, c2) denote a point 
of M, X M, such that a, 54 cı £ bı and a: 254 bo. Let Mo(61) denote 
the set of all points (21,22) of M, X Me such that vı = bı. Since M2(b1) 
is a continuum, M, X Ms contains an open set U containing (a, a2) such 
that U-M.(b:) =0. Now let M,(ez) denote the set of all points (21, £2) 
of M, X M such that v2 = co; M, (c2) is a continuum not containing (bı, b.). 
Let He be the set of all points (1,72) of Mı X M: such that for some point 
Yz of Me, (1, Y2) belongs to Ü. The set Hy is closed, contains U, but does 
not contain (bı, b2). Let H denote Ho -+ Mi(c2). Evidently H is a con- 
tinuum containing U but not (bı, b2). Hence M, X Ma is aposyndetic at 
(@:,@2) with respect to (61,02). It follows that M, X Mz is aposyndetic at - 
each of its points. 


7 Cf. G. T. Whyburn, loc. cit., Theorem 4, p. 735. 
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COROLLARY. No non-aposyndetic continuum is the topological product of 
two nondegenerate continua. 


2. Indecomposable continua. An indecomposable continuum M is non- 
aposyndetic. That such a continuum possesses this property very strongly 
is shown by Theorems 9 and 10. 


THEorEM 8. In order that a compact continuum M be decomposable 
it is necessary and sufficient that M contain two points, x and y, such that 
M is aposyndetic at x with respect to y. 


Proof. The condition is necessary. For suppose that M is the sum of 
two proper subcontinua H and K. Let x be a point of M — K and y be a 
point of M—H. Then M—yOHOM-~KOz. Since H is a sub- 
continuum of M and M — K is an open subset of M, M is aposyndetic at x 
with respect to y. | 


The condition is also sufficient; for in this case M contains a continuum 
H and an open subset U such that M —y DH DUDg. Ti M— H isa 
connected set V, M is decomposable because M — H + Ÿ. If M—AZA is not 
connected, then M — H is the sum of two mutually separate sets A and B. 
Since H is a continuum, H + A is connected and so is H+ B. Hence M 
- is decomposable because M = (H + 4) + (H -+ B). 


THEOREM 9. In order that a compact continuum M be indecomposable 
it is necessary and sufficient that there do not exist two distinct points x and y 
of M such that M is aposyndetic at x with respect to y. 


THEOREM 10. In order that a compact continuum M be indecomposable 
it is necessary and sufficient that M contain an open subset D of M such that 
if x is a point of D and y is a point of M — zx, then M is not aposyndetic at x 
with respect to y. 


Proof. The necessity of the condition follows from Theorem 9 by 
letting D be M. The condition is also sufficient; for suppose that M may 
be decomposed into the continua H and K. Obviously M is aposyndetic at 
each point of M — K with respect to a point (any point) of M — H; and 
conversely. Hence D- [(M — H) + (M —K)] =0. Therefore D is a 
subset of H-K. Let x be a point of D and y a point of M—H. Then 
M—y- HOD zc and M is aposyndetic at with respect to y. This is 
a contradiction. 


Example 0. Let H and K denote compact, plane, indecomposable 
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continua whose common part is an arc T and let M =H +K. Irisa 
point of T and y is a point of M — z, M is not aposyndetic at s with respect 
to y. But M is decomposable. Hence in the hypothesis of Theorem 10 the 
stipulation that D be an open subset of M may not be replaced by the stipu- 
lation that D be a continuum. 


3. Fundamental cut point existence theorems. Continua which are 
totally non-aposyndetic or approximately so must contain one or more weak | 
cut points. The more nearly a continuum approximates an indecomposable . 
continuum in its non-aposyndetic properties, the more nearly it approximates 
the cut point properties of one. 


THEOREM 11. If z is a point of a compact continuum M and D is an 
open subset of M—2z such that (1) M is non-aposyndetic at every point of D 
but (2) M is aposyndetic at each point of D with respect to z, then D contains 
a point v and M contains a point y such that y cuts x from z in M. 


Proof.” There exists an open subset D, of M such that D D D.. Let e 
denote a positive number and let K(e) denote the set of all points v of D, 
such that for some point y of M, M is not aposyndetic at x with respect to y 
and 8(v,y) Ze Let « denote a sequence of points of K (e) converging to a 
point There exist a subsequence %,%2,%3,° - - of a and a sequence Yi, Ys, 
Y3,° * * of points of M converging to a point ¥ of M such that for each 2, 
(zi yi) Ze but M is not aposyndetic at x; with respect to yi. Obviously 
(2,9) Ze and #5409. It follows from Theorem 1 that Z belongs to K (e). 
Hence K(e) is closed (if it exists). Since for each z of D,, there is some e 
such that K (e) contains v, it follows that Dy = XK (1/n), n—1,2,3,---. 
So for some e, K (e) contains an open subset of M and, m particular, contains 
an open subset De of M such that 8(Dz) < $e. Let Mo denote the set of all 
points y of M such that for some point s of Da, d(z,y) =e but M is not 
aposyndetic at « with respect to y. Obviously D2: Mo = 0, and z is a point 
of If — My). Hence, by Theorem 6, there exist a point of D: and a point y 
of Mo such that y cuts x from z in M. 


THEOREM 12. If D is an open subset of a compact continuum M such 
that M is non-aposyndetic at every point of D, then D contains a point x 
and M contains points y and z such that y cuts x from z in M. 


Proof. In case M is indecomposable the conclusion to Theorem 12 easily 
follows since (1) each composant of M is dense in M and (2) any point y 
of M cuts v from z in Af if vz and z are points of different composants of M. 


CONCERNING NON-APOSYNDETIC CONTINUA. 409 


On the other hand, if M is decomposable, then, by Theorem 10, D contains 
a point p and M — p contains a point z such that M is aposyndetic at p with 
respect to z. Hence M contains a continuum H and an open subset U such 
that M—z0 HOU». Let D’=D-U. It follows from Theorem 11 
that D’ contains a point v and M-contains a point y such that y cuts x from z 
in M. 

COROLLARY. A totally non-aposyndetic compact continuum contains at 
least one weak cut point. 


Figure 1. 


EHzample 1. While a totally non-aposyndetic compact continuum must 
contain at least one weak cut point, it need not contain more than one. To 
see this let M be a plane continuum composed of a circle C together with a 
bundle of rays (emanating from a point p on C), whose cross-section is a 
Cantor discontinuum and which is wrapped back and forth (as indicated in 
Figure 1) so that each ray has Ọ as its limiting set. This continuum has 
no strong cut point at all and only one weak cut point—namely, p. But M 
is non-aposyndetic at each point of M — p with respect to p; and M is non- 
aposyndetic at p with respect to each point of O — p. 


410 F, BURTON JONES. 


THEOREM 13. Suppose that (1) D is an open subset of a compact 
continuum M and (2) for each point p of D, there exists a point o of M —p 
such that M is not aposyndetic at o with respect to p. Then D contains 

distinct points x, y, and z, such that y cuts x from z in M. 


Proof. Let D, denote an open subset of M such that D D D;. For 
each positive integer n, let Mn denote the set of all points p of D, such that 
for some point q of M, M is not aposyndetic at g with respect to p and 
(p,q) = 1/n. Since D, = 3M, and, for each n, Mn is closed, it follows 
that, for some n, Ma contains an open subset of M. Hence there exist a 
point A and a positive number e such that for each point p of the circular 
open subset U(A,¢) of M (and of Mn) there exists a point g of M—U(A,«) 
such that M is not aposyndetic at g with respect to p. Let U(A,«/4) and 
OU (A, </2 — «/4n) denote circular open subsets of M, and let Ry == U (A, 6/4) 
and Rn == U (A, 6/2 —¢/4n) — Bnri nÈ 2. Let Ro=U(A,€/2). 


Now assume Theorem 13 to be false. It follows from this assumption 
and Theorem 6 that #, contains a point gz, such that if yı is a point of 
Ro —R,, M is aposyndetic at æ, with respect to yı. There exist a finite 
sequence Mi, Hye, > +, Maii t t, Han of continua. of M and a finite 
sequence Ui, Urs,’ * >, Urn, of open subsets of M such that for each point yı 
of Roo — R,, there exists an integer j} (1 S j=), so that M — y > Ay; 
DUu a, Let V, denote a circular open subset of M (of radius less 
than łe) such that R- HU D V, D 2. Since there is a point of M — U(A, «) 
at which M is not aposyndetic with respect to zı, M — V, is the sum of two 
mutually exclusive closed sets Q, and W, each of which contains a point of 
M —U(A,e«). Hence each of the sets W, and Q, contains a point of Rs. 
Again it follows (from assuming that Theorem 13 is false) that there exists 
a point ss of R.-W, such that for each point y: of Ro— (R,-+ Ra), 
M is aposyndetic at z with respect to ye There exist a finite sequence 
Ho, Hoo, + +, Hoi, + t, Mon, of coutinua of M and a finite sequence 
O21, U2, + +, Uon, of open subsets of M such that for each point yz of 
Ro — (Rk, -+ Rz), there exists an integer 7 (1 54} 5S n2), so that M — yz 
D He; D Uaz a. Furthermore there exists a continuum M, such that 
(1) for some j, Hı == H,;, and (2) H, does not contain v2. Let Ve denote 
a circular open subset of M (of radius less than te) such that (M — H,) - Ry 
"UU: D Va D ga. Since there is a point of M — U (A, «) at which M is not 
aposyndetic with respect to 2, M — V. is the sum of two mutually exclusive 
closed sets Q: and W such that (1) Q2 contains x, and (2) each of the sets 
Q and W, contains a point of M—U(A,«). Hence each of the sets We 
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and Q- contains a point of #;. Furthermore Q: >D H, D YV, and consequently 
Q. contains Qı and W, contains We. 

This process may be continued. Hence there exist a point y of the 
boundary (with respect to M) of Roo and infinite sequences (these are possibly 


subsequences of those chosen in the above process): 2%, £2, @3,° ` > of points. 
“of M, Vi, Vo, Vate of open subsets of M, and H,, H2,Hz,--- of sub- 
continua of M such that (1) a1,¢%2,--- and Vi, Vat ©- converge to y, 


(2) for each i, Reo D Vi, (8) for each i, M— Vin D Hi D Vi D ai, and 
(4) for each i, M — V; is the sum of two mutually exclusive closed sets W 
and Q: so that each contains a point of M-—-U(A,«) and W; contains Vis 
but not zi. It follows from (3) and (4) that for each i (1 = 2), W; lies 
in Wi, and contains a point of 8, the (relative) boundary of U(A,«). Let 
z denote a point of II@-W,. Evidently for each i (t= 2), Vi separates sı 
from z in M. It follows from (1) that y cuts x, from z in M. 


THEOREM 14. Suppose that M is a compact continuum such that for 
each point p of M, there eatsts a point q of M such that M is not aposyndetic 
at q with respect to p. Then the set of weak cut points of M is dense in M. 


Theorem 14 follows immediately from Theorem 13. The reader should 
compare Theorem 14 with the Corollary to Theorem 12. To emphasize the 
differences between Theorems 12 and 13, the following theorem may be 
established with the help of Theorems 0 and 13. 


THEOREM 15. If a compact continuum M is not semi-locally-connected 
at any point of an open subset U of M, then the set of weak cut points of M 
as dense in U. 


COROLLARY. If a compact continuum is not semr-locally-connected at any 
of its points, then the sei of its weak cut points is dense in it. 


4. Totally non-aposyndetic continua which contain only one weak 
cut point. The example following Theorem 12 shows that continua exist 
(even in the plane) which are totally non-aposyndetic but contain only one 
weak cut point. While this example appears special, it is nevertheless general 
in some of its properties. Two of these properties are pointed out in the 
following two theorems and a third is contained in Theorem 15. 


THEOREM 16. If the nondegenerate continuum M has only one weak 
cut point, the composant of M containing P is -M. 
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Proof. Let x denote a point of M distinct from p, and let y denote a . 
point of M— (p+ x). Since y does not cut z from p in M, M — y contains 
a continuum containing p -+ g. 


THEOREM 17. If the compact continuum M is totally non-aposyndetic 
but has only one weak cut point p, then M is non-aposyndetic at each point 
of M—p with respect to p. 


Proof. Suppose, on the contrary, that M is aposyndetic at a point æ of 
M — p with respect to p. Then M contains a continuum H and an open 
subset U such that M—pOHOUO«, Evidently M is aposyndetic at 
every point of U with respect to p. It follows from Theorem 11 that some 
point y of M —p cuts p from a point of U. This is a contradiction. 


COROLLARY. If the compact continuum M is totally non-aposyndetic but 
has only one weak cut point p, then M is not semi-locally-connected at p. 


Example 2. Let p be a point in a Euclidean 3-space. Let G be a 
collection of circles all of equal radii and perpendicular to the same plane E 
such that (1) the intersection of any two elements of G is p, (2) E contains 
p, and (3) E-G*—p is a Cantor discontinuum (G* is the sum of the 
elements of G). Now let M = G*. The continuum M is compact and has p 
as its only cut point. Furthermore M fails to be semi-locally-connected only 
at the point p. But M is aposyndetic at no point except p. In Example 1 
(where M is non-aposyndetic at every point) M fails to be semi-locally-con- 
nected at some point other than its one cut point p. However, the reader 
will notice considerable similarity between Examples 1 and 2. The author 
feels that this similarity is not accidental but is a consequence of some general 
decomposition theorem which is as yet not known. 


5. Continua containing no weak cut point. Two fundamental theorems 
concerning the existence of points in a continuum at which a continuum is 
aposyndetic or at which a continuum is semi-locally-connected follow almost 
at once from the preceding theorems. These will be stated with only a 
reference to the theorems helpful in their proof. 


THEOREM 18. If a compact continuum M contains no weak cut point, 
then the set of points at which M is both aposyndetic and semi-locally- 
connected (simultaneously) is a dense inner-limiting set (i.e, a Ge-set).® 


5 Theorem 18 is a sort of converse to Theorem 6.21 of Whyburn’s “ Semi-iocally- 
connected sets,” loc. cit. In connection with his paper, “Some characterizations of 
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Theorem 18 may be proved with the help of Theorems 4, 5, 12, and 15. 


THEOREM 19. If the open subset U of the compact sonini M con- 
tains no weak cut point of M, then U contains a point at which M is semi- 
locally-connected. 


Theorem 19 follows from Theorem 15. 


Of course, a continuum which contains no weak cut point need not 
be aposyndetic although from a certain point of view it is nearly so. 


Example 38. Let M be a continuum in the Euclidean number plane 
consisting of: (1) a rectangle Æ whose corners are (0,0), (1,0), (1,1) and 
(0,1), (2) those vertical intervals joining a point of the Cantor discontinuum 


(0,1) (1,1) 


(0,9) (1,0) 
Figure 2. 


in the base of Æ to a point on the opposite side, and (3) infinitely many 
S-curves joining the base of R to the opposite side as indicated in Figure 2. 
The continuum M is both aposyndetic and semi-locally-connected at each 
point of an S-curve and at each point of the top and bottom of R not in its 
. Cantor set but nowhere else. Obviously, M contains no weak cut point. 


THE UNIVERSITY or TEXAS. 


simple closed curves,” American Journal of Mathematics, vol. 70 (1948), pp. 497-506, 
R. H. Bing raised with me the question: Does a compact continuum containing no weak 
cut point have to contain a point at which it is aposyndetic? Theorem 18 answers this 
question in the affirmative. 
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THE CONFIGURATION OF SCHUR QUADRICS AND THE PARA. 
BOLIC CURVE OF THE TRINODAL CUBIC SURFACE.* 


| By S. BISHARA and A. Y. AMIN. 


1, Introduction. It is a known property of the general cubic surface 
that corresponding to every configuration of 12 lines of the surface forming 
a double-six as e. g., 

A; AelzhslsXhe 
bibobsb4d5d¢ 


there exists a unique quadric called the “Schur quadric” of the double-six 
with respect to which corresponding lines of the double-six are polar recip- 
rocals, i.e., it reciprocates a: into bı, a2 into be, etc. This quadric passes 
through the 24 parabolic points of the 12 lines of the double-six and it 
reciprocates the cubic surface containing these 12 lines into the cubic envelope 
containing the same lines. A Schur quadric depends for its determination 
only on three pairs of corresponding lines. In fact there exists a unique 
quadric which reciprocates a skew hexagon into itself i.e., reciprocates every | 
edge into the opposite edge. 

Since the general cubic surface contains 36 double-sixes it follows that 
there are 86 Schur quadrics for the general cubic. These quadrics play an 
important réle in the theory of the cubic surface. They group themselves: 


J. Either into triads corresponding to three associated double-sixes as 
for example those indicated by: 


ob 2641€34C35C36 101032034035036 10 1C23C24C25C28 


0303621 CosCog Cae 303C12C14C15C1¢ Gob oC13C14C15Ci¢ 


in which every line occurs in two of them and these quadrics have the- 
following properties: * 


(i) They satisfy the invariant relation ©@’ = 4AA’ for any pair. 


(ii) The three quadrics are inscribed in a common developable, i. e., 
their tangential equations are linearly connected. 


* Received May 12, 1947. . 

1 A. L. Dixon, Journal of the London Mathematical Society, vol. 1 (1926), pp. 170- 
175 and Proceedings of the London Mathematical Society (2), vol. 26 (1926), pp. 351- 
362 . 
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(iii) The Hessian can be expressed in the form: 
H — yr F S285 ao S58, +. SiS 


= where S,, S2, S; are the three Schur quadrics, H is the Hessian, y the cubic 
surface and ~ the polar plane with respect to the cubic surface of F123,” the 
` ‘point through which pass all planes cutting the cubic surface in cubic curves 
‘which are met by a, a2, a3 in three points forming an apolar triad on the 
plane cubic of section. 


II. Or in pairs corresponding to double-sixes of the type: `- 


Aj Ael3hsdshe 010 1C23Co4CosCog 


b10203040506 A202C13C14C15C16 


in which two lines of the upper row (or lower row) of the first are corre- 
sponding lines of the second and these have the characteristic property that 
they satisfy the invariant relations © = 0, © = 0. 

s One of the main objects of the present paper is to investigate the con- 
. figuration of Schur quadrics for the trinodal cubic surface, their mutual 
relationships and their characteristic properties. 


2. The Schur quadrics of the trinodal cubic surface. Let the three 
nodes of the trinodal cubic surface be taken for vertices A, B, C of the tetra- 
hedron of reference and let the fourth vertex D be the point in which the 
three stationary tangent planes along BC, CA, AB intersect. , The equation 
of the trinodal cubic surface can then be put in the form: 


y = di? + 3d,t?a + 38dot?y + 3d3t7z + bsryz = 0. 


The 27 lines of the general surface reduce for the trinodal cubic into 12 
owing to the following coincidences: 


Oy E= Qa; Og == Q4; Qs = Qe; b= ba; ba== b4; b5=— be; 


Cas == Cas == Cge == Cag, Cis EE Cie =E= Cas EE Cog, Cig = Cia ŒE Cog =Œ Coge 


2 W. P. Milne, Proceedings of the London Mathematical Society (2), vol. 21 (1921), 
p. 134. l 

3? S. Bishara, Journal of the London Mathematical Society, vol. 6, Part I (1931), 
p. 12. 
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The equations of the 12 distinct lines of the surface are as follows: 











Line ; Equations 
Cas == Cas == Cag == Cao g == 0, t= 0: 
Cis = Cig == Cos == Cas y==0, t=0 
Cis == Cra == Cog == Cog z== 0, t=—0 
C32 z= 0, dt+ 83d:y + 3dgz = 0 
C34 y = 0, di- 3ds + B3dzz = 0 
C56 z=0, dt + 3ds -+ 3dey = 0 
dı = lg di + 3day + 3d;z = 0, t= 3d;kız 
b, = be | dt + 3doy + 8d3z==0, t= 3dgkoz 
ds = l4 dt + 3ds + 3dsz == 0, t= 3dıkız 
bs = b4 dt + 3dız + 3d;z = 0, t == 3d koz 
ds = ds di + 3ds + 3dey=0, t = 3d.kiy 
bs = be dt + 3ds + 3day = 0, t= 3dakoy 


where k, and kə are the roots of the quadratic: 
9d,d.d,k7 — 2dsk — 25 == 0 


ley = {ds + (2s? + 18sdydedz)¥*} /9dideds 
and 


kə = {ds — (d°s + 18sd,dads)#} /9d,dads. 


The 36 double-sixes of the general cubic surface reduce for the trinodal 
cubic into 14 distinct double-sixes owing to the coincidences of the lines 
referred to. The equations of the Schur quadrics for these double-sixes are 
as follows: a 


The standard double-six: 
Oy holshshslle 
bi bebsbsdsbe . 
Its Schur quadric is: 
G = (d’s — 9d,dod,)t? + 68(Bdedsyz + 3dzdizx + 3d,d.vy + dd,xt 
_ + ddayt + ddzt) = 0. 
The group of 15 double-sixes obtained by taking any two lines of the upper 
row (or lower row) of the standard double-six for corresponding lines: 
The double-six : 
ib 1Co3Co4CasCoe 
ob 2613614Ci5Cic- 
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Its Schur quadric is the nodal cone at A namely: 
d,t? + SY == 0), 


The double-six (@3,a,) has for its Schur quadric the nodal cone at B 
namely 
dat? ao 2SZE = Í. 


The double-six (&s,&s) has for its Schur quadrie the nodal cone at C 
namely 


dt? + Xsxy = 0. 
The double-six (a, @s) has for its Schur quadric the plane pair: 
t(dt + 6d,2) = 0. 
The last double-six represents in fact 4 coincident double-sixes defined by: 
(dh, a) ; (1, As) ; (ao, a3); (G2, G4). 
Similarly the double-six (as, a5) has for its Schur quadric the plane pair: 
t(dt + 6d,z) = 0 
| and it represents 4 coincident double-sixes defined by: 
(ass as); (as, ae); (aaas); (da, ae). 
Finally the double-six (a1, &s) has for its Schur quadric the plane pair: 
t(dt + dzy) = 0 
and it amounts to four coincident double-sixes namely: 


(ars as); (Onas); (@2,d5); (Ge, as). 


The group of 20. 


The Schur quadric for the double-six (a, ces) or (@ı, C24) is a cone with 
vertex B containing the lines BC, BA given by: 


dt? — 18d,d,k,22 ote Gd zt -f= Gdazt = (), 


and the Schur quadric for the double-six (b1, C23) or (01, C24) is a cone with 
vertex B, also containing the lines BC, BA given by: 


dt? — 18d,d3kozu + dist + 6dazt = 0. 
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Similarly for the other two pairs of Schur cones whose vertices are at 
A-and C. 


Finally the double-six (a1, Css) has for its Schur quadric the plane of 
the nodes taken twice over i.e. £? = 0. This double-six amounts to 8 coinci- 
dent double-sixes namely: 


(a1, C35); (Qas Cse); (G1, Cas); (Gay Cae) 5 


(51, Css) 5 (61, C36); (bis Cas); (bis C46). 
The following results are obtained: 


I. The genuine Schur quadric G of the standard double-six (a, bı) 
can be expressed in the alternative form: 


9(d,2sa% + de?sy? + dq?s2? + didedgt?) — s (3d, + Bday + 3daz + dt)? = 0 


i.e. as the sum of five squares showing that the five faces of the Steiner- 
trihedral pair consisting of: 


(i) the three stationary tangent planes of the cubic surface, 


(ii) the plane of the nodes together with the tritangent plane containing 


Ciz, C34, Coe 
form a self-conjugate pentahedron for the quadric Schur surface. 


JJ. It is known that if two lines 7, and lə intersecting at O are polar 
lines with respect to a given quadric S then S passes through O touching 
the plane of l and l, the generators of S through O being harmonic con- 
jugates with respect to l and ls. 

Again if the vertex of a cone lies on a given quadric then if the cone 
regarded as a locus is apolar to the quadric regarded as an envelope, the 
two generators of the quadric at the common point harmonically separate 
the two generators of the cone lying in the tangent plane to the quadric 
at the common point. 


For let the quadric be: 


(1) Zt = yz; 
its tangential equation is: 
(2) lp = mn. 


Let the cone be: 


(3) az? + by’ + cz? +- 2fyz + 2gex + 2hay = 0 
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whose vertex is D. (2) and (3) are apolar if 
(4) ~ = 

Hence DB, DC are conjugate lines with respect to the two generators 
of the cone in the plane CDB. 

From the above results it follows that the two generators of G at the 
node A harmonically separate a, and b, which are the lines of intersection 
of the nodal cone at A with the tangent plane to G at A. Hence the nodal cone 


at A as a locus is apolar to G as an envelope. Also the nodal cone at A as an 
envelope is apolar to G as a locus since @ passes through A. 


Hence 
® = 0, @' = 0. 


This is in conformity with the result mentioned in 1 


= III. The two Schur cones of the double-sixes (di, C23) and (bi, C23) 
namely: 
di? — 18d,d,k,22 + dist + 6dzt = 0 
and 
dt? — 18didzkzze + 6d xt 4- 6d32t = 


have in common the four generators: 


z= 0, t=—0; z= 0, t—0; z= 0, dit 6d32—0; 
z= 0, dt- dz =Q. i 


But the Schur quadric of the double-six (as, @s) is the J pair 
t(dt +- 6dıx) = 0 and that of (ar, as) is t(dt + 6d3z) = 0. 

Hence the two Schur cones at B ‘(other than the nodal cone at B) 
intersect in four straight lines namely the lines of intersection of: 


(i) the Schur plane pair whose edge is AB with the plane DBC. 
(ii) the Schur plane pair whose edge is BC with the plane DAB. 


IV. The Schur quadric of the double-six (a:;a3) is the plane pair 

t(dt -+ 6dz} =0. The two planes == 0, dt- 6d,z—0 harmonically 
separate, the two planes a,b; and abı. But from the apolarity of this Schur 
quadric with the quadric G, it follows that the two Schur planes through _ 
AB harmonically separate the two tangent planes drawn from AB to the 
quadric G. Hence the two Schur planes through AB are the two planes 
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which harmonically separate the pair of planes a,b; and asb, and the pair 
of tangent planes from AB to the quadric G. 


3. The locus of parabolic curves of a pencil of trinodal cubic surfaces. 
The locus of parabolic curves of a pencil of cubic surfaces of general character 
through the nine lines of intersection of a pair of conjugate Steinerian 
trihedra is a desmic quartic surface * possessing 12 nodes. These nodes fall 
in three sets of tetrads of points which are quadruply in perspective i. e., 
every straight line joining a node of the first set to a node of the second 
must pass through a node of the third. 

We consider in this connection the locus of parabolic curves of the pencil 
of trinodal cubic surfaces through the nine lines: 


Cio Ci4 C16 
€32 C34 C36 
C52 C54 C56 


The pencil of trinodal cubic surfaces through these nine lines is given by 
y = dt + ad,Vax + 3dot°y + 3dgt*2 + 6sayz = 0. 


The various members of the pencil are obtained by assigning arbitrary 
values to the parameter s. The Hessians of the various members are given by 


H = P (d£ + dy? + daz? — 2dedsyz — 2dsd,2a — 2d, deoxy) 
+ 2sxyz(dix + doy + daz + dt) = 0. 


The locus of parabolic curves of the pencil is obtained by eliminating s 
between H and y. This is a quartic surface T given by: i 


T == (at? + 12dedsyz -}- 12d3d,22 + 12d,docy + 4dd,at i 
+ 4ddoyt + 4ddzt) = 0 
consisting of the plane of the nodes taken twice over and the quadric P where: 
P = dt? + 12dedgyz + 12dadize + 12didazy + 4ddizt 
+ Addoyt + 4ddzt = 0. 
The quartic T can‘also be expressed in one of the following forms: 
(i) Ts=t(dt + 6d:y)`i(dt + 6d,z) + t(dt + 6dsz) - t(dt + 6dis) 
+ ¿(di + 6diz) -t(dt + 6day) = 0 


48, Bishara, Proceedings of the London Mathematical Society, Ser. 2, vol. 35 
(1933), p. 241. 
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i.e., it is expressible in terms of the Schur quadrics of the double-sixes 
defined by: 


(G1, aa); (as, as) 5 (as, @1). 
i) 2 T= (at + G) =0 
i.e., it is also expressible in terms of the Schur quadrics of the double-sixes 
(a, b1); (ba C35); (ai, Css). From this we obtain the following results: 


I. The quadric P is a cone whose vertex L is the point of intersection 
of the three planes: dt 4- 6ds = 0, dt -+ 6d.y = 0, dt + 6d,z2 = 0 
1. @. 
L= (1/d1, 1/d2, 1/ds, — 6/d). 


Ii. The quadrie cone P has ring contact with the quadric G, the plane 
of contact being the plane of nodes t = 0. 


III. The polar plane of the vertex L of the cone P with respect to the 
trinodal cubic surface is the plane diz + dəy + dz = 0, i.e. the plane 
joining D to the line of intersection of the plane of Cie, C34, Cse with the 
plane ABC. 


IV. The plane joining the node A to the line cz i.e. (A, c2) is 
3doy + 3d;z +- dt = 0 which goes through L. Similarly the planes: 
(B, C34) = 8d3z + 3ds + dt=0 and (C, cse) = 3d, + 3d.y + dt —0 
go through L. Hence L is the point of intersection of the three planes: _ 
(Arca); (Bca); (0, cso). | 


V. The harmonic conjugates of the plane ABC with respect to the 
pairs of planes (da, bs), (ds, 01); (@s, 0s), (as, bs); (ar, bs), (as, b1) all pass 
through L i.e. the Schur quadrics of the double-sixes (a1, da), (as, as), (as, Q1) 
all pass through L. 


VI. The vertex L of the cone P possesses also the following charac- 
teristic property: 


Of the pencil of trinodal cubic surfaces through the nine lines: 
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there is only one member having a fourth node (i.e. a quadri-nodal cubie 
surface). The fourth node is the vertex L of the cone P. The nodal cone 
of the quadri-nodal cubic member at the oe node (other than A, B, C) 
is the cone P. 


We conclude with the following results: 


I. The twelve lines of the trinodal cubic surface are bitangents to 
T= ¿P —0. Three of the lines lie in the plane of the nodes. The nine 
remaining lines are tangents to P. P goes through A, B, C. The tangent 
plane at A to P is the plane (ab.). The tangent plane at B is the plane 
(a3b.). The tangent plane at C is the plane (a5b,). The vertex L is there- 
fore the point in which the planes (a1b2), (aba), (asc) intersect. These 
three planes are however identical with the planes (A, c12), (B, c34), (C, Cse) 
since C12 les in the plane (a,b2) etc. 

The lines c12, C34, Cse are tangents to the cone P. Its point of ‘contact 
with Cie is the point (0,1/d2,1/d3,—-6/d) which lies on AL. 


II. ‘The quartic surface T can be expressed in the form: 


The plane dıs + doy + dsz-+dt—0 is identified as the polar plane 
with respect to the cubic surface of the point D in which the three stationary 
tangent planes along BC, CA, AB intersect. D is the point Fiss i.e., the 
point through which pass all planes cutting the cubic surface in cubic curves 
which are’ met by a, @s, d@ in three points forming an apolar triad on the 
plane cubic of section. The polar plane of the point F (æi, 61, ¢35) with 
respect to the trinodal cubic surface is the same as the polar plane of the 
point F (ai, as, Ms). 


FAROUK I UNIVERSITY, 
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ON THE IRREDUCIBILITY OF POLYNOMIALS WITH LARGE 
THIRD COEFFICIENT.* 


By ALFRED BRAUER. 


Introduction. Perron* was the first who obtained criteria for the irre- 
-ducibility of polynomials depending on the comparative size of the coefficients. 
In particular, he proved that a polynomial 


(1) f(a) =o" Laem H an (an 0) 


with integral rational coefficients is irreducible in the field of rational numbers 
P if 
| ay | >1+ | de 





+ lan|. 


It follows from a theorem of Berwald ? that the weaker condition 


tar] > |ia] + fas} te ++ | ae | 


is sufficient for irreducibility in P. This was noticed by Lipka.* Nagell*+ 
proved that (1) is irreducible in P if 


| an-ı | > Eer | On-20n | + | An-sin” | +: agate | Artn”? | + |an]. 


In the following, we consider polynomials with large third, coefficient. 
Perron * obtained the following results for such polynomials. 


Tarore I. Set A =|m|+|a| +’: +lanr| and 
= | @/i Vaa + @/ (iV a2)? ++ > + an/ (iV a)" |. 


* Received July 17, 1947. 

10. Perron, “Neue Kriterien für die Irreduzibilität algebraischer Gleichungen,” 
Journal für die reine und angewandte Mathematik, vol. 132 (1907), pp. 288-307. Ci. O. 
Perron, Algebra, vol. II, 2nd ed. Berlin, 1933, pp. 34-35. 

2L, Berwald, “ Uber einige mit dem Satz von Kakeya verwandte Sataa Mathe- 
matische Zeitschrift, vol. 37 (1933), pp. 61-76. 

3 St. Lipka, “Tébbtagiak Irreducibilitasurol,” Mathematischer und Naturwissen- 
schaftlicher Anzeiger der Ungarischen Akademie der Wissenschaften, vol. 54 (1936), 
pp. 349-357. 

4 T. Nagell, “ Über einige Irreduzibilitaétskriterien,” Det Kongelige Norske Videns- 
kabers Selskab Forhandlinger, vol. 5 (1931), pp. 121-125. 

5 Loc. cit., 3 i 


423 


424. ALFRED BRAUER. 


If as > 0 and if at least one of the following conditions 
Va (1— PHO) Z $+ 4(24—1)}, 
Va2(l1—P¥r0) Z1 + {3 (4 +1) — | a | } 

is satisfied, then the polynomial (1) is irreducible in P. 

Turorem II. Assume that 4a: — a? > 0. Set 
| b == — a /2 + 1 (402 — a7) /2 
and’ 
Q = | a/b + aabt + e + > Gn/b™ |. 


If 
(4a: — ay”) /m* > Qin (l= Qn) 


and if at least one of the inequalities 
Vaæ(1— Q") >} +4(24— 1}, 
Val — 0) >14+ (441) — |a|} 
is satisfied, then the polynomial (1) is irreducible in P. 


THEOREM III. Set s=[a,|-+|as[+---+|an|. The polynomial 
(1) is irreducible in P if as Z £08? or if as = (7/2)" for nZ 5. 


Perron’s results were improved by Lipka ê in two papers. 
THEOREM IV. The polynomial (1) is irreducible in P if a2 > min {9s"/2, 
2(1-+s) *}- 


THEOREM V. The polynomial (1) is irreducible in P if a = 0 and 
alg > 3s. 
In the following, these results will be improved furthermore. 


THEOREM 1. Let 
(2) f(x) == p” -+ ayer + 5 a -+ An (an oe 0) 


be a polynomial with integral coefficients. Let m be the minimum of the 
partial sums of the serves 


(3) 0+ asap: + an 


° St. Lipka, “ Uber die Irreduzibilitit von Polynomen,” Mathematische Annalen, vol. 
118 (1941-1943), pp. 235-245 and loc. cit.', 
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and m* the minimum of the partial sums of 


(4) E een 

Set 

(5) t—|1+a.|+|a,+43|+ |as|+|as[+- + *+ fan]. 
If . 


(6) 





) ~ fora =), 


a > max (t, a,7/4 + | m* 
) for a,=0, 


do > max (t,a,2/4 + |m 





then f(x) is irreducible in P. 


It is obvious that this result is sharper than Theorem III and IV since 
| m|Ss—|a,| and | m*|Ss—|a,|. For instance, let us consider the 
polynomials 

3 f(z) = 2° — 4rt + Kr? + 4r? — 22 —2 


with positive K. Theorem III is applicable if K > 3,242,700 and Theorem IV 
if K > 338. It is often tedious to see whether Theorem I and II can be 
used. Here they are certainly not applicable if K < 100,000 and K < 100, 
respectively. | ) 

It follows from Theorem 1 that f(z) is irreducible if K = 5 since t = 38 
and m = 0. From the sharper Theorem la (see 3) we obtain irreducibility 
for K = 4, and f(a) is reducible for K = 3 since z = 1 is one of the zeros. 
Therefore our results are the best possible for this special case. 

A much more general case in which Theorem 1 gives the best possible 
result are the polynomials 


f(a) = £” — aga" + ae? — agt"? — Qt" t- - -— an 
where all the a are non-negative, a, > 0, and 
ay” S4(a, +43 + | aa — 1| + a5 +--+ ++ an). 


‘Here we have m = 0, t= 4a,?, and s =t + 1. From Theorems III and IV 
we obtain irreducibility if eS a 


a, = (7/2)*?(t 4 1)? for n= ð and a, 2 2(t+ 2)? 


respectively. These bounds for az are very large if ¢ is large. It follows from 
Theorem 1 that f(z) is already irreducible if az œ> t since t = max (t, ta,” 
+ |m | ), and for az = t the polynomial is reducible because «= 1 is a zero. 


‘Theorem V will be improved as follows. 
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THEOREM 2. The polynomial (2) is irreducible in P if a, = 0 and a: > t. 


Similar results hold if the coefficient an is large. 


1. A lemma. 


LEMMA. Let ` 


g(a) = co + oat > + + + or 


be a polynomial with integral rational coeficients. Let m be the smallest 
partial sum of the series 


(7) is eee ans eG, 
where c1—=0. Then we have for «>1 
g(s) Z ma, 
Proof. It follows from (7) that 
(8) m = 0. 


Since the coefficients cx are rational integers, we may write each positive 
term cxv* as the sum of cx terms z“ and each negative term ces“ as the sum 
of | cx | terms — z“. Assume that r is the greatest integer such that 


(9) tatlar iat al oe 


We consider the terms + z*? with 0S p&r. For r= — 1 such terms 
do not exist. Since m was the minimum of the partial sums of (7), it 
follows from (8) and (9) that to each positive term v** with O=a<r 
we may assign a negative term —2*8 witha < 8 & r. Then 


(10) ga — gP > 0) for s >1 


and the sum 8 of all these pairs of corresponding terms is certainly not 
negative. By (8) and (9), we have exactly | m | such negative terms more 
than positive terms. Therefore exactly |m | negative terms do not belong 
to one of the pairs (10). Hence by (8) 


(11) > cpt? = S — | m | ak = ma". 
p=0 
This proves the Lemma if r = k. 


Assume now that r < k. We consider the terms = 2*? with r < pk. 


IRREDUCIBILITY OF POLYNOMIALS WITH LARGE THIRD COEFFICIENT. 427 
It follows. from (9) that to each negative term — z% with r < è S k we mav 
assign a positive z*-7 with r<y<8. Hence 


(12) Se gY —gk§ > 0 for a > 1 
and the sum extended over all the pairs (12) is positive. Hence 


(13) | $ coat? > 0 fors >1 and r < k. 


p=r+1 
Adding (11) and (13) we obtain our Lemma for r < k. 


COROLLARY. If g(x) does not vanish identically, then 
g(z) >m for x >i. 


. Proof. The statement follows from (11) and (18) if r<k.° Assume 
now that r = k. If at least one of the cp > 0 where p =7, then S > 0. Other- 
wise m'<0, hence for v > 1, S—|m|a* > mk, and the proof follows 
from (11). 


2. Proof of Theorem 1. We shall use the following theorem of Berwald.* 
Let 
F(z) = log” t. Cyan) -|- we + Cn 
be a polynomial with sy coefficients, p an integer such that OS =7s My: and 
l = max (p,n — p). 
a 
| Cn-p| > 2 | Cn-psd F Cn—p-d | 

where co = 0 foro < 0 and o > n, then F(s) has exactly p zeros inside the 
unit circle and no root on its contour. 


Proof of Theorem 1. Since by (5) and (6) 
bolata ia a (alg 


it follows from the theorem of Berwald for p =n —? that f(z) has exactly 
n— 2 roots inside the unit circle and the two remaining roots x, and gs lie 
in the exterior. 

If f(x) is reducible in P, then z, and z must be real numbers. Other- 





T Loc. cit.?. , 


428 ` ALFRED BRAUER. 


wise they must be conjugate complex numbers and therefore roots of the 
same factor of f(z). AIl the roots of the other factor lie in the interior of 
the unit circle and are different from 0 since &n £0. Hence their product 
cannot be a rational integer. 


Therefore we only have to prove that sı and % are complex numbers. 
It follows from (5) that 


(15) ¢2la,]—1+]as|—]a.|+]as|+|ac|+:--+]an|: 


By (3), either m = 0, or there exists an integer v & n such that 


m=; + a4 +: $ -+ dy, 


hence - | 

(16) |m|S |a| +l alt: +H] o| S]a] tla] + lan]. 
It follows from (6), (15), and (16) that 

(17) 1+ |a|+a—|m|>1+]a)+t—|m|!/=0. 


In exactly the same way we obtain 


(18) 1+ | a | + a2—|m*|>1+ ja] +t—|m*| 20. 
We set 
g(x) = aga" + ager? +--+ + + an, 
(13) j h(x) = — at"? + aas" — + : ++ (— 1)"an. 


It follows from the Lemma, by (3) and (4), that for z > 1 





cen) asa? + g(s) E asa” + mat = (as — |m | Jar’, 
a axe”? + h(x) Z ase? + m*en = (as — | m* | jar, 
(22) aan? — h(s) S (— a: + | m* | Jar. 


_ We want to prove now that f(x) has no positive root é> 1. We have to 
distinguish between two cases. l 


1) a, = 0. 
By (2), (19), and (20) we have 


ie ee a te 
= & + | a, | gr (a,—|m|)é? > (1+ la; | +a — | m |)e2, 
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hence by (17) 
f(é) > 0 for €> 1. 


2) ay < 0. 
Here it follows from (2), (19), and (20) that 


(24) ) f(é) cae gn ~t- qé”! -}- dgé”? of g(é) = én + qé”! a (üs | ii | ) gna 
= én (2 A ark ae lp — | m 1). 


The discriminant a,7— 4(a2—|m |) of the quadratic polynomial in paren- 
theses is negative by (6). Hence the quadratic polynomial is positive definite 
and f(é) is positive for é > 1. 


Therefore in both cases f(x) cannot have a positive root é> 1. 


Now we assume that €<—1. We set 6=-—-y. Here we have to dis- 
tinguish between 4 cases, 


1) mn is even and a, = 0. 


We have by (19) and (21) fory>1 


(25) f (85) ig f(— 7) == 9" — Aa F day? + h(n) 


È q” — a + (aa — | m* |) = g (9? — ary + a2 — | m* |): 


since the quadratic polynomial in parentheses is positive definite by (6). 
Hence f(E) is positive for é<—1. 


2) mis odd and a, = 0. 
It follows from (19) and (22) that 
: (26) j MESE e -+ an — an? — h(n ) 
Sy yy” + (— ae + | m* |) gt? = 
— 9? (4? — ain + a2 —| m* |) <0 


Since the quadratic polynomial in parentheses is again positive definite. In 
“this case f(é) is negative for é < — 1. 


3) n is even and a < 0. 
We have by (25) 


F(E) = f(— n) Z n” — ay" + (a — | mt lyr. 
14 
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Since a, < 0, it follows that 


(20) FE) Ene | aa | (a—| m* |) 


> (1 F | ay | + deg — | m* Deane 
hence by (18) | 
f(E) > 0 for é< — 1. 


4) n is odd and a, <0. 
Here we have by (26) 


FE) = f(a) S— a" + a — (a2 — | m* |)ar 
(28) = — 9 — | as | a + (aa — | m” |) 


< (1 + | aa | + ar — | m*]) 
and by (18) 
F(E) < 0 for £ < — 1. 


Therefore f(é) 40 for é < —- 1 in each case. This proves our theorem. 


3. Corollaries. If instead of (6) we only assume that 
do == t Z a,7/4 -4+ m* for a, = 0, 


then Berwald’s theorem does not hold anymore. The polynomial f(x) may 
have roots on the boundary of the unit circle and may be reducible in P. 
Examples of such polynomials were given already in the introduction. 


If instead of (6) we assume that 


as = 0,2/4-+ | m* | for a. 20 
or 
y= a4°/4+| m | for a & 0, 


then again f(a) may become reducible in P. This can be seen by the examples 
g? -+ 2bs + b? with |b] > 2. 
Here we have m = m* = 0 and = 1 + | 2b | < b? = q,?/4, hence 
ü: = b? = max (1+ | 2b | , b?) = max (t, a1°/4). 
But the polynomial is irreducible in P if n > 2. We have 


THEOREM la. If the polynomial (2) satisfies the condition 
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Oe = a:7/4 + | m* | >E for a, 20 
or 
' Oy Z a? 44| m! >t for a S0 


where t, m, and m* are defined by (8), (4), and (5), and if n> 2, then 
f(x) is irreducible in P. ; 


Proof. It is easy to see that the inequalities (23), (27), and (28) 
remain correct here. Therefore in these cases 


(29) f(6) 0 for é > 1 and for é < — 1. 


The discriminants of the quadratic polynomials of (24), (25), and (26) vanish | 
now. But since n > 2, the polynomials g(x) and A(s) are not identically 
zero, and. we obtain 


ase”? + g(s) > aga"? + mar? = (a, — | m |)2*?, 
ago? +. h(x) > ager? + m*o? = (a, — | m* |)? 


instead of (20) and (21) by the Corollary of the Lemma; therefore 


FE > EPE +H aé+a.—|m|) 20, . 
F(E) > g(a — ain + a2 — | m* |) 2&0, 
F << — 9"? (n — aay + & —| m* |) S0 


instead of (24), (25), and (26), respectively. Hence (29) remains correct. 


We are now able to prove Theorem 2. 


-Proof. For n==2, the theorem is trivial since a polynomial of form 
T”? -+ ad, with a, > 0 is irreducible in P. Let us assume now that > 2. 
It follows from Theorems 1 and la that f(x) is irreducible if as >t and 
oZ |m]. 


On the other hand, we have by (17) 


(30) |m|Si+¢ 
and by assumption 

(31) Ao > t, 
hence by (30) 

(32) m%214+t=|m| 


since @, and ¢ are integers. Now Theorem 2 follows by (81) and (82). 
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THEOREM 3. Let 


(33) f(z) = aox” ayer H o o H ant? + Anat + an (aoln Æ 0) 


be a polynomial with integral rational coefficients. Denote the minima of 
the partial sums of | 


O-H- Onan” -F an-an" F> + an? + doln”? 
and i 
0 ee On-3ln™ + On-4Gn* aak + ~ se + (— 1)" gaa” + (— 1) "aan"? 


by p and p*, respectively. Set 


PeR | 1 + Gn-4Qn? | +. | On-1 +. dn-s8n? | a, > | a ae | 
yz 


If 
An-2ün > MAX (T, An-1°/4 + | u* |) for an-1 > 0, 


‘ An-olln > MAX (T, Ona?/4-+ ||) for ani <0, 


then f(x) is irreducible in P. 
Proof. We set 
F(x) = of (£7) = ant" + anat" t+: - ++ aye + to 


y =e nT, 
and 


G (Y) = Gn” BF (£) = y" + any”? + an-o0ny? A> > Fe aaan? Y + aoan. 


It follows from Theorem 1 that G (y) is irreducible in P. Hence F(x) and 
f(s) are also irreducible in P. | 
In the same way we obtain from Theorem 2 


THEOREM 4. The polynomial (33) is irreducible in P if an-ı = 0 and 
An-2n > T. 
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ELASTICITY BEYOND THE ELASTIC LIMIT.* 
By M. REINER. _ 


1. Theories of elasticity have so far presupposed the existence of what 
Love (Art. 76) called a “state of ease” of “perfect elasticity” in which 
“a body can be strained without taking any set”; that state ranging between 
an “initial,” “unstressed ” and “unstrained ” state (Art. 64) on one hand 
and the “vlaslic limit’ on the other. Recent technological progress has 
gradually reduced, absolutely and, still more, relatively, the field in which 
this assumption holds good. Not only has increased accuracy of measure- 
ments of permanent sets lowered the elastic limit until in many cases as, for 
instance, annealed copper, it has nearly disappeared. More important, in 
materials which do show a definite elastic limit as, for instance, mild steel, 
deformations in most practical applications go beyond that limit. In addi- 
tion, one has to consider elastic materials such as bitumen or cement-stone 
showing creep: their elastic potential gradually disappears through relaxation. 
Finally, there are such materials as rubber which can be caused to undergo 
very large deformations, a certain part of which will always be non-recoverable. 
It therefore becomes necessary to consider elasticity beyond the elastic limit: 
If we define elasticity with Love as “the property of recovery of an original 
size and shape,” there would in all these cases be no question of elasticity 
because the original size and shape is not recovered. However, some of the 
deformation is always recovered: but which part of it is recoverable, becomes 
apparent only when all external forces, gravity included, have been removed. 
We may denote as the ground-position that position of the body which is then 
reached. To every deformation there corresponds a ground-position of its 
own, which generally will not be the initial position from which the deforma- 
tion started. Let us denote by deformation a change of size and of shape in 
general, whether recoverable or not, and by strain that part of it which is 
recovered when all external forces have been removed. Generally, the strain 
will differ from the deformation not only in magnitude, but also in the 
orientation of the principal axes. 

The ground-position is accordingly an ienaa and unstressed state, 
but it is not an undeformed state. A general theory of elasticity, then, has to 
relate the strain as now defined to (i) the stress ees by it and (ii) the 


* Received October 12, 1947. 
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external forces necessary to equilibrate the stresses in the body in accordance 
with d’Alembert’s principle; while the classical theory of the “state of ease” 
refers to the special case when the strain is identical with the deformation. 
‘The considerations of the present paper are, however, also applicable in the 
latter case. 


2. ‘The classical theory was brought to completion by Murnaghan when 
considering finite strain. He derived the relation between the stress tensor 
rs and the strain tensor ers from a formula connecting the elastic potential ¢ 
with the stress tensor. That formula itself was derived by considering the 
virtual work of the stresses across a closed boundary of a portion of the 
material. This method is inapplicable in our case. If we write the funda- 
mental law of thermodynamics for isothermal processes in the form of the 
Gibbs-Helmholtz equation 
(2.1) Sw — pèp + p3y 


where w is the strainwork per unit volume, ¢ the intrinsic free energy-density 
and y the bound energy-density (compare Weissenberg, 1931), not only will 
y in our general case not vanish, but what is more remarkable, as Taylor and 
Quinney have shown in a metal which is subjected to cold working, part of 
‘the free energy is “latent” and not recoverable mechanically. We therefore 
must apply that other method used in the classical theory for the derivation 
of the stress-strain relation (e.g. by Stokes) which is a generalization of 
Hooke’s law, writing 

(2.2) Ds! = f(s") 


and developing the function f by means of tensor analysis, as was done by 
Reiner in the analogous case of viscosity. The equation will then express 
a law of elasticity if « indicates the strain defined above as the recovered part 
of the deformation and if the relation connecting T.” and es” is unequivocal. 
From the last condition there follows, that we can also write 


(2. 8) erat (7): 


In the experimental determination of the relation one would have in principle 
to proceed as follows: Subject a material to external forces and let it undergo 
a process of deformation of a certain type,” arrest the deformation and record 


1 We shall use in the present paper wherever possible Murnaghan’s notation. 
2 For “type” compare Love (Art. 73). 
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the magnitude of stress; * mark a sphere of unit radius in the material around 
some selected point; remove all external forces: this will induce relative dis- 
placements in the material changing the sphere into an ellipsoid called the 
reciprocal strain ellipsoid; wait until this movement dies out; measure the 
axes of the ellipsoid: they will provide a measure. of strain; repeat this 
experiment reaching different magnitudes of the same type of deformation 
in a gradually increasing or decreasing order; record the strain, as deter- 
mined, against the stress: provided the relaxation of the stress is negligible, 
the result is an empirical relation for (2.3) depending upon the type of 
deformation.* For instance, in the usual tensile test for metals in the work- 
hardening range, when the volume of an element of the material can be 
assumed as constant and the deformation has axial symmetry, only one axis 
of the ellipsoid need be measured viz., either along or across the test piece 
and the empirical formula relates the axial traction Pez to the axial strain eze. 


3. In the first stage of our investigation we need not fix the measure 
of strain. Denoting the three axes of the above mentioned ellipsoid by J; 
(4 running over 1, 2, 3) or, what is sometimes more convenient, the axes of 
the strain ellipsoid by A; 1/1; “one may use (as Weissenberg (1946) 
pointed out) any function of the elongation ratios (A;) in the direction of the 
main axes choosing the function to suit the particular field of investigation.” 
One would, naturally, require that all these functions are reduced for infini- 
tesimal strain to the Cauchy measure A4;—-1. This is the case with the 
Kirchoff-measure which is based upon $[(A:)?—1] and the Murnaghan- 
measure based upon $[1— (l:)*]; it is also so with the measure In (A;) 
==—JIn(l;) originally proposed by Roentgen for rubber and, since syste- 
matically introduced by Hencky, now widely in use. We may also mention 
the measure (à: — l) proposed by Wall. All these measures comply also 
with a second requirement, viz. that the strain vanishes for à; = 1 = l. 
It is clear that a linear stress-strain relation in one measure will be non-linear 
in every other and the desire for linearity is often one of the motives behind 
_ the introduction of one or the other of the measures mentioned, our enum- 
eration being far from complete. 


4. Starting from (2.2) or (2.3), we follow the reasoning applied by 
Reiner, as has already been mentioned, in the analogous case of viscous 


3 Tt is necessary first to arrest the deformation as, generally, part of the stress will 
be due to viscous resistance, depending upon the velocity of deformation. 

4“ If... the stress-strain relations can be found experimentally, the strain-energy 
function can be calculated” (Sokolnikoff, p. 89). 
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4 
resistance. We note that on the left side there: stands a mixed tensor of 
rank two. Then in a development of either function f or- f all terms on the 
right side must also be mixed tensors of rank two. The right side can 
therefore consist only of sums of mixed tensors of rank two multiplied by 
scalars and of inner products of such tensors which again are reduced to 
tensors of rank two. The general term of a development: of the function f 
will therefore be of the form eaegtey? - > eò: f (I), where f(T) is a function 
of the three invariants: and we can therefore write 


(4. 1) Ts" =< fods” z% faes” T fota"es® faea”eges® Se 


This would mean an ‘infinite number of such terms. However, in view of 
the Cayley-Hamilton equation of matrix theory, the following relation holds 
good * l i 
(4.2) eq” egtes® = Ss" IIT — es" II + eg? eg 


> 


where I, IJ and III are the first, second and third invariants respectively. 
Therefore 


(4. 3) eq” epey es Y == Òa esl II — eq’ es*lT + egreg*eg®I 
== ô [IH -+ e” (IIT — I: IT) + eaest (I° — IT) 


and similarly with respect to hìgher terms. This enables us to write 


(4. 4) . at = F oda” + Fies" + Foca Est 
and analogously 
(4. 5) Egt = F ods" -+ FTF -f+ Fola Tst 


where the F' are functions of the three invariants Te, Me and III, of the strain-, 
and the ¥ functions of the three invariants Ir, IIp and IlIp of the stress- 
tensor. Prager has recently derived equations built up in a manner similar 
to (4.4) and (4.5), but subject to specializations due to certain simplifying 
assumptions. Our equations are general and express nothing more than that 
both stress and strain are tensors of rank two, the principal axes of which. 
coincide; and that the functions F and & are scalars. We may call a material 
in such a state tsotropic. l 

However, we also require that in the ground-position, when the stress is 
removed, the strain should also vanish, and vice versa. Therefore 


‘These developments are entirely analogous to those of Reiner for the viscous 
liquids, but it was thought desirable to make the present paper self-contained. 


ELASTICITY BEYOND THE ELASTIC LIMIT. 437 
(4. 6) Po = Pole + Foole -+ Foste 
(4. 7) Fo = F ole + F oolIp + F o3lll ye 


where the new F and F are again, in general, functions of all three invariants 
I, II and LI. | | 

The functions F are moduli of elasticity, the functions ¥ coefficients of 
elasticity ; the latter, generally, not the reciprocals of the former. There are 
therefore, generally, five of each kind, each one possessing oo values in 
- accordance with the values which the invariants may have in every particular 
case. In the expressions for F and f as. functions of the invariants, there 
will appear a number of parameters, which are the elastic “ constants ” of the 
material. The F and f may, of course, themselves be constants; in special 
cases some of them may vanish, in other cases they may not be independent; 
and this would reduce their number from five to less. 

The F and F can be given physical interpretations only when a definite 
measure of strain is assumed and we shall examine what consequences the 
adoption of any such measure may have. 


5. Before dealing with the problem in a general way, it will be useful 


to examine the special case of simple shear dealt with by Love in Art. 37. 
This is given kinematically by the equations 


(5. 1) tı = T F sy; Yı = Y; 2 == Z. 


Putting 
(5.2) s = 2 tan q, 
Love calculates 
1—sing . _ 1i+sing, _ 
ee) Sa ee eS oe 


and he proves that the directions of the principal axes of strain are the 
bisectors of the angle .{7/2) +a with the w-axis, and the angle through 
which the principal axes are turned is the angle « The stress caused by the 
strain will have the principal components Ti, Te, Ta which from (4.4) and 
(4.6) are 

(5. 4) Ti = Pol + Poll + Foal I + Pie + Pees’. 


The components of stress with respect to the system 2, y, z will be from Love’s 
equations, Art. 49: 
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Too = 4 (T1 + T) —4 (T, — To) sine 

Tuy = 3 (T1 + T3) -+ 4(Tı— T2) sina 

Tz = T; 

Poy = — 4 (Tı — T) cosa; . Tye = Tre = 0. 


(5. 5) 


Introducing the expressions for the principal stresses from (5.4) into (5.5) 
gives 
Tya = Pol -- Foil a Fogl II + {Pilla -- €g) EEE: (€ — €z) sin a] 
+ Fal (a? -+ E2”) — (€? — €z") sin a |} 
(5. 6) T yy == Pol -+ Foli + Falli -= HF (a -4- Ez ) ~- (€ — €2) sin a] 
=p Fal (e? -+ E2”) + (e? — Ez”) sin al} 
Ts = Bol 4. Poll + Pol ll 
a = — $ [F (e1 — e2) + Fa (e? — €9”) | COS &. 


We now assume definite measures of strain. If J) is a length extended in 
simple elongation by Al to 1, the measure of the extension may relate Al to 
either I, or l, or it may relate an element of elongation dl to the instantaneous 
length 7. These three possibilities correspond to the Kirchhoff-measure. 


(5.7) eg = 3 (A? — 1) 

the Murnaghan-measure 

(5. 8) eM = 4(1—1,?) = 4 (1 — 1/%°) 
and to the logarithmic or Hencky-measure 

(5.9) eH = Indy = — Ink. 


Introducing the expressions A; from (5.3), we find the principal strain- 
components, the strain-invariants and the stress-components in the v, y and z 
directions as entered in the following ‘Table: 
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In infinitesimal strain we may neglect (tana)? and introducing tan a = g 
= $/2 all three measures give the same es = — & = 8/2, Toy = Fı8/2, while 
normal tractions Tes, Tyy and Tez vanish. In this case simple shear is accom- 
panied by a shearing stress only. In finite strain such a‘simple relation is 
not possible, whatever the values of the elastic moduli. We may in the © 
Kirchhoff measure make Foz = 2Fo and Tez vanishes. We may in addition 
make F, = 0 and Ty, will vanish. But there must remain a tension in the 
direction æ which is Tss = 2F, (tan a)? and we cannot put #, = 0 because then 
Tay also would vanish. Alternately, we may put F, = — 2F,/[1 + 4(tan «)?] 
which would make Tes vanish, but leave a pressure Ty = — 2F, (tan «)?/[1 
+ 4(tana)*|. Conditions are similar in other measures. In an isotropic 
material finite simple shear is accompanied by either a tension in the direction 
of the displacement or compression in the direction of its gradient or both. 
Weissenberg (1947) has demonstrated the existence of such stresses in elastic 
liquids in a series of striking experiments. 


6. The present theory is distinguished from the usual theory of elasticity 
of finite strains mainly by the appearance of the modulus Fə. In the usual 
theory, Equation (5.4) would be 


(6.1) T; = Fo + Fig 


which constitutes three equations with two unknowns, viz., the moduli Fe 
and F,. In order that these equations should be consistent, certain relations 
between T; and «; must be satisfied. The matrix of the coefficients is of rank 
two. The augmented matrix 


(6. 2) k= 1 e T's 


must therefore also be of the rank two. This requires the determinant 


2 1 €1 Ta 
(6. 3) Í & T's = 0 
1 €3 Ta 
or 
ta See ee re), 


€y mme €g E2 ~~ €3 €3 —— ĉi 


Equation (6.4) has been proposed by Weissenberg (1947) as a law of elas- 
ticity. As has, however, been shown here, it is not general enough and is not 
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independent of the measure of strain. For instance, should experiments 
show that simple shear is accompanied by a tension in the direction of dis- 
placement, the Murnaghan measure could not be used. On the other hand, 
should experiments show that it is accompanied by compression in the direction . 
of the gradient of the displacement, the Kirchhoff measure could not be used. 
In the form of Equation (5.4) the law of elasticity: is independent of the 
measure and does not prejudice the outcome of experiment. 


7. Considering that, by including the modulus Fs (or the coefficient: #2), 
we ure independent of the meusure of strain, we may for our further investi- 
gation assume any measure. We shall select the Hencky-measure for two 
reasons : 


(i) Because of e = In, & = 2i/Ai. Denoting by e: the principal 
“ velocity-extension ” of hydrodynamics, we accordingly get e; = é, provided 
the principal axes do not rotate. Therefore in pure strain, in the Hencky- 
measure, to use Murnaghan’s words “the variation of the strain tensor 
(is equal) to the space derivative of the virtual displacement vector.” This 
is of advantage, especially if we consider that it may be possible in many 
cases to arrange “ the removal of the external forces” (compare 2 and 3 above) 
in such a way that the axes do not rotate and the strain is acordingly pure. 


(ii) Secondly, from 


(7.1) V/Vo == Ax‘ Àa As, 
there follows _ | 


(7. 2) Ep == In(V/Yo) = Indy + InAz + Inds = é; -4- €p -}- E3 = T 


Therefore, in the Hencky measure, and only in that measure, the cubical 
dilation is equal to the first invariant of the strain tensor. Accordingly, only 
in this measure has the resolution of the tensor in an isotropic and a deviatoric 
component physical significance. 


8. By carying out the resolutions 


(8. 1) Tar — Tà,” + Ir: Es” == Eð” artes e 
where : . 
(8. 2) Tat = 3T, Ea == 3 5 Fat = qt = 0 


we get from (4.4) and (4.6) 


° This is, of course, also the case in infinitesimal strain. 
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T = Fo, + Poo + IT’, + Foole 


8.3 
( ) T ae Pid? + F; (PaE ys ~f- 2Ir e/ 83` 85") 


and from (4.5) and (4.7) 


e= Fol + Fooll'p + Foll r 
(Se ed = PaT 1 Fala T + IT r/83 - 85") 
8 14 8 2 a 8 T 8 

where the accents indicate the deviator and the F and ¥ are now functions 
of the invariants of the deviator, different from the functions F and # 
appearing in (4.4) to (4.7). 

If we introduce es” from (8.4) into (8.3), PE that 8,7, T's" 
and TaT% stand for the zero, first and second powers in the stress com- 
ponents, we find 


—, _ FP + r8 FP 
(8.5)? f=) FTF Mlle — 21 s/3- Fa) Fe 
F, Fep Ir- Fè 
F., : 
oo ec al | 


The moduli of elasticity # are therefore generally not the reciprocals of the 
coefficients of elasticity F. 


We now carry out in imagination a series of experiments such as men- 
tioned at the end of Section 2. 


(i) Firstly, we apply a uniform hydrostatic pressure; here the stress 
tensor is a scalar tensor. 
(8. 6) | T = — pòs” 
where p is what is commonly called “ pressure” and the stress invariants are 
(8. 7) T =— p, lp = IIE p == 0 


Te and T’,"T";*, therefore, vanish and the second of (8.4) gives e's” = 0, 
while the first yields 
(8. 8) e=— pb oi (T, 0, 0). 


This defines a coeficient of volume elasticity 
(8.9) k = — Be/p = 3 For 


* For the derivation compare Reiner. 
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Considering that ZZ’, and III’. vanish, the first of (8.3) gives 


(8. 10) : T = — p = ef o. 
This defines the modulus of compression 
(8. 11) k = — p/3e = £y,/3 
and k = 1/k. 
(ii) In the second experiment we apply a tangential stress 
0 Ta 0 
(8. 12) Tei fy 0 0 == J" oF 
0 0 0 
so that 
(8. 13) T = 0; Ilp = — Tey; IIL p = 
and 
1 0 0 
(8. 14) Fer Pe Tay 0 1 0 |. 
a 0 0 0 
This makes (8. 4) | 
ee Tey F o2(0, I'r, 0) 
(8.15) | 0 1 0 P 1 0 0 
def == F0, In, 0) Tr || 1 0 0 || +42(0, ZZ’, 0) 1e 01 0 
00 0 0 0 — 


and defines three coefficients of elasticity, viz. 


5’ = eee e/II'p = — Foz 
(8. 16) K == 25, 
X == — BF o/s. . 


The coefficient #, connects shearing stress with shearing strain and is 
accordingly a generalized coefficient of shear elasticity or of rigidity. The 
isotropic component of the strain, e, is a measure of the cubical dilation. 
If & does not vanish, a simple shearing stress will produce an increase (or 
decrease for negative 8’) of the volume measured by Try. 


8 It is remarkable that Sir William Thomson (Lord Kelvin) should have foreseen in 
1875 the possible existence of such a phenomenon on purely theoretical grounds, vide the 
following quotation: “It is possible that a shearing stress may produce in a truly 
isotropic solid condensation or dilatation in proportion to the square of its value; and 
it is possible that such effect may be sensible in india-rubber or cork, or other bodies . 
susceptible of great deformations or compressions with persistent elasticity.” Footnote 
p. 34, Math. & Phys. Papers, Vol. III, London, 1890. Weissenberg has observed negative 
elastic dilatancy in porous rubber (not yet published). 
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Accordingly, 8’ may be termed the coefficient of (elastic) dilatancy (com- 
pare Reiner). Should & vanish, but not a’, then a simple shearing stress will 
produce (in the case of a positive a’) an extension normal to the plane of 
shear (in our case the z-direction) which is equal to «’T,,?, together with two 
lateral contractions equal to o’/2-T zy", so that the volume is not changed. 
If 8 should not vanish, there will be superposed a change of volume. We may 
call o the coefficient of cross-elasticity. 


(iii) If we force upon the material a tangential strain, we shall 
similarly find three moduli of elasticity 


§ = — F'oz/4 
(8. 17) °? p= F/2 
æ = — Ho /6 


of which » is a generalized shear modulus or modulus of rigidity. 8, the 
modulus of dilatancy, will measure a hydrostatic tension necessary to maintain 
simple shear; and ¢, a modulus of cross-elasticity, measures a stress produced 
by simple shear, in the direction normal to its plane. 

(iv) Simple pull, in infinitesimal elasticity employed to determine 
Young’s modulus and Poisson’s ratio, gives us 


00 0 
(8.18) T = 00 0 
so that 
| =al 0 0 „(100 
3.19) T= Ta Tr TE o —1 o fperet jon 0 
0 02 loo 4 
and. 
(8. 20) Ile = — Ta?/3; Dp = BE a/t. 


This makes 
i 100 
es” = 122/83 (k'/3 + Tad + (27 227/9) Fos) 0 1 0 
0 0 1 


(221 . =f 6% 
+ (Tzz/6) (w en a T xz) 0 roo 1 0 
0 0 2 


® Note that a simple shear is measured traditionally by twice the tangential com- 
ponent of the strain-tensor. 
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and defines a generalized Youngs’ modulus 
(8.22) Bt = eza/T ee = —4[¥/3 + pl + Teal — a’) + (27 e2*/9) Fos] 
and a generalized Poisson-ratio 


Ke! /3 — pl /2 tTa 4.0/2) + (22 22?/9) Fon * 
k'/3 + pl +H Tae (8 — a) + (2227/9) Fos 


Either E or o can be used to determine a further coefficient of elasticity 


(8. 24) B = 2F 05/9. 


(8. 23) CSS Sr éxa/€az See? a 


Summarizing, we can now write (8.4) as follows: 


ey = — k'p — BF I'r + (27/2) BLL y 


(8.26) = (wl /2) Pht — 3 (a! /2) (TaT + 21Fp/3 3) 


and (8.3) as follows: 


p = — kes + 481", — (98/2) TTI’. 


(e: av) T” = Rye’ f — ba (Pa st + 211’, /8 - 53”) 


where p is the hydrostatic pressure and e the cubical dilatation, e'a” the 
deviator of strain and T”;” the deviator of stress, k, 6, 8, p, « moduli of elas- 
ticity and k’, 3’, 8’, wv’, & coefficients of elasticity. These are generally func- 
tions of all three invariants of stress and strain respectively, but may also 
degenerate to constants. A hydrostatic tension will cause a cubical dilation 
and vice versa; but a cubical dilatation may also be caused in the absence of 
a hydrostatic tension by either simple shearing stress or traction. Likewise, 
a hydrostatic pressure may be required to maintain simple shear or a volume- 
constant simple extension. Finally, a simple shearing stress may not only 
produce a corresponding shearing strain, but also “sideways” a volume- 
constant extension. Likewise simple shear may require for its maintenance 
not only a corresponding shearing stress but also “sideways” a traction. The 
general elastic body has accordingly three additional properties absent in 
classical elasticity, namely dilatancy of two kinds, (shear- and tractional 
dilatancy) and cross-elasticity. It is not so much the property of dilatancy 
predicted by Kelvin as early as 1875 and observed as a permanent set by 
Reynolds as early as 1885, which is challenging, but the cross-elasticity, which 
is connected with the functions #, and F respectively. We, therefore, 
consider this property again from a different aspect. 


9. Letn be the normal to an element of interface in the interior or of 
surface on the boundary of the body under consideration. Let the traction 


15 
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Tn be resolved into three orthogonal components Tng where q runs through n; 


¿ and c; t being the direction parallel to the face and c the direction cross- _ 


wise to n and t, so that 
(9. 1) {gi — Q. 


Let en be resolved in the same directions. We find, then, from. the second 
of (8.4) 
(9. 2) e'no =a F ol’ ‘nal ac 


the term following within brackets disappearing because r54s(ns<c). Now 
(9. 3) Pal ae R L anl ne + L nil te + T nel’ ces 


As (9.2) is not affected by an isotropic stress component, T'no vanishes also 
and this reduces (9.3) to 
(9. 4.) L nal” ac ae T nek” te. 


Now on the right side of (9.4) Tat does not vanish, by definition; and if 
one imagines in the standard cube which defines Tss ete., v, y, z replaced by 
n, t, c, it is clear that Tte will, in general, not vanish. Therefore ene is finite. 
This brings out very strikingly a consequence of the existence of F. and 
supports the designation “ cross-elasticity.” We have, however, shown that 
J. (or F) can generally not be omitted without prejudicing experimental 
results, 


Ten AVIV, PALESTINE. 
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LOCALLY COMPACT RINGS.* 


By Irvine KAPLANSKY. 


1, Introduction. In this paper an account is given of some results in 
the structure theory of locally compact (== bicompact) rings. We begin by 
recapitulating, in somewhat generalized form, the known results on locally 
compact connected rings (Theorem 1). The theory of locally compact rings 
without nilpotent ideals is shown to be reducible to the totally disconnected 
case (Theorem 2). In 3 the hypothesis of boundedness is added, and a 
complete result given for the semi-simple case (Theorem 4). This section 
concludes with remarks on a class of rings including both compact rings and 
discrete rings with descending chain condition; it is shown that the known 
structure theorems for these two cases can thus be unified. The next two 
sections are devoted to maximal ideals, the existence and continuity of 
inverses, and the effect of chain conditions. A principal tool in this investi- 
gation is the fact (Lemma 4) that a locally compact totally disconnected ring 
has compact open subrings; this makes it possible to apply the structure 
theory for compact rings given in [11]. The final section assembles some 
results on locally compact primitive rings. 


2. The component of 0. We shall use the definition of boundedness in 
[11]: a subset S of a topological ring A is right bounded if for any neighbor- 
hood U of 0 there exists a neighborhood V such that V-SCU (by V-S 
we mean the set of all products of elements of V by elements of 8). Bounded- 
ness means both right and left boundedness, the latter being analogously 
defined. | 

The following theorem contains various known results as special cases; 
ef. [2], [5], [8], [11, Th. 8], [14], [15]. The proof is virtually the same 
as that in [11] but we repeat it for completeness. 


THEOREM 1. If A is a locally compact ring with C the component of 0, 
and B is a right bounded subgroup of A, then CB =Q. 


Proof. For any fixed character f of A, let T(f) denote the set of all 
ae A with f(aB) =0. Then J(f) is clearly a subgroup of A; if we show 
it to be open it will contain C and we will have f(CB) —0 for all f, so that 


* Received August 12, 1947. 
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CB ==0. Choose neighborhoods U, V of 0 in A with f(U) < 1/2, V -BCO U. 
Then for ce V we have neBCU for any integer n, and hence f(n«b) 
= nf (zb) < 1/2 for all be B. Hence f(zb) =0, VC I(f), I(f) is open. 


We now quote the structure theorem [18, p. 110] which asserts that A 
is the direct sum (in the topological group sense) of a vector group V and 
a group in which the component P of 0 is compact. Since P is compact it is 
bounded [11, Lemma 10]. Hence we have the following corollary. 


COROLLARY. With the above notation P? = PN = NP =Q, 


Before proceeding to the next theorem, we make a remark on direct sums. 
If A is a topological ring and B, C are closed ideals with B N C—0, 
B + C = A, then A is the direct sum of B and C in the ring-theoretic but 
not necessarily in the topological sense. However in a more special case 
we are able to assert that we have a direct sum in both senses: if B has a 
unit element e. For if the directed set a; approaches a, then ea; approaches ea, 
j. e the B-components of a; approach the B-component of a. By subtraction 
we get the same result for the C-components, and this verifies that we have 
the Cartesian product topology in B + C. 


' THEOREM 2. ‘A locally compact ring with no algebraically nilpotent * 
ideals is the direct sum of a connected ring and a totally disconnected ring. 
The former is a semi-simple algebra of finite order over the real numbers. 


Proof. In the notation of the Corollary to Theorem 1 we must have 
P = 0, since P is a nilpotent ideal. Then W becomes the component of 0 
and is an ideal. Any nilpotent ideal in N would generate a nilpotent ideal 
in A; hence V has no nilpotent ideals. Also N is not only a vector space but 
an algebra over the real numbers; this requires only the verification of the 
appropriate associativity condition [cf. 8]. Thus W is a semi-simple algebra 
over the reals and has a unit element. We form the Peirce decomposition 
with respect to the latter, and we have A=N-+S where S=A—WN is 
totally disconnected. 


3. Bounded rings. We begin with certain remarks valid for any 
bounded rings. 


1A set S is algebraically nilpotent if for some n, S*=0. We have prefixed the 
term “algebraic” in order to distinguish between this and the topological nilpotence 
defined on p. 162 of [11]. - 


1 


LOCALLY COMPACT RINGS. 449 


Lemma 1, Ina bounded ring the quasi-inverse® is uniformly continuous. 
Proof. We use a’ to denote the quasi-inverse of a. The identity 
a —b’= (1+a’)(6—a) (1+ 0’) 


shows that in a bounded ring, a’ — b can be made arbitrarily small by choosing 
a— b sufficiently small. 


THEOREM 3. In a complete bounded ring, the quasi-regular elements 
form a closed set. 


Proof. Suppose the directed set a; converges to a and that a’; exists for 
every 1. Lemma 1 shows that a’; is a Cauchy directed set. Its limit a’ is the 
quasi-inverse of a. 


From [11, Th. 4] we derive the following corollary. 
COROLLARY, The radical of a complete bounded ring is closed. 


The following lemma gives a new proof of Jacobson’s result [10, Th. 26] 
that a two-sided ideal in a semi-simple ring is semi-simple. 


LEMMA 2. If B ts a two-sided ideal in a ring A, we have R(B) == R(A) 
(| B, where R denotes the radical in each case. 


Proof. First on the mere assumption that B is a right ideal, we prove 
R(B) DR(A) QB. Let ce R(A) N B; then a has a quasi-inverse y which 
is in B since y = — z — ay. Hence R(A) [) B consists of elements which 
are quasi-regular in B, and since it is an ideal in B, it is contained in R(B). 
Conversely suppose se #(B), where B is now a two-sided ideal in A. ‘Then 
for any ae A, — (za)? is in A(B) and is quasi-regular, say with quasi- 
inverse z, Hence — wa has the quasi-inverse zaoz, and we R(A). 


The following structure theorem reduces the study of locally compact 
bounded semi-simple rings to the discrete case, since compact semi-simple 
rings are completely known [11, Th. 16]. 


THEOREM 4. A locally compact bounded semi-simple ring is the direct 
sum of a compact semi-simple ring and a discrete semi-simple ring. 


Proof. It follows from Theorem 1 that A is totally ‘disconnected. 
Since A is bounded and locally compact, it has a system of ideal neighborhoods 
of 0 [11, Lemma 9]. In particular we have a compact open ideal B, which 


* The terms quasi-inverse, radical, semi-simple, and primitive are used as cee by 
Jacobson in [10]. We also use the notation woy = æ + y + ay. 
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is semi-simple by Lemma 2. B has a unit element [11, Th. 16], and we may 
use the Peirce decomposition to write A = B + C, with C= A — B discrete 
since B is open. That C is semi-simple follows from another application of 
Lemma 2. 


The presence of a compact open ideal may be used to obtain results 
without the assumption of semi-simplicity. The following is an example. 


THEOREM 5. A commutative locally compact totally disconnected 
bounded ring is the direct sum of a compact ring with unit, and a ring 
which modulo its radical is discrete. 


Proof. Our assumptions imply the existence of a compact open ideal J, 
which in turn [11, Th. 17] is the direct sum of a compact ring B with unit e, 
and a radical ring D. We form the Peirce decomposition A = B 4+- C, with 
B = Ae and C the annihilator of e. Now D is an ideal in J, which is an ideal 
in A. By two applications of Lemma 2 we have R(D) = R(A) N D, i.e. 
DC R(A). Since R(A) = R(B) + R(C) and DCC, we have DC R(C). 
Now C — D = (B+ C} — (B + D) = A — 1 is discrete. Hence C — R(C) 
is discrete. 


We shall conclude this section with some remarks on a still more special 
class of rings. These rings satisfy the following three conditions: (1) local 
compactness, (2) boundedness, (8) the descending chain condition for right 
ideals which contain a fixed open two-sided ideal. Special cases are compact 
rings and discrete rings with the descending chain condition on right ideals. 
We shall now briefly indicate how the classical results in the latter case, and 
` the results for compact rings in [11], may be thus unified and generalized. 

First we consider the semi-simple case. Theorem 4 is applicable and 
condition (8) shows that the discrete summand has the descending chain 
condition, and accordingly is a direct sum of a finite number of matrix rings 
over division rings. The result may be restated thus: a semi-simple ring 
satisfying (1), (2), and (8) is the Cartesian direct sum of matrix rings 
over division rings, all but a finite number of the components being finite. 

In the general case let & be the radical of a ring A satisfying (1), (2) 
and (3). By the Corollary to Theorem 3, R is closed. The arguments of 
[11, p. 163] may now be repeated virtually verbatim, and we have that R 
is the union of all (topologically) nil left and right ideals, and in the totally 
disconnected case is itself topologically nilpotent. The idempotents of A — R 
may be transferred to A as in [11, Lemma 12] and this yields the analogues 
of Theorems 17 and 18: if A is commutative it is the direct sum of primary 
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rings and a radical ring, and a primary ring is the ring of matrices over a 
completely primary ring. : 


4, Quasi-inverses. We repeat from [11] the following definition: a 
topological ring is a Q,-ring if the right quasi-regular elements form an open 
set, a Q-ring if the quasi-regular elements form an open set. It suffices 
[11, Lemma 2] that there be a neighborhood of 0 consisting of (right) quasi- 
regular elements. Moreover [11, Lemma 4] in a Q-ring, the quasi-inverse 
is continuous wherever defined if it is continuous at 0. 


LEMMA 8. Let B be a closed two-sided ideal in the topological ring A. 
Then A is a Q-ring with continuous quasi-inverse if and only if both B and 
A—B are. — 


Proof. Suppose that Aisa Q-ring with continuous quasi-inverse. If x 
is near 0 in B, then æ has a quasi-inverse y = —x—sy necessarily in B, 
which, being near 0 in A is also near 0 in B. Again, for any element z near 
0 in Ad—B, we may pick an inverse image in A near 0 in A. The image 
of the latter’s quasi-inverse provides us with a quasi-inverse of z near 0 in 
A — B. 


Conversely suppose that both B and A — B are Q-rings with continuous 
quasi-inverse. For æ near 0 in A the coset 7+ B is near 0 in A — B. The 
quasi-inverse of x + B is a coset having a representative y near 0 in A. Then 
roy is in B, and being small, has a small quasi-inverse z. Then yoz is the 
desired quasi-inverse of v. 

We shall now apply Lemma 3 to locally compact rings. First we dispose 
of the connected case. ' 


THEOREM 6. A connected locally compact ring is a Q-ring with con- 
tinuous quasi-inverse. | 


Proof. In the notation of the Corollary to Theorem 1, P is a closed 
two-sided ideal which is certainly a Q-ring with continuous quasi-inverse in 
virtue of P?==0. Next A— P is an algebra of finite order over the reals. 
It can be normed [1, Th. 4] and hence [11, Lemmas 3, 5] is a Q-ring with 
continuous quasi-inverse. The result now follows from Lemma 3. 


The treatment of the totally disconnected case is based upon the following 
lemma. 


LemMa 4. A locally compact totally disconnected ring A has a system 
of neighborhoods of 0 which are compact open subrings. 
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Proof. We know that A has subgroup neighborhoods of 0. Let U be 
such a compact open subgroup, and select an open subgroup V such that 
VC U, VU CU (this is possible since U is bounded). Define W = V + V°? 
+ V*-+---.. Then W is a compact open subring of A and WC U. 


For later use we note the following refinement. 


Lemma 5. Let A be a locally compact totally disconnected ring having 
a unit element 1 such that the closed subring C generated by 1 is compact. 
Then A has a compact open subring containing 1. 


Proof. I£ U is any compact open subring, the desired subring is U + C. 


We remark that the hypothesis of Lemma 5 is of course satisfied if A 
has finite characteristic. Another case where the hypothesis holds is where A 
has a compact open subgroup UJ containing an element a such that the 
mapping z—> ra is a homeomorphism (for example, A may be any non- 
discrete locally compact totally disconnected division ring); for then C is 
homeomorphic to Ca which is compact. An example where the hypothesis 
fails is the ring of integers under the discrete topology. 


Lemma 6. A compact ring A which is not a Q-ring contains a set of 
non-zero idempotents with cluster point Q. 


Proof. If the radical R of A is open, A is clearly a Q-ring. Hence we 
suppose that R is not open, which means that A—R is infinite. By [11,- 
Th. 16] we may find in A — R an infinite set of idempotents having only 0 
as a cluster point. We may build [11, Lemma 12] idempotents e; in A 
mapping on these. The set e; has a cluster point e, necessarily an idempotent, 
- and necessarily in & since it maps on 0 mod Æ. But the negative of an idem- 
potent is right quasi-regular only if it is 0, and so e= 0. 


We now prove the principal result of this section. It provides for the 
locally compact case an affirmative answer to the question raised in [11] as 
to whether any Q,-ring is a Q-ring. 


THEOREM 7. A locally compact ring A is a Q-ring with continuous 
quasi-inverse if and only if A is a Qr-ring. 


Proof. In the light of Lemma 3 and Theorem 6, it will suffice to treat 
the totally disconnected case. Then by Lemma 4, A has a compact open 
subring B. We assert that B is a Q-ring, for otherwise by Lemma 6 there 
are negatives of non-zero idempotents arbitrarily near 0, which is impossble 
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in a Q,-ring. It then follows that A is a Q-ring. That the quasi-inverse is 
continuous is a consequence of Lemma 1. 


We may now prove Theorems 21 and 22 of [11] without countability 
assumptions. 


THEOREM 8. A locally compact ring without divisors of 0 is a Q-ring 
with continuous quasi-inverse. 


Proof. The proof is like that of Theorem 7, except that the presence 
of idempotents near 0 is now ruled out by the remark that the only possible 
idempotents are 0 and 1. 


We prove one further result of this kind. 


THEOREM 9. A locally compact ring with the ascending or descending 
chain condition on closed right ideals is a Q-ring with continuous quasi-inverse. 


Proof. Assuming that the usual compact open subring is not a Q-ring 
we again find an infinite set of idempotents; but this time we arrange, as is 
clearly possible in the light of [11, Th. 16], that ese; = eje: = e; for i È j or 
1 & 7 according as we have the ascending or descending chain condition. In 
the former case {e;A} is an ascending set of closed right ideals. But if 
eA = ejA for 1 > 7 then e; = eja, and left-multiplying by e; gives e; = eja 
= ¢;, a contradiction. The argument is similar for the descending .case. 


In Theorems. 7, 8 and 9 we have generalized Otobe’s result [16] that 
the inverse is continuous in a locally compact division ring. ‘These do not 
exhaust the possible hypotheses that are adequate. We mention one more: 
assume no nilpotent ideals (so that Theorem 2 is applicable), and assume 
outright that there is a neighborhood of 0 free of non-zero idempotents. 

At the end.of 5 we shall give an example of a locally compact ring in 
which the quasi-inverse is not continuous. 

We conclude this section with the following supplement to Theorem 9. 


THEOREM 10. A semi-simple Q-ring with the descending chain condition 
on closed right ideals has the descending chain condition on all right ideals. 
Hence a locally compact semi-simple ring with the descending chain condition 
on closed right ideals is the direct sum of a finite number of matrix rings 
over locally compact division rings. 


Proof. We shall use Jacobson’s structure theory of semi-simple rings 
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[10, pp. 310-312], sharpened by the use of Segal’s notion of regular ideals. 
We may summarize the facts that we need as follows: the regular maximal 
right ideals M; in A have intersection 0. We form for each 7 the ideal 
P; = (M:: A) =the set of all ce A with AxCM;. By the use of right 
multiplications the primitive ring A — P; = Q: may be represented as a 
dense ring of endomorphisms in the vector space A — Mi. 


Now in our topological context we note further that M; is closed 
[17, Th. 1.6], and from this it follows readily that P; is closed. Let 
21,22,‘ ° * be linearly independent elements in the vector space A — M: in 
which Q; acts, and let I» denote the set of elements (i.e. linear transforma- 
tions) annihilating 27,---,@n. It is easy to see that the Ps form a properly 
descending chain of closed right ideals. Simce this chain must terminate 
A. — M; is finite-dimensional. Next we note that a finite number of the M’s 
already have intersection 0. From this we can conclude that A is the direct 
sum of a finite number of simple rings (cf. the argument at the foot of p. 314 
of [10]). In the locally compact case we use Theorem 9 to get that A is a 
Q-ring, and thus verify the second sentence of the theorem. We remark 
finally that the direct sum and matrix representations involved hold in the 
topological as well as in the algebraic sense, as can be seen by persistent 
use of idempotents. | 


5: Maximal ideals. The results in this section will be obtained by 
further exploitation of the existence of compact open subrings. We begin 
with two preliminary results. 


Lemma 7. Let e be an idempotent in a topological ring A, such that 
ede is a Qr-ring. Then any maximal right ideal M containing {a — ea} is 
closed. 


Proof. Suppose on the contrary that the closure of Mis A. Then M 
contains e + s with v arbitrarily small, say so small that ere is right quasi- 
regular, ezeoy = 0. Then M contains z= (e + 2) (e-+ ey), also ez—z, and 
hence ez. A computation shows that ez == e, so that M contains e and all of A, 
a contradiction. 


Lemma 8, Let e be an idempotent in a topological ring A, such that 
eAe isa Qrring. Then if x lies in every closed regular maximal right ideal 
of A, ea is in the radical of A. 


3 A right ideal T is regular if there exists a left unit e modulo J, that is, an element 
e such that ex — x e I for all v. 
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Proof. -Consider the right ideal I generated by {a—ea} and e+ we. 
If I is a proper ideal it can’ be expanded to a maximal right ideal M excluding 
e, which is closed by Lemma 7, and regular since e is a left unit. Then æ eM, 
zee M, eeM, M= A, a contradiction. Hence I = A, and we-must have 


b+ (e+ ze)(e +d) =e 
where be {a— ea}, de A. Left-multiplying by e we find exeoed — 0. Thus 
(ex)e is right quasi-regular and hence so is e(ex) = ex (cf. the last identity 
on p. 154 of [11]). Since ze is also in every closed regular maximal right 
ideal for every c, we likewise have exe right quasi-regular, and hence es is in 
the radical. 


THroreM 11. A locally compact ring which is not a radical ring hds a 
closed regular maximal right tdeal.* $ 


Proof. First we consider the totally disconnected case. We find a 
compact open subring B. If B is a Q-ring, so is A, and (unless A is a radical 
ring) we know that A has regular maximal right ideals which are closed. 
Otherwise, let & be the radical of B. In B— E we select a primitive idem- 
potert, and we find in B an idempotent e mapping on f. Now we know that f 
annihilates a neighborhood of 0 in B— R. Hence for a suitable neighborhood 
U of 0 in B we have eUe C R. This shows that eAe is a Q-ring, and Lemma 7 
then provides us with the desired closed regular maximal right ideal, namely 
any right ideal containing {#-— ex} and maximal with respect to exclusion 
of e. 


In the general case let C be the component of 0 in A. If A—C' is a 
radical ring it is a Q-ring, so is A (Lemma 3 and Theorem 6), and we are 
finished. Otherwise by the first part of the proof A — C has a closed regular 
maximal right ideal. We take its inverse image in A. 


Turorem 12. Let A be a locally compact totally disconnected ring with 
a unit element 1 such that the closed subring generated by 1 ts compact. 
Then the intersection K of the closed regular maximal right ideals in A is 
the closure K of the radical R of A. 


Proof. That S contains Æ’ is clear, since © is closed and contains R. 
Conversely suppose ve S. We select (Lemma 5) a compact open subring B 
containing 1; let T be the radical of B. In B—T we may find a directed 
set f; of idempotents of finite rank approaching 1 (an idempotent of finite 


* Concerning this question of the existence of closed maximal ideals, R. Arens has 
remarked that his ring B® [3] has no closed maximal ideals at all. 
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rank is the sum of a finite number of primitive idempotents); this is an 
immediate consequence of [11, Th. 16]. We build idempotents e; in B 
mapping on f; [11, Lemma 12]. Then {e:} has the cluster point 1, for such 
a cluster point is necessarily an idempotent mapping on the unit element of 
B-—T, and 1 is the only element fulfilling these conditions. By Lemma 8, 
exek and it follows that re KR. 


The significance of a result like Theorem 12 is as follows. Suppose that 
A is a locally compact semi-simple ring. Then R= R’ = 0, and under the 
hypothesis of Theorem 12, S = 0. We then immediately deduce a represen- 
tation of A as a subdirect sum of locally compact primitive rings, the point 
being that only with closed maximal ideals is a topology inherited by the 
components of the sum. It need hardly be added that if A is a Q-ring, the 
assumption about the unit element is superfluous. Whether it is in any . 
event superfluous I have not been able to determine. 

We give an example now of the kind of subdirect sum that can arise in 
locally compact rings. Let Fp denote the p-adic numbers, Ip the p-adic 
integers. Let A be the set of all sequences {a:} of elements of Fp, with all 
but a finite number of components in Ip; let B be the subset with all’ com- 
ponents in Zp. The topology is as follows: neighborhoods of 0 in B are taken 
to be neighborhoods of 0 in A, and B is given the Cartesian product topology. 
Then B is compact so that A is locally compact. Continuity of addition 
and multiplication in A are readily verified. A is semi-simple: in fact the 
sequences with 0 at a designated place form a closed maximal ideal, and 
these ideals have intersection zero. A noteworthy feature of this ring is that 
the (multiplicativé) inverse is not continuous. The elements b; with pin the 
i-th place and 1 elsewhere approach the unit element of A (the sequence of 
all 1’s), but b; does not approach the unit element since the difference 
does not even enter B. 


6. Primitive rings. As was observed earlier, Theorem 12 provides a 
partial reduction of locally compact semi-simple rings to the primitive case. 
Thus an important step in the theory would be accomplished if locally compact 
primitive rings were classified. It follows from Theorem 2 and [10, Lemma 4] 
that only the totally disconnected case need be studied. 

The most important result so far obtained is the structure theorem of . 
Jacobson [9]: any non-discrete locally compact division ring admits a valua- 
tion and is an algebra of finite order over its center. There have been three 


8 This kind of construction is closely related to certain group-theoretic results of 
Braconnier and Dieudonné [7]. ; . 
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later contributions: Otobe [16] removed the countability assumption in 
Jacobson’s proof, Braconnier [4] announced a proof based on Haar measure, 
and a new proof is given in [12]. The latter proof leans strongly on the 
following result. 


Lemma 9. A locally compact topological linear space over a non-discrete 
locally compact division ring is finite-dimensional. 


The connected case is a classical result of F. Riesz. The general case 
was announced in [6] and a proof is given in [12]. In the characteristic 
zero case a proof was already given by Jacobson in [9], and we wish to 
record here that the characteristic zero case also follows from a theorem of 
Mackey [13]. 

We turn now from division rings to primitive rings. Jacobson [9, Th. 
5.3] gave the following result: a non-discrete locally compact simple ° ring S 
of characteristic zero is an algebra of finite order over the p-adic numbers. 
However there appears to be a gap in the proof that is not easy to supply: 
the tacit assumption (especially on p. 440) that multiplication by p? is 
continuous, so that p"G is open where G is a compact open subgroup of S. 
The more general statement is made on p. 442 that if S is a locally compact 
p-group * which is an algebra over the rational numbers, then S is an algebra 
of finite order over the p-adic numbers. That this statement is in error is 
shown by the following example: let S be the set of all sequences of p-adic 
numbers with the proviso that in each sequence there is a bound to the negative 
powers of p. Let T be the subset of 8 consisting of those sequences with 
all components p-adic integers. We give T the Cartesian product topology 
and make it open in S. Multiplication is ruled out of the picture by setting 
S° == 0. Then § is locally compact and a p-group, but it is infinite-dimen- 
sional over the p-adic numbers. It goes without saying that multiplication 
by gp? is not continuous, and consequently S is not a topological linear apang 
over the p-adic numbers. 

If we add to the hypothesis of simplicity the existence of a unit; then 
p* becomes a member of S and multiplication by it will be continuous. How- 
ever a somewhat shorter proof is made possible by the assumption of a unit. 


Piuukwm 18. A non-diserele locally compact simple ring A of chuarue- 
teristic zero with unit element is an algebra of finite order over its center. 


We first note the following lemma. 
°A simple ring here means one with no proper ideals, and not merely no proper 


closed ideals. 
T A p-group is one in which every element satisfies pra > 0. 


a = 
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LEMMA 10. For any compact commutative totally disconnected group G, 
there exists a prime p and an element arÆ 0 in G such that p'a —> 0. - 


The assumption of the first axiom of countability in Jacobson’s proof 
[9, Lemma 4.4] can be avoided without difficulty. A brief proof can also 
be based on character theory: the character group H of G is a discrete group 
with all its elements of finite order. The elements of H with order a power l 


of p form a direct summand Hp which must be non-zero for some p. The © 


annihilator Gp of H — Hy, is easily seen to be a p-group. 


Proof of Theorem 13. The center of any simple ring with unit is a field. ° 
„Hence the center Z of A is a locally compact field. If we show that Z is 
- ‘non-diserete, then by Lemma 9 [4:Z] will be finite. Now for any p the set 
of elements a in A such that p"a-—>0 forms an ideal Ap. By Lemma 10 this `. 
ideal is non-void for some p, and Ap==A since A is simple. In particular 
+p" 130, Z is non-discrete. 


We present another result that can be proved in a similar way. 


Turrorem 14. Let A. be a non-discrete locally compact primitive ring 
and suppose that A is of characteristic zero and has minimal ideals. Then A is 
an algebra of finite order over its center. 


Proof. Let eA be a minimal right ideal. Then eA is a locally compact 
topological linear space over the locally compact division ring ede, and A 
is represented as a dense ring of endomorphisms on this linear space. Again 
we have only to prove that eAe is non-discrete, for this will make eA finite- 
dimensional. By Lemma 10 we have a non-zero ideal I consisting of all a with 
pra->0. By [10, Th. 29], e is in I. Hence eAe is not discrete. 


We shall conclude with an example showing that in the characteristic p 
case, it is possible for a locally compact primitive ring to be infinite-dimen- 
sional over its center. Let K be a finite field and A the set of all infinite 
matrices a== (aij), aije K, which are “ultimately triangular”: for any a 
there exists N = N (a) such that a;; = 0 for 7 >1> N. Let B be the subset 
of matrices which are actually triangular: a; = 0 for j >+4. We topologize 

' B with the weak topology, a general neighborhood of 0 in B consisting of all 
matrices with the first n rows zero. This makes B compact, and by declaring 
that B is open in A we make A locally compact. That A is primitive is clear 
and incidentally it has a unit element and minimal ideals. The one point 
needing serious verification is the continuity of multiplication, a verification 
which we omit. 

This ring is not simple: the linear transformations with finite-dimen- 
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; l EA 
sional range form a proper.ideal in A. However A is, simple in the ‘sense 
that there are no proper ¢losed ideals. It seems unlikely that a locally 
compact ring with minimal ideals could be simple in the strong sense, since 
completeness appears to require the presence of linear transformatiéns with 
infinite-dimensional range. 
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CORRIGENDA. 


ON THE PARTIAL PRODUCTS OF INFINITE PRODUCTS 4 
OF ALEPHS. 


By F. BAGEMIHt. 
p. 207, line 10: the second « should be @ 


p. 207, line 18: do? should be WIR 
_ p. 208, line 19: II (T]a-,,) should be I] (IIa-,, ). 
<A YA i Eci naa 7 
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p. 210, line 16 should be TI pe— who — gro s y. 
ZÀ 


ADDENDUM TO “A MATRIX DIFFERENTIAL PERN 
OF RICCATI TYPE.”* 


Wirua{Įm T, Rem © 


Professor J. Radon has called my attention to the fact that the presen- 
tation of the Legendre equation of a problem of Lagrange as a matrix 
differential equation of Riccati type, and the fundamental theorems on the 
integration of such an equation, are given in two earlier papers of his 
[“ Uber die Oszillationstheoreme der konjugierten Punkte biem Probleme von 
Lagrange,” Münchner Sitzungsberichte (1927), pp. 248-257; “Zum Problem 
von Lagrange,” Abhandlungen aus dem Mathematischen Seminar Hamburg, 
vol. 6 (1928), pp. 273-299]. In particular, the results of Sections 3 and ‘4 
of the indicated paper of the author are contained in these papers of Radon. 


* This journal, vol. 68 (1946), pp. 237-246. 
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ON THE ASYMPTOTIC PROBLEMS off THE ZEROS IN WAVE . 
MECHANICS.* 


By PHILIP HARTMAN and AUREL WINTNER. 


- 1, In the homogeneous, linear differential equations to be considered, 
_the coefficient functions, parameters and integration constants, hence all the 
solutions, will be assumed to be real-valued, and the trivial solution (= 0) 


„will not be called a solution. 


In the one-dimensional wave equation : 
(1) $” + (A —f(s)}$ = 0, oe 
let f f(s) be given and continuous for 0< s < co, and suppose that 
(2) (8) > 2 as $—> 0, 


Then the coefficient, { }, of œ in (1) tends to — œ for every fixed A. It 


follows, therefore, from a theorem of A. Kneser [7] that there belongs to every 


à a solution ¢ == (s) satisfying 


3 


(3) a(s) —> 0 as s > o, 


' while every solution linearly independent of this particular solution tends to 


co or — oo. Hence, by Sturm’s separation theorem, 
(4) a(s) #0 as s> o. 


It also follows that a solution cannot be bounded unless it tends to 0, i. e., 
that (3) is implied by 


_ (5) | lim sup | a(s) | < mw. 


Finally, if two solutions which differ only in a constant factor (+40) are 
considered as identical, the fact mentioned after (3) implies that it is possible 
to speak of the bounded solution of (1) for every fixed À. 

It is easily realized that, since (2) implies that (1) is ultimately 
“majorized” by the differential equation ¢”— C*¢—0, where C is any 
given positive constant, the bounded solution of (1) is ultimately majorized 
by e-©%. This implies that the bounded solution of (1), besides satisfying (3), 
must satisfy the (Z?)-condition 


* Received December 30, 1947. 
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a oO l 
(6) 7 a z f pa (s)ds < œ. 


But (6), where A is arbitrary, cannot of course be interpreted by saying that 
“every A is an eigenvalue,” since eigenvalues are selected only by a boundary 
condition assigned for s = 0; a boundary condition which, depending on the 
behavior of the potential or f(s) near s = 0, can be either of a type such as 


(61) j px (s)ds < œ or lim sup | dr(s)| < 0, 


+0 


or of the Sturm-Liouville type, e. g., 
(62) orx(-++ 0) = 0 or $(4- 0) =0. 


-But this issue will not enter into the following considerations, since the results 
-_ will concern the behavior of the bounded solution of (1) for an arbitrary 4; 
` so that a boundary condition at s = 0 need not even be mentioned. If such a 
boundary condition is assigned, the results will be applicable to the particular 
_A-values which are eigenvalues, but not of course to these A-values only. 


2. This situation is implied by the nature of the results to be proved. 
In fact, the main result can be formulated as follows: 


THEOREM. For0 <s < oc, let f(s) be a continuous function which tends 
to œ as s—> œ and has, for large s, a continuous second derivative satisfying 


(7) f(s) 20 
and 
(8) f” (s) = o{f (s) #” 


(this o-condition, apparently of a Tauberian nature, actually involves just a 
certain regularity in the growth of F(s), as illustrated by the fact that (8) 
is satisfied by every logarithmico-exponential function a to f(2) = 0; 
cf. [4], pp. 34-37.) 


By virtue of the assumption f (œ) = œ, the differential equation 


$+ (A—f(s)}$ = 0 


has, for every à = const., one and (to a constant factor) only one solution 
ġ = h(s) which tends to 0 as s—> œ. This solution does not vamsh as 
s— œ and, if s= s* (à) is, for large positive à, the greatest zero of ¢(s), 
the asymptotic form of s*(A) can, without solving the diferential equation, 
be determined from . 


+ 
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(9) SA) — PO) 7 Br (PA) (à= o), 


where f-+ denotes the inverse function of the function f and ı is an absolute 


+ 


consiant, 
(10) . ı = 1.85575- +. 


The latter is defined as the least positive root of Airy’s case of the cylinder 
functions, i.e., 


(11) Wi.) = 0 but W(t) >OLOSt<, 
where 
(12) ¥(t) = f cos (73 + rt) dr. 


0 


Needless to say, the existence of the inverse function f* (for large values 
of the argument) is assured, since (7) and (2) imply that f(s) is strictly 
monotone for large s. : 

The assertion of the Theorem is known for the case of certain particular 
coefficient functions f(s) in the differential equation (1). For instance, if. 
(1) is a Bessel differential equation, (9) reduces to a result of Watson 
([11], p. 521). In addition, Watsons treatment of this particular case, 
when combined with the complex-analytical method of steepest descent, 
suggests the asymptotic relation used since Kramers [8] in quantum theory. 
Along these lines, Zernike [13] has proved (9) for the case in which (1) is 
Hermite’s differential equation. But Watson’s device of “trapping ” ([11], 
p. 520), employed by him and Zernike in the case of Bessel and Hermite 
functions respectively, presupposes a certain amount of explicit estimates 
which are not available in the general case. 

In the proof of the Theorem, this difficulty will be avoided by introducing 
a new element into the asymptotic consideration, namely, by having recourse to 
the general existence theorem of A. Kneser [7]. A substantial part of the 
latter theorem has already been stated above, after (2). 


3. <A problem related to that of the Theorem was teated by W. EB. Milne 
[9]. His asymptotic formula, replacing (9), supplies the number of zeros, 


+ With A = n, where n is an integer. But this restriction of à actually is super- 
fluous in Zernike’s calculations, since it is introduced only for the sake of a boundary 
condition which, in accordance with the remarks made above in connection with (6o), 
(6,), (62), has no substantial rôle in the problem. This means that Zernike’s result 
concerning Hermite polynomials can be extended, without any modification of the proof, 
to the case of the functions of the parabolic cylinder, where A is not an integer, n. 
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say N (A), of p(s), rather than the greatest zero, s*(A), of a(s), as A> œ. 
Milne’s result is contained in, and is substantially equivalent to, the statement 
that, if f(s) is continuous on the closed half-line 0 S s < œ, the relation 


tO) l 
(13) zN (à) ~ f {à — f(s) }4ds, as à — œ, 


holds precisely ? under the assumptions of the above Theorem. 

By using the Tauberian restriction (7), it would be possible to deduce 
(13) from (9), along the lines of the procedure applied by us [6] in the 
problem of a function N similar to, but somewhat easier than, that of the N 
which occurs in (13). On the other hand, the converse deduction, that 
passing from the accumulated uneg N(A) to the sharp function s*(A), 
is hardly possible. 

This suggests that (13) can be deduced under conditions less strict than 
those needed in the proof of (9). What is less obvious is that the degree of 
relaxing the restrictions proves to be very considerable. In fact, it can be 
concluded from the result of [6] that (13) remains true if only (2) and the 
‘conveaity of f(s) are retained, while (8) is omitted entirely. Incidentally, 
not even the absolute continuity of F (s); and still -less the existence of a 
- continuous f’(s), will be needed. 

As all of this has nothing to do with the proof of (9), the proof of (13) 
‘under the relaxed conditions will be deferred to the end of the paper. 


| 4. Corresponding to the circumstance that the content of the condition 

(8) actually is just a condition on the “regular growth” of f(s), a direct 
handling of (8) is inconvenient in the proof of the Theorem. More adapted 
to the use of a “regular growth” is the following set of conditions, which 
will be referred to as Conditions (*). 


Conpvrrions (*). The function f(s) is continuous for 0 < s < œ, tends 
‘to œ as s—> œ and has, for large s, a-continuous first derivative satisfying 


(14) 8/3 cps oo, 


where ı and p are defined by (10) and 


* Actually, Milne’s presentation involves the third, rather than just the second, 
derivative of f(s), but he points out ([9], footnote on p. 908) that this can be avoided. 
_ Such a presentation of Milne’s result (11) is that given by Titchmarsh [10], pp. 125-128. 
Curiously enough, Titchmarsh’s presentation, too, assumes not only the existence of a 
continuous f” (s) but the restriction (8) as well. In the latter regard, cf. the comments 
in the text below. 
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(15) © p=liminf f'(s)s*,: 


respectively ; finally, if h(s, r), where r is independent of s, denotes the ratio 


(16) h(s, r) =F (s + rF (8) PVF 68); 
then 
(17) h(s,t) —> 1 as s—> œ 


holds uniformly on every closed bounded r-interval contained in the portion 
—u [<r <œ of the line —o <r < 0. 


The possibility of using these restrictions on f(s) is due to the fact that, 
on the one hand, 


(i) Conditions (*) are satisfied by every f(s) which is continuous for 
0<s <% and has, for large s, a continuous second derwative satisfying 
(7) and (8), 


and that, on the other hand, 
© (ii) Conditions (*) are sufficient for the truth of (9). - 


Since the Theorem is a corollary of (i) and (ii) together, only (i) and 
(ii) will have to be proved. 


5. Needless to say, (i) has nothing to do with differential equations. 


Proof of (i). According to (2) and (7), f(s) is positive and f(s) 
non-negative, hence (for reasons of convexity) f {s} is positive, if s is large 
enough, say s = so. Tt will be assumed that s)=s< œ. Then, since f(s) 
is non-decreasing, F(s) = f(s) > 0. Since this implies that f’(s)s? —> oo 
as s — œ, it follows that (15) satisfies (14), with a = œ. Hence, in order 
to prove (i), only that part of Conditions (*) remains to be ascertained 
which concerns (16) and .(17). | 

If a is any positive constant, it is clear from the existence of the above 
So that (16) defines a function on the half-strip (s Ss < 0, —a Srs a), 
where sa is a certain function (< œ) of a. Hence, what remains to be 
ascertained is that (17) holds uniformly for — a S r sa, if a> 0 is arbi- 
trarily fixed. But this is sure to be the case if both l 


(18) h(s,—a)—1 
and | 
(19) h(s,a) > 1 
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hold as s—> œ. In fact, since f’(t) is non-negative, hence f(t) is non- 
decreasing, when ¢ is large enough, it is clear from (16) that, if s is large 
enough, h(s,r) is between h(s,— a) and h(s, a) for every r contained between 
== — 4 and r= q. Hence, (18) and (19) suffice in order that (16) be true 
uniformly for —a sr S&a. 
It is seen from (16) that, if s is large enough, h(s, —a) is positive and 
that its (real) logarithm is representable in the form 


log h(s,—a) =— f {f"(é)/f'(4) at, 
where u == u(s) is defined by " 
u==s—a/{f'(s)}3; u= u(s) <s. 


Since u —> æ as-s—> o, and since (8) is assumed, it follows that 


log h(s,—a) =0(1) f PORA 


as s—> œ. But f (Ł) is non-decreasing as t—> œ. Consequently, the last 
integral is miajorized by (s —u){f (s) }4, which, by the definition of u, is the 
constant a. Hence, the expression in the last formula line is ọ(1)a = o{1) 
as s—> œ. This proves (18). 

On the other hand, it is clear from the i of the last formula line 
that, as s —> œ, 


log h(s, a) =o (1) f {F (t)}# dt, 


where, corresponding to the definition of u, 


v=s+a/{f(s)}; pals) > 80 | 


But f is non-decreasing, and so ` 


f PORES wPo 


Clearly, the last three formula lines imply that, as s > 0, 
log A(s, a) = 0(1) {F (v) }4/{7’(s) }3 = 0(1) {h(s, a) }8, 
h being defined by (16). 
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The last o-estimate of log h(s,a) can be written in the form 
| flog h(s, a)}/{h(s, a) } > 0 (s —> œ). 
The latter makes it clear that 
(20) either h(s,a) > 1 or k(s,a) > œ. 


Hence, in order to complete the proof of (19), it is sufficient to rule out the 
second of the possibilities allowed in (20). 

It is sufficient to decide the alternative (20) under the n that 
fF (s) —> œ as s— œ. In fact, since f(s) is ultimately positive and monotone, 
the negation of f’( co) == œ implies the existence of a finite limit f (œ) > 0. 
But (19) is then clear from (16) alone. In the remaining case, where. 
F (œ) == œ, the proof proceeds as follows: | ; 

If j(s) and k(s) are. positive, monotone functions satisfying 


y 


a , 
Í j(s)ds < œ 
and (0) = oo, respectively, it follows from a classical lemma of Borel, 
applied by him to the theory of entire functions, that the inequality 


b(j7(e(s)) +8) <1+ k(s) 


is satisfied by a “ majority” of s-values and so, in particular, at every s = Sn 
contained in some sequence Sı, $2," `> which tends to œ. ‘This corollary of 
Borel’s lemma was applied by Biernacki [1] to a question concerning differ- 
ential equations of the form z” + A(s)# = 0, where A(%) =o. In order 
to apply it to the present question, choose 


j(s) == ae and k(s) = log f(s). 


Then the conditions required of j7(s) and k(s) are satisfied, f’(s) being mono-: 
tone and f’(«) == œ. Hence, there exists a sequence si, S2,° * > satisfying 
Sn —> œ and 


log f (Sn + a/{F (Sn) }4) < 1+ log f (sa). 
In view of (16), this means that. 
h(8n,a@) < e, where n = 1, 2,: - - and s,— œ. 
Hence, (19) follows from (20). 


This completes the proof of (i). 
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X 


6. The proof of (ii) will be made to depend on facts which can be 
derived from Kneser’s considerations, referred to above. It will be convenient 
to formulate the facts relevant in this respect in the form of a 


Lemma. For 
(21) | 0OSt< oa 
and for every A contained in a range of the form 
(22) : ho SA< 0, 
let F(t, à) be a continuous aon of t satisfying 
(23) F(t, A) S0 
and having the property that the limit function G (t) = F(t, ©) ewists and 


the limit relation 
(24) F(t, A) > G(t), where A —> 00, 


is uniform on every bounded t-interval of (21). Then the differential equation 
(25) a -+ F(t, A)o = 0 


has, for every X contained in the range (22), a solution œ = (t) satisfying 
-the inequalities 
(26) olt) > 0Oand (4) SO0feorO0St< a, 


and this solution w(t) is unique to a positive constant factor, which can be 
normalized by 
(27) wa (0) = 1. 


In addition, if y(t) = woo(t) denotes the corresponding solution of the 
limiting case, A == œ, of (25), that is, of y(t) is that solution of 


(28) | ý+ G(t)y=0 
which satisfies the inequalities 
(29) w(t) > 0 and y(t) =0 for OSt< o 


and is normalized by 


(30) y(0) =1, 


(a solution y which exists and is unique), then, corresponding to (24), the 
limit relation 
(31) . w(t) > y(t), where A> œ, 


holds uniformly on every bounded t-interval of (21). 
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- First, if f(t) is any. function which is continuous on (21) and satisfies 
there the inequality 


(32) f(t) S09, 
then the differential equation 
(33) $+ f(t)d—=0 


has on (21) a bounded non-trivial solution, and this solution of (38) is 
unique if it is normalized by 


(34) | $(0) =1 


([7]; cf. also [3], pp. 42-46 and [12], p. 95, and, for a still simpler proof, 
[5], §3, footnote). But (33) means that, if (t) is any (real-valued, 
non-trivial) solution of (83), then the graph of ¢== ¢(¢) must always turn 
its concavities away from the t-axis. Hence, if (t) is that solution of (33) 
which is bounded as {> œ and is normalized by (27), then, since its graph 
runs within the upper half-plane initially, it must always stay there and so, 
for reasons of convexity, it must satisfy both inequalities 


(35) p(t) > 0, d(t) S0 for0 St < o. 


Next, (35) and (34) become (26) and (27) or (29) and (80) according 
as (83) is identified with (25) or with (28). These identifications are 
possible, since, on the one hand, (23) means that (32) is satisfied by 
f(t) = F(t, à) and, on the other hand, (23) and (24) imply that (32) holds 
for f(t) = G (t) also. 


7. Accordingly, the Lemma will be proved if it is shown that the limit 
relation (31), along with the uniformity of (31), holds on’ every bounded 
t-interval. To this end, recourse will have to be had to the assumption not 
fully used thus far, namely, to the limit relation (24), along with the 
uniformity of (24) on every bounded #-interval. 

In the proof, two additional facts, listed below.as (I) and (11), will be 
needed for the differential equation (33) in which f(t) is any continuous 
function satisfying (32) on (21). 


(I) If t, tə is any pair of distinct points of the half-line (21), and 
if ¢:, $2 is any pair of values, the points (41,41), (t2,¢2) of the (t, ¢)-plane 
can be joined by exactly one solution arc, $= (t), of (33). 


(II) Ifa solution of (33) is defined by the initial conditions (¢) t= == 1, 
(b) t20 = go, it will have exactly one or no zero on the half-line (21) according 
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as — œ < ġo < (0) or (0) Sd. < ©, where (0) denotes the initial 
slope of the unique solution curve satisfying (34) and (35). 


Ad (I). Since (32) is sufficient for the non-existence of “ conjugate 
points,” the truth of (I) is contained in the corresponding classical argument 
concerning Jacobi’s equation (cf., e. g., [2], pp. 58-59). 


d (II). Since (82) implies that every (non-trivial) solution of (32) 
has at most one zero on the half-line (21), the correctness of the Dedekind 
cut claimed by (II) can readily be seen from the convexity argument which 
led to (85) [correspondingly, (II) can be read off from the proof, even though 
not from the wording, of Kneser’s theorem; cf. loc. cit.]. 


From (I) and (II), it will now be concluded that 
(36) lim info, (0) > — œ.. 
A-200 
Although (36) is just the roughest approximation to (31), it turns out to be 
the crucial step in the proof of (81). 


First, (23) and (I) imply that there belongs to every À on the half-line 
(22) a unique solution » = o(t, A) of (25) satisfying 


(37) (0A) = 1 and o(1,A) =0. 


Similarly, since (23) and (24) imply that G (t) = 0, hence G(¢) —e << 0 if 
€ > 0, it follows from (I) that the differential equation 


(38). | i+ {G(t) —o—0 

has a uniqué solution §= 0 (t;e) satisfying 

(39) 6(0,e) = 1 and 0(1,<) =0. 

Since the coefficient functions in (25) and (38) are non-positive, no non- 


trivial solution of either of these differential equations can have more than 
one zero, and so (37) and (38) imply that 


o(t,r) > 0 and O(t, e) > 0 for 0<t<cl. 


Next, if e> 0, then, since. (24) is supposed to hold eee on every 
fixed interval 0 = ¢ = const., the inequality 


F(t,4) > G(E) —«, where OS t31, 


holds whenever A is large enough (with reference to e). ‘Clearly, the last two 
formula lines imply that the integral . 
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oS Er) — 4) +9004, donate 


is positive. But if (25) and (38) aré multiplied by @ and w, respectively, a 
subtraction, when followed by a quadrature, shows that this integral is identical 
with the difference 

[O(t, e)o(t, A) — H(t, A) 6 (t, €) Jot. 


Accordingly, this difference is positive (if A is large enough with reference 
to a given e > 0). 
Since (87) and (39) reduce this difference to 


{0 — 0} — {6(0, e)1 — (0, 4) 1} = — 6(0, e) + (0, à), 
it follows that l 
&(0,) > 6(0, e). 
On the other hand, (II) implies that 
a (0) > (0, A), 


since w==w(t,A) and o = œ(t) are two solutions of (25) the first of which 
has, and the second fails to have, a zero on the half-line (21), as shown by | 
(37) and (26) respectively. But the last two formula lines imply that 

(if A is large enough with reference to e) 


n(0) > (0, €), 


whence the assertion (36) follows (by choosing, for instance, e = 1). 


8. It is easy to improve (36) to the assertion that 


(40) p lim (0) exists 
A300 
(as a finite limit). 


In order to see this, suppose that (40) is false. Then, since’ (36) and 
the second of the inequalities (26) imply that (0) is bounded as A œ, 
there exist two sequences, say A.*,A.*,° © - and Ay**, Ap**,- - +, which tend 
to œ and have the property that, as n — œ, the value of o,(0) tends to p* 
or to »** according as À == An* or A = An™*, where p* and p** are two distinct 
limits. Since the initial condition (27) is independent of A, the boundedness 
of the initial condition ,(0) also implies that, if A,* and An** are suitably 
chosen, the solutions w,(¢) belonging to A=An* and A=A,** will, by equi- 
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continuity, form sequences which tend, along with their first derivatives, to 
limit functions, uniformly on every bounded portion of the half-line (21). 

Let w*(t) and w**(¢) denote the respective limit functions. Then, 
since (24) is supposed to hold uniformly on every bounded portion of the 
half-line (21), both y==o*(t) and y= o**(t) are solutions of (28). 
Furthermore, both of these solutions of (28) satisfy (30), by (27), and they 
are bounded as t—> œ, by (27) and the second of the inequalities (26), but 
they are distinct solutions, since o*(0) =p* and o**(0) = ,»**, where 
p* A p*"*, Accordingly, (28) has two distinct bounded solutions satisfying 
(30). But this is impossible, since, as mentioned before (34), a differential 
equation (33) satisfying (32) cannot have more than one bounded solution 
normalized by (34). This contradiction proves (40). 

It is clear from this proof that w(t) tends, as A— ©, to a limit function, 
uniformly on every bounded portion of the line (21), and that this limit 
function is bounded as ¢-> œ and satisfies both (28) and (80). But (28) 
cannot have more than one bounded solution satisfying (30). Consequently, 
the limit function must be identical with that solution of (28) which occurs 
on the right of the limit relation (81), claimed by the Lemma. The proof 
of the Lemma is therefore complete. | 


9. It will now be shown that the Lemma readily supplies a 


| Proof of (i1).. Suppose that f(s) in (1) satisfies Conditions (*). Then, 
since (15), (14) and (10) imply that f(s) is ultimately positive, and since 
the same is true, by (2), of f(s) itself, it is possible to choose an so so large 
that 


(41) f(s) >0 and f(s) >0 tot WES <L o. 


In particular, if s== f(A) denotes the inverse function of the function 
A= f(s), then F'(A) exists, is positive and has a positive, continuous first 
derivative, if Ay SSA < œ, where ào = f(s); and 


(42) F(A) > œ as àe o, 
by (2). It will always be assumed that s, A exceed so, Ao, respectively. 


In particular, (16) defines a positive, continuous function h(s,r) on that 
portion of the (s,7)-plane which is determined by the inequalities 


(43) SÈ so rz {f (s) } (so — s). 


On the other hand, by (14); there clearly exists a positive number, say 8, 
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- having the property fine the inequalities (43) are satisfied whenever s is 
large enough and 
(44) = (3-3: +- 8) =r< 0, 


+ being the constant (10). It will be assumed that so is chosen so large as 
to make (44) and s = so together suffice for the second (hence, for both) of 
the inequalities (43). 

For any fixed A, replace s in ( a and in any alioa $ = =o) of (1), 
by a new independent variable, t = as + b, as follows: 


(45) t= {P (F(A) Hs — fr )}, (So Ss< o). 
Then (1) appears in the form (25), where 
(46) FGA) = (PPO) FIA fF) + AGA) 


and 


(47) w(t) = o(f4(a) + EAFA) }4), 
p(s), w(t) being a corresponding pair of solutions of (1), (25). 


By the above choice of the bounds ào, So, the function on the right of (46) 
is defined for’ 


Ao SA < œ and rer (A) )}8{s0—f7(A)} St < 


(at least). In particular, it is defined whenever A and t =r satisfy (22) and 
(44) respectively. Since, if t =r, the half-line (44), where : > 0 and $ > 0, 
contains the half-line (21), it follows that (46) defines F(t, A) whenever t, A 
are on the respective half-lines (21), (22). 


10. On the (¢,A)-region (21)-(22), assumption (23) of the Lemma is 
satisfied. In fact, since (41) implies that the function f, and therefore its 
inverse function f*, is positive and increasing, (23) follows from (46). 

It will now be verified that the remaining assumption of the Lemma, 


that concerning (24), is satisfied by G(t) Pa This will prove that the 
Lemma is applicable, with 
(48) ý — ty = 0 


as the limiting case, (28), of (25). 


First, since A is independent of ¢, differentiation of (46) with respect 
to ¢ gives | 
P(t A) =—h(f7(d), t), 
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h(s,r) being defined by (16)... But Conditions (*) are assumed, and so their 
requirement (17) shows that 


h(f*(A), t) +1 as FI(A) > œ 


holds uniformly on every bounded #-interval contained in the half-line (44), 
where r== t. Since the latter half-line contains the half-line (21), where 
t = r, it is now clear from (42) and from the last two formula lines that, as 
A—> œ, the limit relation /'(¢,4) -—1 holds uniformly on every bounded 
-¢-interval of (21). Hence, in order, to conclude that the same is true of the 
limit relation F (t, à) > — t (i.e., of (24), where G@(t) = — 1), it is sufficient 
to apply a quadrature and to observe that the integration constant, F'(0, A), 
of this quadrature vanishes for every à. In fact, (46) shows that the value 
of the integration constant is 


P(0,A) = {FEA a f(A) )}, 


and this shows that F (0, à) ==0, the second { } in the last formula being 0 
in view of the definition of f-* as the inverse of f. 

This proves that the Lemma is applicable when (28) and the coefficient 
function of (25) are (48) and (46) respectively. 


REMARK. Although the wording of the Lemma merely states that (31) 
holds uniformly on every bounded t-interval contained in the half-line (21), 
it is clear from the proof of the Lemma that (31) holds uniformly on every 
bounded #-interval on which (24) is assumed to hold uniformly. Hence, in 
the present case, (31) holds uniformly on every bounded interval of the half- 
line (44), where r= ¢. In other words, (31) holds now uniformly not only 
on every bounded ¢-interval contained in the half-line (21) but on the (fixed, 
bounded) ¢-interval 
(49) — (3.+8) StS0 
as well, 

The proof of the. assertion, (9), of (41) is now straightforward. 

First, if &(¢) is defined by (12), then, as is well-known (cf. [11], pp. 188), 


(50) y(t) = ¥(— 382) /¥(0) 


is that solution of (48) which is bounded as ¢-> œ and is normalized by (30). 
It follows therefore from the preceding Remark that, by virtue of the linear 
substitution ¢ = as + 6) defined by (45), the limit relation (31) belonging 
to (50) holds uniformly on the s-range, the t-image of which is the interval 
(49). Cf. (47), where the arbitrary solution, ¢(¢), of (25) is now chosen 
to be the particular solution-¢,(¢) specified in the Lemma. 
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On the other hand, since (11) means that (10) is the least positive zera 
of (12), the function (50) has a greatest (real) zero, which is t = — 3th < 0, 
Since a (real-valued, non-trivial) solution of a (real) linear, homogeneous 
differential equation of. second order can vanish at a point only by changing 
its sign at that point, and since (31) holds uniformly on the ¢-interval (49), 
where ô > 0, it follows that 


(I) ifA is large enough, w(t) has at least one zero on the interval (49), 
and that 


(II) the largest zero of w(t) on (49) tends to — 37 as Ao. 


In addition, since (81) holds uniformly not only on (49) but on every 
bounded interval of the half-line (21) as well, it is clear that 


(III) if A is large enough, the largest zero of »,(¢) on (49) is the 
largest real zero of w(t). 


Finally, if ¢,(s) is defined by placing 
(51) (Ss) =œ (t) in virtue of (45), 


it is clear, from the definition of ,(¢) in the Lemma and from the fact that 
(1) is identical with (25) in virtue of (45), that a(s) is a solution of (1) 
satisfying the requirements specified after (8) and before (9). But s*(A) 
in (9) denotes the largest zero of this ¢,(s). Hence it is seen from (51) 
and (45) that the three facts, listed before (51) as (I), (II) and (III), 
imply the truth of (9). 

This completes the proof of (i). Since (i) has been verified before, 
and since the Theorem is a corollary of (i) and (ii), the Theorem follows. 


Appendix. 


In this Appendix, (13) will be proved under the assumptions announced 
after (13) and even under somewhat more general assumptions. This addi- 
tional generalization, which assumes the continuity of f(s) only on the open 
half-line, 0 < s < œ, is essential from the point of view of the applications. 
. For, on the one hand, the integral (13) is quite sensitive if f(s) is irregular 
enough as s—> 0 and, on the other hand, s usually corresponds to a radius 
vector, and f(s) is determined-by a potential, in the quantum-mechanical 
problem. Thus, on the one hand, care must be taken of the behavior of f(s) 
near s==0 and, on the other hand, f(s) cannot reasonably be bounded near 
s==0. Correspondingly, what will be proved is the following form of 
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Tue “ AVERAGED” VARIANT OF THE THEOREM. On the open half-line 


(1) Oc¢s<c ow, 

let f(s) be a real-valued, continuous function satisfying 
(2) lim inf f(s) > — © as s-—>0 
and . 

(3) f(s) —> © asso, 


and suppose that, if s is large enough, the graph of 
(4) f = f(s) is convex from below. 


Then if $ = p(s) denotes any real-valued solution of 


(5) $” + {A—f(s)}6 =0, 


(s) has a finite number of zeros on the half-line (1) whenever à is large 
enough and, if N(A) denotes the number of these zeros, the asymptotic form 
of N(A) can a priori be calculated from f (and from the inverse function, f*, 
of f), as follows: | 

l FIN 
(6) aN (à) ~R f {A— f(r) }4dr as A> œ. 


0 


It should be noted that, while (4) (along with either (8) or the con- 
tinuity of f) implies the existence and the monotony of right- and left-hand 
derivatives D*f(s) everywhere, as well as the identity of the latter nearly 
everywhere, not even the additional assumption D*f(s) =D-f(s), which is 
known to be equivalent to the existence of a continuous derivative f’, suffices 
for the absolute continuity of D*f. This implies that, although the first 
derivative of D*f or f exists, by monotony, almost everywhere, f” is, in general, 
quite useless in connection with any problem involving asymptotic integral 
estimates. In the sequel, f(s) will denote either D*f(s) or Df (s) (if s is 
large enough, so large that (4) is true). 

According to (4) and (3), it is possible to choose an so so large that 


(7) F(s) > 0 
and | 
(8) df'(s) Vif sa SEs < o, 


hence, again by (4), 
(9) f(s) >O0 ifs Ss< ow. 


` -a 
e 
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Put p= f(so). Then f*(A) exists (as a unique continuous function) for 
psdr< œ, Furthermore, 


(10) fA(A) > œ as A>, 

by (8).. i 
It was proved in [6] that if g(s) is a continuous, non-negative function 

possessing a continuous derivative g’(s) on the closed half-line 


(11) OSs < om, 

and if 

(12) g' (s) = o{g (s) }? as s—> œ, 
then ) 

(13) mn (s) ae f {g(r) }2dr as s > œ, 


where, if ¢ = ¢(s) is any (real-valued, non-trivial) solution of the differential 
equation 


(14) ` p” + 9(s)o = 9, 


n(s) denotes the number of those zeros of ¢ which are between 0 and s. Since 
(as observed loc. cit.) the assumption (12) prevents the boundedness of the 
integral (13) as s—> œ, it is immaterial whether the zeros possibly situated 
at 0 and/or at s are or are not included in the definition of n(s). 

Suppose that (14) is replaced by 


(15) p” T g (8, A)¢ z 0, i 


where A is a parameter varying, for instance, over the half-line p< A < œ. 
Let the assumptions of the theorem just quoted be satisfied by g(s) = g(s, À) 
when A is fixed, and suppose that assumption (12) is satisfied uniformly for 
BOA < ow, i e, that 


(16) Lu.b. | 9’(s,A)1/| g(s,A)| 220 as s—> œ 
BIAS OO 


(where F = <éf/ds). Then the A-form of (18) holds uniformly in A, i. e., 


(17) lu.b: | 1—-x2n(s, A)/ f {g (r, A) }4dr | => 0 as s —> o. 
BoA< OO 7 


This is clear from the proof given in [6] for a fixed A. 
2 
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On the portion (0s < 0, p< A< œ) of the (s,A)-plane, define a 
function g(s,A) by placing 


(181) g(s, à) =à — F (FP A) — s) if 0 S s S f7) — so 
and l 
(182) g(s, A) =à — f (so) if FF(A) — s < 8 < œ, 


where f(s) is the function occurring in (5) and s is the constant defined by 
(7), (8). It is seen from (18,) and (182) that, while g(s,A) is continuous 
throughout, it has only right- and left-hand derivatives, D*g(s,A), with respect 
to s. But the latter are monotone throughout and are identical (and con- 
tinuous) nearly everywhere, and so it is clear from the proof, given loc. cit., 
that (17) remains true if the uniform o-assumption is meant in the sense 
that (16) holds when F denotes D*f. | 

It is easy to see that, in this sense, (16) is satisfied for the function 
g(s,A) defined by (18,)-(18.). In fact, from (18,), 


(191) g (sà) =F (FF (A) — s) if OSs S f(A) — so 
and, from (182), ; 
(192) g (sà) = 0 if P(A) — so <s < 0; 


cf. (7), (8) and (9). Since f(s) is absolutely continuous for so Ss < œ, it 
follows from -(18,), (191) and (9) that, if 0 < s & F'(A) — so 


FA) 


g(s, à) = F (r)dr, 
f(A) -8 


lg(s, A) FS (Ca) — 5)! 8, 


è 


hence, by (8), 


and so, by (19:), 


7 INI IEN 2S (PQ) —s) Fas, | 
and therefore, by (7) and (8), 
(20) | 9 (s,9)| LINES OF (60) he. 


While this proof of (20) holds only under the proviso, 0 < sf (A) 
— 8, of (19:), it is seen from (192) and (7%) that (20) is trivial if this 
proviso is negated. Hence, (20) holds without any proviso. But (20) 
implies (16). 

Consequently, (17) is applicable. Hence, if s = 8) is any function of A 
satisfying 
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(21) - Sa —> 0 as A> œ, 

then 

‘ &) 

(22) mn (Sn A) ~ f (g(r, A) }4dr as A> o. 
Choose j 

(23) Sa == FI(A) — 5. 


Then (10) shows that (21) is satisfied. 


If (23) and (18,1) are substituted into the integral on the right of (17), 
it is seen, by introducing the new integration variable += f> (A) — r, that 
the integral on the right of (22) is identical with 

A) 
{à — f (t) Pdt. 
8o ; 
Hence, if ¢ is now denoted by r, and if (23) is substituted on the left of (22), 
it follows that (22) can be written in the form 
fA) 


(24) nn(f-2(A) — so A) ~ f (A — f(r) Hdr (A> œ). 


Finally, it is clear from (18:) that, if (s) is a solution of (15) on the 

s-interval 0 Ss S f(A) — So, then ¢(f*(A) —s) is a solution of (5) for 

os% f“ (à). It follows therefore from the definitions of N me) and 
ne à) that, with a possible error of + 1, the difference 


(25) N(A) —n(f(A) — so À) 


represents the number of zeros of a (real-valued, non-trivial) solution of (5) 
on the interval 0 < $ < So Since so is a fixed. positive constant, it is now 
seen from the assumption (2) that the difference (25) is asymptotically equal 
to 1/m times A?so and, therefore, to 1/x times 


8a 


{ {afi Har, 


Q 


as àÀ—> œ. In view of (25), this completes the proof of (6). 
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LEBESGUE, FRECHET AND KEREKJARTO VARIETIES.* 
By J. W. T. Younes. 


1. Introduction and general theory. 


1.1. This paper deals with certain equivalence relations defined over 
the totality of mappings (= continuous transformations) from a given Peano 
space (— locally connected continuum) into a fixed metric space. The 
relations in question are immediate generalizations of concepts employed by 
Lebesgue, Fréchet and Kerékjarté in the study of surface theory, but before 
dealing with these specific concepts in detail it is convenient to develop the 
discussion on a general level. | 


1.2. For a fixed pair, (X,Y), where X is a Peano space and Y is 
metric, there is a class, @, consisting of the totality of mappings, f, from X 
into Y. If His an equivalence relation over @, then it partitions. @ into 
mutually exclusive equivalence classes known as H-varieties, and the totality 
of #-varieties forms a class €. It is convenient to make a distinction between 
an E-variety considered as an element in E and an F-variety considered as a 
subset of @. In the former case the symbol Æ will be employed, in the 
latter Æ. There is a natural transformation from @ onto €; namely 


$: BE 


defined by the requirement that ¢(f) =E if and only if fe E£. (The double 
arrow indicates that the transformation is onto E.) 


1.3. So far nothing has been said about topologies on @ and €. As 
for -@, if p is the metric in Y, then it can be metrized by the rule 


pilfrfe} "o pifi (2), fo(x)}. 


(It is to be noted that though @ is now a metric space it is not compact.) 
In asking for a topology on € all that is expected is a limit topology making 
E an L-space. (In other words, the class of convergent sequences and their 
respective limits is designated and satisfies two requirements: a) If Ex— Eo 
and {E,,} is a subsequence of {En}, then En, > Eo b) If E, = Eh, 
m==1,2,3,:--, then E,—>E,.) On the other hand, € is generated by an 


* Received August 2, 1947. 
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equivalence relation over 4, consequently it is only natural to demand more 
than a mere topology on € in that this topology should have some connection 
with the topology on @. These demands are that: 


1° œ be continuous; that is, fn —> fo imply $(fr) > $(fo). 


2° Each convergent sequence in € be covered by the image of a con- 
vergent sequence in @; that is, E,—>E, imply that there is a convergent 
sequence {fa} with limit fo, and $(fn) = En, n=0,1,2,-°-. 


1.4. There is, of course, no reason why an equivalence relation Ë 
over @ should generate a class € which can be topologized so as to fulffll 
the above requirements. (Indeed, it will be observed that of the three 
equivalence relations to be considered in detail, one leads to a class € which 
is not subject to such a topology.) In the event the class € can be topologized 
in conformity with requirements 1° and 2° of 1.3, it is said to be properly 
topologized. 


1.5. Two questions are of immediate interest in connection with the 
general system considered in the above paragraphs: 


1°, If € can be properly topologized, is the topology unique? 


2° What conditions on # are necessary and sufficient for the existence 
of a proper topology on €? | 


1.6. It is quite clear that the answer to the first question is in the 
affirmative, simply as a consequence of the powerful character of the 
restrictions in 1.3. In fact, it will be shown that E,—>E, if and only if 
0Alim En C Eo. 

First suppose E, —> Eo Then there is a sequence fa— fo such that 
b(fn) = En, n= 0,1,2,--- by the covering requirement (1.3). Conse- 
quently, O=s4lim En. Now if gr—>go, gne ln, n= 1,2,3,::- then 
(gn) > $ (go) by the continuity requirement (1.3). But (gn) = En > Ep, 
therefore go £ Hy and 0 lim En C Eo. 

Conversely, if 0 Æ lim Fn C Eo then there is an fn £ En, n= 0, 1,2, >: 
such that fn—> fo Consequently, ¢(fa) —> (fo) by the continuity require- 
ment (1.3), that is En > Es. 


1.7. As to the second question, suppose that the proper topologization 
(1.4) of € is possible. Then, fa — fo, 9a —> go and fa Ë gn, n=1,2,3, >> 
implies that (fn) > $(fo), (gn) > (go) and (fn) = (gn), n=1,2, 
38,” +. Consequently, (fo) = (go), that is, fo É go. 

Conversely, suppose # has the property that fn —> fo, gn —> go and fn Ë gn, 
n = 1,2,8,- -imply fo Ë gò. Define En —> E, if and only if 0 4 lim En C Ho. 
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This rule designates the class of convergent sequences in €; it is necessary 
to check that the limit of a convergent sequences is unique. If F, D lim Fn 
= 0=4lim En C E's, then there is a mapping fn € En, n = 1,2, 3, > > such 
that fn—> foc Hs and a mapping gn€En, n= 1,2,8,- such that 
gn —>go£ HE’. But fn € En 3 gn implies fa Ë gn and therefore fo Ë go. Conse- 
quently Eo = F's and limits are unique. 

Now suppose En —> Ep, that is, 0 4 lim En C Eo and {En,} is any subse- 
quence of {En}. Then 054 lim En, C lim B En Ce ane and En, — Ey. It is even 
simpler to see that if E, =— Eo, n==1,2,3,:--, then En—> Eo. This shows 
that the class of convergent sequences and iets ‘respective limits designated 
above makes € an L-space (1.3). It remains to be shown that the topology 
is proper (1.4). 

If fn—> fo, it must be shown that (fa) >¢(fo). Suppose that freLn, 
m=0,1,2,---, then foelim En. If gre En, n= 1,2,3, -> and gn go; 
then as fn Ë gn, m =1,2,8,-- - it is true that fo É go and goe Hy. Conse- 
quently, 0 oo lim En C E, and En —> E, The result follows on observing that 
h (fn) ag En, n=0, 1, 25° 

Finally, suppose En GE, then 0A lim En C Eo and there must tere: 
fore be mappings fn € En, n = 0, 1,2,- + - such that fn —> fo But (fn) = 
n=0,1,2,-- - and so the covering requirement is fulfilled. 


1.8. In accord with the usual terminology, it will be said that the 
equivalence # generates an upper semi-continuous decomposition of 4 if and 
only if fa —> fos gn > go and fn É gn, n = 1, 2,3,- - - imply fo Ë go. The results 
developed above can now be stated in the following manner: The collection € 
can be properly topologized if and only if the equivalence É generates an 
upper semi-continuous decomposition of 6; moreover the proper topologiza- 
tion of E 1s unique. (These results may be compared with those of Radó- 
Youngs. [9] 2). 


1.9. This concludes the topological portion of the general theory. A 
few comments are to be added along what may be called analytic lines. For 
the contemplated applications of these topological concepts it is convenient 
to consider a transformation 

A: b >P 


where P is the non-negative linear continuum compactified by the addition 
of a point at infinity. It is not assumed that A is continuous, but rather, 
in line with the theory of Lebesgue area, that it is lower semi-continuous ; 
that is, fn —> fo implies lim inf A (fn) = A (fo). 


* Numbers in brackets refer to the bibliography. 
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1.10. A particular pair, (4, ) consisting of a, lower semi-continuous 
transformation A: 4 — P and an equivalence relation Ë is said to be coherent 
if and only if f É g implies A(f) = A(g). Under these circumstances one 
can define a transformation Ay: €-—>P by the rule that An(E) = A(f) for 
any f in FE. Moreover, if € can be properly topologized, then Ag is a lower 
semi-continuous transformation. For suppose Ens —> Eo, then for each n there 
is a mapping fae 2H, such that fr—fo Consequently, liminf Az(En) 
= lim inf Á (fa) = A (fo) = Aa (Eo). 


1.11. To make a concluding general remark, if # and F are equivalence 
relations over @, define # < F to mean f Ëg implies f F g. Now suppose E 
is any E-variety, then there is an F-variety, F, such that #C F. Consequently 
the class F may have members, or representations, which are not in Æ, and 
as the desirability of having “ good” representations needs no apology, the 
equivalence F may be considered to be superior to the equivalence Æ simply 
because F''can certainly do no worse (and perhaps do much better) than # 
at producing equivalence classes with “good” representations. So much for 
this discussion at the moment; it is time to observe how these general ideas 
apply to some equivalence relations due to Lebesgue, Fréchet and -Kerékjarté. 


2. Lebesgue varieties. 


2.1. A mapping f: X — Y (= from X into Y) is said to be Lebesgue 
equivalent to a mapping g: X — Y if and only if there is a homeomorphism 
h: XZ X (= from X onto X) such that f= għ. (See Lebesgue [5].) 
The notation to be employed is fLg. It is quite obvious that the binary 
relation L is an equivalence over @ (see 1.2). Suppose that the L-varieties 
constitute a class (see 1.2). The general result of 1.8 will readily check 
the possibility of a proper topologization (1.4) of £. 


2.2. It will be observed that a proper topologization of £ is impossible 
as Lebesgue equivalence does not generate an upper semi-continuous decom- 
position of @. To see this suppose ¥ and F are the same space, namely the 
closed unit interval, and let 


a oi 0S¢=4 
fn{z) = 
Qn — 1 PE 


0 f#oOsSs¢sH 
fo(e) = aw — iiias] 
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It is easy to see that there is a homeomorphism An such that go = fnhn; 
in fact, since fn is a homeomorphism, so is fn and go = fnn, n == 1, 2, 3,--- 
Therefore fn È go, n =1,2,38,---. On the other hand, fo L go is ca ane 
since fo is not a homeomorphism while go is. But fn —> fo and gos Jos Gos * © © > Jo 
hence if Lebesgue equivalence were to generate an upper semi-continuous 
decomposition of @ then fe L go would be mandatory. 

This shows that in general the class £ cannot have a proper topologization. 


2.3. The term equivalence is of course not employed by Lebesgue 
(nor, for that matter, by Fréchet or Kerékjártó). He states a condition 
under which two mappings are not to be considered as different, and this 
condition is, in the present terminology, the requirement that the two 
mappings be Lebesgue equivalent (see Lebesgue [5, p. 801]). 

On the other hand a little later on, Lebesgue defines convergent sequences 
and limits in the class £ by a device which may be interpreted to be the 
. following: L» — Le if and only if there is an: fn € Dn, n =0,1,2,- ° - such 
that fa —>fo Now it is clear that Lebesgue does not wish to permit a con- 
vergent sequence {Ln} to have two distinct limits, that is, he does not wish 
to tolerate a situation in which fn L gn, n= 1,2,3, >, fafo Jn—> Go 
but fo L go is false. Consequently, one concludes that what Lebesgue ultimately 
has in mind is a generalization of what has here been defined to be Lebesgue 
equivalence, a generalization which will guarantee an upper semi-continuous 
decomposition of @. But for a generalization of Lebesgue equivalence to 
stand any chance of having this property it must at least be true that if 
fn L gn, n= 1,2,38, © +, fa—> fo and gn— go, then fo and go are equivalent 
in the generalized sense. It is interesting to note-that this minimum 
requirement, this necessary condition, is also sufficient. 


2.4. Define fM g if and only if there are cscs {fn} and {gn} such 
that fa—>f, gn—>g and fn L gn, n= 1,2,3,---. To show that M is an 
equivalence the transitivity property alone needs to be checked in detail. To 
this end, suppose fı Mf. M ‘fs. There are PEERS {ıfa} and {2fn} such that 
ifn fas ofn — fz and ifn L ofn, n = E E There are also sequences 
{ofn} and {sfr} such that afn — fe, afn — fa and afn Dafa, n=1,2, 8, 
The last statement means that for each n there is a homeomorphism ha: X3 X 
such that ofn == ofnħmn. Define sfn = ofan, n==1,2,38,- °°. Now afn L afn 
and as ifn Lofn, ifn Lofn since L is transitive. Consequently, fı M fa if it 
can be shown that sfn —> fa. Notice that | | 


pilsfny fa} = prlsfn, afn} F pı{sfn fs}. 
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But E E 
pı {afn sfn} mee prlofaln, afn} = prfofny af niin *} o 
7S pr{afn, ofn = piffa fo} + pril{fe, of n}- 


(The second inequality is Justified in virtue of the fact that if f: X — Y, 
g: X — Y and h is a homeomorphism from X onto itself, then 


ert, g} a pı{fh, gh} 
because of the definition of the metric on @ (see 1.3).) Hence 
prt afn, fa} S pafafns fa} + palatns fa} + palon fo} > 0 
and sfn—> fs. 


It is obvious that f Lg implies f M g, in other words L < M (see 1.11). 
Now suppose fn M gn, n == 1,2,3, -© while fa —> fo, gn—> go Then for 


each n there are sequences {nfr} and {ngr} such that nfe —> fn, nge —> gn and ° 


nfe D nge, k= 1,2,8, ++. Since is metric, for each n one can select 
a subscript kn such that pı{fn; nfen} < 1/n > p1{ Ins ngraje Consequently, 
nfen —> fos ngra > Go and nfen D ngra n= 1,2, 8,: -+ ; that is, fo M go. Hence 
M generates an upper semi-continuous decomposition of @ and the class, M, 
of M-varieties, M, can be properly topologized (1. 5-1. 8). 

These comments will be touched upon later when M is compared with 
Fréchet equivalence, the next concept to be defined. It should be stated here, 
however, that an examination of the viewpoint of Lebesgue has been the 
subject of several conversations with Radé. . 


3. Fréchet varieties. 


3.1. A mapping f: X-—Y is Fréchet equivalent to a mapping 
g: XY if and only if, for every «>0 there is a homeomorphism 
he: XZ X such that pı f, ghe} <e (See Fréchet [1].) The notation to be 
employed is fFg. Itis easy to see that this binary relation is an equivalence 
over and L<F (see 1.11). The crucial question concerns the possibility 
of properly topologizing the class, #, of F-varieties, F. 


3.2. THEOREM. Fréchet equivalence generates an upper semi-continuous 
decomposition of 4. 


Proof. Suppose fn P gn, n= 1,2,8,- + - while fa —> fo and gn—> go. For 
any « > 0 there is a homeomorphism An: X33 X such that pı{fn; gnn} < €/8. 
Now there is an m such that n > no implies pi{fn, fo} < €/3 > p1{9n go} and 
in view of the fact that pi{gnfn, Jolin} = p1{9n, Jo} it follows that pi{fo, gohn} 
< pfo, fn} + prlfn, gnn} + pil gnhn; John} < e Consequently fo F go. 
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3.3. A stronger theorem than the above, however, is possible. An 
equivalence # over @ is said to generate a continuous decomposition of @ 
if it generates an upper semi-continuous decomposition, and, in addition it is 
true that fr— fo É go Sn there is a sequence {gn} such that gn —> go and 
faf gn, n= 1,2, 3,- 


THEOREM. Fréchet equivalence generates a continuous decomposition 
of &. 

Proof. It is only necessary to show that if fn —> fo F go then there is a 
sequence {gn} such that gn—>go and fn F gn, n = 1,2,8, °°. Since fo F go, 
for every n there is a homeomorphism hn: XS X such that pi{fo, John} <1/n. 
Define gn = fintn. Then gn F fn and p1{ 9n, Jo} = pr{Gnlins Jolin} = prlfns John} 
E pilfn, fo} + p{fos Jolin} < pilfn, fo} + 1/n. Therefore gn —> go. | 


3.4. The class # can therefore be properly topologized by the general 
methods of the introduction (1. 5-1.8). A fact which makes Fréchet equi- 
valence a highly convenient concept, however, is that the proper topologization 
of # metrizes it. This will be shown by making use of the fact that the 
proper topologization of # is unique, (1.6). 


3.5. If F, and F, are elements of F define 
po Fy, Fo} = inf piflfi, fo} 


where the infimum is taken over mappings fı and fs such that fie, while 
fee F. To show that pə is a metric on Ẹ it is only necessary to check the 
triangle inequality and the assertion that po{F,, F2} = 0 implies F, = F». 

Concerning this last statement, suppose po{Fi,F.}—0. Select fie Fa, 
t= 1,2. For any «> 0, there is a mapping fie f;, t== 1,2, such that 
pr{fi, f2} < €/3. From the definition of Fréchet equivalence there is-homeo- 
morphism her Xs > X such that prlfisfiha} < 6/3, i= ds ee Consequently, 
pi{filta, feh} S = prlfils f }+eithi, fo} + prlfes feh2} < e. Hence prt fis fo hah} 
< eand f F fa This shows that F = Fp ` 

Relative to the triangle inequality, suppose F,, Fa and F, are elements 
_ of F. Given e> 0 there is a mapping f: £ Fi, t = 1, 2, such that po{F,, Fa} 
> pi{fi, fo} —«/3 and a mapping fie Fi, t= 2,3 such that pa{ Fs, Fs} 
> prlfe, fs}—«/3. But there is a homeomorphism h: X¥ 3X such that 
prffo, feh} < 6/8. Now pot, Fa} + pol Fs, F;} > prlfi; fe} + pal fa, fs} — 26/3 
> pilfrh, foh} + piffoh, fo} + plo fs}—e = pilfil, fs = po{Fi, Fs} —e. 
Consequently the triangle inequality is satisfied. 

It remains to be shown that this metric on # is a proper topology (1.4). 
Suppose fa —> fo, then po{¢(fn), o(fo)} = prffn; fo} since Fn = (fn) implies 
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fre Fn (see 1.2). Hence (fn) > (fo) and ¢ is continuous. Next, suppose 
that Fa > Fo, that is po{Fn, Fo} > 0. Let foe Fo, then for each n there is an 
fne Fn and ofn € Fy such that ort ns a = 2p2{Fn, Fo}. Moreover, there is a 
homeomorphism An : ADA such that pı{fo, ofntn} < 1/n, n = 1,2, 38, >+. 
Consequently, pı {Fam fo} © pı (Frm ofslin} + pi{ofaħns fo} < 2p2{Fn Fo} + 1/0. 
If fn == nhn, then fre Fn, n = 1,2,3, © +, and fa — fo. Hence the covering 
requirement of 1.3 is fulfilled and the metric topology of F is proper. 


3.6. In view of the conclusion above and the fact that there is precisely 
one proper topology on F the general method of topologization in 1.6 is the 
topology of the metric pa. - This metric is known, by the way, as the Fréchet 
metric and is defined essentially in the same manner as in Fréchet’s paper [1]. 


3.7. Of interest in comparing the results of Lebesgue with those of 
Fréchet is the following 


THEOREM. Fréchet equivalence is the same as the generalized Lebesgue 
equivalence, of 2. 4. 


Proof. I£ f Fg then there is a homeomorphism hn: X3 X such that 
palf, gin} < 1/n, n==1,2,3,- °°. That is, gin—>f. But, by definition, 
g L ghn while 9,9,9,°:°—->g. Hence FMg. 


If fH g, then there are sequences {fn} and {gn} such that fr L Gn; 
n= 1,2,3,---, and fr—f, gn—>g. Hence there is a homeomorphism 
hn: XX such that fa = gun, n = 1,2,8, © -. Now piff, ghn} S piff, fu} 
+ pilfny Jahn} + pil Guin, ghn} = prlf, fn} + p1{9n g} —>0. This guarantees 
that f F g. 


3.8. It is of historical interest to remark that (with a suitable inter- 
pretation of some of his remarks) it is apparent that Lebesgue eventually 
applies the equivalence M to the analytic problems he has in mind and 

| topologizes 7h in the manner of 1.6. On the other hand, Fréchet works 
with F and metrizes F essentially in the manner of 3.5. The preceding 
paragraphs have shown that Mm == F when considered both as partitions 
of @ and as spaces. There appears to be a real advantage, however, to a 
direct definition of a metric on & rather than a topologization in the manner 
of 1.6, in spite of the fact that from the topological point of view they are 
the same. Certainly, in the history of the subject of area, salient advances 
were made after Fréchet defined the metric which now bears his name, and 
though it would no doubt be an error to attribute this to the neater form of 
a topology by means of a metric, it appears safe to consider that this feature 
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did play some part in the rapid subsequent development of the meon of 
surface area. 


4, Kerékjártó TE 


4.1. The definition of Kerékjártó equivalence requires a theorem on 
factorization of a mapping. (See Whyburn [11]) If f: X—>FY is a 
mapping, then there is a Peano space W, a montone mapping m: XZ M and 
a light mapping 7: M -> Y such that f = im. The composition, or product, 
lm; is said to be a monotone-light factorization of f with middle space W. 
If l,m, is a monotone light factorization of f with middle space Wa, then 
there is a unique homeomorphism h: M M, such that hm = m, and 
l= hh. 


4.2. Two mappings fı: X —Y and f.: X—> Y are Kerékjártó equi- 
valent if and only if for each monotone-light factorization lim, of f; with 
middle space Mj, è = 1, 2, there is a homeomorphism k: M, 3 Mt, such that 
li Ih. (See Kerékjártó [4].) The notation to be employed is fa Æ fe. It 
is not difficult to see that if lm; is some particular monotone-light factorization 
of f, with middle space Dt;, t==1,2, and there is a homeomorphism 
h: M3 Me with the property that l == l-h, then fi Kf, Thus it is a 
‘simple matter to prove that fı K fə if and only if there is a monotone-light 
factorization lm; of f; with middle space M, t — 1,2. (For details one should 
consult Radó [7]). 


4.3. There is no strain in showing that the binary relation K justifies 
the terminology employed on its behalf and is, indeed, an equivalence; it is 
not so easy to prove that the resulting decomposition of @ is upper semi- 
continuous. Before passing on to the proof of this statement it is necessary 
_ to consider a few preliminary ideas stated in the following paragraphs. 


4.4. If: 1° ga: X— Y is a mapping, n = 0,1,2,- +53 2° gango; 
8° Xn C X, n= 0,1,2,3 4° lim Xn = Xo; then lim gun({Xn) = go (Xo). 
(The space X need only be a compactum.) : | 

4.5. Tf: 1° ma: X->Y is a mapping, n = 0,1,2,- -; 2° ma is 
monotone for n>0; 8° Mn — mo; 4° mi(X) =U, n—0,1,2,-°°3 
then mo is monotone if and only if Din converges to Mt, O-regularly (Whyburn 
[10]). 

4.6. Suppose that Æ is the space consisting of the real numbers 
0,1,4,° >- and for future convenience, let Zo = 0, Zn = 1/n, n = 1, 2, 8,° 
Then the product space (X X Zy is a ‘compactum, it has a lanahi 
number of components (X X zn), n= 0, 1,2, >+, and each component is 
Peanian. 
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4.7. I£ {fa} is a sequence of transformations fa: X>Y, n=0,1, 
2,° °°, then it generates a transformation F: (X X Z)— Y defined as 
follows: for ce X, F(x, zn) = fa (x£), n==0,1,2,:--. (Nothing is assumed 
about the continuity of these transformations; when continuous they are 
called mappings.) Conversely, if F: (X X Z)->Y is a transformation, it 
generates a sequence {fn} of transformations f,: X > Y, n =0,1,2, +> 
defined in the following manner: for v e X, fn(2@) = F(a, 2n), n = 0,1, 2,°° 

4.8. If fa—>fo and all the transformations are mappings, then F is 
likewise a mapping. 

4.9. If F is a mapping, then fn—>f, and all these transformations are 
mappings. 

4.10. Now suppose that fw is a sequence of mappings fa: XY, 

== 0,1,2,- --such that fn —> fo. Then the generated mapping F: (X X Z) 
—> Y has a monotone-light factorization LM with middle space Mt. (The 
space X need only be a compactum for the truth of the statements in 4.1.) _ 
Moreover, it is easy to see that Mt is a compactum consisting of a sequence 
{Mtn} of components where Yin is the oaeo of y= X Zn) under the mapping 
M and is consequently Peanian, n = 0, 1, 2,- 


4.11. Consider the sequence {mn} of mappings mn: X > M, n =0,1, 
2,- -+ generated by the mapping M: (X X Z)3 M. It follows that: 
1° ma: XZ Ma, n= 0,1,2," >- (see 4.7 and 4.10.) 
2° mnis monotone, n == 0, 1,2 (see 4.9 and 4. 10.) 
3° Mn —> Me (see 4. 9.) 
4° lim Pn =M, and the convergence is 0-regular (see 4. 5.). 
4.12 Suppose ln: Ma —> Y is the mapping L: WM — F restricted to Wea, . 
n == 0, 1,2,- - -. It follows that 
1° If ga: XM, is monotone, n = 1,2,3, >, gi:X—>M is a 
mapping and gx—>go, then go: X3 Mo, go is monotone and lagn — logo. 
(By 4.4, go(X) = lim g,(X) and by 4.11 this is lim Wa = Pto. Since the 
convergence is 0-regular the mapping go is monotone by 4.5. The trans- 
formation G: (X X Z) —>M generated by the sequence {gn} is continuous 
by 4.8, hence LG: (X XK Z)-—> Y is continuous. But {lngn} is the sequence 
generated by LG. Hence lngn — logo by 4. 9.) 
. 2° Tf aC Ma, n—0,1,2,-- + and lim &n = %, then lim In(Xn) 
=l (o). (Notice that L, L,L,---—>Z and apply 4. 4.) 


3° I, is light, n = 0,1,2,-- - (ZL is light.) 
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4° fy Intin, W—=0,1,2,- °° (P= DM.) 


4.13. With this introduction the principal theorem of this section can 
now be proved. 


THEOREM. Kerékjártó equivalence generates an upper semi-continuous 
decomposition of g. ) 


Proof. Suppose fnt — fo’, t= I, 2, -and fat K fr, n= 1,2,3, °°. It 
will be shown that fò K fo. 

4.14, In a manner which has been indicated in the preceding para- 
graphs, the sequence {fn*} gives rise to the sequence {mn*} of monotone 
mappings Mn’: X=3M,* and the sequence lnt of light mappings lni: Mth? > F 
connected by the formula ft = Inima, n = 0,1,2, :, ¢=1,2. (It is 
recalled that Wrot, Mt, Mat,- -+ are the components of a compactum Mt, 
i = 1,2.) l 

Since fr! K fa? there is a homeomorphism hu: Wat Ma? such that 
Int = lna?hn, n= 1,23 °°. | 


4,15. Assertion. The sequence {hnmn3} is equicontinuous. 


Remark, The above statement has the flavor of a fundamental lemma 
of Radó [7, p. 425]. He shows that if a sequence {lmn} is equicontinuous, 
where mn: X3 Æ, n= 1,2,8,--+ and 1: XY is light, then {mn} is 
equicontinuous. | 


4.16. If the assertion is false, then it may be assumed that there is an 
«> 0 and a couple of sequences {£n} and {yn} such that En —> To 4 Yn and 
A{hnMn (an U yn) } > 6 n= 1,2,3, -. But Mm? —> mt by 4. 11, 3°, hence 
lim mn*(an U Yn) = M (z0) by 4.4. Consequently, d{mn! (2n U yn)} > 0. 
Moreover, lim Yt,i == Dt, and the convergence is 0-regular (see 4.11, 4°). 
Hence for each n == 1, 2,3,: - « there is a continuum ©," such that Yt, D Cr! 
— Mnt (tn U yn), dnd d(Gn*) > 0. Consequently . 


: lim ONE = Mot (£o) ‘ 


Notice that €n? == ha (Cnt) D hamnt (an U yn) and so d(C?) > e, n=1, 
2,3,---. Select a convergent subsequence {€,,?} from the sequence 
{€}. If lim €n? = 0, then d(@,”?) Ze, and ©? is a continuum. 
Now lim ln,?(€n,?) =l? (C) By 4.12, 2°, but In,?(Cn,?) = In hn, (Gn,*) 
== fn (Cn), J= 1,2,8,--- by 4.14. On the other hand, lim 7,,*(€,,*) 
== h (lim ©,,7) by 4.12, 2° and lo (lim ©y,*), = lomo (£0) = fot (ao). “Hence 


bo? (Ca?) = fo (z0). 


But this is in contradiction to the lightness of lọ? since ©% is a non-degenerate 
continuum. 
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4.17%. To complete the proof of the theorem, since {hnmy'} ig an equi- 
continuous sequence it is a Classical result that it contains a convergent 
subsequence in 4, see 1.2. For the purpose in mind, there is no loss of 

` generality in assuming that the sequence itself is convergent, that is, 


Jn = hnn —> Jo 


In virtue of 4.12, 1°, go: XIZ Ph, go is monotone and In?gn—> logo. 
But ba? gn == ln hnMy! = In in = fnt > fot. Therefore fot = lo°go, and as 
fo” == lomo? the mappings fp’ and fo? are Kerékjártó equivalent by 4. 2. 


4.18. Now'as it is certain that the equivalence K generates an upper 
semi-continuous decomposition of @, the general theory of 1.5-1.8 shows 
that there is a proper topologization of the class K of K-varieties K. It is 
` not known whether the proper topologization of yields a metric space or not. 


4.19. It will be recalled that Fréchet equivalence generated a continuous 
decomposition of. @, and it is interesting to compare this state of affairs 
with the situation which occurs under Kerékjártó equivalence. It will be 
shown that Kerékjártó equivalence does not. generate a continuous decom- 
position of @. Consider a polar coordinate system (r, 0) in Euclidean 3-space. 
The space X is the totality of points (r,@) such that r= 1, while the space 
Y is the totality of points (r,@). Consider mappings fn: X > Y, n = 1,2, 
3,° ° + defined as follows: 

(—r sin 8 +- r/n, 8), —r Z0 s0 OSrSl 
fale) — | (r sin 0 + r/n, 6), 00S, (Srl 


and a mapping fo: X — Y given by the formula 


l (—rsinb, 0), —r 2020, OXSrS1. 
folrs8) = } (r sin 0, 6), 0S6=7, (srai. 
It is clear that fn—> fo. Now consider a mapping go:.%—Y defined as 
follows 
(—r sinb, 0), —r S050, Srs. 
plr 0) = } (rsin b, r — 0), O60, OSrS1.. 


It is obvious that fo K go since each of these mappings is monotone and 
fo(X) = go(X), (4.2). On the other hand, suppose that there is a sequence 
{gn} of mappings gn: X — Y such that gn K fa, n= 1,2,3,-- © and gn —> Jo. 
For convenience, let gn be the mapping gn» restricted to the circumference, xX 5 
of the circle X, n= 0,1,2,: ++. The notation f» has an analogous meaning. 
It is important to notice that, since gn K fn and fn is a homeomorphism from 
. the closed 2-cell X onto a closed 2-cell fan( X), gx must be a monotone mapping 
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onto the closed 2-cell f.(X), n —1,2,3,:- +. Consequently n is monotone 
and ġa (X) = fn(X), n= 1,2, 3,-- + (see Whyburn [11, pp. 165 and 173]). 
Now suppose that X and F are given the standard counter-clockwise orien- 
tations, and consider the mapping ga, n = 1,2,3,:--. It follows that the 
index of ĝa is the same integer k s4 0 at each point of the bounded component 
of Y — Gn(X ). But gn— go, hence gn— go, a situation which implies that 
the index of go is also k at each point of the two bounded components of 
Y Ea ). On the other hand, the definition of go shows that go has an 
index 1 at each point of one of the components in question, and — 1 in the 
other. This contradiction shows that Kerékjártó equivalence does not generate 
a continuous decomposition of @. 


4.20. This section is concluded with the statement of a theorem which 
is of considerable historical interest and will be employed in the next section. 


THEOREM (Kerékjártó). If fF g then fK g. 


Remark. Kerékjártó [4] proved this in case X is a 2-sphere. His 
method was employed by Youngs [13] in generalizing the result to the case 
in question.. Radó [7] gives the most satisfactory proof using a key lemma 
which has already been mentioned in 4.15. Kerékjártó was under the 
impression that the converse is true if X is a 2-sphere; in fact it is false, 
see Youngs [13]. In this condition it should be mentioned, however, that 
if fE g, where both f and g are mappings from a 2-sphere, and, in addition, 
satisfy a certain homology condition, then f Fg. 


5. Surfaces and Lebesgue area. 


5.1. The discussion in this- section is concerned with a special class, 
6, of mappings, f: X — Y, and a lower semi-continuous transformation 
A: —P (see 1.9). The particular transformation to be considered has 
the property that each one of the three pairs (A, ae (A, F) and (A, R) is 
coherent (1.10). Consequently, transformations Ar: E —>P, Ar: F —>P 
and Ax: K — P can be defined as in 1.10. In view of the fact that F and K 
can be properly topologized (8.4 and 4.18) the transformations Ar and Ax 
are lower semi-continuous (1.10). Thus it would appear that F and K 
display certain advantages not enjoyed by Æ. Moreover, Lebesgue equi- 
valence implies Fréchet equivalence (3.1), which in turn implies Kerékjártó 
equivalence (4.20); hence, in the terminology of 1.11, L < F < K. In 
other words there is evidence to indicate that Kerékjártó equivalence is 
“superior ” (1.11). both to Fréchet and Lebesgue equivalence. On the other 
hand it will be seen that from the point of view of applications there are 
strong reasons for preferring Fréchet equivalence. 


3 
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5.2. The first point of specialization to consider is the class 6. To 
this end, the pair (X,Y) is considerably restricted; in fact X is understood 
to be a 2-cell (or 2-sphere) while Y is Euclidean 3-space. The restriction 
on Y to Euclidean 3-space rather than Euclidean -space is not essential; 
the restriction on XY is of definite importance. With this understanding as 
to the pair (X,Y), an L-variety will be called a Lebesgue surface, an F- 
variety, a Fréchet surface, and a K-variety, a Kerékjártó surface. 


5.3. The special transformation 4:  —> P now to be considered will 
lead to the Lebesgue area of Fréchet surfaces. The definition of A has been 
covered in some detail elsewhere, see Radó [6] or Youngs [12 and 13] and 
a précis of the ideas should suffice here. A special class, P, of mappings, 
p: X — Y, known as polyhedral mappings is defined. There is no general 
agreement in the literature as to the precise content of the class P, but on 
the other hand there is no need'for such agreement, see Huskey [3]. For 
the purposes of this paper, a mapping p: X—Y is in the class P if and 
only if there is a triangulation T of X such that Ae T implies 1° p is one-to- 
one on A, 2° p(A) is a rectilinear triangle in F. 


5.4. It is to be noted that p may be in P by virtue of more than one 
triangulation of the above character. If peP, let E(p) = D | p(A)|, where 


T is a triangulation of the type in 5. 3, and | p(A)| is the me of the triangle 
p(A). It is not difficult to see that H(p) depends only on the mapping 
p: X > Y and is independent of the triangulation T. This number, F(p), 
is called the elementary area of p. 


5.5. The crucial point is the obvious one that P is dense in 4, 
consequently if fe @, there is a sequence {pa} such that p,—f. With this 
particular sequence {pa} there is associated an element of P; namely 
liminf E (pa). The infimum of these elements, lim inf E (pn), with respect 
to the totality of sequences {pn} such that p,—>f is again an element of P. 
It is this element which is defined to be A(f); in short 


A(f) == inf [ lim 1 inf E (pn) ]. 


Dy f 


5.6. The non-trivial statements that pe P implies A(p) =F (p), 
justifies speaking of A (f) as an area, in fact, A(f) will be called the Lebesgue 
area of f. An immediate consequence of this definition is that A is a lower 
semi-continous transformation. 


5.7. It is now an easy matter to check that (A, L) is a coherent pair 
(1.10) in other words, that f Lg implies A(f) =A(g). With but slight 
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additional effort it follows that (A, F) has the same property. On the other 
hand, the proof that (A,K) is a coherent pair is decidedly involved, see 
Radó [7], Helsel [2] and Youngs [18]. | 

The fact that & cannot be properly topologized (2.2) is unfortunate 
though it is possible to define a transformation Ay: £ —> P using the device 
of 1.10. The fact that F and K can be properly topologized (3. 4-and 4. 18) 
‘gives added: content to the transformations Ar: F ->P and Ar: K —>P 
defined as in 1.10, for these transformations are known to be lower semi- 
continuous by the general theory of that paragraph. The number Ar(F) 
is known as the Lebesgue area of the Fréchet surface F, while Ax(B) may 
be called the Lebesgue area of the Kerékjártó surface K. 


' 5.8. Other things being equal, the general remarks of the first section, 
in particular 1.11, indicate that Kerékjártó equivalence is to be preferred 
to Fréchet equivalence simply because F {] K £0 implies FC K and hence 
the class K may contain a representative with a particularly desirable property 
which is enjoyed by no representative of the class F. On the other hand, 
in the study of surfaces, there is good reason to continue to deal with Fréchet 
surfaces rather than change to those of Kerékjártó. To begin with, the 
proper topology on # makes it metric and while the same may be true of K, 
no definite information is available on this point. The fact that (A, É) 
is a coherent pair should, for esthetic reasons, come early in the theory— 
as things stand, this is not the case (see 5.7). There is also another objection. 
Suppose K is a Kerékjártó surface, the space X being a closed 2-cell. There 
are strong analytic reasons for requiring that if f and g are representations 
of K (that is, f and g are mappings in K) then f(x ) = g (Ý) where X is the 
boundary of X. Under the definition of Kerékjártó equivalence however, 
it is entirely possible for fK g but T(x ) N g(X) = 0 as Radó [7] has shown. 
Thus for quite compelling analytic reasons it would be necessary, in case- X 
is a 2-cell, to modify Kerékjártó equivalence so as to generate the above 
property on the boundary of XY. This can be done in a perfectly obvious 
manner, but it does not appear to be a particularly fruitful step. These state- 
ments may, by omission, give the impression that for Kerékjártó surfaces 
where £ is a 2-sphere there is no corresponding analytic objection. On the 
contrary, if Kis such a Kerékjártó surface then there-is at least.one important 
function defined over the representations of K which should be, but is not 
independent of the representation. The function referred to is V(f), the 
volume enclosed by a mapping from a 2-sphere into Euclidean 3-space (see 
Radó [8]). Suppose that Z is a geometric 2-sphere in F ; let S be the bounded 
component of Y — Z and | 8 | its 3-dimensional Lebesgue measure. Suppose 
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that Mt is a space consisting of two tangent 2-spheres. Let X be a 2-sphere, 
and select orientations on X and Z. It is easy to see that there are two 
monotone mappings, mı: XIZM and m2: XI M, and a light mapping 
l: MZ Z such that Dgr (Imi) = 0 and Dgr (Ima) = 2 Tf fi = Imi, i = 1, 2, 
then V(f:) =0 while V(f-)=2] 8|. On the other hand, fı and f: are 
Kerékjártó equivalent. Such a situation does not arise for Fréchet equivalent 
mappings. 


5.9. All in all, therefore, the analytic aspects of surface theory indicate 
that Fréchet equivalence occupies a happy middle ground between Lebesgue 
and Kerékjártó equivalences. It is a fortunate property too, that there is a 
certain amount of inevitability about the concept—an equivalence relation at 
least as extensive as Lebesgue equivalence appears mandatory, and now if 
proper topologization of the resulting class of varieties is required, Fréchet 
equivalence (at least) is inevitable (2.3). 
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SOME CHARACTERIZATIONS OF ARCS AND SIMPLE CLOSED 
CURVES.* 


By R. H. BING. 


1. Introduction. This paper uses the- notion of cuttings to give some 
characterizations of ares and simple closed curves. We make a distinction 
between cutting and separating as given in the following definitions: 


Devinitions, The set R separates A from B in the connected set M if 
Jf— M: R is the sum of two mutually separated sets containing A and B 
respectively. If M contains a continuum intersecting both A and B and R 
is.a set containing neither A nor B but intersecting each continuum in M 
intersecting both A and B, we say that R cuts A from B in M. If a set 
separates (or cuts) two points from each other in M, we say that it separates 
(or cuts) M. 


A continuum is a closed and connected set. It is irreducible from H to K 
if it intersects H and K but contains no proper subcontinuum doing so. It is 
irreducible about R if it contains EÈ but none of its proper subcontinua does. 

The theorems of this paper hold in a metric space. In fact, they hold 
in a Moore space, that is in a space satisfying Axiom 0 and the first three 
parts of Axiom 1 as given in R. L. Moore’s Foundations of Point Set Theory. 

J. R. Kline has shown [3] that for the plane, a nondegenerate continuum 
is a simple closed curve if it remains connected on the omission of any. 
connected subset. This characterization is similar to the definition by R. L. 
Moore which defines [5] a simple closed curve to be a nondegenerate compact 
continuum which is separated by éach pair of its points. However, the sepa- 
rating of a continuum by a pair of its points is not the same as the cutting of a 
continuum by a pair of its points. Every pair of points of a compact indecom- 
posable continuum cuts it but no pair of points separates it. Therefore, the 
above mentioned characterizations by Kline and Moore differ from Theorem 11 
of this paper which states that a nondegenerate compact continuum is a simple 
closed curve if it is cut by no one but by each pair of its points. 

C. Kuratowski has shown [4] that if no subcontinuum of a nondegenerate 
bounded continuum C cuts it, then C is a simple closed curve. One of the 
results (Theorem 10) of this paper proves that instead of assuming that no 
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subcontinuum of C cuts C, we need only assume that no point cuts C and no 
subcontinuum of Č separates it. 

If a point separates a continuum, it separates two open subsets of the 
continuum from each other. Hence, to assume that a point cuts a continuum 
between two open subsets is a weaker hypothesis than to'suppose that it 
separates the continuum. Some known results may be strengthened by 
replacing the notion of separation by the idea of cutting between two open 
subsets. For example, Corollary 2 is stronger than the known result that 
every compact continuum contains two points neither of which separates it 
and Theorem 9 is stronger than the known result that a compact continuum 
is a simple closed curve if every pair of its points separates it. 


2. Cuttings. The five theorems of this section do not depend on each 
other. Most of them are used in later sections. 


THEOREM 1. Suppose that a, b, and c are three points of the continuum 
M which is irreducible from a to b. A necessary and sufficient condition that 
c separate a from b in M is that for each point p of M —c there be a 
continuum in M — p containing c and intersecting a + b. i 


Proof. We shall prove only the sufficiency case of this theorem. 


Suppose that for each point p of M — c there is a continuum in M —- p 
containing ¢ and intersecting a+ b. Let X be the set of all points p such 
that some continuum in M — p contains c+ b and let Y be the set of all 
points p such that some continuum in M — p contains c++ a. Each point of 
M —c belongs to X + Y. We note that XY contains a and Y contains b. 
Since M is irreducible from a to b, no point belongs to both X and Y. 

For each point p of X there is a continuum in M— p containing c 4-b 
and there is a domain containing p but no point of the continuum. Each 
point of M in this domain is a point of X. Hence, X is open in M. Also, 
Y is openin M. Then X and Y are mutually separated sets. Since c separates 
X from Y, it separates a from b. 


Example. Theorem 1 would not be true if instead of assuming that for 
each point p of M — c there is a continuum in M — p containing c and inter- 
secting a + b, we only assumed that no point of M — (a+ b + c) cuts c from 
both a and b in M. To demonstrate this, let Af be the closure of the graph 
in polar coordinates of p = 1 +- 1/6 (@= ~); let a, b, and c be the points 
whose polar coordinates are (1+ (1/r),7), (1,7), and (1,0). 

We shall make use of the following definition: 
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DEFINITION. A set M is aposyndetic [1] at the point p if p belongs to 
M and for each point æ of M distinct from p, there exists an open subset of M 
which contains p and belongs to a connected and relatively closed subset of M 
lying in M—z. 


THEOREM 2. The compact continuum M which is not separated by any 
of its subcontinua is locally connected at the point p if it is aposyndetic at p. 


Proof. Let D be an open subset of M containing p. For each point q 
of M — p there is a continuum C(q) lying in M — q and containing an open 
subset of M which contains p. Denote M—O(q) by D(q). Since M—D 
is compact, there are a finite number of points 91, q2,:°°,@n such that 
D(qi) + D(qe) +: -+ D(qn) covers M — D. 


Since no continuum separates M, D(qi) is connected and its closure 
D(qi) is a continuum in M — p. We shall show that p does not cut D(q:) 
from D(q;) in M. Assume that this is not the case. Then M — [D(q:) + D(q;)] 
is not a connected set, for if it were, the closure of this connected set would 
be a continuum in M separating q; from g;. Let M—[D(qi) + D(q;)] be 
the sum of the mutually separated sets X and Y where Y contains p. Since 
neither D(gi) nor D(q;) separates M, D(qi) + X + D(q;) is a continuum. 
Hence, p does not.cut D(qi) from’ D(q;). 

Since p does not cut any two of the continua D(qi), D(q2),° © +, D(qn) 
from each other in M, there is a continuum Æ in M — p containing the sum 
of D(q:), D(qe),- + +, and D(Qn). The complement of # is a connected 
open subset of D containing p. This demonstrates that M is locally connected 
at p. 


THEOREM 3. If D and E are mutually exclusive open subsets of the 
compact continuum M and R is a subset of M — (D4 E) which cuts D 
from E in M, then the sum of the components of M — (D + E) which inter- 
sect R separates D from E in M. 


Proof. Let Fi, Ezt > and D;,.D.,--- be sequences of open subsets 
of M such that 3£;— E, 3D; = D, Din contains Dj, and Eis, contains Fi. 
Then M is the sum of three mutually exclusive sets X;, Yi, and Zi where F; ~ 
is the sum of all components of M — (D; + H;) intersecting Ë, X, is the 
sum of D; and all components of M — (Di + E:) that intersect D but not Ë, 
and Z; is the sum of Æ; and all components of M — (D: + Hi) that intersect 
E but not È. Now IY; is the sum of the components of M — (D + E) that 
intersect È and M — HY; is the sum of the mutually separated sets 3X; and 
ZZ; which contain D and F respectively. 
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COROLLARY 1. If a point cuts between the open subsets D and E of the 
compact continuum M, then a continuum in M — (D 4- E) separates D 
from E in M. 


THEOREM 4. If D and E are mutually exclusive open subsets of the 
compact continuum M and R is a subset of M — (D + E) which cuts D 
from E in M, then the sum of the components of M — (D + E) which inter- 
sect È separates D from E in M. 


Proof. Let N be the sum of the components of M — (D+ E) whieh 
intersect & and -X be the set of all points p of M — N such that some continuum 
in Jf — N intersects both D and p. We shall show that Jf — N is the sum 
of two mutually separated sets one of which is £. | 


Now X is a subset of X + N; for let pı, Pat © - be a sequence of points 
of X converging to a point p and denote the component of M— (D+ E) 
containing p: by C;. The limiting set C of C1, C2,- © - is a continuum inter- 
secting both p and D. Now C is a subset of N or X according as it does or 
does not intersect N. Likewise, the closure of M— (N+ X) is a subset of 
M — X. Therefore N separates X from M — (N -+ X) in M and hence 
separates D from Æ. 


THEOREM 5. For each proper subset R of the compact continuum M 
there is a point p of M — R such that the sum of all continua that lie in 
M — p and intersect R is dense in M. 


Proof. Let N be a subcontinuum of M irreducible about R. First 
consider the case where M =— N. Let p be any point of N — R. Assume 
that N contains an open subset Æ of itself such that each subcontinuum of N 
intersecting both # and KR contains p. Then each component of N — E which 
contains a point of # also contains p. Then there is a continuum in N — E 
containing & contrary to the assumption that N is irreducible about Æ. 


Next, consider the case where M 4N. Since M is completely separable, 
there is a sequence of open subsets Dı, Da, © + of M — N such that if D is 
an open subset of M -— N containing a point gq, then there is an integer i such 
that D; contains q and is a subset of D. 

If an open subset of a proper subcontinuum of M contains N -+ D,, let 
N, be such a subcontinnum; otherwise, let N, be N. If some proper sub- 
continuum of M has an open subset which contains N: -+ Da, let N; be such a 
subcontinuum ; otherwise, let N, be N. Similarly, we obtain N4, N;,- 

Tf SN, is dense in M, a point of M — 3N; is the required point p. 
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Suppose that 3N; is not dense in M. For convenience, suppose that 
3N; =N. Then N does. not belong to any open subset of any proper sub- 
continuum of M. 

Let F; be the component of M — D; containing N and F; be the closure 
of Af — E.. Since E:F; does not contain any open subset of M, the 
Theorem of Baire assures us that some point p of M — N does not belong to 
Si; Fi. If Fi+ N were the sum of two mutually separated sets XY and Y 
where X contains V, N would belong to an open subset of the continuum 
X + E: Hence, Fi + N is a continuum. Let G: be the one of the continua 
Ky, ov By + N that does not contain p. Although 3G; is dense in M, it does 
not contain p.. 


COROLLARY 2. Hach nondegenerate compact continuum contains two 
points neither of which cuts between two open subsets of the continuum. 


3. Characterizations of arcs. Using the facts that a compact con- 
tinuum M is an are between its points a and b if every point of M — (a + b) 
separates a from 6 in M, we have the following theorem as an application of 
Theorem 1. | 


THEOREM 6, A necessary and sufficient condition that the compact con- 
tinuum M which is irreducible from the point a to the point b be an are from 
a to b is.that for each pair of points p, q of M there is a continuum in M — p 
containing q and intersecting a + b. 


It is to be noted that p is allowed to be either @ or b. As’ is shown by 
the example following Theorem 1, the result would not be true if we restricted 
the range of p to M — (a+ b). i 


THEOREM 7. The compact continuum M is an arc between its points 
a and b provided each pair of points of M — (a + b) cuts a from b in M` 
and cuts an open subset of M from a+b in M. 


Proof. Since M is irreducible from a to b, a does not cut M or else 
some two points whieh it cuts from b would not cut an open subset of M 
from b. Also, b does not cut M. As neither a nor b cuts M, we have by 
Theorem 6 that M is an are if no point of M — (a+ b) cuts any point from 
a -+b in M. We shall show that the assumption that M — (a + b) contains 
points p and g.such that p cuts q from a -+ b leads to the contradiction that 
p +q does not cut any open subset of M from a + b. 
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‘Suppose that p -}- q cuts the open subset D of M from a+b. Let ab be 
an are from a to b such that ab: M —='a 4-b. The arc ab is not necessarily 
in the space containing M. By Theorem 3 there are continua H and K in 
M — D such that H contains p, K contains g, X contains ab, and M -+ abd is 
the sum of two closed proper subsets X and Y such that ¥-Y=—H+K. 


Let F and G be the components of M - X containing a and b respectively. 
Each intersects H + K but not both intersect the same one of H, K or else 
some pair of points of Y does not cut a from b in M. But p does not cut q 
from a or from b according as K intersects F or G. 


THEOREM 8. The compact continuum M is an arc between its points a 
and b provided each pair of points of M — (a +- b) cuts an open subset of M 
from an open subset of M containing a + b. 


Proof. Assume first that some subcontinuum N of M is irreducible from 
a to b and is not an arc. Then by the preceding theorem, N — (a+ b) con- 
tains two points p and g whose sum does not cut any open subset of N 
from a +b in N. However, p + q cuts between two open subsets D and E 
of M in M where FẸ does not intersect N and D contains a + b. 


By Theorem 3, there are two continua H and K in M — (D+ E) whose 
sum separates D from E in M and such that H contains p and K contains q. 
Suppose that M— (H -+- K) is the sum of two mutually separated sets S(D) 
and S(#) which contain D and E respectively. By Theorem 5 there is a 
point r of S(#) — S(E) -N that does not cut any open subset of S(#) from 
H+K+WN in M. | 

If S(D) is not a subset of N, by Theorem 5 there is a point ¢ of 
S(D)—-8(D)-WN that does not cut any open subset of S(D) from H+ K 
+ Nin M. Then r + ¢ does not cut any open subset of M from N and hence 
- does not cut any open subset of M from a -+ b. 

We shall show that in case N contains S(D), there is a point ¢ of S(D) 
that does not cut either H or K from any domain containing a+b in 
N-+H+kK. Then r+ ¢ will not cut any open subset of M from an open 
subset of M containing a + b. 

If N were indecomposable, we could use any point ¢ in S(D) belonging 
to a composant of N not intersecting a -+b + p+ q. Hence, suppose that 
it is decomposable. Then either a or b does not cut p from a -++ b in N. Also, 
either a or b does not cut q from a+ b. Ifa (or b) cuts neither p nor g 
from b (or a), then there is a domain containing a (or b) such that any 
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. point of S(D)—a (or S(D)—.b) in this domain will serve as t. Hence, 
suppose that a cuts p from b and b cuts q from a in NW. : 

Let Dı, Do, > © be a sequence of open subsets of NV closing down on a 
where D, does not intersect p -+g and let Cp, and Cg, be the components of 
N — D; containing p and q respectively. Cp, does not intersect Cg, for any 
integer 7 because there is an integer j such that Ca, contains b. Let F be an 
open subset of S(D) containing a but no point of Ce, Since the limiting set 
of Cas Cas’ °° is n, there is an integer k such that Ce, intersects F. Then 
no point ¢ of F: Cy, cuts g from b and p from any domain containing a in N. 

We have shown that the assumption that there is a subcontinuum of M 
irreducible from a to b which is not an arc leads to the contradiction that 
some pair of points r, t of M—(a-+ b) does not cut an open subset of M 
from an open subset of M containing a-+ 6. Hence, every subcontinuum of 
M irreducible from a to b is an arc. Let- ab be one such arc. We shall show 
that if M is not ab, then there are two points of M— (a+ b) whose sum 
does not cut any open subset of M from any open subset of M containing a + b. 

Let X be the collection of all continua æ such that æ is the closure of a 
maximal continuumwise connected subset of M —ab. The sum of a count- 
able subcollection of X is dense in M — ab. If this countable subcollection 
failed to cover two points of M — ab, this pair of points would not cut an 
open subset of M from ab in M. l 

Since a countable subcollection of XY covers M — ab, some element T, 
of X contains an open subset of M — ab. First, consider the case where 2, 
covers M — ab. If 2, contains ab, no pair of points of ab — (a +b) would 
cut an open subset of M from an open subset of M containing a + b for, if so, 
each open subset of M would intersect the maximal continuumwise connected 
subset of M — ab whose closure is sı. If r is a point of ab — (a +b) not 
belonging to z, and # is a point of M — ab not cutting any open subset of M 
from ab (Theorem 5) then r -+ ¢ would not cut any open subset of M from 
a-+ bin M. | 

If x, does not cover W — ab, there is another element v: of X which 
contains an open subset of M — ab. Let C; (i = 1,2) be the closure of the 
sum of ab and all elements of X other than zı. By Theorem 5 there is a 
point pi of M — C; that does not cut any open subset of M from Cy; in M. 
Any subcontinuum of M irreducible from p; to ab is a subset of 2. Then 
pi + p2 do not cut any open subset of M from ab in M. Hence, M is ab. 


4. Characterizations of a simple closed curve. We shall now use 
cuttings of continua to give some characterizations of a simple closed curve. 
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THEOREM 9. The compact continuum M 1s a simple closed curve if each 
pair of its points cuts between two open subsets of M. 


Proof. No subcontinuum N of M separates M because if M -—N were 
the sum of two mutually separated sets X and Y, then by Theorem 5 there 
would be points p and g in X and Y respectively such that continuumwise 
connected subsets of N + X — p and N + F — q would contain N and be 

- dense in N + X and N + Y respectively. Then p -+q would not separate 
any two open subsets of M from each other. z 


If the. points p and q cut between two open subsets, then by Theorem 8 
there are subcontinua H and K of M such that M — (H + K) is the sum of 
two mutually separated sets ¥ and Y. Since no subcontinuum of M separates 
it, X is ireducible from H to K or else the sum of H, K, and a proper sub- 
continuum of X is a continuum separating M. By Theorem 7 we find that 
every point of X separates H from K in H+ X-K. Then some two points 
separate M. Reapplying Theorem 7, we find that M is the sum of two arcs 
between these points and is in fact a simple closed curve. 


THEOREM 10. A nondegenerate compact continuum is a simple closed 
curve tf it is neither cut by any point nor separated by any one of its 
subcontinua. 


Proof. Let M be such a continuum. It has been shown [2] by F. B. 
Jones that a compact continuum which is not cut by any of its points is 
aposyndetic on a dense subset. Using this result and Theorem 2, we find that 
M is locally connected at two of its points a, b. 


-Let D,, De, © - and B, E», > - - be sequences of connected domains closing 
down on a and b respectively such that D, does not intersect En. Now 
M— (D: + £;) is the sum of two-mutually separated sets X; and Yi, for 
if it were connected. it would be a continuum separating a from b in M. No 
proper subcontinuum of D; + X: + F; contains both D; and E; or else a 
subcontinuum of M separates a point of X; from Y¥;. Also Y; is irreducible 
from D; to #;. Suppose that Xin intersects X;. Then X; is a subset of 
Xine Now M is the sum of two continua a+ 3Y;+ 6 and a+ 3Y; +b 

“and it follows from Theorem 6 that each of these is an arc from a to b. 


> By modifying our arguments we could have strengthened Theorems 2, 6, 10, 11, 
and 12 by weakening the hypotheses of these theorems by supposing the sets to be 
locally peripherally compact instead of compact. 
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THEOREM 11. A nondegenerate compact continuum is a simple closed 
curve if it is cut by no one but by each pair of its points. 


Proof. Suppose that M is such a continuum. It will follow from 
Theorem 10 that M is a simple closed curve if we can show that none of its 
subcontinua separates it. 


| _Assume that M contains a continuum H such that M — H is the sum 
of two mutually separated ‘sets X and Y containing points p and q respec- 
tively. We shall show that this assumption leads to the contradiction that 
p +q does not cut any point of M from H in M. 

Assume that p+ q cuts the points a of X from H in M. Since no 
point cuts M, there is a continuum C in M — p containing a+ H. Now 
C—C-Y is a closed set in M — (p+ q) containing a+ H. Also, it is a 
continuum, for if it were the sum of the mutually separated sets & and S 
where S contains H, then C would be the sum of the mutually separated sets 
Rand S+C-Y. Also, p+ q does not cut any point of F from H and 
therefore does not cut M. | 


THEOREM 12. A nondegenerate compact connected space which is cut 
by no one of its points is a simple closed curve if each of its proper subcontinua 
is cut by each interior point of this subcontinuum. 


Proof. Assume that the complement of the continuum H is the sum 
of two mutually separated sets X and Y and let p be a point of X. Then p 
does not cut the continuum H -+ X because it does not cut the space. Hence, 
no continuum separates the space and Theorem 12 follows from Theorem 10. 


THEOREM 13. The nondegenerate compact continuum M which is cut 
by no one of its points is a simple closed curve provided that for each three 
points a, b, p of M there is a point q such that p + q cuts a from b. in M. 


Proof. Again we show that no subcontinuum H of M separates it. 
Assume that M — H is the sum of two mutually separated sets X and Y. 
Let a and b be two points of a continuum K in £ and let p be a point of Y. 
If there were a point g such that p + q cuts a from b, then g belongs to K. 
But there is a continuum in M — q containing a + H and another continuum 
in M — q containing b + H. The sum of these two continua is a continuum 
in M— (p+ q) containing a -+ b. Hence, no subcontinuum separates M. 
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Example. We give an example to show that a compact continuum which 
is cut by no point need not be a simple closed curve even though for each 
pair of its points there is another pair of points cutting between these two in 
the continuum. Let the continuum be the sum of the graph of y = sin(1/z) 
(0 << #4) and the square with opposite vertices at (0, 2) and (4,—2). 


THe UNIVERSITY of WISCONSIN. 
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ON THE DIMENSION OF PARTIALLY ORDERED SETS.* + 


By Horace Komm. 


1. Introduction. A partial order P is a set of elements S together 
with a binary relation A(2z,y) which may hold between any two elements 
snd y of S, and which satisfies the two conditions of asymmetry and tran- 
sitivity; i.e. (1) if R(x, y) then not R(y, x), and (2) if R(z,y) and R(y,z) 
then R(x, z). | 

In what follows we read R(x,y) as “x precedes y” and write “x <‘y,” 
or alternately as “ y follows œ ” and “y > æ.” Two distinct elements x and y 
of S are comparable in P if either x < y or y < s. Otherwise x and y are 
-= non-comparable, and we will write “a ẹ y.” If 2 and y are the same element 
of S we will write s =y. From (1) it follows that R(z,x) never holds. 

The most familiar example of a partial order is that furnished by the 
set of all subsets of a given set with set inclusion as the ordering relation. 
It may be mentioned here that, conversely, any partial order is similar to a 
family of sets ordered by set inclusion. For, if P is defined on S, let S(x) 
consist of x and all ye S such that y <x in P. It is easily seen that the 
partial order P’ defined on {8 (z)} for all v in S by means of set inclusion is 
similar to P, where the correspondence is between œ and S(x). By similarity 
between P defined on S and P’ defined on S is meant the existence of a 1—1 
correspondence between S and S’ which is order preserving; i.e. g <y in 
I if and only if « < y in P, where z’ and 7’ are the elements of S’ corre- 
sponding to æ and y of 8S. If P is similar to P’ we shall write P ~ P”. 

A partial order P defined on a set S is a linear order if every distinct 
pair of elements of S is comparable; i.e. if R(æ, y), in addition to (1) and 
(2), satisfies (3) if ay, then either F(z, y) or R(y, æ). If P is a partial 
order on a set S, and L is a linear order on S, then L will be called a linear 
extension of P provided æ <y in L whenever œ <y in P. For example, 
let S be the set of points in the plane given by 0S S1, 0 Sy 5 1, P the 
partial order defined on S by the condition that (4,41) < (Tə, y2) if and 
only if 7, < s, and L the lincar order defined on S by the condition that 


7 Submitted ‘in partial fulfillment of the requirements for the degree of Doctor of 


Philosophy in the University of Michigan. I would like to express here my very great 
indebtedness to Professor Dushnik and the late Professor E. W. Miller. 
* Received July 5, 1947. 
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(41,41) < (£a yo) in Lif tı < t or if t, =a. and yı < ye. Clearly, L isa 
linear extension of P. 

Now, let & be a collection of linear orders on a set S, and P the partial 
order on S obtained by putting z < y in P if and only if s < y in every linear 
order of A. The partial order P thus defined is said to be realized by K. 

An immediate consequence of this definition is that if P is a partial 
order realized by a collection A of linear orders, then, for every non-com-- 
parable pair of elements + and y of P, there exists a linear order L, of K 
in which « < y, and a second linear order L. of K in which y < a. 

More generally, let S be any set, and {La} (a < 8) a series of linear 
orders, each La being defined on a set Sy. Let {fa} (æ < £) be a series of 
single-valued functions, each with a single-valued inverse, such that fa(S) C Sa. 
We define the partial order P on S by specifying for any two elements x and 
y of § that « < y in P if and only if fa(z) < fa(y) foralla<p. If P is 
defined in this way it is realized by {fa}. 

Finally, we define the dimension of a partial order P as the smallest 
cardinal number a such that P is realized by a linear extensions [1].* The 
dimension of P will be denoted by dim P. 

The following results have already been obtained. 


1.1. THEOREM [2]. Every partial order P possesses a linear extension 
L. Moreover, if x and y are any two non-comparable elements of P, there 
exists an extension L, in which x <y and an extension Le in which yY < a. 


1.2. Tsrorem [1]. If P ts any partial order on a set S, then there 
exists a collection K of linear orders on S which realize P. 


1.3. THEOREM [1]. Let P be any partial order on a set S. If Sis 
finite, then the dimension of P is finite. If =m, where Š is the cardi- 
nality of S and m is a transfinite cardinal, then the dimension of P is Sm. 


1.4. THEOREM [1]. For every cardinal number m (fimte or trans- 
finite), there exists a partial order, defined on a set of power 2m, whose 


dimension is m. 


In 3.1 we define in an obvious way two partial orders (denoted by 
P, and P’,) on the set of all finite or denumerable sequences (depending on 7). 
With the help of these the following main results are obtained: (1) Every 
finite or denumerable partial order is similar to some subset of Pa (or P'a). 
(2) By a modification of the definition of the dimension of a partial order 


+ Numbers in brackets refer to the references cited at the end of the paper. 
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(see 4) it is shown that this result applies also to the wider class of partial 
orders whose A-dimension is = No. (3) dim Pr == dim P’, = n, n finite or No; 
A-dim P’, == No, A-dim Pr = c, for finite n, where c is the power of the con- 
tinuum. (4) A characterization of those subsets of the euclidean n-space 
for which Pa and P’n have finite A-dimension is obtained. Finally, we have 
the results somewhat unrelated to the rest, that the dimension of the 
partial order P(a) on the set of all subsets of a set of power a is a, and 
A-dim P (So) = No. 


2. The dimension of P(a). A simple example of a partial order (which 
is also a lattice) is provided by the set of all subsets Wè of any set M, with set 
inclusion as the ordering relation. Denote by P(a) the partial order defined 
on the set of all subsets of any set of power a (finite oy transfinite) with 
respect to the relation of set inclusion. We have the following theorem. 


2.1. THEOREM. The dimension of P(a) is a. 


Proof. Let P(a) be defined on Wè, the set of all subsets of a set M of 
power a. For each æ in M, denote by az the subset of M whose only element 
is x. Let Ws be-the set of subsets of M which are non-comparable with or 
less than (of the latter there will be only the null set) a, in P(N); and 
let Wt’, be the set of all subsets of M which are greater than az in P(a). 
Denote by P's the partial order (with respect to the relation of set inclusion) 
on Ws, and by Pe the partial order on Ws. Finally, let LZ’: be any linear 
extension of P's and L’’s any linear extension of P’sz. For each æ in M, define 
the linear extension Le of P(a) by specifying that L's < ae < D2 in Dn. 
Consider the set {Ls} = & of linear extensions of P(a), where x runs over all 
the elements of M. Clearly, K =— a. Further, P(a) is realized by K. For, 
suppose A and A’ to be any two subsets of M which are non-comparable in 
P(a). Then there exists an element a of A which does not belong to A’, and 
an element y of A’ which does not belong to A. Now, az A and asẹ A’ 
in P(a), so that A’ < ag S A in Dz; while a, A’ and a,¢ A in P(a), so 
that A < ay S&A’ in Ly. Therefore, P(a) is realized by {Zc}, and 
dim P(a) Sa. On the other hand, let cs and cy denote the complements 
of a» and ay, in M. Suppose that co <a, and cy < ay in the same linear 
extension of P(a). Then Cs < de < Cy < ay which contradicts the fact that 
y < Cs in P(a). It follows that in order to realize P(a) it is necessary to 
have a linear extension for each in M, and therefore, the dimension of P(a) 
cannot be less than W. This proves the theorem. 


4 
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3. The dimension of Pa and P’,. Let En be the set of all sequences 
of real numbers {z4}, k= 1,2,- n where n = No. When n is finite we 
shall consider the sequences {zx} as being the points of the euclidean n-space, 
also denoted by En. This section deals with two partial orders, Pu(Mn) 
and P’,(Mn), defined on subsets Mn of En. The significance of these partial 
orders from the point of view of this paper lies in the fact that every finite 
or denumerable partial order of dimension 2 is similar to Pa(M,) for some 
M,C En. In 4 this result is strengthened to include every partial order 
which can be realized by an at most denumerable set of linear extensions 
each of which is similar to a subset of the linear continuum. 


3.1. Definition. Let Mna be any subset of En. If a = {ax}, b = {yx} 
are any two points of MZ, put a< b in Pa(Mn) if and only if a < Yk 
for all k; and puta < b in P’,(M,) if and only if te © yg for all k, and 
there exists an 7 such that z; < y. | 

We shall now prove the following theorem. 


3.2. THEOREM. If P is a denumerable partial order of dimension n, 
there exists a subset Mn of En such that P ~ Pa( Ma). 


Proof. Let P be a partial order of dimension n defined on a denumer- 
able set S. It follows that n=, [Theorem 1.3]. Let {L:} be a sequence 
of linear orders on S which realize P. Since every denumerable linear order 
is similar to a subset of the rational numbers ordered with respect to 
magnitude, there exists a sequence of single-valued functions {fi}, each 
with single-valued inverse, such that f;(S) C R, where R is the set of rational 
numbers, and fila) <fi(b) if and only if a<b in Zi. We also have 
fi(a) < fi(b) for all + if and only if a<b in P since {Z;} realizes P. 


Now, define ¥(S) = M,C En by y(a) = {fe(a)} for ae 8. Then, if 
a< b in P, fi(a) < fi(b) for all i and y(a) < y(b) in P,(M,). If add 
in P, then f(a) < fi(b) for some t, f(b) < f;(a) for some 7541, and 
w(a) dw(b) in Pa( Ma). It follows that P ~ Pa( Ma). 

As immediate consequences of Theorem 3.2 we have 


8.21. COROLLARY. If P is a finite partial order, then there exists a 
finite positive integer n, and a subset My of En such that P ~ Pa( Ma). 


3.22. COROLLARY. If P is a finite or denumerable partial order, there 
exists a subset M of the rational points of Ey, such that Py,(M) ~P. 


8.23. COROLLARY. 3.2, 3.21, 3.22 remain true when P’, is substituted 
for Pr. 
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We can now prove the following. 
8.8. THEOREM. The dim Pa(En) =n, where nS No. 


Proof. To prove that the dimension of Pn(Hn) is at least n it is 
sufficient to show that Pa(En) contains a partial order whose dimension is n. 
By 3.2 and 3.21, it is sufficient to show that, given any cardinal n= Nb, 
there exists a finite or denumerable partial order having dimension n. This 
follows from 1.4, and, therefore, dim Pa (En) = n. 

To complete the proof we exhibit n linear extensions of Pa(En) which 
realize it. If a and b are any two distinct points of Bn, put a < b in Ln’ if 
(1) © <a, or if (2) mn © —2, and 2; > 2;, where 7 is the 
first subscript for which 2; 542; The order Ln‘ is linear. Obviously, 
every two points of En are ordered in Ent. To show that transitivity holds let 
a,b,c be any elements of En such that a < b, b < cin Ent. If o <a 
and «,® < r, or 2, =a, and 2, < x, the result is immediate. 
If o,@ = 2; and a, =a, there exist j, k 54% such that 2; > a;, 
ty, >a, and g ® =g, g ® =— g for 1<j, s<k. It follows 
that if j S k, 2; > 2; and 2, =g: forl < j; orif j > k, ar > a, 
and 2, =g: for l< k. In either case a <c. Further, {Ln*} realizes 
Pa(En). For, if a < b in Pa(En), © <a, for all i, and a <b in Lrt 
for all i. If apb in Pa(En), either (1) 2,@ =a, for some i, or (2) 
te <a, for some k and w:@ >a, for some 14k. If (1), since 
a&b, there exists a first 7 such that either 2; <a;{) or 2) > gè, 
Tia; <ca;%,a<b in LJ and a >b in Lrt. If 235 >2;, a> bd in 
Li and a < b in Lrt. If.(2), a< b in Lë and a> 6 in La’. Therefore, 
{Ln} realizes Pa(En), and dim Pa (En) =n. 


3.4. THEOREM. The dim P'n(En) =n, nS No. 


The proof of 3.3 applies here also if, for the realization of P’n(E), 
is chosen the series of linear orders {2ni} on En defined by putting a < b in 
Lat if (1) eo <a, or if (2) a, =a, and g;® < a; , where ï is 
the first subscript for which s; ®© s4 a;, 


4, The A-dimension of a partial order. In this section, in order to 
strengthen the results of the last section, we introduce the notion of the 
a-cimension of a partial order, and, as a particular case, the A-dimension of 
a partial order. 


4.1. Definition. The a-dimension of a partial order P is the smallest 
cardinal number a such that P is realized by a linear extensions each of 
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which is similar to a subset of a set of order type « Such linear extensions 


will be called a-extensions. In particular, when «=A, the order type of © 


the linear continuum, the «-dimension will be called the A-dimenston. 

What follows is restricted mostly to a consideration of thé A-dimension. 
An example of a partial order which does not have A-dimension is furnished 
by the linear order defined on the ordinals of the first and second classes with 
respect to magnitude. An even more obvious example is any partial order 
defined on a set S whose power is greater than c, the power of the continuum. 

The following theorem establishes a simple criterion for determining 
whether a given partial order has A-dimension. 


4.2. THEOREM. In order that a partial order P defined on a set S have 
A-dimension, it is necessary and sufficient that P have a d-extension. 


Proof. The necessity of this condition is obvious. To prove.the con- 
dition sufficient assume that P has a A-extension K. If P contains no non- 
comparable elements the theorem is trivial. Therefore, let a and b be any 
two elements of S such that a¢b in P, and suppose a < b in K. To prove 
the theorem it is sufficient to show that there exists a second A-extension K’ 
of P in which a > b. 

Since K is a A-extension of P, there is a single-valued function f, with 
single-valued inverse, such that f(K) C L, where L is the linear continuum. 
Let f(a) = rı, f(b) = 12, where 7, and 12 are real numbers and rı < 72, and 
let 
A = Ela eS,a<2 in P and r < f(z) <r]. 


B=ElaeS,2<b in P and r, < f(t) <ra]. 
C=E|ae8, cpa, edb in P and r, < f(x) < rel. 
D=HilweS, fle) <r]. 


E = E[s es, f(z) >ra]. 


Clearly, (A) + #(B) + FO) = f(S)- (ri, r2), and f(A) FB) = f(B)-#(C) 
== f(A): f(C)==0. Let k be a constant greater than r2——11, and define the 
function f’(S) CL as follows: F(a) =r} f(b) =r, f(A) = f(A) +k, 
P(B) = f(B)—k, #(C)=f(C), f(D) =—f(D) —k, P(E) =F (EB) + +. 
Now, define the linear order K’ on S by putting æ < y in K’ if and only if 
P(x) < f’(y), where x and y are any two elements of S. Since +, < 12, 
Fla) > f’(b), so that a> b in K’. To show that K’ is an extension of P, 
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consider any two elements p and g of S such that p is comparable to q in P. 
There are the following non-trivial cases: (1) peC, qe B. Then q < pin P, 
for otherwise p < q < b in P. Therefore, f(qg) < f(p) and F(q) < F(p), 
so that q < p.in K. (2) peC, qed. Then p< q in P, for otherwise 
a<q<pin P. Therefore, f(p) < f(q) and F(p) < F(q), so that p <q 
in K’. (3) pe A,geB. Then g < p, and we have the same result as in (1). 


Therefore, K’ is a A-extension of P in which a > b, and P has A-dimension. 


4.21. COROLLARY. Any partial order P which has -dimension n (finite 
or No) is similar to Pa( Mn) for some Mn C En. 


_ 4,22. COROLLARY. If P is any finite or denumerable partial order, P has 
A-dimension; and the dimension of P is the same as the d-dimenston of P. 


Proof. ‘This is an immediate consequence of the fact that any linear 
extension L of P is similar to a subset of the rational numbers ordered with 
respect to magnitude and is, therefore, a A-extension of P. 


It should also be remarked here that the A-dimension of a partial order, _ 
if it exists, is greater than or equal to the dimension of the partial order (see 
4.5 for an example of a partial order whose A-dimension is greater than its 
dimension). 

A generalization of Theorem 4.2 may be stated on the basis of the 
following definition. 


4.3. Definition. A linear order L of type a will be called homogeneous 
if either (1) every closed interval of L contains at most a finite number of 
elements, or (2) every closed interval of L contains a proper subset of order 
type æ. 


4.4. THEOREM. In order that a partial order P have a-dimension, where 
a is any homogeneous order type, it is necessary and sufficient that P have an 
K-ETtension. 


The proof of 4.2 with a slight modification is applicable here also. The 
modification consists of translating the sets A, B, C, D, E purely in terms 
of order, but this is possible because of the homogeneity of the order type «. 

The question arises as to whether, given a partial order P whose À- 
dimension exists, the A-dimension is. always equal to the dimension of P. 
The answer to this question is in the negative, as the following example shows. 


4.5. Haample. Let A be any set of power §:. Define the partial order 
P on A by two single-valued functions with single-valued inverses, f and F, 
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in the following way: (1) f(4) Œ L, where L is the linear continuum, 
(2) F(4) © W, where W is the linear order, with respect to magnitude, 
of the ordinals of the first and second classes. The mapping f is possible since 
N, Sc, where c is the power of the continuum. 

The dimension of P is 2, and P has A-dimension by Theorem 4. 2. 
Suppose that the A-dimension of P is n, for some finite n. Then, by Corollary 
4,21, P ~P, (Mn) for some M,C En. Since Ña = N, M, contains a non- . 
denumerable set of condensation points. Denote the set of condensation points 
of Mn by Man. Now, P(A’) is not chaotic; i. e., Pa(M’n) contains at least two 
comparable points a,b e M'n. Suppose a < b. Then 2° —a,@ >0, k&n. 
Choose «== $ min (2,"") —a,@), and denote by S(a,e) the interior of an 
open n-sphere of radius e with a as center. Since æ is a condensation point 
of Mn, S(a,¢«) contains a non-denumerable subset Mn of My. If c is any 
point of Mn, we have 2°) <a +e< a, + 4 min (sph —a,) 
<L Tp + a, — r, Therefore, na < b in Pua(Mn). It follows that the 
element p of A corresponding to b of Mn is preceded in P by a non-denumerable 
- subset M of A, and, therefore, (M) <f (p). This, however, is impossible 
due to the nature of W, so that the A-dimension of P is not finite and differs 
from the dimension of P. 


5. The A-dimension of P,(E,) and P’,(E,). 
5.1. THEOREM. The d-dimension of P'n(En) exists for every finite n. 


Proof. By Theorem 4. 2, it is sufficient to show that P’n(Mn) has a à- 
extension. A A-extension of P’,(Hn) may be thought of as a real-valued 
function, f(@1,---,%n), of n real variables, which is monotonic increasing 
in each variable, and which is sirigle-valued and has a single-valued inverse. 
We exhibit such a function. 


Consider the set of values [y] of the function w(x) defined by 


OO Ian 
Y(t) =È op, ; 


nzo 


Oy == Eng ; Bn a gn? 


for v > 0, where Eng is the largest, integer S ng. This set was defined by 
von Neumann [3, p. 135] and has the following properties which are useful 
in the present context: (1) Any finite subset of [y] consists of numbers 
which are algebraically independent, i. e., P(a:,- + -,@s) =0 if and only if 
F(a,’ + -,a) is identically 0, where ’(a,,- + -,az) is any polynomial in 
t’ * +, a,€[y] with rational coefficients [8, p. 186]. (2) y(z) is monotonic 
increasing [4, p. 17]. (3) [y] contains a perfect subset K [4, p. 18]. 
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` Let Kı,’ © °, Kn be n mutually exclusive perfect subsets of K. Each K; 
contains a subset K’; which is similar to the linear continuum [5, p. 101].? 
Denote by D: the subset of En which consists of all {æ} where s = 0 for 
k=4% and x; assumes all real values. It follows that there exists a single- 
valued, monotonic increasing function gi, with single-valued inverse, such that 
gi(Di) =K’. For convenience, write gi(0,0,- > +,%i,° + ©, 0) = gi (zi). 


n ; 
Now, for any point (£1, * `, 2n) of En, let f(T © ©, 8a) = 3X gi (z;). 
į=1 
Since each g; is single-valued and monotonic increasing in £i, f (21° - *,@n) 


is single-valued and monotonic increasing in each of its variables. Also, if 
f(E, + +, am) == f(e,%,---,2,) for two points a and b of En, 


n 
then X [gi (r1) — gi(zi™)] =0. Since every finite subset of [Ņ] is 
4=1 ; 
algebraically independent, and K’;:K’;=0 for i5€]7, it follows that 
gi(ai@) = gi (a, ), i<n. But each gi has a single-valued inverse, so 
that 2;@ —2,, in. Therefore, f has a” single-valued inverse, which 
completes the proof of the theorem. 


5.11. COROLLARY. The A-dimension of Pa(En) exists for every finite n. 


The proof of this follows immediately from the preceding theorem and 
the fact that any extension of P’n(#n) is also an extension of Pa(En). 
We now prove the following theorem. 


5.2. THEOREM. The A-dimension of P’.(E2) ts No. 


Proof. It was shown in the proof of 5.1 that one A-extension of P’.(E.)° 
is of the form f(z,y) = g(s) + A(y), where (z, y) is a point in He. and 
the values of g and A lie in mutually exclusive subsets of [y]. Consider now 
the function foa (x, y) = pg(z) + gh(y), where p and q are any positive 
integers. The funtion fpg is monotonic increasing in each of x and y, since 
pg and gh are, and fpa is single-valued. Furthermore, by the same reasoning 
as in 5.1, fog has a single-valued inverse. Hence, for any pair of integers 
p and q, fo is a A-extension of P’:(E2). 


We will now show that the countable totality of functions fp for all 
possible pairs of integers p and q realizes P’,(H#.). To see this, let (2, y1); 
(£a, Y2) be any two distinct points of F, which are non-comparuble in P’,(Z2). 
Since (21,41) $ (T2 yz) either (1) Tı < Ta and yo < yı or (2) ae <a, and 
Yı <Yoe In case (1), [h(yi) —R(y2)]/Lg (£2) — g (21)] is always defined 
and greater than 0. Therefore, for any pair of non-comparable points (1), 


* Every perfect set contains a subset which is similar to the linear continuum. 
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‘it is possible to choose two pairs of integers p,q and p’,q’ such that 
p/q < [h(ys) —h(y2)]/Lg (22) — g (21)] < p’/q’. But (aa, yo) < (#1, yx) 
in foa, for py (wz) + gh (ye) < pg (a) + gh(y:), and (£991) < (#25 y2) in 
fpes for p'g (21) + q’h(ys) < pg (x2) + qh(ye). IE (a1, 41), (22, ye) satisfy - 
case (2), a consideration of [A(y:) —h(y1)]/[g (a1) — g (z2)] will lead to 
the same conclusion for pairs of non-comparable elements of this type. 

_ Now, suppose that the A-dimension of P’,(H#.) is finite, and equal to n. 
Let f1,- © >, fn be n A-extensions of P’.(#2) which realize it. If p = (a, 41); 
q = (T2, Y2) are points of F», and tı < z», then we shall say that g lies to the 
right of pin Ho. Let A; = EFylpe E and p < Q in fx, where Q is the set of 
all points g which lie to the right of p in #2]. We shall call a vertical in Ez 
any set of points (x,y) for which v is constant and y takes all real values. 
Denote the set of all verticals in E. by V. We remark that if ve V contains 
a point a of Ax, then all the points of v which precede a in P’.(#2) also belong 
to Ax. Let VC V be the set of verticals each of which contains at least one 
point of Ar. Suppose Vy to be non-denumerable, and consider on each ve Vx 
a pair of points belongings to Ax (each vertical of Vy, will certainly contain 
at least two such points). This non-denumerable set of pairs of points 
determines, in fx, a non-denumerable set of non-overlapping intervals; for, 
if p, q is a pair of points on ve V; belonging to Ax, and p’, g’ is another such 
pair of points on v'e Vx, where v’ hes to the right of v in Es and p >q, 
p >g in P’,(#2), then fr(q) < fe(p) < faq’) < fu(p’). This contradicts 
the assumption that fx is a A-extension of P’,(/.), and, therefore, Vx is 
countable. 





Now, consider V’ == v—> VY, If v eV’, then no point of v’ belongs 
A= 
to > A; Let p= (z, Yı) be a point of v. Then there exist points qx, 
me | 

k==1,---,n, to the right of p in FE, such that fr(gs) < fe(p). Let 
q == (z2, Y2) be a point to the right of p such that q < qx in P’o(#2), kS n. 
Then fr(q) < fi(p), and q < p in P%2(#.). This, however, is impossible, 
since 2, <a. Therefore, the A-dimension of P’.(H#2) is not less than No, and 
the theorem is proved. 


5.21. COROLLARY. The -dimension of P’n( Hn) is No for every finite n. 


Proof. That the A-dimension of P’,(#,) is not greater than N, follows 
from a repetition of the first part of the argument, extended to n variables, 
used in 5.2. To see that A-dim P’,(#,) Z No, we need merely remark that 
P(E) can be mapped by a similarity transformation on to a subset of 
P'a(En); namely by the mapping which assigns to each point (v, y) of Ez 
the point (#,y,0,0,:--,0) of En. 
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We now prove a corresponding theorem for Pa(Eṣ2). 
5.3. THEOREM. Aà-dim P(E ) =c, the power of the continuum.’ -: 


Proof. Since B, =c, d-dim Pa(E2) Sc. Now, suppose that A-diñ 
P(E) < c, and that Pa(E2) is realized by the set of A-extensions F = [f], | 
where FP< c. Let V be any set of verticals in E, of power c, and consider 
in +E, the intersection of V with two horizontal lines y = yı, and y = Ys. 
Let U be the set of upper points of this intersection, and Z the set of lower 
points; and denote by u and l,-where we U, le L, corresponding points on 
the same vertical v. Since A-dim P.(#,2) < c, there exists an fe F such that 
f(u) < f(t) for a set of pairs u, l of power c. This, however, implies that f 
contains a non-denumerable set of non-overlapping intervals. For, if v’ lies 
to the right of v, and u,lev, w, Vev are such that f(u) < f(z) and 
fw) < FU), then f(u) < f(D) < fiw’) < F(T). This contradicts the assump- 
tion that f is a A-extension of P.({H#.), and, therefore, A-dim P(E) =c. 


5.31. COROLLARY. A-dim Pa(En) =c for every finite n. 


Proof. Since En =c, A-dim P,(Bn) Sc. That dA-dim P,(En) =e 
follows from the fact that P2(H#2) can be mapped by a similarity transforma- 
tion on to a subset of Pa(En) ; namely, by the mapping which assigns to each 
point (t,y) of Ea the point (x, y, g, g, ,@) of Bn. 


6. Subsets of E, for which P, and P’, have finite A-dimension. The 
question arises as to whether there exist subsets Mn of En for which the 
A~dimension of P»(M,) or P’n(Mfn) is finite and greater than n. The 
purpose of what-follows is to show that this question is to be answered in 
the negative. We restrict ourselves here to the case in which n is finite. 


For terminological convenience, we shall, in what follows, call any set v 
in En a vertical parallel to the z-axis if for any two points a and b of v, 
ay, = a, for ki and 7,4 An. 

The following theorem provides a characterization of those subsets of En 
for which the A-dimension of Py and P’ does not exceed n. 


6.1. THEOREM. Let Mn be any subset of En which, except for a denumer- 
able set of verticals, has at most one point in common with any vertical. Then 
the A-dimension of Pa( Ma) or P'n( Ma) is at most n. 


Proof. We prove the theorem first for P'n(Ma). Let Ñ; be the pro- 
jection of Man on the a-axis, and let N; be a linear order defined by means 
of Ñ, as follows. A point ü of Ñ; which is the projection of a single point 
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of Ma goes over into a point u of N;. A point V of Ñ: which is the projection | 
of more than one point of Ma goes over into an interval v of Ni. The order 
relation of the points u and the intervals v in N; is the same as the order 
relation of points @ and 7 in Nj. 


It is clear that Nj, as an ordered set of points (when the points of the 
interals v are considered), is similar to a subset of the linear continuum. 

We now transform Mn into a subset L; of N: as follows. Any point 
of M, whose projection is a point & (in N), goes over into the corresponding 
point u; all the points of M, whose projection is the same point Ÿ go over 
into a similar subset of the interval v (“ below ”-“ above ” among such points 
of Mn» goes over into “ left ”-“ right” in this subset of v). It is clear that 
L; is a A-extension of P’,(Mn), and that the set of extensions La,’ © +, De 
realize this partial order. Thus, if a and b are any two points of Mn such 
that 5 <a, and a,@ >a, (if, i} =n) then the image of a 
precedes the image of b in L; and succeeds it in Lj. 

For the case of Pa(Ma) the proof of this theorem is almost identical 
with the above, except that the phrase: “ below ”-“ above” goes over into 
“left ”-“ right” is replaced by the phrase: “ below ”-“ above ” goes over into 
“ right ”-“ left.” 

We now show that every subset of E» which does not satisfy the conditions 
of Theorem 6.1 does not have finite A-dimension. | 

Let An be any subset of En which has two points in common with each 
of a non-denumerable set of verticals V. Without loss of generality we may 
consider the set of verticals V to be parallel to the a,-axis of Hn. For any 
two distinct points J and u of An which lie on the same vertical of V, and 
such that z, <a#,™, call Z the lower point and u the upper point. We 
prove first 


6.2. LEMMA. For every A-extension f of P’n(An), there exists a non- 
denumerable subset A’ of An, such that. A’ == U + I’, and f(L’) < f(U’), 
where U’ is the set of upper and I’ the set of lower points of A’. 


Proof. Let f be any A-extension of P’n(An). Consider the function 
g(u, l) = f(u) —f(l), where we denote by (u,/) a pair of points which lie 
on the same vertical of V. Since u>ZJ in Pn(An), f(u) > f(t), and 
g(u,l) > 0 for every pair (u,l). Therefore, g(u,1) > 0 for a non-denumer- 
able set of values. 


Now, let M: be the set of pairs (u,!) for which g(u,l) > 1/i. Since 


co 
> M, = An is non-denumerable, there exists an My which is non-denumerable. 


i=l 
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Let Ux be the set of upper points of Mz. Since f(Ux) is non-denumerable, 
all but a denumerable set of points of f(Ux) are condensation points of f(Ux) 
both from the right and from the left. Delete this denumerable set and call 
the rest f(Uz). Let f(u) be a point of f(Ux). Consider an interval Neu.) 
about f(u) which is of diameter 1/2k. Let f(Ur) Nta» =f(U"’), and let 
I’ be the set of lower points corresponding to U’. Now U’ + L’ = A’ is non- 
denumerable, and we assert that f(Z’) < f(U’). Suppose this is not the case. 
Then there exists f (1) ef (L) such that f(l) € Neu. But, since f(u), where 
u is the upper point corresponding to l, also belongs to Ny uy, it follows that 
f(u) — f) < 1/2k. This, however, contradicts the fact that f(w) —f() 
> 1/k since u, l are points of My. 


6. 3. THEOREM. A-dim P'a (An) = So. 


Proof. By Corollary 5.21, A-dim P’n(An) SN. Suppose that the 
A-dimension of P’,(An) is finite and that this partial order is realized by the 
A-extensions f;,---*,fm. Then, by Lemma 6.2, there exists a non-denumer- 
able subset A’ of An such that A’ = U’ + I’, and f,(L’) < fi(U’). Applying 
the lemma to A’, there exists a non-denumerable subset A? of A’ such that 
A? = U? -+ E”, and f2(L?) < f.(U"), etc. Therefore, there exists a non- 
denumerable subset A” of An such that A” = Ọ™ -+ L™, where U™C U™ 
Cesa U IPCI CL and 7.0.0") L fU) Gsm). This, 
however, implies that L™ < U™ in P'aw(An), which is clearly impossible. 


6.4. THEOREM. A-dim Px(An) =c, the power of the continuum. 


Proof. By Corollary 5.31, A-dim P,;(An) Sc. Suppose that A-dim 
Pn(An) <c, and let Pn(An) be realized by the set F of A-extensions [f], 
where F < c. Then there exists an fe F such that flu) <f() for a non- 
denumerable set of pairs (u, ł), each pair lying on the same vertical. Using 
the same argument as that in 6.2 it follows that there exists a non-denumer- 
able subset A’ of An such that A = U -+ TL’, and f(U’) <f(L’). It is 
easily seen that there exist u and 7, w and V, of A’, such that the i-th coordi- 
nate of wu’ is greater than the i-th coordinate of 1. This gives f(u) < f(t) 
< f(u’), which contradicts the fact that f(U’) < f(L’). 


7. The A-dimension of P(S,.). It was shown in 2 that dim P(a) =a. 
We shall now discuss this partial order from the point of view of the A- 
dimension. Clearly, P(a), for a > No, does not have A-dimension (assuming 
the continuum hypothesis). Again, if a is a finite cardinal, then, by 4. 22%, 
P(a) has A-dimension, and A-dim P(a) == dim P(a). It remains to con- 
sider the case a == No. 
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"7,1. Terormem. P(No) has A-dimenston, and d-dim P (Ra) = No. 


Proof. Without loss of generality, we may consider P(N.) to be defined . 


on the set of subsets Jt of the set of natural numbers D. We show first that 
there is a subset Mx, of Hs, such that P(N) ~ P’s,(Ms,). If N is any 
subset of D, associate with N the sequence {xx}, where sy = 1 or 0 according 
as ke N or kéN. The sequences {s} form a subset Ms, of Hy, It is 
obvious that the association is 1— 1. Let N == {ni}, M = {n'i}, where ni, 
n'i are integers, be any two subsets of D, with images {2}, {sx} in Ms, If 
{ni} < {n’;} in P(N), NC ON’, and % Sw’, for all k. Since N is a proper 
subset of NW’, there exists an nj éN, and an, < Zw, so that {ax} < {2'x} 
in P's, (Ms,). If, on the other hand, {1} $ {nr} in P (No), there exist ni £ N” 
and n'm E N, so that {a} $ {zx} in P's, (Ms,). Therefore, P(N) ~ P’s,(Ms,)- 

To show that P’y,(Ms,) has a A-extension, associate each point a = {zx} 


oO 

of My, with the real number fae = X, 2/3. Define the linear order K 
{zt 

on Ms, by putting a < b in K if and ony if ra < r», where a and b are any 


two points of M;,. Clearly, K is a A-extension of P's, (Mx.), for if a <b. 


in P's, (Ms,), then z: Sa, (all i), and 2; = 0, 2; — 1 for some j, 
so that ra < r». It follows that P(N.) has A-dimension. 

By 2.1, dim P(N.) = No, so that A-dim P(N») = No. On the other hand, 
a repetition of the argument of 2.1, where now I’, L”s are d-extensions of 
P’, and Pz, will show that A-dim P (80) = No, which completes the proof. 
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SEMIGROUPS CONTAINING MINIMAL IDEALS.* 
By A. H. CLIFFORD. 


The purpose of the present note is to extend to infinite semigroups 8 
certain results of Suschkewitsch + concerned with what he calls the “ Kern- 
gruppe” K of a finite semigroup S. Rees? has pointed out that K may 
be described as the intersection of all two-sided ideals of S. Although 
Rees extends Suschkewitsch’s determination of the structure of K to infinite 
“completely simple ” K, he discusses (loc. cit., p. 392) the Kerngruppe of a 
non-simple § only in the case S finite. ` 

We replace finiteness by the condition that S contain at least one minimal 
left (or right) ideal; K is then a simple subsemigroup of S without zero. 
Jf S contains both minimal left and right ideals, K is completely simple in 
the sense of Rees. If S contains exactly one minimal left ideal and exactly 
one minimal right ideal, then K is the group of “zeroids”® of S. 


1. The kernel (Kerngruppe) of a semigroup. By a semigroup we 
mean a system S of elements a,b,c,’ - + closed under an associative binary 
operation: (ab)c ==a(bc). By a left ideal of S we mean a non-vacuous 
subset A of S with the property SAC A, i.e. sae A for every se 8, aeA. 
A left ideal is minimal if it does not contain any proper left subideal of 9. 
Similar definitions hold for “right” instead of “left.” A (two-sided) ideal 
is a subset of S which is both a left and a right ideal. | 

A semigroup S is said to be simple if it contains no proper two-sided 
ideal, except possibly one consisting of a single element z. Such an element z 
has the property az == za = z for all a in S, and is termed a zero element. 
T£ § contains no proper two-sided ideal at-all, it is called a “simple semi- 
group- without zero.” 

Tt the intersection K of all the two-sided ideals of a semigroup S is not 
vacuous, we shall call K the kernel (Suschkewitsch’s Kerngruppe) of 5S. 


* Received October 3, 1947. 
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If we say that a semigroup “has a kernel” we shall mean that K is not 
vacuous. An example of a semigroup not having a kernel is that of the 
infinite cyclic semigroup (the natural numbers under addition). K is of 
course itself an ideal, and is contained in every ideal of S. (We drop the 
modifier “two-sided ” for the rest of this section.) 

If a semigroup S contains a minimal ideal M then M is the kernel of 5. 
For if A is any ideal of S, the intersection A [] M is non-vacuous, since it 
contains the product AM. Since M is minimal, Af] H =M, i.e. MCA. 


THEOREM 1.1. If a semigroup S has a kernel K, then K is a simple 
subsemgroup of S without zero. 


Proof. Since K is an ideal it is a fortiori a subsemigroup of S. To show 
that it is simple without zero, let A be any ideal of K. KAK is an ideal of 8S 
contained in K. From the minimality of K, KAK =K. But KAK CA, 
whence K = A, i.e. A is not a proper ideal of the semigroup K. 


K may consist of a single element, which is the case if and only if S 
has a zero element. | 


2 Semigroups having minimal left ideals. 


Lemma 2.1. If L is a minimal left ideal of a semigroup S, and c is 
any element of S, then Le is also a minimal left ideal of 8. 


Proof. Lec is clearly a left ideal of S. Suppose that M is a left subideal 
of Le. Let L, be the set of all elements a, of L such that ace M. If se, 
sace AM, so that sa, e Lı. Hence L, is a left ideal. Since Z is minimal, 
L, = L. Hence Lc = M, and Le has no proper subideal. 


LEMMA 2.2. A two-sided ideal A of S contains every minimal left 
ideal L. 


Proof. AL is a left ideal of S contained in L. Since L is minimal, 
AL == L. But AL CA, so that LG A. 


THEOREM 2.1. If a semigroup S contains at least one minimal left 
ideal, then it has a kernel K. K is the class sum of all the minimal left 
ideals of &. 


Proof. Let M be the class sum of all the minimal left ideals of 8. 
M is non-vacuous by hypothesis, and is clearly a left ideal of 8. To show 
that it is also a right ideal, let ce Sand me M. By definition of M, m belongs 
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to a minimal left ideal L of S, and mce Lc. By Lemma 2.1, Le is also a 
minimal left ideal of S, and hence is contained in M. Thus mce M: 


By Lemma 2.2, M is contained in every two-sided ideal of S, and since 
it is one itself, it must be the kernel of S. 


THEOREM 2.2. Under the hypothesis of Theorem 2.1, every left ideal 
of K is also a left ideal of 8. | 


‘Proof. Let A be.a left ideal of K. Each element a of A belongs to 
some minimal left ideal L of S. Ka is a left ideal of S contained in L, 
whence Ka== L. In particular, ae Ka. This implies 4 C KA, hence 
A= KA. But KA is a left ideal of S. 


Jt is clear from this theorem that every minimal left ideal of S is also 
a minimal left ideal of K, and vice versa. 


THEOREM 2.3. Under the hypothesis of Theorem 2.1, every left ideal 
of S contains at least one minimal left ideal of 8. 


Proof. Let A be a left ideal of S. KA is a left ideal of S contained in K, 
and hence consisting of the class sum of certain of the minimal left ideals L 
of S. But KA is also contained in A. Hence A contains at least one L. 


A semigroup S will be called left simple if it contains no proper left 
ideal except possibly that consisting of the zero element only. If the latter 
possibility is also excluded, S is a “left simple semigroup without zero.” 
This is the case if and only if the equation ya = b is always solvable in y, 
for any given pair of elements a, b of S. 

We remark that a semigroup S which is both left and right simple and 
without zero is a group.* | 


THEOREM 2.4. A minimal left ideal L of a semigroup X is a left simple 
subsenigroup of S without zero. 


Proof. Let a and b be elements of L. La is a left ideal of S contained 
in L, whence La = L by the minimality of L. This implies b e La, i. e., the 
equation ya = b is solvable for y in L. 


If S is a finite left simple semigroup without zero, then the solution of 
ya =b is unique, and conversely uniqueness (if ya = yoa then Yı = Y2) 
implies existence. Such an S is called a “ Linksgruppe ” by Suschkewitsch. 


ee 


1E. V. Huntington, “ Simplified definition of a group,” Bulletin of the American 
Mathematical Society, vol. 8 (1901-02), pp. 296-300. 
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For infinite S, it is of some interest to note that a left simple semigroup S 
without zero is a left group (i. e., ya = b is uniquely solvable) if and only if 8 
contains an idempotent element. The structure of such semigroups was 
determined by the author,’ unaware of the earlier work of Suschkewitsch 
(which, however, applied only to finite semigroups). 


3. Semigroups containing both minimal left and right ideals. Needless 
to say, the results of the preceding section have obvious left-right duals, 
applicable to semigroups containing minimal right ideals. The following 
theorem is an immediate consequence of Theorem 2.1 and its dual, together 
with a repetition of Theorem 1.1. 


THEOREM 3.1. If a semigroup S contains at least one minimal left ideal 
and at least one minimal right ideal, then the class sum of all the minimal 
left ideals of S coincides with that of all its minimal right ideals, and con- 
stitutes the kernel K of S. K is a simple subsemigroup of 8 without zero. 


The purpose of this section is to show that K is completely simple in the 
sense of Rees, and consequently of known structure. The proof is a slight 
modification of one suggested by R. H. Bruck for 2 of the paper cited in 
footnote 3. 

An idempotent f(/*? =f) is said to be under another one e if ef = fe =f. 
An idempotent e is primitive if there is no non-zero idempotent under e. A 
simple semigroup S is said to be completely simple if (1) every idempotent 
element of S is primitive, and (2) for each ae S there exist idempotents .e 
and f in S such that ea=-af==a. Rees shows that every finite simple semi- 
group is completely simple. 

In the following lemmas, Æ denotes a minimal right ideal and E a 
minimal left ideal of a semigroup S. The product RE is clearly a non-vacuous 
subset of the intersection R () L.’ 


Lemma 3.1(#). Ifae Rand be RL, the equation ax = b has a solution 
cin BL, 

Proof. ak is a right ideal of S contained in R, so that aÈ = R eee the 
minimality of Rk. Hence ahL = RL. 


Lemma 3.1(L). [fae Land be EL, the equation ya =b has a solution 
y in RL. 


5A. H. Clifford, “A system arising from a weakened set of group postulates,” 
Annals of Mathematics, vol. 34 (1933), pp. 865-871. 
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Proof. La is a left ideal C L, whence La = L and RLa= RL. '- 


Lemma 8.2. RL is a group. 


Proof. RL: RLORL-LCREL, whence RE is closed. Let a and b 
be any two elements of kL. Since a belongs to both E and L, we conclude 
from Lemmas 3.1(#) and (ZL) that the equations az =b and ya =b are 
both solvable for 2 and yin AL. Hence RL is a group.* 


LemMA 8.3. Let e be the identity element oat the group RL. Then 
R = eS, L= Se, and R() L = ege. 


Proof. Since ee R, eS is a right ideal contained in Æ, hence equal to R 
by the minimality of R. Similarly, Se == L. Since R consists of all x in S 
such that ex = v, and L of all y such that ye = y, R{) E consists of all w 
in 8 such that ew = we = e, that is, R[] LD = ege. 


LEMMA 3.4. Rf) LD=-= RL. 


Proof. We need of course show only that RIV LC RL. Letae RL, 
and let e be the identity element of the group EL. By Lemma 3.1(R) we 
can solve ac=—e for v in AL. If æ> is the inverse of « in RL, we have 


ae = are = er> == g., But asese by Lemma 3. 3, so that ae ==a. Hence 
a(= r>) e RL, 


Lemma 3.5. The identity element e of the group RL is a primitive 
idempotent. 


Proof. Suppose f were an idempotent under e, so that ef = fe =f. 
By Lemma 3.3, fe-R{) L. By Lemma 3.4, fe RL, and since a group can 
contain only one idempotent, f == e. 


THEOREM 3.2. Under the hypothesis of Theorem 3. 1, the kernel K of 
Sis a completely simple semigroup without zero. 


Proof. Each element of K belongs to exactly one minimal left ideal L 
(since the intersection of two such is vacuous) and to exactly one minimal 
right ideal R, hence to exactly one of the groups R{) L. K. is thus the class 
sum of the non-overlapping groups E {| L. Each idempotent element of K 
must belong to one of these groups, and so must be the identity element 
thereof. By Lemma 3. 5, condition (1) for complete simplicity is established. 

Each element a of K belongs to one of the groups Rf) L. Let e be the 
identity element thereof. Then ea=-ae—a. Hence condition (2) holds 
(with f == e). 
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4. Semigroups containing exactly one minimal left and/or right 
ideal; zeroid elements. In this concluding section we tie in the foregoing 
results with those of the paper cited in footnote 3, which we shall refer to 
as SHZE. As defined there, an element } of S is a left zeroid of & if, for 
any ae8, the equation sa =} has a solution æ in S. It is easily shown 
(1 of SHZE) that S contains a left zeroid if and only if it contains a “ uni- 
versally minimal” left ideal L, i.e. one contained in every left ideal of S, 
and that L consists of all the left zeroids of S. Now it is an immediate 
corollary of Theorem 2.3 that if § contains exactly one minimal left ideal L, 
then L is universally minimal. From these remarks, together with Theorems 
2.1 and 2.4, we conclude: 


THEOREM 4.1. A semigroup S contains a left zeroid element if and only 
if tt contains exactly one minimal left ideal L. L consists of all the left 
zeroids of S, and is contained in every left ideal of S. L is a right as well 
as left ideal, being in fact the kernel of S, and ts a left simple subsemigroup 
of S without zero. 


Combining Theorem 4. 1 with its left-right dual, and using the remark 
preceding Theorem 2.4, we obtain: 


THEOREM 4.2. If a semigroup S contains exactly one minimal left 
ideal L and exactly one minimal right ideal R, then the two coincide, and 
constitute the kernel K of S. K is a group, and consists of all the (left and 
right) zeroid elements of 8S. 


This differs from Theorems 1 and 2 of 2 of SHZE only in its apparently 
weaker hypothesis, that L and.& are “locally” rather-than “ universally ” 
minimal. It should be remarked, however, that the proof of Theorem 4, 2 
makes no use of Theorem 3.2, although the result is a consequence thereof. 
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FREE PRODUCTS OF GROUPS.* 


By B. L. VAN DER WAERDEN. 


Some twenty years ago, I discussed with Artin and the late Schreier the 
existence of Free Groups and Free Products of Groups, and the difficulty 
of establishing the associative law in them. I suggested that it might be 
easier to define the elements of the free product not as words but as permu- 
tations of words, because the associative law is trivial for permutations. We 
agreed that this idea was correct, and that, if fully worked out, it would be 
substantially equivalent to the classical proof, due to Artin and Schreier.* 
After this, none of us thought of it any more. 

Quite recently, Artin published a new proof of the existence of free 
products.” In his proof, the associative law is trivial as well as in mine, 
but the main difficulties arise from the discussion of equality. Now I should 
like to publish my proof, in which neither the associative law nor the defini- 
tion of equality causes any difficulty. 

Let a set of groups H be given, and let a,6,. . . denote their elements. 
From these letters, words may be formed, with the convention that no two 
consecutive letters shall belong to the same group H, and that no letter be the 
unity element. A word may be empty, i.e. contain no letters at all. 

To any letter a (or b,...) let there be assigned an operation A (or 
B,. . .), operating on words and transforming them into words, as follows: 
If a word begins with a letter b from the same group H to which a belongs, 
the operation A consists in replacing b by the letter c == ab, omitting it if c 
is the unity element. If the word is empty or begins with. a letter from a 
different group H, the operation A consists in prefixing the letter a. 

If a and b are letters from the same group H and if ab =c, then AB = C. 
In other words, the operation B and A successively applied to any word, give 
the same effect as C. If the word is empty or begins with a letter from a 
different group H, this is obvious. If it begins with a letter d from the same 
group H, the operation AB replaces d by a(bd) = (ab) d = cd, which is just 
what C does. 


* Received November 4, 1947. 
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As a special case, we have: If a is the inverse of b, A is the inverse of B. 
Thus, every operation A has an inverse operation A“. Hence the operations 
A are permutations of words. | 

These permutations generate a group of permutations. The elements of 
» the group are finite products ABC: - -. If two factors arising from the same 
group H are consecutive, they may be replaced by one factor. So any product 
ABC: - + may be written in a reduced form, in which no two consecutive 
factors belong to the same group and no factor is unity. Now we can prove 
the following statement: 


If two reduced products ABC: > and A’B’C": - - are equal, they must 
consist of exactly the same factors in the same order. 


Proof. Applying the operations ABC: - - and A’B’C’- - - to the empty 
word, we obtain the words abc: > and a’b’c’--. These two words must 
be equal, hence aa’, b = b’, ete. 


Thus the group G of the reduced products ABC: - - has all the properties 
required of the free product of the groups H, viz.: 


1) G contains, corresponding to any group H, a subgroup isomorphic 
to H; 


2) Every element of G can be written as a reduced product of elements 
of these subgroups, in which no two consecutive factors belong to the same 
subgroup ; | 


3) Two reduced products are equal only if they consist of the same 
factors in the same order. 
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ON NON-CONSERVATIVE LINEAR OSCILLATORS OF LOW 
FREQUENCY .* 


By PuHintie HARTMAN and AUREL WINTNER. 


1. In the differential equation 
(1) wo’ + f(t)e = 0, 


let f==f(t), where OS £< œ, be a positive, non-Increasing, continuous 
function, 


(2) f> 0 and dfS0, 
and let 
(3) f(t) —0 as t- œ. 


By a solution of (1) will be meant a real-valued solution s == æ(t) which is 
not identically zero. A solution of (1) will be called non-oscillatory or 
oscillatory according as it possesses a finite or an infinite set of zeros; corre- 
spondingly, the differential equation (1) will be called non-oscillatory or 
oscillatory according as one (hence, every) solution is non-oscillatory or 
oscillatory. 

The object of this paper is a discussion of the boundedness of the solutions 
of (1). Subject to exceptions, there are two general patterns. First, if f(t) 
is “very small,” then the solutions of (1) are non-oscillatory and behave like 
the solutions of <” 0; namely, some solutions are bounded and some are 
unbounded. Secondly, if the decrease of f(#) to 0 is sufficiently smooth and 
so slow as to make the solutions of (1) oscillatory, then all solutions of (1) 
are unbounded. The following theorem describes the situation more fully: 


Let f(t), where OSS t < œ, be a continuous, function satisfying (2) and 
(3). Then 


(i) at least one solution æ = s(t) of (1) is unbounded; 


(ii) there exists a non-trivial (5£0), non-oscillatory, bounded solution 
of (1) if and only if 


(4) f gat < o; 


* Received February 10, 1948. 
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‘in which case (1) possesses a pair of solutions, x—<«a,(t) and «= t(l), 
satisfying the asymptotic relations 


(51) w(t) ~1 and g(t) = o0(1) 
and l 

(52) T(t) ~t and z'a(t) ~ 1 
as t>o, 


(iii) the differential equation can be oscillatory and still such as to 
possess a bounded solution (3£0); 


(iv) all solutions of (1) are oscillatory and unbounded when f(t) 
possesses continuous first and second derivatives satisfying 


(6) lim sup — f /FF <4 
and j 
(7) r/r S 0, 


so that the graph of 


(8) . —log f(t) is concave downwards ; 


(ivbis) if (7) in (iv) is retained but (6) is relaxed to 


(6 bis) ‘lim sup — f’/f?”? = 4, 
->00 


then (1) need not be oscillatory; 
(v) all solutions of (1) are unbounded if (4) is violated and 
— log f(t) is of regular growth.* 


2. In the proofs of these assertions, the central rôle will be played by 
the “ conjugate energy,” | 


(9) X= F(t) =e) + 2" (t)/f(2), 


1 The term “regular growth” is meant in the sense defined by Armellini [1], as 
follows: A non-decreasing function F = F(t), where 0S¢< ©, is said to be of 
“irregular growth ” if, for every e > 0, there exists an unbounded sequence of numbers 

"oe 0O<a,< b,<a,< b,<-*-. 
satisfying 


© im mot 
3 (F(b,) —Fla,)) <% and lim sup $ (@,,,—6,)/a, <« 
n=l MOO n=l 

“Regular growth” is defined as the negation ‘of “irregular growth.” 
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associated with any solution ¢—2(t) of (1).. The differential equation (1} 
implies that 
(10) dX(t) = a(t) d(1/f(t)) 5 


if f(t) is not differentiable, the differentials in (10) are to be interpreted in 
the sense of Stieltjes integrations. In view of (10) and the second inequality 
in (2), 

(11) aX = 0. 


Consequently, if the solutions of (1) are oscillatory, (9) and (11) show that 
the sequence of amplitudes of the half-waves of the graph of z = s(t) is non- 
decreasing; that is, the sequence of values of | #(¢)|, corresponding to the 
points where 2’(t) = 0, is non-decreasing. | 

This fact, when combined with a known refinement (cf. [11], p. 518) 
of the standard wording of Sturm’s comparison theorems, leads to the 
following lemma: 


(vi) Let f(t) be a continuous function satisfying (2). Suppose that 
(1) has a solution x == s(t) #60 possessing three consecutiwe zeros, say 
bı < ts < ts Let ta and ts, where tı < ta < ts < ty < ts, denote the unique 
t-values at which x ==0. Then the lengths of the t-intervals corresponding 
to four “ quarter-waves ” satisfy 


tia — tj = bjs — tjst, Gj =I, 2, 3), 


and, after the reflections and translations placing the abscissae of the masi- 
mum ordinates in coincidence, the graph of x =| a(t) | for a quarter-wave 
tj) SiS tja les under the graph of w==|a(t)| for the next quarter-wave 
tio S = = S tj; in other words, 


| <(¢)| S | e(2—1t)| fori StSt 


and 
| x(t)| S| a(t +t,—t)| for StS ty. 


The proof of (vi) will be given for the case of the intervals (ta, ts) and 
(ts,#,), the other cases being similar. Suppose s(t) > 0 for t: < t< ts; 
so that s(t) < 0 for t < t < ta The statements to be proved are equivalent 
to : 

(12) m y(t) 2a(t) for t S t S t, 
where 


y(t) =— z(t + tt). 
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In order to prove (12), notice that 
(13) y’ (to) =v (ts) = 0 and 2’ (t2) = 0, 
while, in view of the remarks following (11), 
(14) y (te) = — T (t4) Z ate)... 
Its definition shows that y= y(t} is a site of the differential equation 
(15) Y" + fll — t —t)y = 0. 


Since it is assumed that f(t) is non-increasing, the coefficient functions of 
(1) and (15) satisfy 
(16) f(t) 2 f — te — t) 


on the interval ta & t < t*, where t= t* is the least ¢t-value (>t) at which 
either x(#) or y(t) vanishes. Since z(t) and y(t) are non-negative, it 
follows from (16) in the usual manner that 

[ey —a’y];, Z0 for 2, StS". 
In view of (13), the contribution of t = ta to the last bracket is 0, and so 


cy — ry 20 forfSist*. 


Since this means that the ratio y/x possesses a non-negative derivative for 
ta = t < t*, it now follows from (14) that 


y(t) = (y (t2)/2 (t2) a(t) = a(t) 
for ta S t S< t*. Hence, the least f-value (> t) at which s(t) vanishes is 


not less than the corresponding t-value belonging to y(t). Consequently, 
t* =— t}. This proves (12). 


3. Proof of (i). Let s= <2(¢) and v ==z(t) denote a pair of linearly 
independent solutions of (1). Their Wronskian is a non-vanishing constant, 


(17) g'z — 22! = tE 0, 


aed 


` 
he i re a a a a a ET O keh oe 


Woy a uiine inita e i e AA A H 


ee mas mer ` 
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If (17) is divided by f and: Schwarz’s inequality is applied, it follows from 
the definition (9) that 
o/f(t) SIZGE). 


Since X(t) and Z(t) are non-decreasing, (3) now shows that at least one of 
the two functions X(t), Z(t) tends monotonously to infinity; say 


(18) | X(t) —> «© as t> œ. 


If the solutions of (1) are oscillatory, the proof of (i) is complete; in 
fact, (9) and (18) show that | (£) | —> © if ¢ tends to œ through the values 
for which 2’(¢) —0. On the other hand, if the solutions of (1) are non- 
oscillatory, (i) is a consequence of (11). 


4, Proof of (ii). Whether or not the continuous function f(t) satisfies 
(2) and (3), the limitation 
oO 
f Ols o 


0 


is sufficient for the existence of solutions «—2,(¢) and z == z(t) of (1) 
satisfying (5,)-(52). As pointed out in [13], p. 66, this fact can be deduced 
from the results of Bécher [3], § 4, by a suitable change of variables; for a 
simple proof avoiding successive approximations, cf. [13] and [14]. Hence, 
in order to prove (ii), it is sufficient to verify that the existence of a bounded, 
non-oscillatory solution == a(t) of (1) implies (4). 

It can be supposed that (t) > 0 for large t, say for t = tẹ, since other- 
wise z(t) can be replaced by —a(t). Then æ” (t) S0 for t= to by (1). 
Hence, g’ (t) = 0 for t= to since otherwise a(t) would possess a zero for 
t >t. Consequently, æ(ż). tends non-decreasingly to a positive constant, 
while 7’(¢) tends to 0, as t —> œ. 

On the other hand, from (1), 


a(t) = 2(to) + f ( f f(r)a(r)dr. )ds. 


Since w(t) tends to a positive limit and since f(r) 20, it is now seen that 


oO 


f Cf toa ds < o, 


to 


annee aeaa ee aaa ttt a $ 
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On inverting the order of integration, which is permissible since f(r) = 0, 
the relation (4) follows. This completes the proof of (ii). 


5. Proof of (iii). The proof will consist of constructing a function 
f =f (t) satisfying (2) and (3) but having the property that (1) is oscillatory 
and possesses a bounded solution. For the sake of shortness, the function 
to be constructed will be a non-decreasing step-function, having a sequence 
of isolated discontinuity points which tend to œ. Such a function can be 
modified so as to be continuous and to retain the desired properties. 

Let 
(19) a, >a >> 


be a sequence of numbers satisfying 
(20) an — 0 as n —> 0, 


Define a function f == f(t) by placing 


(21) F(t) = An? for bni Zi < bn, 

where l 

(22) by <= 203 m dree 
k=1 


If the vacuous sum denotes zero, (19)-(22) define, for OSt< %, a 
function f(t) satisfying (2) and (3). Let 


(23) a(t) = cos an (t — ba) for bn- St < bn; 


so that a(#) is also defined for OS t< œ. Clearly, s(t) possesses a con- 
tinuous first derivative for 0 < $t < œ and a continuous second derivative 
on each of the intervals bn-ı < É < bn. It is also clear that (1) is satisfied 
if t>4 bn, where n==0,1,:--. Finally, the function (22) is bounded and 
vanishes at t = bn-1 +- 7/2an and at t = bn- -+ 3x/2an. This completes the 
proof of (iii). l 


6. Proof of (iv) and (iv bis}. In view of (6), there exists a constant 
c satisfying 


(24) ` 0O<c<4 
and 
(25) — f’/f??? < c for large t. 


An integration of (25) shows that 
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2/f? < ct for large t; 
hence, 
lim inf ff? Z 4/c? > 1/4, 
i> 00 


by (24). As shown by Kneser [8], this implies that (1) is oscillatory. 


If f(t) is defined, for 1SSt < œ, by 


(26) f(t) = 1/4??, 
then 


— P/F} 4 and (— P/f) =—2/! S0; 


so that (6 bis) and (7) are satisfied. On the other hand, (1) is non-oscilla- 
tory in the case (26). This proves (iv bis). 

In order to complete the proof of (iv), it remains to show that all 
solutions of (1) are unbounded if (6) and (7) are satisfied. To this end, 
introduce the new independent variable 


t 


(27) ae f A(r)dr. 
Then (1) becomes 
(28) ž + (F/F) + o=0, (° = d/ds}. 


Fhis equation is readily verified to be equivalent to the linear system 


(29) t = tt + iY, Y == ford ++ dood, 


where the coefficients ai, = aix(s) are defined by 


Qu =— F/P, a=] 
and 


Qo = F/F —f?/f?) —1, dag = — f/f. 


It is seen from the definition of the matrix (a) that the characteristic 
numbers of the matrix (dix + ax) are 


—P/PP 3 | /P — Pe/P |. 


It follows, therefore, by the argument applied in [12], p. 558, that if the 
smaller of these roots satisfies 


(RP A AA as PURO ERA REM A PETER 
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8 


(30) f (rPe BP /P— PP | )ds—> o as s- o, 


then 
(31) T? -+ y? —> œ as s—> 0 


holds for every non-trivial solution of (29). 

It will first be shown that v is unbounded by virtue of (31). Suppose 
the contrary. Then (6) and the definition of au imply that aux is bounded 
as s—> œ. Hence, the definition of a2, the relation (31) and the first 
equation in (29) imply that v is unbounded. But 


t= x’ /Ë, 


by (27). Consequently, the “conjugate energy” (9) is an unbounded 
function of s. Since (1) is oscillatory, it follows by the remarks following 
(11) that xv is unbounded. This contradiction shows that æ is unbounded 
by virtue of (31). 

It follows that in order to complete the proof of (iv), it is sufficient to 
verify (80). By (27), the relation (80) becomes 


è 
t 


(32) f z g Ae ae he as t—> o. 


Since 


pif? — Papel? — (PREO 


in virtue of (7), the absolute value signs in (32) can be omitted. Conse- 
quently, an integration by parts shows that the integral in (82) is equal to 


t 
—Hpe+ | (firere). 
By (25) and (24), this expression is minorized by 
t 
f (r/pa—essyat. 
Hence, (32) follows from (24) and (3). This completes the proof of (iv). 


7. It is easy to see that (iv) has the following variant: 


(iv*) The assertion (iv) remains true if (6) and (Y) are replaced by 
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(6*) : f’ = 0(f?/7) as t œ 
and 

(7*) P = 0, 
respectively. 


Proof of (iv*). Assumption (6*) implies (6) and, as shown in the 
last section, (6) implies that (1) is oscillatory. Thus, the proof of (iv) 
shows that (iv*) will be proved if it is verified that (6*) and (7*) imply 
(32). The integral in (32) is minorized by 


S rata ar peas, 


in view of (7*). But an integration by parts shows that the last integral 
equals 


2 


— Af /p? + f (— f/f — 5f2/4f°/*) dt, 
or, by (6*), 


(D+ f (P/F) (1—0(1)) at. 


Hence, (32) follows from (3). This completes the proof of (iv*). (Actually, 
the inequality 
lim sup — f’/f?? < 4/5 
t3 00 


can replace the assumption (6*) in this proof of (iv*).) 


8. Proof of (v). Since (v) assumes that (4) is violated, it follows 
from (ii) that all solutions of (1) are unbounded if (1) is non-oscillatory. 
Hence, it is sufficient to consider the case in which (1) is oscillatory. The 
proof then becomes similar to the proof of a known dual of (v), a proof 
proposed by Armellini [1] and completed by Tonelli [10] (the nature of 
such “duals” will be explained below). The proof of (v) will, therefore, 
be omitted. 


9. Remarks. The assertions (i), (iii), and (v) have known duals. 
In fact, (1), (ii) and (v) remain true if the assumptions (2) and (3)- are 
replaced by 
(2*) | f > 0 and df = 0 
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and 
(3*) f(t) > œ as i> œ, 


respectively, and “ unbounded solution ” is replaced by “ solution tending to 
0 as {> œ ” in the assertions. In this sense, the dual of (i) was proved by 
Milloux [9], p. 49, in answer to a question raised by Biernacki; for a simple 
proof, cf. [4]. The dual of (iii) was also proved by Milloux [9], p. 50; 
the above proof of (iii) is based on the device used by Milloux. Finally, 
the dual of (v) is that referred to in the proof of (v). 

Since (8*), (6*) and (7*) imply that 


FFF) > 1 as to, 


(cf. the method used in [7], §5), it follows from a theorem of Biernacki 
[2], p. 170, that the dual of (iv*) is true. [There can of course be no 
analogue of-the theorem of Biernacki in which it is assumed that (2*), (8*) 
and f” <0 hold, the latter condition being incompatible with (3).] 
Assumption (6) of (ivbis) also occurs in other questions concerning 
asymptotic properties of solutions of equations of the type (1); cf. [5], [6], 


[7]. 
The corresponding analogue of (vi), when combined with the “ alternating 
series test,” shows that 


(vii) af f(t), where OS t< œ, is a continuous function satisfying 
(2*) and (8*), then 


co 


f a(t) dt 


0 
is convergent for every solution «== a(t) of (1). 
The convergence of this integral is meant in the sense that 
T 
lim f a(t) dt 
T>% 
0 
exists (as a finite limit). 
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THE RADICAL OF AN ALTERNATIVE ALGEBRA.* ? 


By Roy DUBISCH and Sam PERLIS. 


Of the several equivalent definitions of the radical of an associative 
algebra, only one has been applied to the alternative case. This is the defini- 
tion in terms of properly nilpotent quantities used by Zorn ? in his treatment 
of hypercomplex rings which yields an ideal ~N. In this paper we consider 
also the sum, Q, of all quasi-regular right ideals,*? the radical, ©, defined by 
Albert * (slightly generalized) and, for algebras with a unity element, the 
set R, of all & such that g + h is regular for every regular g.* 

The Yt-, Q-, and ©-radicals are unaltered if a unity quantity is adjoined 
to A (see Section 5). Hence we consider alternative algebras with a unity 
and show, over a field containing more than two elements (this restriction 
enables us to use a theorem of Shoda which yields a very simple proof) that 
R is an ideal such that the %-racical of M—F is zero. The subsequent 
proof that N — R provides a new and simpler proof of Zorn’s results in this 
connection for the case of algebras. 

Finally we show that N,Q, and © are all identical, since after adjunc- 
tion of a unity quantity they all coincide with R.S 


* 1. The Yi-radical. By use of the Theorem of Artin, an alternative 


2 algebra may be characterized as an algebra W obeying the following weakened . 


fdim of the associative law: the sub-algebra Y < z, y > generated by an 
‘arbitrary pair of elements x and y of W is associative. 

An element æ of M is said to be right quasi-regular in case there is an 
element y in YỌ such that «+y-+2y—0; y is then called a right quasi- 
inverse of z. 


* Received September 5, 1947. 

1 Presented to the Society November 27, 1943, under the title “ On the radical of a 
non-associative algebra.” 

2 Zorn [1]. 

2 Jacobson [1]. 

* Albert [1]. 

5 Perlis [1]. 

eM. F. Smiley has shown in a paper presented to the American Mathematical 
Society on September 3, 1947 that Jacobson’s definition of the radical also applies to 
alternative rings of possibly infinite dimensions, thus also generalizing Zorn’s results 
[3] as well as our result on the Q-radical. 
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Lemma 1. If an element z of an alternatwe algebra A has a right quasi- 
inverse y, y is also a left quasi-inverse, is unique, and is a polynomial in z. 
Hence x, y, and an arbitrary element z will always obey the associative law 
for multiplication. 


Since Y < z, y > is associative, the properties stated follow from familiar 
(and easily proved) properties of associative algebras. Now y is in 
NW < v,z >>, whence the final statement holds. 

Right quasi-regularity is: thus equivalent to quasi-regularity (in the 
case of alternative algebras), the same element y being at once the right and 
left quasi-inverse of v. | 

If X has a unity element 1, v is quasi-regular if and only if 1+ z is 


regular. Then Lemma 1 is valid if “ quasi-inverse” is replaced everywhere ^ 


by “inverse.” Note, also, that Y < z, y, 1 > is associative for every x and 
y of N. 


Lemma 2. A product of regular elements g, and g: of an alternative 
algebra UW is regular. Conversely, tf 9ig2 is regular, so are g, and go. 


For the inverses g and g2"* of gı and ge lie in the associative sub-algebra 
A < 91,921 > =N < 91,92 >, whence the product has inverse gtg. 


Conversely, if gig2 has inverse g, g lies in A < gi, ga > so (9192) 9 = 91( 929) 


= 1 = (991) 92- 


LEMMA 3. If the alternative algebra U has a unity element and the-' — 
scalar field % has at least three distinct elements, every element of A is a sum.” 
a a 


of regular elements. of 


Every v of X is in an associative sub-algebra W < v, 1 > in which Shoda’s . 


theorem’ applies, yielding this lemma. 
Hereafter it is assumed that % is not the prime field of characteristic 
two unless % is specified as being arbitrary. 


Definition 1. If XN has a unity element, the it-radical of M is the totality 
of elements r of Y such that g -+r is regular for every regular g of A. 


THEOREM 1. Jf N is an alternative algebra with a unity element, the 
R-radical R of W is an ideal. 


It is clear that the set R is a linear space. If g and gi are any regular 
elements of M, 


g + gir = gi(gg +r), 


T Shoda [1], p. 254. 
6 
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which is regular by a double application of Lemma 2. Hence gir is in &. 
By Lemma 3 every a of X has the form a = 3g, ar = 3gir. The fact that 
ft is a linear space then implies that ar is in R. Likewise R contains every ra, 
N is an ideal. 


Under the hypotheses and notation of Theorem 1 the following result 
is valid. | 


THEOREM 2, The R-radical of U—R is zero. 


For let [x] denote the coset modulo R of z in W. If [z] is any regular 
quantity of &—R, [x] [y] = [zy] = [1] for some y of M, ey —1-+7, rin 
R, zy is regular, and so are z and y by Lemma 2. Now let [a] be in the 
R-radical of W — R so [z] + [a] = [z +a] is regular, and hence z -+ a is 
regular. But v is an arbitrary regular quantity of 2, so a is in R, [a] = [0]. 


2. The R-radical. Our fundamental result is given by 


THEOREM 3. The set N consisting of all properly nilpotent elements 
and the element 0 coincides with R (and is called the N-radical of A). 


For if æ is nilpotent of index ¢, y = — gz + 2 fe -e4 (—J)Ptytt jg 
the quasi-inverse of æ. Let g be any regular element and u be in 3%. Then 
«== g'u is nilpotent, hence quasi-regular by the opening remark, so 1 + g™*u 
iş regular. Then g -+u is regular by Lemma 2, so that u is in R, N S R. 

Conversely, every r of R satisfies an equation 


Go + ar- +++ ort 0 (a in %) 


with «+40. If #5<0, r would have an inverse — @ (a, +- ° -—+ arf), 
But if a regular.element g is in R, so is — g, and g + (— g) must be regular, 
which is impossible. Hence R contains no regular elements and a == 0. 
Let j be the minimum subscript such that «; 40; then 


ro is in R, g = @ -+ ro is regular, and Y < g,r > contains g? (gri) =r? == 0. 
Thus r is nilpotent. Since # is an ideal its elements are properly nilpotent, 
REN, R= VR. . 

We have now shown that 9t is an ideal, hence a nil ideal. Every nil right 
ideal B of M consists of 0 and certain properly nilpotent elements, so B = R. 
Thus Jt may be described as the sum of all nil right (left) ideals of 2. 
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3. The O-radical. We begin by making 


Definition 2. ' The O-radical, Q, of A is the sum of all quasi-regular 
right ideals of A (right ideals all of whose elements are quasi-regular). 


Lemma 4. The Q-radical Q of A of Theorem 1 over an arbitrary field 
is a quasi-regular right ideal of X. 


Proof. It is clear that Q is a right ideal. If Q, and Q are any quasi- 
regular right ideals and qı + q2 an arbitrary quantity of their sum (Q, Q2) 
gi in Qi, gı =1-+ gi is regular, 1 + qi + qe = gı + qe = (1 + Qogi*) gi in 
the associative algebra Y< dis da L>. Since gogi* is in De, g2 = 1 -+ gogit 
is regular and so is g29ı = 1 + qı +- q2 by Lemma 2. Hence qı + qe is 
quasi-regular. An obvious induction proves that the sum of any finite number 
of quasi-regular right ideals is quasi-regular, and thus every element of Q 
is quasi-regular. 


THEOREM 4. The algebra U of Theorem 1 has Q-radical Q = R = K. 


Proof. For each regular element g of M and each q of Q, qg* is in Q. 
Hence 1 -+ qg™ is regular and so is g+ g. Thus Q=%. But 1-+r is 
regular for each r of R, r is quasi-regular; Ñ is a quasi-regular ideal; RS ee 


R=. 


4. The G-radical. We make 


Definition 3. The S-radical S of N is the intersection of all ideals à g 
of A such'that X — B is a direct sum of simple algebras. 


THEOREM 5. The ©-radical of the dijera X of Theorem 1 is © =R 
= Q == J, 


Proof. Zorn has proved ° that W —N is a direct sum of simple algebras. 
Therefore, S S N. Since 1 is not in R, A > N Z= S 


Since 


8 Such ideals always exist when Y has a unity element for all non-associative 
algebras. See Albert tll, p. 897. 
* Zorn [2], p. 1. 
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where the %, are simple algebras with unity elements e:, each element g 
of 9 corresponds to a coset 


[z] = [e] Ae e [an], [wv] in Bi 


where the [x:] are properly nilpotent in 8; and X — S. As [x] varies over 
N, [z:] varies over an ideal N; of Bi, so Mi = 0 or N: = Bj. In the latter 
case e; is in N; whereas e; is not nilpotent. Hence each N: = 0, N — S = 0, 
NSSR, N S, | 

That © =Ñ may also be proved by use of the fact that N =N. We 
already have ©G=N=—O<W. Now Q— © is a quasi-regular ideal of 
X — S =gY, O: -OYBr. For each v in Q, [z] = [z1] +: < <+ [en], 
where [z:] in 8; varies over a quasi-regular ideal Q; of B; as æ varies over Q. 
If ©; is not 0, it must contain — e; (where e; is the unity of B;). But — e: 
is obviously not quasi-regular, so each Q: = 0, O—G=—0, QSS SQ. 


5. Alternative algebras without unity elements. The preceding work 
has been concerned with an alternative algebra Y with a unity element. ‘The 
definition of the §t-radical requires a unity element, but the definitions of 
the M-, Q-, and G-radicals** are meaningful for an arbitrary alternative 
algebra Ao. These radicals of Me shall be denoted by Mto, Qo, and Go, and 
we shall show that they coincide with N, ©, and ©, respectively, for the 
algebra W = (Mo, 1). obtained by adjoining 1 to Wp. 


THEOREM 6. The N-, Q-, and G-radicals of any alternatwe algebra Wo 
over an arbitrary field % coincide, respectively, with the corresponding radicals 
‘of the algebra UM — (Mo, 1). 


For if a == & + dp is in R, @ in F, do in Wo, aë == 0 = af + ay, ay in Wo, 
‘at = 0 = a, MSW, N consists of properly nilpotent elements of Wo, WS No. 

The converse is more dificult. If x is any non-zero quantity of Ro, 
g generates an associative sub-algebra B of Mo, x is properly nilpotent in $, 
whence, by familiar results for associative algebras, x is nilpotent. 

If, in addition, y is any nilpotent quantity of Ao, Bo = Wo < z, y > is 
associative, v is in the radical R, of Bo, (æ +- y) = gt + ta t: oep at t y 
with v; in Ro and yt = 0 for sufficiently large ¢. Thus (s + y)" = z in Ro, 
z“ = 0, (2-+y)**—0. With this result we are able‘ to prove that æ is 
_ properly nilpotent in X. 


10 Albert [2], p. 709. i 
11 If the @-radical of 9{, as originally defined does not exist, we define it to be Qo 
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Let aa = a(1 +u) be any quantity of M not in Ao, a in Wo, «540 | 
in $. Then for v in Ne, sa = s + zao = z +- y is in Mo, y is nilpotent, and 
so is v+ y by the result above. But then g:aa==ga(v-+-y) is nilpotent, 
x is properly nilpotent in W, No = N, Wo = N. 

It is easy to prove now the following reul (if the field % contains at 
least three elements) : 


COROLLARY. The N-radical of an alternative algebra Uy is the sum of 
all nil right (left) ideals of Wp. 

To continue with the proof of Theorem 6 by showing Q. = Q, note first 
that the proof of Lemma 4 may be used to show that Qo, which is a right 
ideal of Mo and of N, is quasi-regular in M, so Qo S&S Q. Let a==a-+ ay be 
in Q, @ in %, a in MW. If as£0, —atg—-—1-+ bo is in the ideal Q, 
bo in Mo. But then 1 + (—1-+ bo) = bo is regular in W, which is impossible, 
Hence a = 0, Q S No Q S D. | 

To show that © == ©, we prove the following more general result. 


THEOREM 7. Let Mo be an arbitrary non-associative algebra and 
== (Xo, 1). If G and So are the S-radicals:of U and Ay, respectively, 
Y= 6. If W > S, then 
(a) ©2=Sp. 
(b) W—G has a unity element, 
(c) © = ®©, if and only if Ao — Go has a unity element. 


Since W — M, is simple, it follows that Wo = ©. Suppose To > g. 
The algebra X — © has the forms acs: 


Y— S = (%—GS,1) =U, O-- - OA 


where the M; are simple sub- Saas of A — © and W — © is an ideal of 
%—GS. Then? %,—G—B, O - - @ Bu where each B; is an ideal of Mi, 
so B; = 0 or P; — M; and at least one B; — A; since M >S. It follows 
that 6 = Gp. Since each N; has *? a unity element, (b) is true. 

If Wo — Gp» has a unity element [e], 


A — Sy = ([1], Mo — So) = ([1 — e], Xo — Go) 
== ([1—e]) ® (W — Ss) 
since [1 — e] is an idempotent orthogonal to the unity element of Wo — Go. 


But ({1—e]) is a field and %—G, is a direct sum of simple sub-algebras. 


x2 Albert [2], p. 710. 
18 Albert [2], p. 709. 
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Thus ©, is one of the ideals of Y whose intersection is G6, ©, = ©, Go = ©. 
The converse is trivial in view of (b), and the proof of (c) is complete. 

Apply Theorem 7 to alternative algebras, note first that every simple 
alternative algebra has** a unity element. Consider the case W > ©. 
Then 2, — Gy has a unity element, whence the theorem implies that S, = ©. 
Now let X, == © and suppose Wo > Go. Then the last paragraph above shows 
that © = © = W, Go = Mo, a contradiction. Hence Wy = ©, = S. 


SYRACUSE UNIVERSITY 
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SOME REMARKS ON THE DISTRIBUTION OF SEQUENCES OF 
l REAL NUMBERS.* 


By F. A. BEHREND. 


Let 


(1) V1, U2 Vay? > 


be a sequence of real numbers and betas (1/n) 5 1. (1) is said to have 
y=i 


By LE 


an asymptotic distribution (s) if ¢(a) is a distribution function? and if 
én(z) — (x) for all continuity points of (x). 

This paper is concerned with the investigation of a sufficient condition 
for (1) to permit the term by term integration 


(2) lm È Fedele) = J fdela) 


where f(z) is any continuous monotonic function, and with the modification 


of given sequences in such a way as to make them satisfy the condition 
obtained. 


By the Helly-Bray theorem,” (2) is valid if (1) is a bounded sequence. 
It will be shown that (2) remains valid if (1) is unbounded but does not 
increase too rapidly in a sense to be specified below (Definition (4), Theorem 
I). Such a sequence will be called normal. It will also be shown that any 
sequence with an asymptotic distribution can be normalized by a simple 
modification which does not alter its distribution function. In the case of a 
continuous distribution function (x) the modification consists in the sup- 
pression of a subsequence, the number of terms suppressed from £i’ ©, En ` 
being o(n) (Theorem II). This is a best possible result as, conversely, the 


* Received July 19, 1947. 


1A monotonic non-decreasing function is called a distribution function if 
lim ¢(2) =0, Hm ¢(a2) = 1. 
B>- OO BOO i 
2? H. E. Bray, “ Elementary properties of the Stieltjes integral,” Annals of Mathe- 
matics, vol. 20 (1919), pp. 177-186; E. Helly, “Uber lineare Funktionaloperationen,” 
` Sitzungsberichte der Naturwissenschaftlichen Klasse der Kaiserlichen Akademie der 
Wissenschaften Wien, vol. 121 (1912), part IIa, numbers I to X, pp. 265-297. 
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validity of (2) can be destroyed by the insertion of such a sequence.’ In the 
case of a discontinuous (s) an intermediate step is necessary: 2m is replaced 
by a sequence Tr -} an where %,—>0, and then a subsequence of a+ is 
suppressed (Theorems ITI, II’). 


1. Sequences with continuous distribution. Normal sequences. Let 
pa = min (%1,° * -,%n), Mn = max (%4,° * *, 2a) and 


(3) en = fin | (£) —dn(2) |. 


The sequence 2» will be called normal if 


(4) en = O (min ($(4n), 1 — $ (Ma) )). 


As this condition may be interpreted as giving a lower bound for un and an 
upper bound for Mn, it restricts the rapidity of increase of the sequence €r- 
in terms of the approximation en. It is the sharpest such condition that can 
be imposed ; for, considering lim (¢(@) —¢n(%)) as 7 pn — 0 or M, + 0, 
' it is seen that en = max (¢(yn), 1—¢(M,)). 


Condition for term by term integration. 


THEOREM I. If tn is normal, f(x) continuous and monotonic, then 


. œ% co 
(2) lim faden = f fdo 
NFO -00 ~OO 
provided that the integral on the right hand side converges. 
Proof. As (2) is valid for f if it holds for —f or f + const. it may be 
assumed that f is non-decreasing and that f(sı) ==0. Then f(x) = 0 for 
£ È v, and f(s) 50 for rS z. Consider first the range (zı, 0). 


(i) If Mn is bounded, Mn < M, say, then ẹ(x) =¢n(x) =i for 


2 == M and 
cO co M 
f 1ae— f tiba f fal— o) 0, 
Ly PL ry 
by the Helly-Bray theorem. 


od 
3 E, g, if the term 2cn is inserted after æ „s the lim f sdo, is increased by c, 


7—00 20 


oO 
whereas if æde remains unaltered. 
-00 
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(ii) If Ma is unbounded, Ma —> œ, then ¢,(@) =1 for v > Mn. and 


o Sa fd — f5 fadn— f Fag+ > 
= f fae— PDA) S (— dn) df —> 0; 


~ for, f fd — 0, bY the assured convergence of J fd; and the other terms 
- Mn 
-tend to 0 as 


. fe ©) 
0S f(Mx)(1— (Mn) Sf fide 
and 
Muto 
| J E — bdi | Sf (ate), by (3) 
= O (f (Mn) (1—#(Mn)), by (4). 
| As the range (— ©,2,) may be treated similarly, I is established.‘ 
24 00 
Note. I remains valid if one of f fde, f fdo diverges. This is an 
-00 ZY, 
immediate consequence of Fatou’s lemma. 
Normalization of a sequence. 


THEOREM II. By the suppression of a suitably chosen subsequence any 
sequence Xn with continuous distribution (x) can be transformed into a 
normal sequence Ym with the same distribution. 


Proof. As (æ) increases continuously from 0 to 1 real numbers sr, 
S; exist such that 


(5) p(s) = 1— d(x) = 2", » k=1,2,3, > 
where 
(6) oe e L By CSa L S1 = Da L Bo L Ba Lll 


Define a sequence of integers ny (k = 0,1,2, > J such that no==0 and, 
for k > 0, 


(7) ; . Nk > INg l 
and 


(8) en < RE for n= nk, 


4 The proof is divided into the two parts (i), (ii) with a view to the extension 
below to discontinuous distributions ¢, The division is unnecessary for continuous ¢, 


as in this case de -> 0 whether or not M, is pounded: 
Mr 
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s 


where en is defined by (3). (8) can be satisfied as en —> 0 by the following 
theorem due to Pélya®: If n, $ are distribution functions, pn —> ¢, and if 
¢@ is continuous, then the convergence is uniform. ) 

The sequence Ym is now obtained as follows: for each k (k == 1, 2,3,-- -) 
suppress those elements zv of the original sequence for which 


(9) Nr L v E my, and tv < sy or ty = Sy. 


Let 4:,° °°,Y%m be those of a%,° +> -,@n which have not been suppressed. 
m= m(n) may be estimated as follows: let & be such that ng < n S nins 
then i 
(10) m(n) = m (nr) + ne{pn (Sr) — pust) } — ne-r {Gaz a(Sk) — parak) } 
+ n{Anl Srn) — pnlSrr) } — nrf pn (Srs) — buy (Sess) } 
== O (Ne) F Mef pn (Sr) — Enh Sr) — pml Sr) F Pnl) 
+ ndopa (Srn) — palsta) }- 


By (7), the first term is O (nz-1) = O(2*nx) = O (27n). If, in the other 
terms, $n, on are replaced by ¢ the errors made are at most enp, €n which are 
O(2~) by (8). Substituting the values of ¢ given by (5) we get 


(11) m(n) =n{1+ 0(2*)}, Le, (1 —m)/n= 0(2>). 
Let Ym(a) be the distribution of 41,- - +, Ym; then 


) | $(%) —yn(a)| 5 | p(x) — pal@)| + | one) — (m/n)yn(w) | + |] (m/2) Ym(e) — Ym 
S en + (1/1)| ngn(z) — myn (2) | + ((n— m) /n)yn (2) 
S en + (n—m)/n+ (n—m)/n = 0(2*) 


by (8) and (11). As m —> ©, n—> œ and k—> oo; hence ym(x) > (2) for 
all x, i.e., the sequence ym has the distribution ¢(z). By (9) and (6), all 
elements < Si. or = Sx. of the original sequence are suppressed; thus 
Stet = Yu < Sku. for p= 1,2,- +, m, whence 


Sear SS MIN (Y1,° °° Yn) = vm, Sir > max (y1,° °°, Ym) = Nm, 
and 
2 — Be (Sr) = 2 (1 — ẹ (Srn) ) = O (min (¢ (vm), 1 — (Nm) )), 


and by (12) 

5G. Pólya, “Uber den zentralen Grenzwertsatz der Wahrscheinlichkeitsrechnung 
und das Momentenproblem,” Mathematische Zeitschrift, vol. 8 (1920), pp. 171-181, 
Satz I. 
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8m == fin | (2) — ym (£) | = 0 (2+) = Oa (b(vm),1—¢(Nm))), 


i.e. the sequence ym is normal. 


2. Sequences with discontinuous distribution. In the definition of a 
normal sequence, formulae (3) and (4) have to be replaced by - 


(3) en = fin | (£ — 0) — pn (3 — 0) | = fin | (x + 0) —gn(e+ 0)|, 
(4) en== O(min (¢(un + 0), 1 — $ (Ma — 0))). 


Theorem I can be obtained by obvious modifications of the above proof, 
but the proof of Theorem II is no longer valid as Pélya’s theorem is not 
available in the case of a discontinuous distribution and e» is not, in general, 
a null-sequence. This case may however be treated using a generalization of 
Pélya’s result: 


LEMMA 1. If on(x), (x) are distribution functions and if, for all a, 
(18) lim @n(@ — 0) = 6(@ — 0) and lim ¢n(4@ + 0) = (s + 0), 

4 n> CO HOO 

then (13) holds uniformly for all £, i.e. en —>0. 


Lemma 1 may easily be proved on the lines of Pélya’s original proof.® 
A sequence satisfying (13) will be called regular. 


~ THEOREM III. If £n is any sequence with asymptotic distribution p(z) 
then a null sequence An exists such that Zn == £n +- % is a regular sequence 
with the same distribution. 


The proof of Theorem IIT rests on the 


Lemma 2. If é is a discontinuity of the distribution function $(2) 
of wn, and y= (E+ 0) —o(E—0), then a subsequence ym of tn exists 
such that 


(14) ` lim Ym == é 
m> OO 
and 
(15) lim m(n)/n =n, 
N PH 
where m(n) is the number of y's selected from 21,° ` +, nu. 


Proof of Lemma 2. The procedure is similar to that used in the proof 


®See F. A. Behrend, “The uniform convergence of sequences of monotonic func- 
tions,” Proceedings of the Royal Society of New South Wales, vol. 81 (1948), pp. 167-168. 
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of II. For &~=1,2,3,-- + continuity points sz, Sz of d(x) are chosen such 
that. 

(5°) 0S p (Sr) — p (sr) — n < 2* 

where : 

(6°) Sp < É < Sy and sk > E—0, Sr E+ 0. 

Integers no = 0, ni, %,: ` + are defined such that, for k= 1,2,3, °, 

(7) ne > ng 

and 


(8’) | Alsk) — pals) | < 2*, | 6(Sx) —dbn(Sx)| < 2% for n= nr 


The sequence ym is determined as follows: for k = 1,2,3, +- all those a 
are selected for which 
(9) Nha L v E my and Sp Sav < St. 


(14) is an immediate consequence of (6’) and (9). m(n) is given by (10), 
and using (7) and (8), (5’) instead of (8), (5), we get 
(11’) m(n) = n(n + O(2*)), 


whence (15). 


Proof of Theorem III. Put n(x) = ¢(£ + 0) —¢(#— 0), and let the 
discontinuities of (x) be, in any order, £, éz 3,° © °. By Lemma 2, there 
exists to any & (k==1,2,38,-- +) a subsequence 


(16) Lox» Upyes Upyss” ` * 
such that 
(17) . lim @p,,, = & 
4-3 CO 

and 
(18) lim m (k,n) /n = (Ex); 

12> OO 
where m(k,n) is the number of elements of (16) selected from %,-- `, Ene 


Omitting, if necessary, a finite number of terms, (16) may be so chosen that 


(19) | Es — Lorm | < 2% for m = 1,2,3, +> 
and 
(20) Pim SE Pr'm for K <k and all m, m, 


so that the sequences (16) (k = 1,2, 3,: + -) are disjunct subsequences of £p. 
Zn is now defined by 
(21) Zn = Tn İf n Prm for all k and m, 


Zn = Ér If n = Pim- 


4 


- and 
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It will first be shown that &n == Zn — £n —> 0. To any eœ 0, k exists 
such that 2% < e` 


(i) If nÆ pm for all 1, m, then &n = Zn — En == fn — In = 0. 


(ii) Iin—pin and 1= k, then | a | = Zn — £n | = | Ér — Tpm | < 2% <e, 


by (19). 
(iii) If n= pim and l< k, then |an | = | ér — tpm | < €, provided that 


i= Pim = N (€) . 


Hence an — 0. 


Let ya(x) be the distribution of 21,° © +, Zn. For each g 
(22) pa (æ + 0) —yn(e— 0) = a(x) + 0(1). 


For, if x is a continuity point of 4(z), »(z) 0 and (22) is trivial; if 


t == &, then 21," * *, Zn contain at least m(k,n) terms &, whence 


Yn (a 4-0) — yn (£ —0) = m(k, n)/n = né) + 0(1), 
by (18). 


Let «>0, and N(e) be such that |an] <e for n>N(e). At most 
N (e) of the zy differ from the corresponding æv by more than «e; hence, 


dn (2 — 2) —N(e)/n S Yn(a—e) S Yn(a#—0) 


Yn(e + 0) S ynl + e) S pnl + 2e) + Ne) /n, 

whence 

Pala - — Re) —N(e)/n S yala — 0) = Yale + 0) — {Yale + 0) — Yn (a — 0) } 
S n(x + Re) —y(z%) +0(1) +N (e)/n, 

by (22). Letting n— œ, 

p(z — 2) Slim yn (z — 0) S lim vn(w@ — 0) S (a + 2) — (zx), 


provided that g—2e, T- 2 are continuity points of (s); and as this 
condition may be satisfied for arbitrarily small e, 


#(2—0) = lim ya (e — 0) < Tm ya(2— 0) o(@ + 0) a2) = $@— 0), 
i. e, 


(23) lim ya(a@—- 0) = ¢(z— 0), and similarly, lim pa(z + 0) = (£ + 0). 
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It follows from (23) that ¥n(z) > (zx) for all continuity points of $(2) ; 
hence, the sequence Zn = €n + % has the distribution ¢(#) and is regular, 
by (23). 


THEOREM II’. By the suppression of a sustably chosen subsequence any 
regular sequence £n with distribution (x) can be transformed into a normal 
sequence Ym with the same distribution. 


Proof. The procedure is modelled on that of the proof of Theorem II 
with the following modifications. Ss, Sx; are chosen such that 


(57) (ss — 0) = 2*S p(s: + 9), 1— (Sr + 0) = 27 5 1 — (Sx — 0), 
where 
(6”) o S Sg S e SE a m N SE N S NSN 


The sequence ny is defined to satisfy (7) and (8), and (9) is replaced by 
(97) l nky- L Y = Mm and Ty < Sk Or Zy > Sx. 


In (10) the S have to be replaced by S + 0 and the s by s— 0, and (11) 


follows using (7), (8) and the estimates ¢(s,—0) —=O(2*), (S+ 0). 


== 1 + O(2*) which hold by (5”). (12) holds with æ, replaced by +—0 
or « + 0, which shows that the sequence ym is regular; and using that, by (5”), 


-k = 2 min ($ (Srn + 0), ene —0)) 
= 2 min (> (vm + 0), 1 — ġ (Nm — 0) ), 


the sequence is shown to be normal. 
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NONLINEAR HYPERBOLIC DIFFERENTIAL EQUATIONS FOR 
FUNCTIONS OF TWO INDEPENDENT VARIABLES.* 


By K. O. Frrepricus. 


The present paper is concerned with uniqueness, existence, and differ- 
entiability of solutions of the initial value problem of systems of hyperbolic 
differential equations for functions of two independent variables. Specifically 
we shall prove that a system of quasi-linear hyperbolic differential equations 


N n n l 

2 (ann SE -4 pmn F) =g", . mM = Lt, ths N, 
possesses in a neighborhood œ of a section & of the a-axis a unique 
solution {u*(z,y),:--+,uN(v,y)} which assumes given initial values 
{a (x), + +, 0N (x)} on à, provided these initial functions possess con- 
tinuous second derivatives with respect to z, and the coefficients a", b™n, 
and g” possess continuous second derivatives with respect to g, y, ut, © =, uN. 


The solution is then proved to possess continuous second derivatives with 
respect to v and y. If the ü”, a”", b”", g™ possess continuous third derivatives, 
the same is true for the solution {u}. 

Before establishing these statements we shall prove theorems for linear 
equations and for “semi-linear ” equations, i.e., equations whose coefficients 
a™™, 6™ do not depend on ut,- - -,w%, while the g” may depend nonlinearly 
on these variables. In these theorems we shall impose weaker differentiability 
conditions than for quasi-linear equations. 

We emphasize the fact that always the same properties will be established 
for the solutions that are required of-the initial data, so that the values of 
the solution on any line y = yı > 0, yı = const., could be used as initial data 
for a continuation of the solution. Properties of initial data of this character 
may be called “persistent” or “continuable.”? Thus we can say, for 
example, that the property of initial data for the solutions of quasi-linear 
- hyperbolic systems of first order to have continuous second (or third). deriva- . 
tives is persistent. 

The investigations in the present paper are of a purely theoretical 
character. Nevertheless they throw some light on the question of numerical 





* Received October 30, 1947. 
1 For the notion of “fortsetzbare Anfangsbedingungen” see [7]. 
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computation of solutions of hyperbolic equations. Such questions have 
recently attracted considerable attention among workers in the field of gas 
dynamics, in which hyperbolic differential equations play a prominent rôle. 
But even the questions of pure existence and uniqueness of certain hyperbolic 
differential equation problems are of considerable importance in the field of 
gas dynamics, see, e.g. [14]. The results of the present paper may be 
helpful in answering such questions.” l 

We have confined ourselves to considering systems of quasi-linear equations 
of first order. This is no serious restriction; for, it is well known that the 
initial problem for equations of higher than first order can always be reduced 
to the initial problem for a system of first order and that the initial problem 
for general nonlinear equations can be reduced by differentiation to a problem 
for quasi-linear ones, see, e.g. [18, Vol. II, § 7.2]. Also the restriction to 
taking the z-axis as initial curve is not serious since it can be removed by a 
coordinate transformation. 

For the general hyperbolic equation of second order for one unknown 
. function the existence of a solution of the initial problem was first established 
by H. Lewy [1] in 1927 through reduction of the differential equation to a 
system of equations in characteristic form. In this form the equations are 
amenable to treatment by finite differences or iterations. The same procedure 
can also be used for systems of two equations of first order for two functions. 

In 1928 H. Lewy and the present author published a paper [2] about 
hyperbolic differential equations of higher order for one unknown function. 
In the first part of this paper we reduced the equation to a system of equations 
in characteristic form; in the second part we treated a certain type of differ- 
ential equations given in characteristic form. Unfortunately we overlooked 
the fact that the characteristic equations derived in the first part are not 
in general of the type considered in the second part. Therefore the con- 
clusions stated in the paper are not justified. | 

The difficulty met when one reduces the quasi-linear equation to char- 
acteristic form arises from the fact that only two of the N characteristic 
directions can be selected as new coordinate directions and that the equations 
involving other characteristic directions become quadratic in the derivatives. 


? The investigations of the present paper were carried out in connection with work 
on gas dynamics done under contract No. N6ori-201, Task Order No. 1, with the Office 
of Naval Research. 

* We owe this observation to C. DePrima. After having written this paper, the 
author became aware of the fact that M. Cinquini-Cibrario [15] has already made this 
observation and at the same time has given a new proof for the theorems in question. 
Her methods are quite different from those of the present paper. 
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in the two selected characteristic directions. In a sense one may say that the 
characteristic curves are rather sensitive to changes in the data of the problem * 
and, therefore, perhaps not so suitable as a basic working tool. This fact 
makes one wonder whether one can expect a good numerical approximation 
if such a reduction to characteristic form is used, together e.g. with the 
method of finite differences.® 

In the present paper the method of reducing the quasi-linear differential 
equations to characteristic form is abandoned. This reduction is, however, 
used for linear equations. The solutions of quasi-linear. and semi-linear 
equations are obtained from solutions of linear equations by iteration processes, 
In order to prove that these iteration processes converge and yield sufficiently 
strong results it is necessary to establish sufficiently strong properties of the 
solution of linear equations. Our treatment is in several respects related to 


that of Perron [3], who has proved existence and uniqueness theorems for 


linear and semi-linear hyperbolic equations; his assumptions, however, are not 
weak enough to make the transition from linear to ad equations 
possible. 

Theorems on unique existence of solutions of the type considered here 
could be derived from the theorems concerning hyperbolic differential equa- 
tions for functions of several variables proved by Schauder [8], Frankl [9], 
Petrowsky [10], Christianovitch [11]. When the number of independent 
variables is specialized to be two, the theorems of these authors reduce to 
statements about unique existence in which stronger differentiability condi- 
tions are required than in the theorem proved ‘in the present paper. Aside 
from this fact, however, it seems justified to give an independent treatment 
of equations for functions of two independent variables because of the con- 
siderable intrinsic interest such equations have. 


1. Basic notions. The differential equation which we shall investigate 


refers to a system u= {u”} of N functions ui, ' ' *, uw, simply called “ 
function,” of the two variables æ and y. The coefficients of the equation, 
given as square matrices : 

Q = (arny, b == {brn}, : m,n = 1, oe N, 


t Difficulties due to the sensitivity of the characteristics of one equation of first 
order were emphasized by Haar [4, 5, 6], see also [12]. 

* A recent different approach by R. Courant to the problem of hyperbolic equations, 
indicated in [14, i, 81] and to be published later in detail, leads to less pessimistic 
conclusions. 
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and the right member g = {g"} depend on a, y, and u. The equation can 
then be written in the form | 


(1.1) Ne b= Atle + Bily = 9 


subscripts v and y, here and in the following, signify partial differentiation with 
respect to v and y. The variables x and y are restricted to domains le of the 
type characterized by 


R: X,Se1s Xk, 0OSyS Y(s), 


Y(«) being an appropriate non-negative continuous function defined for 
X, Ses X, The value [u= ù(zx)] or the function u is prescribed on the 
a segment - 

ETSA y = 0, 


cut out from œ by the axis y == 0. 

To express restrictions for the function u we introduce the “ absolute 
value ” | 
Ga ~ | u(a,y)| = max |'wr(asy)| 


Then, with a given positive constant ©, we shall frequently restrict u by the 
condition 
| u(e,y)| Sa. 


The domain of values z, y, and u, given by the condition that (z, y) be in & 
and | u| 5 will be denoted by 


Ro: (a,y) in R, |u| <a. 


The matrixes a and b, and the vector g are then supposed to be defined in 
such a domain go as continuous functions of z, y, and u. In addition, the 
matrices a and b are to have continuous derivatives. 
The decisive property we require of the matrices a and 6 is that for each 
©, Y, u in o the elementary divisors of the matrix a — xb, in which x is a 
parameter, are simple and that the eigenvalues kt,- - +, kN are real. More 
specifically, we require that there exist in Ro matrices p and q with non- 
vanishing determinant such that 
0 Iasg 
(1.3) pb q = 1 = ee ana S : 


0 O--:--] 
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p gaso 


0 k++ +0 
(1. 4) paq = k = 
0 0N 


The differential equation (1.1) is called “hyperbolic” if this condition 
is satisfied. 

The significance of the eigenvalues k” is that the N directions in the 
` (z, y)}-plane given by 
(1.5) dz = k”dy, = n=l: N, 


are characteristic directions for the differential equation. These directions 
depend, of course, on the point (z,y) and on the value of u assigned to it. 
The fact, implied by our assumptions, that all k” are finite, expresses that 
a line y == const. never has a characteristic direction. 

The matrices p and g depend on v, y, and u and it is, in addition, 
assumed that these matrices p and g can be so found that they possess con- 
tinuous derivatives with respect to s, y, and u in Ro. 

The requirements formulated so far will in the following always be 
imposed tacitly; they will in general not be mentioned explicitly any more. 


2. Notations. It has been found useful to employ in the following 
quite a number of notations which we shall explain and compile in this 
section. For vectors f == {f"} and matrices {c”"} we introduce, in agreement 
with (1.2), the absolute value 


(2. 01) | f | max | f|, max = max , 
n RElo N 
(2. 02) |c|—=max > | c|, max=— max , X = a 
m n m N=1,..5N n n=1 
Clearly, i 
(2. 03) lef |e] |F]. 


If f or c depends on x, y, win Rogo we introduce the “norm” 


(2.04) I f]—max|f(2,y,u)|,  max—= max 
Ro Re £,y,uin Rg 
(2.05) fel] = max [e(z,y,u) |. 
Ro 
Clearly, 


(2. 06) leflSlel Ifi. 
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On occasion we make use of the fact that the norm of f could also be charac- 
terized by 
(2. 07) lf S | (z, y,%) | « 

” kg 


If f, or c, does not depend on u, the norm | fll, or fell, is simply 
defined with reference to the domain @ instead of the domain Ro. 

On occasion we shall find it convenient to employ a still simpler notation 
for the norms, setting 
(2. 08) I f | =F, 


and generally denoting by a capital Latin letter the norm of a quantity 
denoted by the corresponding small Latin letter. 
The pair of derivatives of a quantity f, with respect to æ and y, will be 


denoted by 

(2. 09) fey} 

its norm by | 

(2. 10) | fo | == max{|l fo |], ll fy I} = Fa- 


The matrix {f","} of derivatives. of a quantity f = {f”} with respect to 
the variables u” will be denoted by 


(2.11) fu == Far). 
Its norm will be denoted by 
(2. 12) | fu | = Fu. 


If f and g are vectors we introduce the vector fug by 
(2. 13) fag = {È fmurg”}. 


All these stipulations refer in obvious manner to matrices just a8 to 
vectors. 
From the operator ^ which transforms a function u’ into 


(2.14) A -W = au’, + bu'y, 


see (1.1), we derive by differentiation the operator ^s, + (Aute,y) which 
transforms the function w into 


(2. 15) Nay’ w -+ (Antéz,y) w 
== {OW o + boU y + Alst o + buts y, Ayka + byly F Auty a + buty y}. 


For the pair of matrices a and b we introduce the norm 
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(2. 16) lal +ib l= A. 

For the derivatives of a and b we set 

(2.17) | asu | + | baw | = As, lau ll |] ba | = Aa. 
Clearly, we have by (2.10) | 

(2. 18) | A-w SA | Wey | = AO, 

(2.19) | Ay w + (Auten) w | S (Ai + Ae) Ui 


For the initial function we shall frequently use the expression 


2. 20 ü— ù || = max | u(#)—u(Z)|, max = max 
(2.20) | | i fee (2)| 20 eas 


For the inverse matrix q” we shall employ the expression 


(2.21) Ig — g = max | g(a, y, u) —7(E0,0(8))I, 
Ro A 
max == max . , 
Ro, z, y uin Ro, tin d 


and use the notation 


- (2. 22) Lo= lgl l¢*—e7 | 
or more generally 
(2. 23) In=|@i [g i]. 
Further we set 
(2. 24) J =| >| lgl. 


Incidentally, the inverse q* of the matrix g will also be denoted by 


(2.25) ` ĝî = q> 
and we set accordingly ‘ 
(2. 26) | 7 | =Q. 


Finally, we note that all notations introduced with reference to first 
derivatives will be employed for second derivatives in an obviously analogous 
manner. 


3. Reduction to characteristic form. We first consider the case in 
which the matrices a and b do not depend on u. The same is then true for 
p, q, and k. We introduce the N families of characteristic lines’ 


Bm: eo" LE), y == t, m = 1,° . N, 
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the functions z” (t, é) being the solutions of the differential equations 


(3. 01) ) ze = kh (a, t) 
with. the initial condition 
(3. 02) a==& for t= 0, éon à. 


Since the function k” (x,t) defined by (1.4), was assumed to possess con- 
tinuous derivatives for (x,t) in R, through every point s =é on & such 
characteristic lines can be passed and continued up to the boundary of the 
domain R. Moreover, the function g” (t, é) possesses the continuous derivative 


(8. 03) Er == Me (t, £) 

with respect to the parameter &, satisfying the differential equation 
(3. 04) E” ae kari” 

and the initial conditions 

(3. 05) g" = ] for t= 0, 

It then follows that 

(3. 06) é™-4£0 in R, wherever defined. 


We must restrict ourselves to such domains œ which have the property 
that the N characteristic lines through any point in & can be continued up 
to the initial segment & or, in other words, that every point in œ can be 
reached from the initial section by W characteristic lines. Such domains @# 
we shall refer to as “domains of determinacy.” It evidently depends on the 
matrices a, b or rather on the diagonal matrix k, as functions of v, y in &, 
whether or not @ is a domain of determinacy. Later on we shall make use 
of the following 


Remark. Let @ be a determinacy domain. - Let the point vo le on the 
initial segment d and the number e be such that the interval dM: |a— To [Se 
lies in &. Let Y be a positive number. Then the domain 


R’: |z — zo| Kyse OSySY, myin R 
is a determinacy domain. 
Here K = || k | ų= max || k” | is the norm of the diagonal matrix k. 


Consider a boundary point P of æ’ with y > 0 and the N characteristic 
directions through it with decreasing y. If P is a boundary point of & 
the N directions lead into œ. If P is a boundary point of the triangle 
le—a|+Kye«, the N directions lead into the triangle because of 
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|-dz/dy | = | | SK. If P lies on y = Y, the N directions lead to y SF. 
As a result the N directions lead to the region common to @¢, the triangle, 
and y= Y; i.e. to the domain #&’. Any characteristic line through any 
point of #&’ when continued to the boundary of W’, therefore, ends up on &’. 

To clarify the notion of domain of determinacy we contrast it with the 
notion of “domain of dependence” of a point (z,y) in œ, which is the 
common part of all domains of determinacy containing this point.® It is clear 
that this domain of dependence is also a determinacy domain. Therefore the 
uniqueness theorems which we shall prove will also apply to the domain of 
` dependence of a point. It will, therefore, follow that the value of the solution 
at this point is not affected if the data of the problem, i.e. the coefficients 
of the differential equation and the initial function, are modified outside of 
the domain of dependence. . 

In the following we shall always assume that ® is a domain of 
determinacy. As a consequence the functions æ = g” (y, é) possess inverse 
functions l E 
(3. 07) E= EM (2, y) 


defined for every point (s, y) in R. - By virtue of (3.06) the function 
é" (æ, y) possesses continuous derivatives with respect to z and y lies in &. 
The pair t = y4, é= "(z,y) maps the domain f on a domain 


Ph: 0 SiS ThE), Eind, 


of the (t, €)-plane, T™ (£) being the value of ¢ > 0 for which the characteristic 
s= z” (t, é), y = t meets the boundary of B. 

We now transform the differential equation A `u == aus + buy = g into 
characteristic form. To this end we introduce new functions v == {v”} by 


(3. 08) u = qr, 
the matrix q having been introduced in 1 in connection with (1.3) and (1. 4). 


Applying the matrix p to \-u==g we obtain the characteristic form of the 
differential equation 


(3. 09) kve + vy = h, 
in which 4 = {h"} is given by 


(3.10) | h = p( g — agav — bq). 


° If all eigen-values k" are different, the domain of dependence of a point is bounded 
by two “outer” characteristics through this point. If some of the eigen-values are 
equal at some places, this boundary may consist of sections of different characteristics. 
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This characteristic form of the equation can now’ easily be referred to 
characteristic parameters t. Introducing ¢ and é as new variables by 
z ==" (t, $), y= t, equations (3.09) take immediately the form 


(3.11) p” == h”, m ae N 


for the functions v” == v” (s” (t, é), t) defined in P”. 


4, Linear equations in characteristic form. In this section we con- 
sider linear differential equations which from the outset are given in 
characteristic form (3.09) without assuming that this form was obtained 
by a transformation (3.08) from the general form (1.1). Accordingly, we 
assume that a diagonal matrix k= {k"} is given as a continuously differ- 
entiable function in a region @, which is, of course, assumed to be a 
determinacy region. Further we assume that a matrix r and a vector $ are 
defined as continuous functions in œ. Finally a continuous function T(z) 
should be defined on the initial section à of R. 

For functions v = {v"} of z and y in @ we then consider the differential 


equation 

(4. 01) hve + vy + tv =s in R 
and the initial condition. | . 

(4. 02) v=7 in à. 


We introduce the new variables ¢ and é through the functions 
(4, 03) w==an(t,é), yt, 


see Section 3, which have continuous derivatives with respect to x and y in 
P” and satisfy. the equation (8.01) a” —=k™(a™, t). 

Let v"(2,y), n==1,:-.-,N, be a set of N continuous functions in &# 
such that the functions 


ve (an (t, £), t) 


of ¢ and € in P” possess continuous derivatives with respect to t and satisfy 
the equations 
(4. 04) v + (rv) =s". 


Then we say that the function v = {v”} satisfies equation (4.01) kte + wy 
+ 7v =s in the wider sense. If, in addition, the function v possesses con- 
tinuous derivatives Vs, vy, it satisfies this equation also in the strict sense. 

Our basic tool will be estimates of the norm of the solution v of (4. 04) 
in terms of the coefficients and the initial function. 
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Lemma 4.1. Suppose the function v in R satisfies equation (4.01) in 
the wider sense and the initial condition v =T on &. Then for any positive 
number à the estimate 


(4,08) [A—R] | ve | <afv) + ls | 
holds, with R= || r ||, see (2.08). 


Proof. We observe that each component v”(a"(t,&),¢) satisfies the 
equation’ v:” = — (rv)” -+ s”; hence the inequality 


| ve | S [(rv)™ | + e| S S| 7" | max | o” | + | s*| 
7t m 
is valid. After multiplying the right hand side by ete” = 1 we find 


| v” | S At [max X | r”™ | max max | ve | -+ max | ewj]; 
R r R m R 


hence, by integration, 
| on (a(t, £), t) — o" (£, 0)| 
< of max X | 7” | max max | ve | + max | #e™| ]. 
Ro ” Rom f 


Using the notations (2.01), (2.04), (2.07), (2.02), (2.05) the last 
inequality can be written in the form 


A | om (ar (t, é), t) — o (£ 0| Sel |r| | ve | + | ser i] 
or, using the inverse function é" (z, y) introduced in 3, see (3. 07), 
(4.06) Al v(x, y) — (E (s, y))| Sel lr] | ver | + se |]. 
From | v*(z,y)| | v” (2, y) — D (E (x, y))] + |v || we then obtain 
| or(a,y)| Shop tater fr | ve | + se] 
and, consequently, (4.05). 


Estimate (4.05) is sufficient for many purposes, but in addition we need 
later on a more refined estimate. Let g(z,y) be a matrix which, together 
with its inverse g(a, y), is a continuous function of v, yin R. Only later 
on shall we identify q with the matrix introduced in 1. Then we can derive 
an estimate which differs from (4.05) in that qv takes the place of v and 
the terms are multiplied by different factors. It is important for certain 
applications in the following that the ratio of the factors of || gue” || and 
|| gv || approach the value 1 as A increases indefinitely. This requirement 
accounts for the slight complications in the formula given below and its 
derivation. 
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Lemma 4.2. Suppose that the function v in R satisfies the equation 
(4.01) in the wider sense and the initial condition v =U on à. Then, for 
any positive number à and any matrix q with the properties just indicated, 
the estimate 
(4.07) [A—JR] | qve™ | 

SA1+ D) 1M] +4 | GW] + g l se | 
holds. Here the quantities J and Ly are defined by (2.24) and (2. 23). The 
definition of || gs — Gi || corresponds to (2.20). 

Proof. We set w(Ē; x,y) = q> (a, y) @(%)0(2) with arbitrary @ in à, 
z, yin R. Using the functions é" (x, y) introduced in 8, see (3.07), we have 

| on (a, y) — vw" (E; m, y) | S | wr (45 a, y) —T" (E (2, y) ) | 

or | v” (a, y) — T (E (x, y) )| : 
From this relation and (4.06) we deduce 
A | evon (w, y) — w (2; æ, y) | 
<A | gle, y) a (ETE) — omae y) Hr oe + e i, 

' whence 
A | (a, y) — w (2; a,y)| EA l g I EE — Ele, y) lE, 9) | 

aA | g(a, y) — mg (Ela y)) | | ae 9) EEL 9) ) | 

+r at goe | + I se |. 


Since é” (x,y) lies in the interval & we obtain 


à | g(a, y) {eq (2, y) v (a, y) — F(Z) (E) | 
= à | ov (x, y) — q` (a, y) (2) (2) | 
<All @—MItalce—ee Ng 
+ fetal Pqve | + se N, 
whence 
A eMqu—G I Salqi lath | w—a| 
+arl gh g — eg |e | 
+iadiatd ded qe Ng tse | 


and, consequently, (4.07). 
An immediate consequence of Lemma 4.1 is the uniqueness 


THEOREM 4.1. There exists in R at most one solution v of equation 
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(4.01), kva + vy + rv =s, in the wider sense assuming on & the given 
initial value v =. | 

We need only use relation (4. 05) with T= Ô, s = 0, and À > for the 
difference of two solutions of (4.01). Another immediate consequence of 
-Lemma 4. 1 is 


Lemma 4.3. Let r@, s⁄®) be sequences of continuous functions in R 


such that the norms ||r@ || == R© remain bounded, RO = p, while || s® | 
approaches zero. Let v™ be a solution in the wider sense. of 
(4. 08) kve (a) -- Vy! -4 plo) qo) a g (0) 


assuming the initial value vu =0 on &. Then |v® || > 0. 
We need only choose A > p; then (4.05) yields 
[A—p] | oe] S| sew] 0 
and hence the statement 


Lemma 4.4. Let r,s be sequences of continuous functions in R 
which converge uniformly in R to continuous limit functions r, s: 
| ro) — r |-> 0, | s© —s|_-0 as o— œ. Let v™ be a solution in the 
wider sense of the equation (4.08) assuming the initial value vu —7 on à, 
independently of c, and which converges uniformly in R to a continuous 
function v. Then v satisfies equation (4.01) m the wider sense. Incidentally, 
such a sequence v always does converge uniformly in R to a continuous 
limit function. 


Indeed, by virtue of the transformation v == s" (£, t), y = t, each com- 


ponent v‘* is a function of ¢ and éin P” which satisfies the integral equation 


vn(t, £) =o" (é) + f (— role) 4. s a(t, é) dt’. 


Hence the limit function v(t, é) satisfies 


t 
(t) =P + f (rots) eat’, 
whence the statement follows. | 


To show that such a sequence v‘ always has a limit function as indi- 
cated we choose a number p such that [|r | Sp and a number A> op. 
Inequality (4.05) then shows that || v || is bounded. Next we introduce 
for any o and r the differences 


plot) = yl) — yl) por) — plo) (7), g lor) =. g(o) — (7) 


F a ep mr AE a a 
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and observe that v(°7) satisfies in the wider sense the equation 
hug 87) |. Dy T +- PO) gy (OT) = — 7 (07) ay (7) +. g (57) 


and assumes the initial value zero. Lemma 4.3 then may be applied; it 
yields || vf || ->0. Consequently, v converges uniformly in æ to a 
continuous hmit function. 

The existence theorem of this section is 


THEOREM 4.2. There exists in R a solution of the equation 
(4. 01) hve + vy + Tu = 8 
in the wider sense, assuming on À the given initial value v =7. 


Proof. We set up iterations. We construct a sequence of continuous 
function v in @ assuming the initial value v, beginning with v (a, y) 
= (£). Having found a continuous function v@ (x,y) we shall determine 
v(t) as a solution of 


(4. 09) Etr D + yy (e+) == — ry + sg, 


The right member here is a continuous function of v and y in œ and becomes 
a continuous function of t and é in P” after the transformation 2 = s” (t, £), 
y =t. We now determine the component v(*!)” as function of t and éin P” 
through integration so that it satisfies 


(4. 10) Pe (OF) N seen (— rv (s) + s)” in P”, yist) n — p» for t= 0. 


The function v1)" so determined depends continuously on ¢ and é in P”, 
as is well known, since the right member does. Now, by virtue of the Inverse 
transformation (3.07) é= £ (x,y), t == y, the component v(%*)” becomes a 
continuous function of zv and y in R. The function vo) = {pann}, 
therefore, is continuous in R, assumes the initial value v (“9 = 7 and satisfies 
in the wider sense the equation (4.09). The iterations can therefore be 
carried out. $ 
The differences Aplet) — ytt) yle) satisfy the equations 


(4.11) Ava D 4. Avy) 2 — rh), ee eee 


in the wider sense and assume the initial values Av‘**) == 0 on &. Applying 
Lemma 4.1 with 0 instead of r, and —rAv) instead of s, we obtain from 
(4.05) the estimate | 


(4. 12) A || AvleD ev | = R || Aver]. 


_ We choose a positive number ĝ < 1, and a positive number A so large that 
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(4. 13) Re |r] Soa. 
Then (4.12) gives 

| Av lott) e || <= 8 || Av (9) e |] , 
whence by induction 

| Av ©) eA |< pea |] Ay endo |, 


The uniform convergence of vew and, hence, of v to a continuous 
limit function then follows. That this limit function satisfies equation 
(4.01) in thé wider sense follows from Lemma 4.4, applied for Ji = 0 
and sto — — ry) +8. f 

We now formulate the first differentiabilily theorem, 


THEOREM 4.3. Suppose that not only the diagonal matrix k, but in 
addition the matrix r and the vector s, have continuous derwatiwes with 
respect to x and y in R, and that T has a continuous derivative with respect 
to xin à. Then a solution of equation (4.01) in the wider sense assuming 
the initial value V possesses continuous derivatives with respect to x and y 
in R. The function v satisfies equation (4.01) in the strict sense. The 
derivatives Vy and vy satisfy in the wider sense the equation 


(4. 14) k(v2y)a + (ey)y + kaye + TV0,y + Tayt = Sav, 


see (2.09), obtained by formal differentiation of equation (4.01). The 
initial value Vz of Vs is Vg==Ty while the initial value ty of vy is to be 
determined from relation (4.01). 


The proof of Theorem 4.3 will be given as a corollary to the existence 
Theorem 4.2. It would be possible to give an independent proof, but the’ 
present procedure, in which we follow Perron [3], appears to be simpler. 

Consider the functions v as defined through iterations in the proof 
of Theorem 4.2. We maintain that they have continuous derivatives with 
respect to « and y in R under the assumptions of Theorem 4.3. This is 
certainly the case for v(® — (a). Suppose it were true for v). Then the 
function — (rv@ +s)”, considered a function of ¢ and é in P” after the 
transformation s == 2"(t,é),,.y==t, possesses continuous derivatives with 
respect to t and é since this is the case for #"(¢,é). The same is then true 
for the function uv)" of ¢ and é determined from (4.10). Returning to ` 
the variables z and y by the transformation £== &"(y,7), t= y, wè see that 
v) has continuous derivatives with respect to 2 and y in R. Thus it 
follows by induction that »@ has continuous derivatives for all v. 

From relation (4.10) it follows that the derivatives of v~} with 
respect to ¢ and & satisfy the equations 
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(vi (o+1)} ny poe (— ryle) -i s) f (pne) t= (— yyte) -- s)'g. 
The derivatives 
Vgl tn Pe ylorl)ng /En, Pylat) n == Vi (o+1) n fe kryto) mg /gn 
therefore satisfy, in view of (3.04), the equations 


(v2 (o+1) n) t+ ke"vy (o+1) % a (— py () E S)a”, 
(vyn) tte ky Ug Dn ces (— mi +. s)”, 


In other words, v2, °*) satisfies equation 


k (va, yO) g -+ (vagn Jy + hays’) = (— rml "n S) ay 


in i the wider sense. The differences Avay D = Vay — vey satisfy the 


equations 7 
k (Ava,y (+1) ea + (Avey (o+1) Vy -+ Ke yts H — e (rg (9) Jey 


and assume the initial values zero. Hence Lemma 4.1 with key instead of r 
and — (TAVO) oy instead of s can be applied to the pair Avs, (which 
embodies 2N instead of N functions) ; ; inequality (4. 05) yields 


(4.15) [A— Ki] | Avey OV | S R | Avey(% eM | + R || Aawe |] 
with Kı = || key l s R= |r|, R= rey I. If now A is so chosen that 
(4. 16) | R+ kS6A— kK), 
ef. (4.13), we find by combining (4.15) with (4. 12) 

| Atay eM | | Avie ey |S OC | Avay Pe | + |] Ave |). 


It is clear that vay together with v‘ converge to continuous limit func- 
tions V2, and v™. It is also clear that vz y© are the derivatives of v™, 
It follows from Lemma 4.3 that v© and vz, satisfy equations (4.01) and 
(4.11) in the wider sense. Since v% assumes the value 7 on &, Theorem 4. 1 
insures that v®.=—= v. Hence v possesses continuous derivatives ve, vy satisfying 
(4.11) while itself satisfies (4.01) in the strict sense. Thus Theorem 4.3 
is proved. 

For later purposes we need a differentiability theorem which is somewhat 
sharper than Theorem 4. 3. 


THEOREM 4.4. Let q(z, y) be a matriz” which together with its inverse 
qi==@(z,y) is a continuously differentiable function of « and y in R. 


7 In later sections g will be identified with the transformation introduced in 1. 
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Suppose that the diagonal matrix k and in addition the matrices r* and the. 


vector s have conimuous derwatives with respect to s and y in R, and that 
V has a continuous derwatwe with VESPEOI toxin &. Thèn a Graa v of 
equation a 

(4.17) © kws + ty + (hago + ĝg) o + tos 


in the wider sense assuming the initial value T possesses continuous derivatives 
Voy with respect to v and yin R. The function v satisfies equation (4.17) 
in the strict sense. This equation can therefore be written in the form 


hq (qv)e + 9(qv)y + r*v =s. 
The quantities G(qv)a,y satisfy in the wider sense the equation 


(4.18)  — &(g(qv)ay)o + (9(9%) ov) 9 

+ keng (qv) + (Gan) (Gr)e + Gav) (qr) a ` 

— (kga + Gy) (qv) ay + (r*0) z y = Saye | 
The initial values of (qv) are (¥)c, those of (qQv)y are determined from 
(4.17). 


' Theorem: 4.4 does not simply follow from Theorem 4.3 because 
r= kqqe + Jy +r” need not possess continuous derivatives. Therefore, 
we first approximate q uniformly in #& by functions q which have con- 


tinuous second derivatives, such that also the first derivatives of q are. 


approximated by those of q), uniformly in R. By virtue of Theorem 4.2 
a function v exists in R which satisfies equation (4.17)% (in obvious 
notation) and assumes the initial value 7 on &. Since the coefficients 
ro = ky) qo) + Gq + r* and s of (4.17)% possess continuous deriva- 
tives, Theorem'4.8 can be applied. It yields that v possesses continuous 
derivatives ve,y (e) which satisfy by (4.14) equation 


le (Vay ) Va + Vay + heyval? + ((kq (9) Ga a 4 gia) qy O wO) oy + (rv) oy 


—- Sa,y- 
This equation can be written in the form | 
(4.18)7 (9 (qv Jaye + (O (Qu Jan)y 
; -{- kea,yQ (e) (qu), + kay (qu), 
+ Gay (q vy) — (ke + Gy (c)) (dU) Jay - 
ag rq (qv)en + (1*4) z, ugt = Sa,y | = 


as is verified by straight differentiation. One observes that second derivatives 
of g result only from the first term in the last equation. We apply Lemma 
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4,4 to the equations (4.18) and (4.17)° for the system of functions 
GO (OvO ay and v. Since the coefficients of these quantities corre- 
sponding to 7‘) in Lemma 4. 4 involve only first derivatives of q and r*, 
they converge uniformly to limit functions. Lemma 4.4 is, therefore, 
applicable. It yields that 9g (q¢@v©@),, and v) converge uniformly in R 
to continuous limit functions wo, and vœ, satisfying the differential 
equations (4.17)™ and 


(4. 18) 5 k(Wa,y) a (Way) y + Ke,yWe -+ kGa,yQWe 
i + Gz,yQWy = (ke + Oy) WWe,y +9 Wey + (r*q Jego” 


== Sz yo 


and assuming the initial values ¢(qv)o2y and T on à. Since (qv oy are 
the derivatives of gv it follows that the functions qgwz,y are the derivatives 
of qgv©. From the uniqueness Theorem 4.1 applied to (4.17) we have 
v©= 4, It is thus shown that qu possesses continuous derivatives (qv) 2, 
and that the functions ¢(qv)2,y satisfy equation (4.18). Thus Theorem 4. 4 
is proved. 


_ § Linear equations in general form. We now proceed to formulate 

analogues to the lemmas of 4 for the linear differential equation 

(5. 01) A & + Ct == Atte + bity + cu = f 
in which the matrices a and b, c and the vector f are continuous functions 
of z and y in a domain R, and do not depend on u. In agreement with the 
stipulations of 1 we require that matrices p and q are given for which (1.3) 
and (1.4) hold and which, together with a and b, possess continuous deriva- 
tives with respect to v and y in Æ. The domain #& is to be a determinacy 
domain. A continuous initial function d(x) on & is to be given. 

_ We say that a continuous function u(z,¥) in @ is a solution of equation 
(5.01) in the wider sense if the function 


(5. 02) v = qu, 
cf. (3.08), is a solution in the wider sense of the equation 
(5. 03) lvs + vy + rv = 8, 


ef. (4.01), in which 
(5.04) r== plage + bly + eq) = kage + ogy + 7%, r* = peg, s = pf. 


We note that the diagonal matrix is continuously differentiable and that r 
and s are continuous in œ. The results of 4 can therefore be translated to 
statements concerning the equation (5.01). 
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Identifying the arbitrary matrix q occurring in Lemma 4.2 with the 
specific matrix q now under consideration we have from Lemma 4.2 


Lemma 5.1. Suppose the function u in R satisfies the equation (5.01) 
in the wider sense and assumes the initial value ù on à. Then w satisfies 
for every number à > 0 the inequality 


(5.05) [A—JR] | we | SAG + Ly) ] a] +a7 la—al + PQ | fe] 
in which J and Ly are defined by (2.23) and (2.24) while 
(5. 06) R = | p(aqe + bgy + cq) || = P(AQ: + CQ). 


The latter inequality follows from (2.06), (2.08), (2.10), and (2.16). 
Theorem 4.1 goes over into the uniqueness 


THEOREM 5.1. There exists in R at most one solution u of equation 
(5.01) in the wider sense assuming on À the given initial value u =ù. 


This theorem also follows immediately from Lemma 5.1. An immediate 
consequence of Lemmas 4.3 and 4.4 are their analogues: 


LEMMA 5.2. Let c and f be a sequence òf continuous functions | 


in R such that || c | remains bounded while || f || approaches zero. Let 
u) be a solution in the wider sense of equation 


(5. 07) A +46) +. 6) yo) — fo 
assuming on & the initial values zero. Then | u™ |>0 as c> ©. 


Lemma 5.3. Let c and f™ be a sequence of continuous functions 
- in R which converge uniformly in R to continuous limit functions c and f. 
Let u be a solution in the wider sense of the equation (5.07) assuming 
the initial value uw == ù on 3, converging uniformly in R to a continuous 
limit function u. Then u satisfies equation (5.01) in the wider sense. 
Incidentally, such a sequence wu) always does converge uniformly in R to a 
continuous limit function. . 


_ From Theorem 4.2 we obtain the existence theorem 
THEOREM 5.2. There exists in R a solution of the equation 
(5. 01) A -u -+ cu =f 
in the wider sense assuming the given initial value u = ù. 


Theorem 4.3 will lead to the differentiability theorem 
8 
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THEOREM 5.3. Suppose that not only the matrices a, b, p and q but 
also the matrix c and the vector f possess continuous derivatives in R, and 
that the initial function & possesses a continuous derivative in &. Then a 
solution u of equation (5.01) in the wider sense assuming the initial values 
Ü on & possesses continuous derivatives tay in fe and satisfies equation (5. 01) 
in the strict sense. The derivatives uzy in R satisfy in the wider sense the 
equation l 
(5.08) . N + Gay + Aay t F ay + Coy = fay 


(using the notation defined through (2.15); note that Nu =0 here). The 
initial value Uz of Us is te, while the initial value Uy of Uy is determined from 
(5.01). (Note that the determinant of b == ptq™ does not vanish since those 
of p and q are finite.) | 

We first see that Theorem 4.4 may be applied since the function r given 
by (5.04) is of the form assumed in Theorem 4.4 and, by virtue of the 
assumptions of Theorem 5.3, the functions r* and s given by (5.04) are 
continuously differentiable and also v= q*ū is continuously differentiable. 
As a result we have that v = qu and hence u possesses continuous derivatives 
in Æ and that equation (4.18) is satisfied i in the wider sense. This equation 
is equivalent with equation . 


(5.09) pA+tey + keyg te + kryta + ayy + (peu) ay = (pf) ay 


by the definition of the wider sense of the operation A. In view of 
k == pag, 1—pbq and the relation au, + buy -+ cu =f we see that this 
equation is equivalent with (5.08). 

Applying Theorem 5.3 to the pair us, and equation (5.08) we imme- 
diately obtain , 


THEOREM 5.4. Suppose that a, b, p, q, c, and f possess continuous 
second derivatives in R, and that & possesses a continuous second derivatwe 
in &. Let the function u in R be a solution of equation (5.01) im the wider 
sense assuming the initial value ion &. Then u possesses continuous second 
derivatives Uzz,oy,yy im R. Equation (5.08) is satisfied in the strict sense, 
and the second derivatives satisfy in the wider sense the equation 


(5.10) l A ` Uss eyyy + 2A ay ey + A azepyu' u 
+ (CU) ze, enuy = fex,sy,um 


The initial value tzr Of Uze i8 tex; the wutial values tay Uyy Of usy and Uyy 
are determined from (5.08). 


= See ai a e e e a a Ga a i pe a A, a a e, e ~ 
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The combination of Theorems 5. 1, 5. 2, and 5. 3 corresponds to a theorem 
derived by Perron [8], who did, however, require the existence of continuous 
second derivatives of ba, bc, and bf. Instead, we needed to require the 
existence of only first derivatives of these quantities owing to the special 
effort embodied in Lemma 4.4. This fact is quite essential for the application 
to nonlinear equations. | 


6. Semi-linear differential equations. We call the equation 
(6. 01) A U = AU + biy =g 


semi-linear or one with fixed characteristics if the matrices a and b are defined 
as functions of z and y in a domain @@ while the right member g is a function 
of z, y, and u in a domain Ro. Of course, we again assume that a, b, Ds 
and g are continuously differentiable in œ and that ® is a determinacy 
domain. Of the function g(#,y,u) we assume that it has a continuous 
derivative gu with respect to u in Ro, cf. (2.11). The initial function (x) 
on & is subjected to the condition 


(6. 02) lül <Q; 


it is here convenient to exclude the equality. 
We say that a continuous function u(x, y) in go obeying inequality 


(6. 03) juja 


satisfies equation (6.01) ‘in the wider sense if it satisfies in the wider sense 
the linear equation that results when the function u is inserted in g({2, y, u), 
thus producing a continuous function g(x, y, ufs, y)). Lemma 5.1 now 
yields immediately 


Lemma 6.1. If the function wu obeying inequality (6.03) satisfies 
equation (6.01) im the wider sense, the estimate 
(6.04)  [A—JPAQ,] | we |] SAG + La) a + rT | a—a| 
+ PQ I ge | 
holds for any positive number X>0. We note that the norm || ge” || here 
refers to Ho. | 


From Theorem 5.1 we shall derive the uniqueness 


THEOREM 6.1. There is at most one function u obeying inequality 
(6.03) satisfying equation (6.01) in the wider sense, and assuming the 
given initial value ù on à. 
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To do so let u@) and u®@ be two such solutions. We introduce the 
function. 


(6.05) Gulzy) = f gule au (2,y) + (1—a)u® (a y)) da, 


which is defined and continuous in œ since au) + (1—a)u obeys 
inequality (6.03). Its significance results from the identity 


(6.06) = g(x,y, u) — g(a, y u™® ) = Gulx,y) (u@ —u™), 
It is then clear that the difference u = u(® —u satisfies the equation 
A * y == ut, 


which may be considered a linear equation. Hence Theorem 5.1 yields the 
statement. 

We now shall characterize a restricted type of domain for which we 
shall prove the existence of a solution. First of all we choose a positive 
number 6< 1. Then we say a domain ẹ@ is “restricted ” if a number A > 0 
can be so found that firstly 


(6. 07) PQG, < 6[A— JPAQ,]), 
the norm Gy = || gu || here referring to the domain Ro, and secondly, 
(6.08) A(1+Iy)| al] +7 |a—@] + POG < [A—JPAQ,]Oe™, 
Y being the maximum the ordinate y attains in the domain R. 

To show that this restriction is not undue we make the 


Remark. In the neighborhood of any point z in & the “center,” a 
restricted domain 


R: |a—a|+KySe OSySY’, zy in R 


can be found. That such a domain #’ is a determinacy domain was stated 
in the “ Remark” in 3. i 
To prove the statement we first choose « and a value F” such that the 


quantities L” = || q I” | q?*—¢@ ||” and | &—ŭ ||” referring to the corre- 
sponding domain R”, see (2.22), are so small that 
Lalal + I” j a— il< lal”, 
which is possible by virtue of (6.02). Then we choose A so large that 
PQ” G” u + 6J” PA” Q" < On 


re o i iat 


_ — eee mme mean ene hu ee -- 
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and 
I”, (a Y +I" |a—G apga” 
+ AJ” PV A” Q” Q < Oo | ü 1. 


Finally we choose a positive number Y’ = Y” so small that 


(Lf (Le) 4 1) Jal I” aH” + PQA” 
PAN", DEV < EM, 


In view of | |’ Sj |” and La S0—P")" 410,58 (l—e' "I" + Ls 


we see that relations (6.07) hold with reference to the domain œ”. Thus 
the statement of the Remark is proved. 
We now formulate the existence 


THEOREM 6.2. In a restricted domain R there exists a solution of 


equation (6.01) in the wider sense obeying inequality (6.08) and assuming 


the given initial value u =ù on à. 


The proof proceeds by iterations. We shall construct a sequence of 
continuous functions u? in @ obeying (6.02) and assuming the initial 
values u( == i on A. We begin with wu =ù. Suppose u were deter- 
mined; then g == g(z,y,u)) is a continuous function and the linear 
equation in the wider sense 


(6.01) © A - lott) == g (0) 


has by Theorem 5. 2 a continuous solution ut) assuming the value u(t?) = @ 
on &. From Lemma 5.1 we have 


[A— JPAQ,]}| u ew || SA + Ly) | a | 
AT | a— t] t Pel ger]; 
hence by (6, 08) 
| ule er || < eY, 


whence . . 
(6.09) Jur | SO; 


i.e, ul) satisfies (6.03). Therefore, the iterations can be carried out. 
We proceed to prove the convergence. 

The difference Au e+) = uo) — yl) satisfies in the wider sense the 
“linear” equation 
(6. 10) N+ Au) e Gy Au in R 


and assumes the initial value zero on &. Here 


=- ae a a ee ee ee 
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4 
(6. 11) Gui (2, y) — f gu(a, y, aul) (x,y) + (1—a)u) (a, y) )da 
Go : 


is a continuous function of æ and y with || Gu | = || gu | = Gu, see (6.05) 
and (6.06). Therefore Lemma 5,1 yields the estimate 


[A —JPAQ:] || Aue || = POG, | Au e™ |; 


hence by (6.07) 
f | Au De | <= 8 j Aue j, 
whence 
| Aui ev || 5 Ge | Au ew |j. 


Consequently, the functions wv) converge uniformly in & to a continuous 
limit function u. From (6.09) relation (6.03) evidently follows. 

Clearly, the functions g —g(z,y,u) then also converge uniformly . 
in @ to g(a,y,u). Now Lemma 5.3 with c@ —0, f ==g( can be 
applied. It follows that the function u satisfies equation (6.01) in the wider 
sense. Theorem 6.2 is thus proved. : 

Next we form the differentiability theorem 


THEOREM 6.3. Suppose that not only a, b, p, and q have continuous 
derivatives in R, but that in addition g(x, y,u) has continuous derivatives 
Joy, Ju in Ro and that ù has a continuous derwative Gz in X. Let u be a 
solution of equation (6.01) in the wider sense in R obeying the condition 


(6. 12) jul <a 


(note in comparing with (6.03) that the equality is omitted), and assuming 
the value u =ŭ on &. Then the function u possesses continuous derivatwes 
Ue, in R and equation (6.01) is satisfied in the strict sense. These derivaties 
satisfy in the wider sense the equations 


(6. 13) A i Us,y +" hey -u — Guuzr,y sn Gz,y- 


The initial value Uz of Us is tin; the initial value Uy of Uy is determined from 
(6.01). 


For the proof of Theorem 6.3 we shall first impose the additional 
condition that the derivatives gz, and gu possess continuous derivatives with 
respect to u in fg.: Also we shall confine ourselves to establishing the state- 
ment first for a “restricted” domain R. As a matter of fact, we modify 
the definition of “ restrictedness ” somewhat by requiring 


(6.14) PQGy < O[A—JIP(AQ, + AiQ)] 
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instead of (6.07). Clearly, the Remark about the existence of restricted 
domains is valid also for this modified restrictedness. 

In the restricted domain œ we set up the same iterations that were 
employed for the proof of the existence Theorem 6.2. The functions uo) 
satisfy in the wider sense the equation (6.01). If the function u has 
continuous derivatives in æ then it follows from Theorem 5.38, the assump- 
tions of which are then satisfied, that also u+} possesses continuous deriva- 
tives satisfying in the wider sense the equations 


(6. 15) N ay ON gh OD = gry $ gulag. 


We shall show that the functions us, ®© converge to limit functions tsy 
which are the derivatives of the function u in question. To this end we first 
apply Lemma 5.1 to (6.15) with c = (az, bey) obtaining 
[A—JP(AQs + 4:Q)] || ten Me™ | 

SACL + Ly) | Uau | AF || ay — tay | + POL Gave |+ I ge l i ul) erm | . 


By virtue of (6.14) we now obtain with an appropriate constant T = Dy, 





| toy PEM | SG || ta, Oe |] +T, 
whence by induction, assuming Dy so large that | u® e | =Tr/(1— 8), 
I] Uey ere || ST/(1—6) or 
(6. 16) D, — J uey | <TO/(1— 8). 
Next we consider the differences Au (#1) == y) —Ul), Auz y ot? 
== Ug y!) — Us y. They satisfy the equation 
A +» Au) = Gy Au 
N+ Atay OD H Aay Auber) 
== Jy ay (7) Ay (0) -+- Gah? Au Mae y (a) + Jule) Aus, y (c) 
in the wider sense; hence we have from Lemma 5.1 
[A — JPAQ] |] Au 9 e | = POG, | Au e | 
and 
[A — JP(AQi — A1Q) ] |] Atz, or e | 
S PQGu || Ats y O e Il + PO (Ga + Guu, ) || Au O eA |. 


By Lemma 5.1 combined with (6.14) and (6.16) we obtain 


| Ay (or) ena | = @ | Aul) en | 
and 
| Arty EM | E 8 | Atay OM ff ZI Aa | 
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with an.appropriate constant Z= Z2}. The first inequality yields 
| Au ev | S Bee with B = | Aue |j. 
The second inequality yields, by induction, 


| Atis, ec | S BLO + ZBob™ with B, = || Ausy 9e% |. 


OO OO 
Since $ 67-< œ and Sof?" < œ, it follows that || (uw? — u je | 30 


o=0 o=0 
and || (te,y") — usy )e || +0 as o, r—>0. Therefore u and usy” 
approach uniformly in œ continuous limit functions u% and wa. Clearly, 
Uz™ and uy are derivatives of u®. It follows from Lemma 5.3 that u” 
and tz, satisfy equations (6.01) and (6.13) in the wider sense assuming 
the initial values @ and Us. Theorem 6.1 gives u% = wu and hence Theorem 
6.3 is proved under the restrictive conditions first introduced. 

The combination of Theorems 6.1, 6.2, dnd 6.3 corresponds to a state- 
ment made by Perron [8]; also the proofs given above are similar to his. 
Perron requires, however, that g and a possess continuous second derivatives, 
assuming b = 1. For the application to the quasi-linear equations in the next 
section it is necessary to free oneself from these restrictions. The special 
efforts made to prove Lemma 4. 4 and hence Theorem 5. 3 made it unnecessary 
to require the existence of second derivatives of a or gq. We now proceed to 
free ourselves from the restrictive condition, so far employed in the proof 
of Theorem 6.3, that the derivatives gs, gy should possess continuous deriva- 
tives with respect to u. 

To this end we approximate the function FA y, u) with continuous gz, 
gu, Ju uniformly in Ra by functions g ©) (æ, y, u) possessing continuous deriva- 
tives gau, Juu, gun in R. Inequalities (6.14) and (6.08) are then 
satisfied with g‘ instead of g, if necessary after omitting a finite. 
number of the functions g). Consequently, solutions wu’) of A u® 
== 9) (æ, y, u) obeying (6.03) and assuming u =ü on & exist in R 
by Theorem 6.2. It is immediately seen that the functions wu) converge 
uniformly in @ to the solution u of /\-u==g under consideration; for, the 
difference u — u satisfies the equation 


A+ (ul) — u) — Gu (uM — u) = 9 © (x, y, u) — g (4, y, u) 


with the initial value zero and therefore Lemma 5.2 is applicable. 

On the other hand Theorem 6.3 as far as proved is applicable to ut. 
Consequently, wu) possesses continuous derivatives us,‘ which satisfy 
equations (6.13) with g instead of g. The terms gz, (a,y,u) and 
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gu (z, y,u) entering this equation are known to converge uniformly in R 
to gay and gu since || uv) —u || 0. Therefore, Lemma 5.3 can be applied. 
It yields that us? converges uniformly in @ to a function ts, which 
satisfies equation (6.13). Evidently we and wy are the derivatives of u. 
Thus Theorem 6.3 is proved without requiring existence of Juna and guu- 

We must now free ourselves from the restriction to “ restricted ” domain 
f. We consider a given solution u of (5.01) satisfying the assumptions of 
, Theorem 6.3. It was shown in the “ Remark” earlier in this section that every 
‘point a» of the initial segment & can be made the center of a segment 2’ 
which is the initial segment of a restricted domain R’. (It was observed 
earlier that it makes no difference that we have now defined restrictedness 
somewhat differently by using (6.14) instead of (6.07)). Instead of 
referring the construction of such domains @’ to the initial segment & on 
y = 0 we may refer it to the segment cut out of œ by any lime y = const. 
From the definition of a restricted domain (6.14) and (6.08), it is seen 
that an “altitude” Y and a “width” « can be found, that for every point 
(to, yo) of F the domain 


|r—2|+K(y—y) Se wSySy+¥i(z,y) in R 


is restricted. It then follows that the region @ can be covered by a finite 
number of such restricted domains œ’ such that every point of R — & lies 
in at least one of the regions @'— A’. For those domains R’ for which 
a’ lies on & Theorem 5.3 is proved; hence u has continuous derivatives in 
the strip covered by them. This strip certainly contains the initial segment 2’ 
with the smallest value of y of the “shifted” restricted domains. On this 
new segment &’, therefore, the new initial value @ has a continuous derivative 
uzy. Also || ul” <Q there (here we make use of the condition (6.12), 
excluding the equality sign). Hence Theorem 6.3 as far as proved can be 
applied; it follows, in particular, that u has. continuous’ derivatives in the 
adjacent domain R’. So continuing, the statement of 6. 3- can be established 
for all of the domain œ. Theorem 6.3 is now completely proved. 


7. The general quasi-linear differential equation. We now consider 
the differential equation 
(7. 01) N+ b= Ue + biy = 9, 


in which the matrices a and b depend on the unknown function u. We assume 
that a, b, and g are defined as functions of z, y, u in a region on Oto. We 
assume that a, b and g possess continuous derivatives with respect to s, y, and 
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u in og; in addition we require that transformations p and g are given for 

every T, Yy, u in go which also possess continuous derivatives with respect to 

x, y, and u. The norms || ali ||, | oI, Il gl: -< refer to the domain Og. 
We prescribe an initial function d(x) on à obeying the inequality 


(7. 02) Jal <a. 


Suppose that a function u = u*-is defined in æ with continuous deriva- 
tives and obeying the inequality || u* || = 0. Then a* —a(z,y,u*(z,y)) 
and b* == b(z, y, u*(z,y)) are functions of z and y in Rœ with continuous 
derivatives; the same is true for p and q. If R is a domain of determinacy 
with reference to a*, b*, we say that @ is a domain of determinacy for u”. 
If R is a region of determinacy for all such functions u we call it a “ common ” 
domain of determinacy. 

We now formulate the uniqueness 


THEOREM 7.1. Suppose two functions u and u™ with continuous 
derwatives defined in R and obeying the inequality 


(7.08) Jul <9, 


satisfy the differential equation (7.01) in the strict sense and assume the 
same initial value uw =u =ù on A. Assume that R is a dependency 
domain for the function uw. Then u®@ == yO, 


Both functions u == u) and u ==u®) evidently satisfy equation 
AO -u= a Uy + BO uy = g — (a — a ® Je) — (b —B Jay, 


in which a —a(a,y,u(z,y)), 0 = b(a,y,u(z,y)). The right 
member is by assumption known to be a continuous function of v, y, and u, 
and to have a continuous derivative with respect to u. Hence Theorem 6.1 
yields the statement. 

To illustrate the significance of the formulation of Theorem 7.1 we note 
that it applies when @ is the “domain of dependence” of a point (2, y) 
for the solution u. It then shows that any other solution of the same 
problem, however the data may differ outside of R, agrees with wu in & 
and determines, therefore, the same domain of dependence. 

Next we introduce the notion of “restricted” domain suitable for the 
purposes of this section. In agreement with the stipulations of 2 we employ 
for any function f(s, y, u) the notations 


IFI=F,  Wfevh= Fo ttl = Fus 
| feoovw |= Fa, || fuau | = Fuss || fuu | = Fea, 


NONLINEAR HYPERBOLIC DIFFERENTIAL EQUATIONS, 583 


in particular 
| day | + | bay | = Ar ff au | + |] Ou || = Au, and so on. 
All norms refer to Ro; in particular this is the case for J = | g> || | q |, 
and Ly == || q || | @*— ge” ||, see (2. 23), (2. 24). 
The initial values u were prescribed as to obey (7.02); for the initial 
values Ùs == Üs of we and Uy, to be calculated from (7.01), a number Q, 


is to be so found that 
(7. 04) | tey | < Oy 


holds. -We choose a positive number 6< 1 and say that a domain R is 
“restricted ” if a number A > 0 can be so found that 
(7.05) PQ(Gu+ Au) < 6[A—JPA(Q: + Qu.) — JP (Ai + Au) Q] 
(7.06) A(1+ Ly) al 4+ a7 ]a—a|] + POG 

< [A—JPA(Q1 + Umme 
(7.07) ACL + Ly) |] Maya | + AT |] Gey — toy |] + PQ( G1 + Gu) 

< [A— JPA (Q: T Qua) sad (A, F Auha) QQ eY 


(7.08) A—JPA(Qi + Qua) — 2J P (Ar + Au) Q — PQA, — PI Gu > 0. 


We should like to emphasize that a domain is characterized as restricted 
independently of a bound for the second derivatives. By virtue of condition 
(7.08) we may now introduce a positive number Q., which will serve as 
bound for the second derivatives, such that 





(7.09) AC- Ly) || dazu | + A7 || az,sy, yy — Uee,cv,vy || 
+ PQ[As + Aaa + ARa? + AuR O 
+ POLG + Ouna + Fur? + Gue] 
= [A—JPA(Qi + Qui) — 2J P (Ay + An) Q20. 
Suppose that # is a common dependency domain which is not restricted. 


Then we should convince ourselves that in the neighborhood of each point £o 
on & a restricted domain can be found. Accordingly we make the 


Remark. Let R be a common dependency domain. In the neighborhood 
of each point £o in À a restricted domain 


R’: |£ — zo| +Ky&£ e SyS Y, x,y in R 


can be found. That such a domain œ’ is a common determinacy domain 
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follows from the “Remark” in 3 and the fact that the norm K == | k 1, 


referring to Og, is independent of u. : 

To prove the statement we first choose the numbers « > .0 and Y” > 0 such 
that in the corresponding domain R”, the quantities Lo = || g7 il” | q—@ |, 
| i—@ |”, and || uzy — Wey || are so small that 


a+ apaja” 
and 








L'o || tay I +I” || tay — tay | < Qa — | tee I”, 


which is possible by (7.02) and (7.04). Then we choose A so large that 
the inequalities hold that result when in (7.05) to (7.08) all norms are 
referred to R”, Ly is replaced by Lo, and the factor e*” is omitted, Finally 
a positive number Y” < Y” can be so chosen that these relations hold if the 
factors e*¥’ instead of eA¥ and (1—e”"’)J”’-+ L”. instead of Ln are 
inserted; clearly these relations then also hold if the norms refer to the 
domain R”. This domain therefore is restricted. 
We now formulate the main existence theorem of the present paper. 


THEOREM 7.2. Suppose that a, b, p, q, and g have continuous second 
derivatives with respect to x, y, u in Ro and that the initial function % obeys 
(6.02) and has a continuous second derivative with respect tox on &. Assume 
that R is a restricted common determinacy domain. Then there exists a 
function u in œ obeying inequality (6.03) and possessing continuous second 
derivatives in R, which satisfies in the strict sense the differential equation 


(7. 01) A u=g | 

and assumes the initial values u =ù on &. The derivatives uzy satisfy the 
equation 

(7. 10) A Uey + Noy? t H (Autau) U = Jay + Jutla,y- 


The initial value on à of Uz is tie, that of uy is determined from (7. 01). 
The second derwatwes satisfy in the wider sense the equation 
(7. 11) A * Uze, sy, Yy + 2 (Aay 4- A utay) * Uz, y 

F ( A sae,en,uy -+ 2 A uz ytz,y + N uutis ybo,y + N ythee,ay,yy) u 

= Jay F 2Gucytey F Jurta, yey + Jutes,sy,vy 
The initial value of Uzi is Qes on &, those of Usy and uyy are determined from 
(7.10). 

The proof proceeds by iterations. Beginning with u = ù we construct 

a sequence of functions u == u(® with continuous second derivatives and 
obeying the inequalities 
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. (7.12) l | ue || < Qe 
(7.18) | eye || S Qe Y 
(7. 14) | eevee, wy, nye || SS Re, 


As a consequence of these inequalities we have 


(7. 03) | wv |] SQ 

(7.15) ll ey | = Q, 
and - 

(7.16) || tee, ey,yy || E Qa 


Suppose that w) is determined so as to satisfy all these conditions. 
By- virtue of | ur || SQ we may insert u™ in the coefficients a, b, and g, 
which thus become functions of s and y possessing continuous second deriva- 
tives. Then we can determine a function u@* as the solution of the equation 


(2.17) A+ y = g0), 


virtue of Theorem 5.2. Theorems 5.3 and 5.4 assert that u+ has con- 
tinuous first and second derivatives satisfying the differential equations 


(7.18) AW. tsy D + Nago ufa) 4 (Nu Oey) . u (+3) 


in obvious notation, assuming the values @ on &, Such a solution exists by 
| 
ea Jay O -4- Ju (apn y (o) | 


in the strict sense, and 


(7. 19) AO -Uaz ayu P + 2@Na,y O tay OD 4- Aza,oyay O u 

+ 2(NyO Uny) ) Uag D A (Augy O Uny ) u 

E (Aun te) Us, y P tay ) u Te T (Au O Ues ayyy?) -y 0-1) 

5 Genaj D +. 2gu0,y™ tay + Guu the, y © they + gu’ thaw, ay,yy | 
in the wider sense. The initial values of ws’ and ter) are üs and dee; 3 
while those of uy"), usy), uy? are to be determined from (7.17) 
and (7.18), or (7.01) and (7.10). 

First of all we must show that the function u*” obeys (7.12), (7.18), 

(7.14). Applying Lemma 5.1 to equation (7.17) and making use of the 
assumed fact that u obeys (7.15), || uey || = Q., we obtain 


[A— IPA (Qi + Qu) ] |] were | 
SA(14 In) lal +7 | a— Ë -+ POE, 


whence it follows by (7.06) that wu) obeys (7.12) and hence (7.03). 
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Note that the boundedness of || ts,‘® || is used in order to prove the bounded- 
ness of || wf |, 

Applying Lemma 5. 1 to equation (7.18) and making use of the assumed 
fact that wu“) obeys (7.15), || uzy ®© || = Q, we obtain 


LA — JPA (Qai + Qu.) — JP (Ay + AaU2) | [dey OP E> | 
SAC H) | Gey | HA | tia ER | + POG + CuO), 


whence it follows by (7.07) that u) obeys (7.13) and hence (7.15). 
Note that the boundedness of || uz2,2y,yy || is not used here. 

Applying Lemma 5.1 to equation (7.19) and making use of the assumed 
fact that wu“ satisfies (7.15) and (7.14) and the Beas proved fact that 
ut) satisfies (7.15), we obtain 


[A — JPA (Qu + Qui) — 27 P(A, + AyQ1)] | Uaz, eyyy OP e | 
SA(1+ La) || tezony | + Ad || Uzosyvy — Usson l 
-+ PQO As + Amna + Aua? + ANR] 
A- POLG + 2an + Guu? + GuNaY], 


whence it follows by (7.09) that u% obeys (7.13) and hence (7.16). 
Thus it is shown that u@*) enjoys the properties required in order that the 
iterations can be carried out. 

Next we prove the convergence of uí?) to a limit function. To this end 
we consider the differences Au (+!) = y+) — ul), They satisfy the equation 

















A) + Ay D we — (Ay AU) 4G, Au, 


in obvious notation, and assume the initial value zero. Note that the coefficient 
of Aw) involves the first derivatives wey). Since || uzy ®© | SQ, was 
proved we can apply Lemma 5.1 and obtain 


LA — JPA (Q1 + Qu) ] | Aue ey] S POLE + Aus] || Aue |, 
hence by (7.05) | | ) 
| Awe ew | E 0 | Aue I, 
whence with B = || Au e | 
(7. 20) | Au Oed | = Bee, 
It, then follows that u converges uniformly in @ to a limit function u. 


Similarly, we deduce from (7.18) that the derivatives Aus," satisfy 
the equation | 


- a RTE A tt PHY hats aaa a Pn Meee te Pee AN fe ee en en AMA ahs me eee 


m smu umea ee e n 


TPE WA Paimin ae m e aA it m ee 
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a 


A) + Atte yO) + Nagy O + Autor) + (Au try O ) + Aw 
geese (Au Au) - <a a ( Nuz y PAu i - u (0) 
— (Ån PAU Ue yO) u — (Ay OP Atis gy) -u 
+ Guay" Au we Guu Au Us yo -+ Ou (5-1) Atty y O k 


Note that the coafficient of Au‘) in the first term of the right member involves 
the second derivatives Uss, ayyy ®©. Since || Uaz oyu O | 5 Q was proved we 
can apply Lemma 5.1 and obtain 


[A — JPA (Qi + Qui) — JP (41 + Au) ] || Atte MO | 
S POLAN — Gu] || Atoy e™ | 


aF PQ [AuR -- Amh + Auk” + Cur + Guu] I Aue) ey l» 
whence by (7.05) _ 


| Atay PEM || SB || Atz e™ || + Z || Aue | 
with an appropriate constant Z = Z,. Employing (7.20) we find by induction 


| Aug, ytt) g-u | <= B0 + TBof™ 
with 
B= | Auw}, B= | Aure |. 


Hence the uniform convergence of Us, in R is assured, see the proof of 
Theorem 6.3. The continuous limit functions uz, are evidently the deriva- 
tives of the limit function u of uw. Certainly, u and tiz „ obey the inequalities 
(7.03) and (7.15). i 

We cannot prove in an analogous manner that the second derivatives 
Uss eyyy © converge; for to this end we would need a bound for the third 
derivatives of uf, which we have not established. 

Inserting the limit function u into a(x, y, u), b{x,y,u), and g(x, y, u) 
we obtain functions possessing continuous first derivatives with respect to «v 
and yin R. In the following we shall denote these functions by a, b, and g 
without qualification. 

Suppose that we had proved only the boundedness of |] uw || and 
| Uz |] and the convergence of ur; then we would know the continuity 
of the functions a and b, but not their differentiability, which was required 
from the outset. Therefore we were compelled to prove the boundedness of 
|| vev,cyw™ || and, accordingly, to assume continuous second derivatives of 
the data. 

We proceed to prove that the limit function u satisfies the equation 


588 K. O. FRIEDRICHS. 


A- u= g. As seen from (7.17), (7.18), the functions u‘), uzy satisfy 
the equations 


(7. 21) A + y (oth) es go — (A (s) — A): q (0+1) 


(7.22) N tag O + Nay O UED 4 (Au tay O) y 
=a gey n Ju Ue,y Te (A (o) A) ` tep TO, 


Since || uz, || and || uez,2y,yy || were proved to remain bounded we have 


| (A@ — A) - ul) | +0 
and - 
(A) —A)-tey | — 0 as e> o. 


The two equations (7.21) and (7.22) can therefore be considered linear 
equations for wu) and uz") whose coefficients converge uniformly to limit 
functions. Therefore, Lemma 5.3 can be applied. It yields that u and 
Uz, satisfy in the wider sense equations (7.01) A-uw=g and (7.10) 
A tay + Nayt + (Aattz,y) t = Joy + Gulley Since u possesses continuous 
derivatives, the first equation, is even satisfied in the strict sense. 

In order to establish that u possesses continuous second derivatives we 
shall not try to prove that the second derivatives of wu converge. Instead 
we apply Theorem 6.3 to equation (7.10) which we consider as a semi- 
linear equation for Us, assuming u as a given function with continuous 
derivatives, and taking gey + Quta y — (/Auttey) u as right member. Note 
that the last term here is quadratic in wey. Its derivatives with respect to 
x, Y and Uz, are continuous. We also know that a, b, p, q possess continuous 
first derivatives with respect to v and y since u has already been proved to 
possess such derivatives. Hence Theorem 6.3 can be applied. It yields 
that wey possesses continuous first derivatives satisfying equation (7.11). 
Thus Theorem 7.3 is completely proved. 

In conclusion we mention that we could easily add a differentiation 
theorem stating that u possesses continuous third derivatives if the initial 
values and a, b, g do. Such a theorem is an immediate consequence of 
Theorem 6.3 or even of 5.3 since the second derivatives enter equation (7.11) 
only linearly. We refrain from carrying out the details. 
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GENERALIZED FREE PRODUCTS WITH AMALGAMATED 
SUBGROUPS.* 1 


By HANNA NEUMANN. 


PART I. Definitions and General Properties. 


Introduction. In his paper “Die Untergruppen der freien Produkte” 
[2]? A. Kurosch determines completely the structure of the subgroups of a 
free product of groups. He also suggests the problem of determining 
similarly the subgroups of a free product of groups with an amalgamated - 
subgroup. This problem will be solved completely. However, to describe 
the structure of these subgroups adequately, a generalization of the free 
product with one amalgamated subgroup is necessary.. It is with this 
generalization that the first part of our investigations is mainly concerned ; 
the problem of determining the subgroups of free products with one amal- 
gamated subgroup and of generalized free products with amalgamated sub- 
groups will be dealt with in the second part. 

Denote by Œa given groups, finite or infinite in number, each of which 
contains a subgroup Ua isomorphic to a fixed group U. In the free product 
of the groups ©. we introduce all the relations identifying every pair of 
elements of groups 11, and Ug which under some fixed isomorphism correspond 
to the same element of U. The result is a group © which is generated by 
groups isomorphic to the given groups G.; and any two of these groups have 
in © the same meet isomorphic to U. © is called the free product of the 
groups ©, with the amalgamated subgroup U. It can be loosely described as 
the largest group generated by the groups @. such that any two of these 
have the same meet U. 

Now let the given groups ©, be such that any two of them, Œa and Gs, 
contain isomorphic subgroups lug and Uga, respectively. We form corre- 
spondingly the group obtained from the free product of the groups &, by 
identifying in it all pairs of corresponding elements uag and uga of the groups 
Uag and Ug, (under some fixed isomorphism between Uag and Uga) for every 
pair a, 8 of suffixes (« 8). If this group contains subgroups isomorphic 


* Received February 13, 1947. 

1 The greater part of the material in this paper was presented as a D. Phil. thesis 
at the University of Oxford. 

2 Numbers in brackets refer to the list of references at the end of this paper. 

3 Cf, [6]; and [5], p. 41. 
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to the ©, such that any two of them have the meet Uag = Uga, we call this 
group the free product of the groups Gs with amalgamated subgroups Uag 
(1). Certain sufficient conditions for the existence of this generalized free 
product can be established immediately (2). It is also easily seen that the 
subgroups Uag must satisfy certain necessary conditions, if the generalized 
free product of the groups Gq is to exist (8). But while the free product 
with one amalgamated subgroup can always be formed if only the factors 
all contain a subgroup isomorphic to the same group U, an example in 3 shows 
that the construction of the generalized free product with amalgamated 
subgroups is not always possible, even if the obvious necessary conditions 
are satisfied. 

‘The concepts introduced so far may be looked upon as a special case 
of a rather more general problem. In 4* we introduce the notion of an 
“incomplete group.” * Two questions arise: whether an incomplete group is 
imbeddable into a group; and if it is imbeddable, whether there exists a 
“largest ” group which contains the incomplete group and is generated by it. 
This second question will be answered in the affirmative. ‘That the answer 
to the first question is not always positive, is known.® Since the system of 
groups ©, with amalgamated subgroups Uag must form an incomplete group, 
. if the generalized free product is to exist, the example in 3 provides an 
instance of a different type of incomplete group which is not imbeddable. 

In 5 we derive a necessary and sufficient criterion for the existence of 
the generalized free product with amalgamated subgroups reducing the general 
case to a more special (though by no means easier) case. In 6 we describe 
the structure of the generalized free product in a somewhat different way. 
This leads to a number of special results and examples (7,8). These enable 
us to derive some simple and useful sufficient criteria for the existence of the 
generalized free product in the case of three factors. However, they also seem 
to indicate that more general results in this direction can hardly be hoped 
for (9). We conclude the paper with a detailed discussion of the free 
product of three infinite cycles with amalgamated subcycles (10). 


1. We begin with the definition of the generalized free product with 
amalgamated subgroups. 

Let « vary over a finite or infinite set A of panes: let Ga be given 
groups with the following property: For every suffix 844 out of A, Gq 
contains a subgroup Hag which is isomorphic to the subgroup Uga of Sg. 


4 The contents of this paragraph arose out of a suggestion by R. Baer. 
°The “incomplete group” defined here is similar to H. Brandt’s “ Gruppoid.” 
Cf. [1]. 


°? A, Malcev has constructed an example of a non-imbeddable semi-group. Cf. [4]. 
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Let Sag be a fixed isomorphism between Uag and Uga, 
Dap (Uag ) E Uga; 
for all pairs of suffixes a, £ of A, such that Sea = Xag. 


We denote by Ua the subgroup of ©. which is generated by all the groups 
Uag (ao fixed). 

For every group Ga we choose a system of generators consisting of all 
the elements weg of all subgroups Uag of Ga, supplemented by elements ga 
of G.— Ua as necessary. Let Ra be a system of defining relations for these 
generators. 

Now let © be the group generated by all the elements wag and ga for 
all pairs of suffixes «, 6 of A, with a system of defining relations comprising 
the systems Ra for all suffixes a, and besides the system 3 of “ identifying 
relations,” 


Si Uag = Sap (Uap) 
_ for all pairs a, 8B and all the elements weg of Uag- 


The group % with the same generators as Œ, but with the relations Ra 
for all « of A only, is the free product of the groups Œa. If we denote the 
smallest self-conjugate subgroup of 3 containing all the elements taguga™ 
(where Uga = Xag Etag) ) by Ng, then © is isomorphic to the factor-group 
of % with respect to Ng, 

If now it is true that 

(i) for every % the meet of Ga, and Ng in F consists of the unit 

element only (i.e., every relation which follows from the relations of all the 


systems Ra and 3 together, and which involves generators of one group Ga, 
only, follows from the relations of the system Ra, only) ; 


(ii) if Ga and Gg are elements of @, and zg respectively («4 £8), 
and if the product GaGg lies in Ntg, then Ga = uag and Gg == Uga (i.e, nO 


relation Gq == Gg other than the relations of %§ follow from all the relations 


of the systems Na and taken together), 


then we call © the free product of the groups ©, with amalgamated sub- 
groups lag. We write” 


= (Å Ou ae — Ua 


” In generalization of the current notation 9 = i @, for the ordinary free product; 
ef. e. g. Kurosch [2]. 


mem mem IRENE naradia ranh duablindatr dna ken 


Meee, Aae Aen AA tN a ee A FE o p y. e 


—— = me = — =- -æ ~ar 


eos oem ma e ih 
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It should be noted, however, that © depends not only on the groups ®a and 
their subgroups Uap, but also on the choice of the isomorphisms Nag. 

If all the groups Uag are isomorphic to one and the same group U, the 
conditions (i) and (ii) are always satisfied, as O. Schreier has shown.’ © is 
then the free product with one amalgamated subgroup, l 


S= (0a; u 1U’ 


All results derived for the generalized free product with amalgamated sub- 
groups hold therefore in particular for the free product with one amalgamated 
subgroup (but may, of course, become trivial). 


2. The condition (i) of 1 expresses the fact that if we introduce the 
relations <§ into the free product § == Il Ga, the subgroups Ga of % do not 


“ collapse,” i.e. they are isomorphically represented in ©. We denote these 
isomorphic images of the groups ©, in © by the same letter Gg. 

The condition (ii) makes sure that any two of the groups, G, and Gg, 
have the exact meet Uag = Ug, in ©. 

Both conditions are, therefore, satisfied, if the groups Ga are given as 
subgroups of a group & such that in ©, Ga) Gp = Mag. Hence: 


2.0 THEOREM. If all groups Ga are subgroups of a group © such that 
in ©: Ga N Gp = Uag, and if every relation between elementis of all the 
groups Ga follows from the defining relations of the single groups Ga and 
from those relations which express that an element belongs to the meet Vag 
7 Ga and Gg, then the groups Ga generate in © the generalized free product 


= { II G; Uag = Use}. 
This ilion immediately from the definition of the generalized free product. 


If again the groups Gq are subgroups of a group G* such that Ga (1) Ge 
= Uag in G*, and if the groups @, generate G*, then the elements wag and ga 
for all indices «, 8 form'a system of generators for @*, and the relations Ra 
for all a, and $, certainly hold in G*. ©* may, however, need further 
relations between these generators for its definition. It follows that ©* is 


sts 

isomorphic with the factor group of the free product 3 — [[ ©, with respect 
a 

to-a self-conjugate subgroup 3t* of X which contains N g. Hence 


e ci. [8]. 
? For the free product of two groups with one amalgamated subgroup we also write 


6) =< ©- Ba G.: 
u 
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G* = B/MN* = F/Nyg /M, 


where 
N == M* / Ng. 


4 hypothesis, N* satisfies (i) and (ii); so does, a fortiori, Na; Le, 
= { i Ga; Uag = Uga} exists, and G* = G/M. 
This self-conjugate subgroup N of G has the following properties: 
1. ©. N N= 1 for all «; 


2. 9 does not contain any elements of the form GaGp, where Ga 1 
and Gg +1 (a= B) are elements of ©, and Gg, respectively. Conversely if a 
self-conjugate subgroup ¥t of © has these properties, then the factor group 
G/N is generated by groups isomorphic with the groups Ga, such that any 
two of them have a meet isomorphic with Uag in G/M. 


We call a self-conjugate subgroup Yt of © with the properties 1. and 2. 
“tidy with respect to the factors G.,” or just “tidy,” if no ambiguity is 
possible. 

Then we have proved: 


2.1 THEOREM. If ©* is a group which is generated by a finite or ad, 


number of subgroups Ga, and tf Ga N Gg — Uag in G*, then G = { i Ga; 


Uag = Uga} exists, and @* = G/N, where N is a tidy aeni sub- 
group of ©. 


Theorem 2.1 can obviously be used to define the free product of groups 
with amalgamated subgroups, viz. as the largest group & which is generated 
by subgroups isomorphic with the groups Gz, such that the meet of any two 
of these subgroups, Ga and Gg, is isomorphic with Uag. Here Œ is called 
“largest ” in the sense, that any other group with. these properties is a homo- 
morphic image of ©. 


3. If the groups Œa are not given as subgroups of one and the same 
larger group, but are any abstract groups, about which it is known only that 
they contain subgroups Uag (in ©), such that Uag and Uga are isomorphic 
for every pair of suffixes «, 8, under what conditions can the free product of 
the groups ® with amalgamated subgroups Uag exist? 


If G@ = { II Ga; Uag = Uga} exists, then the meet of any three different 


factors Ga, Gs, Gy in G can be formed in any one of these factors as the meet 


10 Theorem 2.0 is, of course, only a special case of this Theorem 2.1, but it will 
be used in just that form in Part II. 
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Uagy = Uag N Uay in Ga 
or Upya = Ugy [| Upa in Ge, 
or Uyap = Uya N Uyg in Gy. 


In © the three groups Usgy, Ugya, and Uyag are, therefore, identical. This 
means that in the original abstract groups ®, the subgroups Uag must be 
such that also the three-suffix meets Uagy, Ugya, Uyag are isomorphic; and the 
isomorphism Jag between Uag and Uga must map Magy onto Ugya, and corre- 
spondingly for Bey and Jay- . These isomorphisms must, therefore, be transitive 
with respect to the three-suffix meets; i.e., the mapping of Uagy onto Uyag 
. effected by first applying Bag, then Wey must be identical with the mapping 
provided by Jay. Hence: 


3.0. In order that the generalized free product of the groups ®a can 
be formed, it is necessary that for any three different suffixes a, B, y the meets 
Uagy = Uag (IUa Uprya = Vey N Uses and Uyap = Wye N Ug are isomorphic, 
and that the isomorphisms Xag, Spy and Bay provide a mapping between them 
which, moreover ts such that for any element tagy of Uagy: 


Ney {Sap (Uapy) } = Say (apy). 


If these conditions are satisfied, then the corresponding conditions for 
the meets of more than three factors, Ga, Gar,- © ©, Qao © * say, are 
automatically satisfied. ‘This follows immediately from the fact that any 
such meet can be formed in any one of these factors as the meet of all those 


three-suffix meets whose three suffixes occur amongst the suffixes a’, @”,- - - 
ed (7) , * , +. a 


3 


The conditions 3.0 really do no more than describe the kind of groups 
and isomorphisms for which the definition of the generalized free product 
makes sense. Groups, and isomorphisms, which do not satisfy 3.0, need not 
concern us at all. 

A necessary condition of a different kind follows from the results of the 
preceding paragraph. 


Ti © = { [I Ga; Uag = Upa} exists, then © contains for every a the sub- 
oh 


group Ua of Œa which is generated by all the groups Uag with fixed « Any 
two of these, Ua and Ug, also have meet Ua [] Ug = Uag in ©. Hence, by 2.1 


the free product U = { Il Ua; Uag = Uga} of the groups Ua with amalgamated 
a 


subgroups Uag exists. Therefore: 
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3.1. In order that © = (II Ga; Uag = Upa} may exist, it is necessary 
that U == { iL Ua; Uag = Upa} existe. 


We hair see later that this condition is also sufficient (5). 

In this paragraph we want to show that in the case of the generalized 
free product it is not sufficient that the groups ©, are formally suited for its 
construction; the conditions 3.0 may be satisfied, but the generalized free 
product need not exist. 

This is shown by the following example of three groups U; each of which 
is generated by its subgroups U4; and Wax. 


3.2. Example. Let U, be the direct product of two infinite cycles {a1} _ 
and {bi}; i.e., U is the group generated by a, and b, with the defining 
relation @ıbı = bia, If we put U= {a} and Wis = {b1}, then 
Wiel) Uns = 1. | 

Let U- be the group generated by a2 and ce with the defining relation 
Cols == Q202. If we put Wei = {ae} and Uas = {ce}, then it is easily seen 
that both, Ua, and 1.3, are of infinite order. If they had an element ~1 
in common, a power d” (m £0) would belong to Uss, and therefore trans- 
form c into itself. On the other hand, it transforms c, into ¢.3" = Cz, 
which is a contradiction. Hence we have again 


Uz N Ua = 1. 
Let U, be the group generated by bs and cs with the defining relation 
(bata)? == 1], We put Uz == {bs} and Use = {ce}. 


In order to show that the subgroups Uis (i, k = 1,2,3) with any of the 
two possible isomorphisms between the corresponding ones satisfy 3.0, we 
need only show, that also Us: and Use are infinite cycles, and Us: [] Use = 1 
in lls. Hence we have to show that no relation of the form 


bse” = 1 with p, vÆ 0, 0 


follows from the defining relation (b3c,;)?==-1. To this end, we change the 
generators of Us, viz. generate it by cs and bcs = d with the defining relation 
d?==1, Every relation r in Us which follows from this one, is a product of 
powers of d? and its transforms c;~¢d*c,*. r has, therefore, the property that 
Cs occurs in it with a vanishing sum of exponents, and between any two powers 
of ca and possibly at the beginning and the end of r, there stands an even 
power of d. Now the product b,c”, expressed in c, and d, becomes 


Daty” — (dest) #¢,”. 


41 Using, e. g, the Dehn-Magnus Frethettssatz. 
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If this equals 1, then it follows from u = 0 that r == 0; if » += 0, then we have: 
s balCa” — (deg?) #-1d a C3” == 1, 


Here not both, u — 1 and yv — 1, can be zero. But then the first, i.e., an odd 
power of d, appears in the beginning of the relation, or between two powers of c. 
Hence only p = y = 0 is possible. 

Now we form the group U defined by all the generators and relations 
of U, Us, and U, taken together, and in addition the identifying relations 


SS: Gy = Qa == A; bı = b; = b; Co == Cz = C. 


By virtue of the relations X, U is then generated by the elements a, b, c with 
the defining relations 


ab = ba, — ca =a, (oc)? = 1. 


Here the condition (ii) of 1 is not satisfied, i.e., the free product of the 
groups U; with amalgamated subgroups Uj does not exist: 
For, the relation (bc)*=1 transformed with a becomes: 


a` (be) a = (bc*)? — 1, 


This, however, is a relation between b and c, which does not follow. from 
(bc)? = 1. Because, if we express it again by c and be == d, it becomes 


(bc)? = (dê)? == dede = 1, 
and here again the first power of d appears between two powers of c. 


4. The definitions and theorems of the preceding paragraphs allow the 
following more general interpretation. This interpretation, though interesting 
in itself, will not be used in the following paragraphs. 

We call the set S of elements u, v,- - - an incomplete group, if a multipli- 
cation ìs defined for the elements of S, such that 


1. for any two elements u, v of S, there exists in S at most one element r 
such that uv =r, at most one element s such that us == v, and at most one 
element ¢ such that tu =v; 


2. if'the products ww =z, vw = y, zw = 42, uy==z exist in S, then 
= 2/; i.e., multiplication, as far as it exists, is associative. 


The incomplete group § is called imbeddable, if there exists a group 9 
which contains a subsystem Sq of elements isomorphic with 8. We denote 
the subsystem Sgø-of © by the same letter S as the original. 

The group © containing S is said to be freely generated by S, if it is 
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generated by S, and if every group § which contains S and is generated by 8, 
is a homomorphic image of ©, such that the homomorphism from © to § 
leaves invariant every element of S. 

Now let the system S consist of all the elements of all the groups Gu, 
where corresponding elements Uag and Uga are considered equal as elements 
of S. Multiplication is defined for any two elements u, v of © which belong 
to the same group Ga, i. e. the elements r, s, ¢ of the condition 1 above exist if, 
and only if, u and v belong both to @,, and then r; s, t are the elements wv, 
uv, vu? of Ga respectively. If the conditions 3.0 are fulfilled, S is an 
incomplete group, and conversely. 


8.2 is an example of an incomplete group consisting of three groups 
with amalgamated subgroups which is not imbeddable: the element (bey 
of Us which is not the unit element as element of the incomplete group 
formed by Ua, Ua, Us, will be reduced to the unit element at any attempt 
to imbed this incomplete group into a group. 

On the other hand, 2.1 shows, that if this special type of incomplete 
group is imbeddable, then the generalized free product of the groups Ga 
exists and is freely generated by the incomplete group formed by the Ga; 
i.e. if S is imbeddable, then it is imbeddable into a group freely generated 
by it. Thig, however, is true for any incomplete group: *” 


4.0. THEOREM. Ifthe incomplete group S ts imbeddable into a group, 
then S is imbeddable into a group freely generated by 8. 


Proof. Let § be any group which contains S. We may assume that 9 
is generated by S. If u, v, and w are any three elements of S such that 
uv = w holds in S, then the relation wow == 1 holds in §. 


Now let % be the free group generated by all the symbols of S, ¥t the 
smallest self-conjugate subgroup containing all the words of the form uvw™, 
where uv =w in S. Then § is a homomorphic image of §, 

5 = F/M, 
where Mt is some self-conjugate subgroup of §. Obviously, ÑN belongs to W., 
Also, if u and v are any two different symbols of S, they are different also 
modulo Yt. For they are mapped onto different elements of §. Hence, they 
are, œ fortiori, different modulo %; i. e., %/Y contains S, and the natural 
homomorphism from © = F/R to § = B/M leaves S invariant. 

Since 9 is any group which contains, and is generated by, the incomplete 
group S, © is, by definition, freely generated by S. 


12 This answers in the affirmative a question raised by R. Baer. 
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The problem arises to characterize those incomplete groups which can be 
imbedded into a group; or—in our context—to find sufficient conditions under 
which an incomplete group consisting of groups with amalgamated subgroups 
is imbeddable. I have not obtained any general results of this kind. We 
shall touch upon this problem once more (9), after we have gained some 
more insight into the structure of the generalized free product. But the 
theorem which follows shows at least that it is sufficient to consider the 
“reduced ” incomplete group formed by the subgroups Ua of Ga: if this 
incomplete group is imbeddable, then also the incomplete group formed by 
the groups ©, is imbeddable. 


5. We are now going to prove the theorem mentioned in the preceding 
paragraphs: 


5.0. THEOREM. The ee a free product © = { i Ga; Uag = Usa} 
exists if, and only if, the generalized product U = { i Ua; ee == Uga} exists. 


Proof. That the condition is necessary, we have seen in 3. - The proof 
that it is sufficient, consists in the explicit construction of ©. This con- 
struction is in principle quite similar to Schreier’s construction of the free 
product with one amalgamated subgroup,’* but rather more laborious. The 
procedure is as follows: First we determine in any group G* which is generated 
by the groups. Ga such that Ga [] Gs = Uag in G*, a normal form for the 
elements of @* in terms of the elements of the groups Ga. From this we can 
infer a normal form of the elements of ©, if G exists. This knowledge we 
then use for the construction of ©: We consider all formally different symbols 
of the same type as this normal form, define a multiplication for them, and 
show that our symbols form a group with respect to this multiplication. Once 
this fact is established, it will be easily seen that this group is the generalized 
free product of the groups Ga. 

Let G* be any group generated by the groups G,, such that Ga N Gs 
= Uag in G*. Then every element G* of G* is a product of elements Ga of 
the groups ©,: 


5. 01. G* = TI Ga, where Ga, 1 for v—1,---,n, 
pol 
and Gy =4 Gv, for v==1,:--:,n—1. 


We denote by U* the subgroup of ©* which is generated by the subgroups 
Ua of Ga. In U* we choose a system of right-hand representatives with respect 
to every one of its subgroups Ua; let it consist of the elements Uo* = 1, Ux", 


1e CL LOT 


’ 
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where x varies in a certain set of suffixes depending on « We also choose 
in every group ©, a system of right-hand representatives with respect to its 
subgroup Ua, which we denote by F, = 1, Pa“. Finally, for later use, we 


choose also in U = { TI Ua ; Uag = Usa} a system of right-hand representatives 


a 
with respect to every one of its subgroups Ua, viz. Uot = 1, Upe. 
Now we replace in 5.01 every factor Ga, by its representative Fa% by 


means of: 
Gay = U ap K” (Va, in tas): 


If Fae = 1, we combine Ua, and Uap, into one element U*, of U*. After 
this, 5.01 will assume the form 


5. 02. | G* = U*o iat (Feuu*,), 
; H=L 


where U*, in U* and F% s4 1 for all u. 

Now, starting from the right, we replace step by step every U™n by its 
representative with respect to Uap: 

U*y, ee Vay U (Ua, in Uan)» 
then replace FaU a, by 
Byway m Uaf N n 

and combine Uan with U*,.. After this process has been applied m times, 
5.02 will be of the form : 


5. 03. G* = * TL (Fen) (U* in U*), | 
Bel 


where we may assume that au £ au if Üks == 1; for otherwise Fe, and 
Fu. can be combined into one factor. 


5.03 represents the desired normal form for the elements of &*. 


Before we go on, we fix the notation used in this paragraph: U always 
denotes the free product of the groups Ua with amalgamated subgroups Uag; 
its elements will be U, V, W, U’, © « ; the elements of Ua will be Ua, U's, tt, 
and the right-hand representatives of U with respect to Ua are Uot = 1, Uy". 
Right-hand representatives of ©, with respect to Ua are, as before, F, = 1, 
Ft; and arbitrary elements of Ga are denoted by Ga, ats 

Now we consider all the different symbols of the form 5.03, but with 
the generalized free product U in place of U*; i. e., all symbols of the form 


5. 1. R TR U LU, ft sto L,U,, ` T = 0, 
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‘where 1. Lp = Fae 541 for p—1,:°°,7, 
2. U. any element of U, 
8. Up= Upe for p=1,°° -,7, 
4. If Up=1, then ap £ apu (lS=pSr—l). 


r ==] (F) is called the length of R. Two symbols 5, 1 are considered equal, if, 
and only if, they are identical. 
Now we define the produet of two symbols 


R = ULU t © o L,U; 
and 

S = VoM Vi: ©- M:Vs 
in the following way: 


DO. I£ r==0: RS = (UoV.)MiVi---MsVe, (in particular, the 
multiplication of two symbols of length zero is defined as that in 1). 


D1. 1. Tf r= 1, and if L,, (UVa), and M, all belong to the same group 
G, (i.e. U1Vo belongs to the subgroup Ua of 11), and if 


Lı (U Vo) M1 = Uaf in Ga, 
then we define . 
RS == (UU a) EX VM Vo: > > MV e, if FÆL, 
and 
BS = (UopUaVi1)MeVo: + > MsVs, if F= 1. 


D1.2. If r=1, and if Lı, (U:Vo), and M, do not all belong to the 
same group ©, as Lı; and if 


in U: U,V = UaU p, 


and in Ga: L104 = ahs; 
then we define 
RS = (UU a) FU PMV, + Ms Vs. 


D2. Let us assume the product RS to be defined for all symbols R of 
length =Sr—i. If Ris a symbol of length r, R == UL: + + DraU r-i lrUr, 
we denote by &* the symbol 


R* = Usla ies LAU poss 
Then we define 
RS = R* i | (£,U;) 5 g]. 
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It is immediately clear, that with this definition of multiplication, the 
product of any two symbols is again a symbol 5.1 with the properties 1.-4. 
In order to prove that this multiplication defines a group, we have to show 
that it is associative, that there exists a unit element, and that every symbol 
possesses an inverse. The proof of the associative law presents the main 
difficulty. We shall need for it the following three lemmas: 


5.2. If Rand 8 are any two symbols with the property that written in 


conjunction, {RS} = Ucly: + + LrUrVoM,- > -MsVs, they represent agan a 
symbol 5,1, then this symbol {R,S} is the product of R and 8. 

{RS} = R-S. 
In particular, every symbol R of length r = 1, is the product of R* = Uoly 
Euo ae mer oe and G0 R = kh*- (LrUr). . 

Proof. For symbols & of length 0,1 and arbitrary S, this follows 
immediately from DO and D1. 2 respectively. Let it be true for all symbols 
R of length (R) =r—1 and arbitrary S. We prove it for symbols Æ of 
length r and arbitrary S: 

Since R and S fit together to form one symbol {R,S}, the same is true 
of the last term Z,U, of R, and S, and as L,Ur is of length one, we know 
that {L,U,, S} = (£,Ur)-8. But the symbol {£,U,, S} begins with L,U;, 
so that also R* = UL: + + Lrs»Ur+ and (L,Ur)-:S satisfy the assumption 
of the lemma. But /(R*) =r—i1, so that by induction, the symbol 
{R*, (£,U,) +S} is the product of R* and (L£,U,)-S: 

{R*,(L,U,) > 8S} = R*-[(L,Ur) - 8]. 
By D2, the right-hand side is the product &-S, while the symbol on the 
left-hand side is the same as the symbol {#,S}. Hence {#,9} = R: 8. 
5.3. If E and S are any two symbols, then 
URS) SHR) +S). 

Proof. For I(R) = 0,1, 5.3 is obvious from DO and D1 respectively. 

Let it be true for (R) S r— 1, and let R be a symbol of length r. Then 


R = R*-1,U, with 1(R*) =r — l, 
and by D2: 
RS = R*[(L,U;) - 81. 
Hence, by induction: E 
I(R8) S1(R*) + 1[(L,0,) - 8] 
<1(R*) + 1(L,0,) + 1(8) 
—=1(R) +1(8). 
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5.4. If Rand S are any two symbols, and S == VoMiVi-: > -MeVs where 
s È 1, then either 1( BS) < 1{B), or the product RS ends on the terms M’sVs, 
where M’: belongs to the same group Ga as Ms. 


Proof. The lemma is obvious for (R) —0, by DO. If (R) = 1, and 
if D1.2 applies, then of the whole symbol S only the term Vo is affected in 
the product RS, so that 5.4 is true in this case. If D1.1 applies, certainly 
the part M,V,: + +: MsVs of S is unaffected in the product RS; which proves 
5.4 in cases = 2. But if s = 1, we have | 


RS = (ULU) E (VMV) a UMV 


where M’, is either a representative 541 out of the same group as Ma, or 
G’, = 1, and then HRS) =0 < I(B). 

Now let 5. 4 be true for (R) 5r — 1, and let R be a symbol of length r. 
Then 

R= R* LU, with (RF) = pe 1, 
and 
RS = R* -[(L,-U,) > 8S] = R*- 8, 
with | 
cid = (L-Ur) j §. 
Hence, by induction, either (8°) <1(L,U,), i. e. 1(8’) = 0, and then, by 5.3: 
URS) S1(R*) + 1°08’) =r—i <r; 

or S’ ends on a term M”:Vs, where M”s belongs to the same group as Ms. 
Besides, as 1(R*) =r—1, our lemma holds for the product R*8’. Hence 


either . 
(RS) =1(R*8’) < 1(R*) = aa <1, 


or RS = R*8’ ends on a term M’,Vs, where M’: belongs to the same group as 
M”;, i.e. to the same group as Ms. Which proves the lemma. 
We come now to the proof of the associative law. Let 


R canoe U pligU x aoe oe LpU p, 
S aa FoMoVa a MoVo, 
l T = WN Wa’ z -N,W,. 


be three symbols of length p, æ, r respectively. We have to show that the 
multiplications defined by D0-D2 satisfies 


5. 5. (RS)T = R(ST). 


Proof. We prove 5.5 by an induction with respect to p. To this end we 
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note first that the defining equation D2 holds also for r= 1, as is obvious 
from the definition D1. Hence any induction with respect to the length 
which is based on the inductive definition D2, may be started with length 
zero if otherwise convenient. a 


l. p=0. 


We prove this case by an induction with respect to o for arbitrary r. 
If o = 0, we have by DO: 


(R&T = (U. Vo) (WNW, oS. N,W,) = (UVW) NW, aes NW, 


and. 
B(ST) = U| (VoWo)NiWi: ` © NrWr) = (Uo Vo Wo) Ni Wit > > N-W-; 


hence (RS)T = R(ST). 


Let 5.5 be true for p = 0, o S s — 1, r arbitrary; then it is also true 
for p == 0, e = s, r arbitrary. For, let S be a symbol of length s > 0; then 


S = S*M.V, with 1(8*) —s—120. 


By D0.:  (RS)T = [(U, V) M: V1: ` MV]: T 

by D2.: = | (Uo Vo) M: Vit © Msa Vs] [(M:V:) T] 
by D0.: = (Us: S*) - [(M:V:): T]. 

And by D2.: R(ST) = Uo: [S*- (M:V:: T)] 

by induction: = (U,8*)[(M5V5)-T]. 


Hence R(ST) = (RS)T, i.e. 5.5 holds for p = 0 and arbitrary o and r. 


2. We assume 5.5 to be true for all symbols R of length p= r—1 and 
symbols S and T of arbitrary length o and r respectively. Then we have to 
prove it for symbols Æ of length r and symbols S and T of arbitrary length 
g and r respectively. This we do again by an induction with respect to o. 


a. o==0. 
We have: R = h*L,0,,1(/R*) =r—1; and S=V>. 
Hence by D2.: (RS)T = [R*- (£,0--8)]-T 
by induction : = R* - [(L-Ur: 8): T] = R*-[(L,Ur+ Vo) T]. 
_ And by D0.: R(8ST) = R-[(VoW.) -NiW.: > > N-W-] 
by D2.: = R* - {(L,Ur) + [(VoWo)NiWi: - > N-W-]}. 
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It remains to be shown that 


(L,U,; ° Vo) (WNW, i oe N,W,) 
= (L,Ur)[(VoWo)NiW.- © > N-W]. 


Here each side has to be calculated according to Di. If L, belongs to Ga, | 


then on either side the first step of this calculation amounts to representing 
` the element (U+Vo)Wo=Ur(VoWo) of U in the form UaUpt; and the 
remaining steps are then identical on both sides. Hence both sides are equal. 


b. We have to deal with the case o-=1 separately, i.e. we have to 
prove 5.5 for p==r, == 1 and arbitrary r under the assumption that it is 
true for p <= r— 1 and all s and r, and for p =r, o = 0, and arbitrary r. 

We have 

R = k*L,U,, L(R*) =r — 1, 


and 
S = VM. Vi. 

By D2.: (RS)T = [R*. (LU 8)|T 
by induction: == R*[(Lr0,-8)T}. 
And by D2.: R(ST) = #(L,0,- (ST) ] 

= R* [L,0r(VoMi Vi š T) | 
by D2.: i — R*[L,U, (Vo: (MiV:° T)Y] 
by ae: = R*[(L,U,- Vo) (M,V,-T)]. 


Hence it remains to be shown that 
(LU, VoM,Vi) (WN Wa- ©- NW) 
== (LU, Vo) (M:Va: WN Wi: > -N-W,). 
On either side, we have to form first (by D1): 
LU, + Vo = UrbrUr, 
where L, == F\* is a, representative out of the same group @, as Lr, and 


U, == Uy" a representative of U with respect to Ua. 
If L., U,, and M, do not all belong to Ga, then 


7 ¢ ° Vo MLV, m Oy +LrU,MV, 
is itself one of our symbols 5.1, and both sides are equal by 5.2 and D2. 


If L., Uy, and M, all belong to ®a (i.e, ŪỌ- = 1), and if (ViW.) and 
_ N, also belong to Œa, then again both sides are equal because of the associative 
law in Gg. 


10 


e PRAEAN 
Doma aanmeet AT 


606 HANNA NEUMANN. 
It remains the case, that L., U, = 1, and M, all belong to Ga, but 
(ViWo) and N, do not both belong to Gq. In that case we have to prove: 
[Or1(£,My) - Vi] (WoN: Wi- - -N,W-) 
== (Ur+Lr) (MV, Wi Ni Wa aioi -N W7). 
By D1., we have to form on the left-hand side 


Vi Wo = UU p$, 
and then | 
(L,M,)0,= UM, (M: in G,). 


Then the left-hand side becomes: 
(Uraa) MU N Wa oa R N-W. 


On the right-hand side, we also have to form ViWo = UaUy*, but then we 
have to normalize M,U, first, and only then to multiply L» by it, i. e., we have 
to form L,(M,U.). But since in Œa the associative law holds, we have 


L,(M,U,) — (0,M,) Ue e Üa M, 
so that the right-hand side leads to the same result 
(0,104) MUN iW, ela oe N-W- 


c. Now let us assume 5. 5 to be true for p = r, o & s — 1, and arbitrary 7; 
then we prove it for p = r, e = s, and arbitrary r As we may now assume 
that s œ> 1, we have 

R= R* Lr-U,, I(R*) =r— 1, 


and 

S = S*M,V s, 1(S*) =s— 1 Z1. 
Now (RS) T =—[R(S*M,V;)]-T 
by 5.2 and induction: = [(RS*)M: V] "T. 
‘And by D2.: R(ST) = R[S*(M:V:: T)] 
by induction: = (RS*)(M:V.: T). 


Now we apply 5.4, using 1(S*) = 1. Thereby we have either 
I(RS*) < (E) =r, 
in which case by induction: 
[(RS*)M,V.|T = (RS*) (M.V: T). 


Or else, RS* ends on a term M’s_.Vs_1, where M’s_1 belongs to the same group 


GENERALIZED FREE PRODUCTS WITH AMALGAMATED SUBGROUPS, 607 


Ga as M4.’ But then (RS*)M.Vs is, as it stands, a symbol 5.1, and there- 
fore by D2.: | | l 
| (RS*) M: V] T = (RS*) (M:Vs y T). 


This completes the proof of the associative law. 


From D0. it follows: the symbol of length zero for which Ue is the unit 
element of U, is a unit element for the multiplication defined by D0.-D2. 

The symbols of length one which are of the form UgFu%, correspond 
exactly to all the elements of the group Gq for every « By DQ. and D1., their 
multiplication is the same as in Ga. Every group Ga, is, therefore, isomor- 
phically represented in the system © of all symbols 5.1. 

Every one of these symbols which correspond to elements of the groups 
Ga, possesses an inverse in the system ©, viz. the symbol corresponding to 
its inverse in ®,. On the other hand, all the symbols of G are products of 
symbols corresponding to elements of the groups G,. But then it follows 
from the associative law that every symbol 5.1 possesses an inverse. Hence: 
the system © of all formally different symbols 5.1 forms a group with respect 
to the multiplication. D0.-D2. 

If we denote the subsystems consisting of all the symbols U.f,* 
(a fixed) again by Ga, then © is generated by its subgroups Ga. Moreover, 
Ga Cg = Uag in ©. For two symbols 5.1 are equal only if they are 
identical. Hence l 
Oak % a U pF), & Æ B 


implies Fy == Ff == 1, and then Ua = Ug = Uap, since the meet in U of Ua 
and Ug is Uag. 

It follows that—with the notations of 1—the relations Ra for all a, 
and the relations 3, hold in ©. But every other relation R == 1 follows from 
these. For, if we represent Æ in the form 5.1, #& is of length zero, i.e. an 


element of U. And as U = { Il Ua; Uag = Upa}, every relation in U follows 


from those in 11, and from the relations of 3. 
This completes the proof of Theorem 5. 0. 
Incidentally, our construction has shown: 


5.6. THEOREM. The subgroups Ua of Ga generate in © the generalized 
free product VW. 


For we constructed the group @ so that it contains 11. 
Also, we saw that in any group @* which is generated by the groups ©, 
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such that Ga [ Gs = Uag in &*, the elements can be represented in the 
normal form 5. 03 corresponding to the normal form 5.1 in ©. We know now: 


. 5.7. THrorrem. @* is the generalized free product © if, and only if, 
the subgroups Ua of Ga generate the generalized free product U in G*, and 
different normal forms 5.03 (i. e. 5.1, as U* == U) represent different elements 


of &*. 


6. In this paragraph we describe the structure of the generalized free 
product © in a different way, which will prove useful later on. 

For every suffix «, we denote by @* the subgroup of © which is generated 
by all the groups Gg (8&2). Then © is generated by Ga and G+. 

The elements of @, in © are exactly those whose normal form 5.1 is of 
the form UL, (Uo in Ua, Lı = Ft in G,). Since G* is generated by all 
the groups Gg with @><«, the normal form of an element of ©% does not 
contain any representatives Fy“ of G.. Hence the meet of G* and G, belongs 
to U. But the whole group U belongs to @*; for all groups Us (8 = a) 
belong to G*%, and the group Ua also does, as it is generated by all the groups 
Uag (@ fixed) which, because of Uag = Uga in &, are also subgroups of the 
groups © (8a). Therefore, we have 


6. 01 Ga N Gt = Ga N) U = Ua for every a. 
However, we can show more, viz. 


6.02. THEOREM. © is the free product of the groups Ga and &* with 
the amalgamated subgroup Us, : 
G = Ga * G* for every a. 
Ua 
Proof. Let us denote the free product of G. and ©% with the amal- 
gamated subgroup U,’by 
F = Ga * @«, : 

As & is generated by Ga and ©, and the meet of these two groups is Ua 
in ©, we have by 2.1: 

© = G/N, 


where Jt is a self-conjugate subgroup of % which is tidy with respect to Ga 
and @*. On the other hand, % also is generated by all the groups ®,, and 
any two of them have meet Uag in %. Hence, again by 2.1, % itself is a 
homomorphic image of Œ, such that the subgroups Ga of @ are the maps of 
the subgroups ®a of ©. .It follows: 


© = 7. 
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` 
In order to determine the structure of G*, we write the whole system 


of generators and relations of © (cf. 1) arranged so as to ia 6.02 in. 


terms of generators and relations: 


a. We begin with the generators Uag (@ fixed) and ga of Ga. The 
` system Ra of defining relations for these generators we choose so that it 
contains a subsystem rq of defining relations for the generators weg of Ua— 
i.e., the generators uag with the relations of ra define Uc. 


b. Then we take all generators ugy and gg of all the groups Gs (8 ~ a) 
with the system of defining relations consisting of 


1. all the systems Rg (8 =<), 
2. all those identifying relations ugy = Sgy(usy), where B A ay, 


3. the system r* of relations which is obtained from ra by replacing 
every generator tag by Upa = Xag(Uap)- (These relations certainly hold in 
@—they follow from the systems tg and X—, so that we are allowed to add 
them to the relations of @.) 


The system of generators ug, (œ fixed) with the defining relations r“ 
defines a group Ue! which is isomorphic with Ua. 


c Finally, we add the remaining identifying relations wag = Yep (tap) 
for all elements tag of the subgroups Uag (@ fixed) of Ga. 

These last relations identify the subgroup Ua of Ga with the subgroup W* 
of the group defined by b. Since a., b., and c. together define exactly the 
group ©, the group defined by b. must be &¢: for, G* is certainly generated 
by the generators of all the groups Gg (Ba), and the relations b. 1.-3. 
hold in @*; if there were relations in @* which do not follow from these, 
then they certainly follow after the remaining defining relations of © have 
been added, i.e. the relations of a. defining ©,, and the relations of c. But 
this would be a contradiction to 6. 02. 

Since @* can be defined by the generators and relations given under b., 
it has the following structure: 

Let 


S° = { II Ge; Ugy = Ung} 
pa 


—* exists by 2. 1—, let 11% be the subgroup of ° generated by all the sub- 
groups Uga (æ fixed) of F% Let Ne be the smallest self-conjugate subgroup 
of 3° which contains the left-hand sides of the relations of the system r“. 
Then 
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6.1. Gt F/M with Tele N Me = Ue = Ua. 


6.02 and: 6.1 together obviously characterize © completely: 


6.20. CRITERION. © is the free product of the groups Ga with amal- 

gamated subgroups Usp if, and only if, for some suffix a, 
© = Gu * G4, 
a 

where &* is isomorphic to the factor group of the generalized free product ° 
of the groups Gp (B s=«) with respect to a tidy self-conjugate subgroup N° 
of Ze which can be generated by elements of the subgroup lt? and their trans- 
forms in &*, and which has the property that 


Wee N Ne = Uy. 


In the special case of the free product with one amalgamated subgroup this 
amounts to: l 


6:21. CRITERION. © is the free product of the groups Ga with one 
amalgamated subgroup V if, and only if, for some suffix a, 


= Ga * Gs, where G — {Tl Ges U =U). 
uo Arta 


For a finite number of factors Gg, this leads to a different and rather more 
useful criterion, as we shall see in the next paragraph. 


7. We have seen in 5 that in the generalized free product © of the 
groups Ga, the subgroups Ua of Ga generate their generalized free product U. 
This suggests that the same might be true for every system of groups a 
“between ” Ua and Gq; i. e., subgroups of G, containing Ua. This is, in fact, 
true, and is the generalization of the fact that in the ordinary free product 


Ñ ®, subgroups of the factors ©, generate a group which is the free product 


of these subgroups. 

The fact that the groups Ua generate the generalized free product 1 
in Œ we proved by an indirect method: we constructed a group containing U, 
and proved afterwards that this group was the generalized free product ©. 

For the proof of the corresponding fact for the subgroups $a of Ga 
we use the Theorem 5.7, which is easily applicable in this case, as the 
normal form for the elements in § can be chosen so that it is at the same 
time a normal form for these elements considered as elements of ©. But 


te Ra a ei RR A had cece oie deen a 


TE el ENE Hi EL Se eee i e a 


a « 
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5.7 will also help us in other cases, in particular where we are dealing with 
products with one amalgamated subgroup where the first part of 5. 7, 
that the subgroups Ua generate the free product U, is trivially satisfied: all Ua 
are identical with U. | 

We are now going to prove: 


sk i 
7.0. THEOREM. If G = { I] Ga; Uag = Upa} and if, for every a, Ba ts 


a subgroup of Œa containing Ua, a C Ha C Gy, then the group § nomena 
by the groups Sa in © ts 


7.01. $={ it Qa; Uag — Wea}. 


Further, if, for every a, Ga is the group generated by © and Ga in Œ, then © 
is the free product of the groups. Ša with the amalgamated subgroup §, 


7. 02. G— (I8; $= 9). 


Proof. For the proof of 7.01 we note first, that © contains 11; and as 
the groups Ua have the same significance for the groups §« as for the Ga, 
the first part of 5.7 is satisfied by §. 

Next we have to choose suitably the normal form 5.1 for the elements 
of ©. We choose it as the normal form in ©: 

In every group @,, we denote by H," those representatives of ®a with 
respect to, Ua, which belong to a; for the others we keep the letter Fy*. 
As U, belongs to a, the elements Hy? form exactly a full oe of right-hand 
representatives for a with respect to Ua. 

An element 5.1 of © belongs to Ga if, and only if, it is of one of the 
forms U,H* or U,F*;** it belongs to a if, and only if, it is of the form 
-U,H*. As § is generated by the groups a, the normal form in @ for an 
element of § is such that only representatives H occur in it. Conversely, every 
normal form of this kind represents an element of §, because 11 belongs to §. 
I. e., © consists exactly of those elements of © whose normal form 5.1 contains 
representatives H only. Therefore, different representations of this kind 
represent different elements of . But as this representation also constitutes 
a normal form in § for the elements of §, the second condition of 5.7 is also 
satisfied. Which proves 7. 01. l 

Ša, which is generated by and Ga, consists exactly of all those elements 
of © whose normal form 5.1 contains, apart from representatives H, only 


14 To save suffixes, we shall in general omit the suffixes A which ‘distinguish between 
different representatives of the same group @,- 
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representatives F% out of this one group @a. Since the representation 5.1 is 

unique, any element common to Sa and Se has a normal form which does 

not contain any representatives F*541 or F8s41, i.e. it belongs. to &. 
Since, on the other hand, § belongs to every group $a, we have 


Sa M Se = $ for every pair a, B. 


In order to show that © is the free product of the groups Sa with the 
amalgamated subgroup §, we apply again 5.7. As © is generated by the 
groups Sa, and any two of them have the same meet © in ©, we need only 
show that if the elements of G are represented in normal form, with respect ` 
to the subgroups a and §, then different normal forms represent different 
elements of ©. , 

Now the normal form 5.1, in the case of groups with one amalgamated 
subgroup, reduces to 


R = U LiLo ne diy?” 


Hence, we have to choose in every group Sa a system of right-hand repre- 
sentatives with respect to $; we denote its elements by G*. With these, 
every element of Œ can be represented in the form 


7.08. Q =— HGu Ga. - - Gan, | n= 0, 


with Æ in §, G”541 for y=1,- + -,n, and @s5<ay,;. And we have to show 
that formally different representations 7.03 represent different elements of &. 
To this end, we choose the representatives G* in the following way: 
First we choose in every group Gq a system of right-hand representatives 
F, == 1, F* for ©, with respect to a. If, as before, the right-hand repre- 
sentatives for Ha with respect to Ua are denoted by Hot = 1, H*, then all the 
different products HeFe form exactly a full system of right-hand repre- 
sentatives for G. with respect to Wa. With these representatives, the normal 
form 5.1 for the elements of © (i.e. as elements of the generalized free 
product of the groups ©, with amalgamated subgroups Uag) becomes: 


7. 04. G = Uo (Hapa) Ui te (T[4m Fram ) Ui m = 0, 


where for every u= 1,- -m at least one of the two representatives Hz 
and #z is not the unit element. And here we know, that two representations 
7. 04 represent the same element of © if, and only if, they are identical. 


G belongs to Sa if, and only if, in 7.04 Fea — 1 whenever apa, 


18 This is exactly the normal form used by Schreier in [6]. 
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i.e., only representatives F* occur. Out of these elements, we can choose as 
representatives G* for Ša with respect to § all those formally different elements 
whose representation 7%,U%+ has th: property that U»=H%*==1 (hence 
F441) and a, =, i.e. all the elements i 


7. 05. Gt — Foy, (Hepa) U» S (Hem Pam) Ums 
where Fe 541, and F%==1 whenever &u s£ a. 


This is easily seen: On the one hand, every element of $a is the product 
of an element of 9—wviz. the longest part in the beginning of the repre- 
sentation 7.04, which belongs to §—and an element 7.05. On the other 
hand, two formally different elements, G,* and G2*, of the form 7.05 belong 
to different classes with respect to ©. If they did not, we would have: 
but if here H is written in the form 7.04, then the formal product HG,* 


— 


is itself a normal form 7.04, hence equal to that of G,* only if Ë —1, 
Gt Gs, 

Now we read the representation 7.04 of the elements G of © in the 
following way: Beginning from the left, we split off the longest part which 
belongs to §. The rest will begin with a representative F*541. Then 
starting with this, we split off the longest part product which belongs to Qa; 
this is exactly a representative G*4 1 of the form 7.05. The remaining part 
will now begin with a representative F841, with B34. So we go on. 
Then 'G will appear represented in the form 7.03, where the representatives 
G are of the form 7. 05. 

On the other hand, every formal product 7.03 leads, by virtue of 7. 05, 
to a representation 7.04; and two representations 7.03 lead to the same 
representation 7.04 only if they are identical. Hence, two representations 
7.03 represent the same element of Œ if, and only if, they are identical. 
Which proves 7. 02. 

In the case where the groups a coincide with the Ua, the groups Sa 


are the subgroups of © generated by U and Ga; © is the Ban U of ©.. 


Hence: 


7.06. COROLLARY. The generalized free product © of the groups Ga 
as the free product of its subgroups Sa, each generated by U and Ga, with the 
one amalgamated subgroup U. 


With the help of 7.01, applied to a free product of a finite number of 
factors ©, with one amalgamated subgroup U, we can replace the criterion 
6.21 by the following: 


. 
La a oe LN NTIS 
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7.1. CRITERION. If © is generated by the groups G,,- ` +, Gx such 
that any iwo of them have the same meet U in &, then © is the free product 
of the groups &,,---,@n with the one amalgamated subgroup V if, and 
only if, E 
Ha for i= 1,- -n 


where, for every i, ©' is the subgroup of © which is generated by all the 
groups Gr (k x1). 


Proof. The condition is necessary by 6.02. That it is sufficient we 
prove by induction. 


The sufficiency is trivial for n = 2. Let it be true for n—1 factors ©: 
then we have to prove it for n factors Œ. 

For i= 1,: : -,n— 1, we denote by G*” the group generated by the 
n—2 groups G (knn) in ©. G* is a subgroup of G+ which contains 
U, and G*" and ©; together generate ©”. From 


G = Gi * @; for t=-1,---:,n—l1 
u 
follows therefore by 7.01: 


G” == Gen x G; for i= 1,-* -,n—1. 
u 


Hence by induction: 


G—{ II Gsu=—W 
4=1,...22— 1 
Since also 


© = Gr * Gr, 
u 


the criterion 6,21 gives 


© = { Il G,;U— VY}. 

8. While in the generalized free product © the group generated by 
subgroups of the factors G, which contain Ua, is itself the generalized free 
product of these subgroups, this is no longer generally true if the subgroups 
of the G_z do not contain the groups Ua. This paragraph gives some results 
and examples which show what can happen in this case. Their meaning 
will become clearer from the general results of Part II, for which they also 
serve as useful illustrations. We bring them here, as they fall naturally 
into the context of the preceding paragraph; also, we shall need one of the 
results, 8.11, in 9. 


¥ 
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To begin with, we restrict ourselves to free products of a finite number 
of factors with one amalgamated subgroup, and, in order to avoid unessential 
complications, even to products of two factors only. 


8.0. THEOREM. Let Œ be the free product of ©: and ©, with the. 


amalgamated subgroup U. For i= 1,2, let S; be subgroups of ®©, whose 
meet with U is Bi. Denote by B12 the meet of Kı and $e, t.e. 


gN So = B, N B = Bio. 
Then the group 9 generated by Kı and Ka in © is § = Q * Ho, provided that: 


l = 12 
1. fort= 1,2, the group ; generated by G; and B (34k) in © ts: 
9i= Ds 7 Bic, 


12 


2. The meet V of & and U is generated by Bı and Ba, and B = B, * Be. 


Bro 
Whether these rather detailed conditions can be satisfied, depends, of 
course, largely on the nature of the group U. But in the special case that 
Bı = B., the meet of § with U is B == B, = Be, and the conditions 1. and 2. 
are certainly satisfied. Hence: 


8.11. COROLLARY. If $1 and $2 are subgroups of ©, and Gz respectively 
which have the same meet B with Ú, then G, and Ha generate in © the free 
product of Qı and Q. with the amalgamated subgroup B. 


Therefore, in particular: 
8.12. If 91 and Q: are subgroups of ©, and Gs respectively whose meet 


with U is the unit element, then they generate in © the free product of 9:1 
and Qa 


We now prove Theorem 8. 0: 


Proof. For +==1,2, we choose a system V,*—1, V? of right-hand 
representatives for BV, with respect to B12; and a system Hy’ = 1, H' of right- 
hand representatives for $4 with respect to @;. Then all the different products 
V:H? form a system of right-hand representatives for $; with respect to Wie. 
Hence all the elements of § can be expressed in the form: 


8. 01. H = Via (V&H) + - + (VirHi), r= 0, Viz in Bre, 
with ip Sip. for p==1,---+,r—1; and not both, Ve and Hts, are the 
unit element, for p==1,-°:,7, 


All we have to show is that formally different expressions 8. 01 represent 
different elements of §. 
Now those elements 8.01 where only representatives H* of Qı, or H? 


4 
x 


616 HANNA NEUMANN. 


of G2 occur, are exactly all the elements of the free products §, * B- = §, 


_ 12 
and $2 * B, == Q: respectively, and therefore in each case different from each 
i2 
other as elements of ©. Moreover, we see in the same way as in the proof 


of 7.02, that all Ẹ? of S, whose representation 8.01 begins with a repre- 
sentative H+=A1, form a full system of right-hand representatives for ©, 
with respect to its subgroup B = B, + Ba. But since §; belongs to Gs, it 


follows from the condition 2. that ie any two representatives Ht -41 and 
H?=41 are different elements of ©. 

This shows that, if again as in the proof of 7.02, we read 8.01 in the 
form 
8. 02. H=VHbHte- ++ His, s20, V in &, 


where te toy: for e = 1,- - -,s — 1, then two expressions 8. 02 are identical 
if, and only if, the se sence expressions 8.01 are identical. 

Again from condition 2. we see that both groups Š, and Şa have oe 
B with U. Since they are subgroups of ©, and @, respectively, the repre- 
sentatives H+ for their classes with respect to B are, as elements of Gi, also 
in different classes with respect to U. They can, therefore, be chosen as part 
of the full system of representatives for '@,; with respect to U. But then all 
the expressions 8. 02 are normal forms in. © == &, i ©, and therefore represent 


the same element of & if, and only if, they are identical. As, moreover, two 
expressions 8.02 are identical if, and only if, the corresponding expressions 
8.01 are identical, these latter represent the same element of ©, i.e. of 9, 
if, and only if, they are identical. Which proves 8. 0. 

We add some remarks on the conditions 1. and 2. of 8.0: 

If $ is the free product of $1 and $2 with the amalgamated subgroup ¥B1, 
then by 7.01, also the subgroups 9; and By of Hı and + respectively (each 
of which contains %8,2) generate their free product with the amalgamated 
subgroup Bı. Therefore, the condition 1. is certainly necessary, and for the 
same reason also that part of the condition 2. which requires that B, and B: 
form in U their free product with the amalgamated subgroup %1.—this is, 
in fact, implied by 1., again because of 7.01. But the full condition 2., that 
the meet of §-and U is exactly this group $, is by no means necessary, as the 
following example shows: 


8.21. Example. Let © = {a,b,c,d},° and consider the subgroups 
©, and ©&® of ©, where 


18 We use the notation used by Magnus [3], i.e write @ = TE r (a) 
=1}, if @ is the group generated by @,,@,,- - - with the defining relations 7, (a;) = 1. 
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©, = {a,b,c} and ©: = {a, b, (bc), d}. 
Then 
& = &, k ON 
u 


with 
U = {a, b, (be)’}. 


As subgroups ğı and §: of ©, and ©- respectively we take 


91 {a, c} and D2 — {b, d}. 
Hence 
l Ba mR {a}, B, == {b}, and Bais = L; 


so that B, and B, generate their free product B, * Va = {a,b} in U. But the 
group § generated by $, and §, is the whole group @, so that the meet 
of © and U is the whole group U which is larger than 8. All the same § 
is the free product of $, and 2 

Although the condition 2. is not necessary, the condition 1. (from which 
the necessary part of 2. follows, as we saw above) is not sufficient: 


8.22. Hzample. Let 
© = {a, b, c, d; (abe)? = (abd)*}," 


and 
@, = {a, b, c}, G, = {a, b, d}. 
Then 
© E ©, i &., 
u 
where 


U = {a, b,e} with e = (abc)? = (adbd)?. 
Further let 
$1 = {a,c} and K: = {b, d}, 
hence 
Vı = {a}, Vz = {b}, and Bı: = 1. 


The condition 1. is satisfied, for 


G == {a,b,c} = Qı * Be = G, 
and 
om = {a, b, d} = §, zk B, = Go; 


but the group generated by 91 and §2 is the whole group © which is not 
the free product of 6, and Ss. 


618 l i HANNA NEUMANN. 


One might expect the condition 2. alone to be sufficient, in which case 
it would have to follow from the fact that the meet of § and U is generaled 
by B, and B and is the free product of V, and Se with amalgamated By», 
that also 9, and %., and 2 and Bı, form in © their free product with 
amalgamated $». ‘But this is not true either, as is shown by the following 
example: l 


8.23. Example. Let 
© = {a, b, c, d; (abc)? = 1}, 


and 
©, = {a, b,c; (abc)? = 1} and G, = {a, b, d}. 
Then 
© = © =i G, 
, u 
with 
U= {a,b}. 


Further take 
91 = {a,c} and Q: = {b, d}; 
then 
Hı = {a}, Ba = {b}, and Bı = 1. 
Hence 


B — {a,b} =V, * V =U 


is the meet of © and U. But again § is the whole group © which is not 
the free product of 9: and $s. 

We return once more to the Corollary 8.11. This expresses a property 
of any free product with one amalgamated subgroup independently of the 
nature of this subgroup. We are going to prove it once again, for any 
number of factors Ga, in order to show how it follows very easily from the 
existence of the normal form 5.1 for the elements of &. 

` If again, for every a, the representatives of ©, with respect to U are 
denoted by G“, then all the expressions 


G — Qaae. . - Qar (U in U, G% 41, ap ~ aps) 


represent uniquely all the elements of ©. 
The subgroups a of Gq are such, that for every « 


Ga N U=®. 


Let H* denote representatives of a with respect to B. Then every element 
of a is of the form V H*, hence every element of § can be written in the form 
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H = VHaHe. . . (V in 9; H% 413 a 4 ton); 
and every product of this form is an element.of §. 


But two representatives H,*-41 and H41 are also in different 
- classes of Gq with respect to U, as a ) U =B. For every a, these H° can, 
therefore, be chosen as part of the system of representatives for Ga, with 
respect to U; but then, the above representation of the elements of § is the 
normal form of these elements in ©. Hence, different expressions of this 
form represent different elements of ©, i.e. of §; so that, by 5.7, © is the 
free product of the groups a with the amalgamated subgroup %. 

From this proof one might expect that. a corresponding result holds 


ik 
in the generalized free product © = { [[ Ga; Uag = Upc}. If the groups 9, 


are subgroups of &, so that, for every a, B, 


$a N Uag = Se N Uag = Bag, 
and therefore 


oe N Sp — Bap, 


do the groups Sa generate in 6 their generalized free product a amal- 
gamated subgroups Bag? 

The answer is, in general, negative. The reason that the criterion 5.7 
is useless in this case, is that it is useless in the, loosely speaking, smallest 
generalized free product 1t: The normal form 5.1 has a meaning only if the 
groups ®, are not all equal to Ua, it in no way reflects the fact that also U 
is a generalized free product. A similar representation of the elements of U 
cannot be given; and it is, in fact, in U that the result in question need not 
be true, i. e., if the groups Qa are subgroups of Ua (see the example below). 
But, if the groups a are such that their common parts with the groups- Ua 
behave reasonably in U, then so do the whole groups a in Œ. More precisely, 
it can be shown: ) 


“If the meet of Sa and Ua is Wa (for every a), so that Wa N Uag 
== We ) Uag = Bap, hence Ha [| Sp = Wa [| We —= Bag, then the groups Ha 
generate in © the free product 9 of the groups Da with amalgamated sub- 
groups Bag provided that: 


1. The group X generated by the groups Ba in U is the generalized free 
product of the Wa with amalgamated Bag; 


2. the meet of W with Ua is exactly Wa, for every a. 
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We mention this fact without proof; it is of no great interest beyond 
the indication it gives that if difficulties arise in ©, then they arise in the 
generalized free product U contained in Œ. That in U difficulties do, in fact, 
arise, has been mentioned already. The following two examples show, that 
neither of the conditions above need be satisfied; in particular, me generaliza- 
tion of 8.11 need not be true in U. 


8.31. Hrample. Let 


U === {a,b,c}, 
and 
= {a,b}; U = {a,c}; Ua = {b,c}. 
Then . 
u = (TI Ui; War = Yas} 
with 


Uy. = Us. = {a}; Uris == Uz = {b}; Uas = Ug: = {e}. 


Now we take as subgroups 48; of U; the groups 
= {a?, b?, ab}, We == {a?, c?, ac}, Ws = {b?, c°, cb}. 


For every pair 1, k, the groups W, and W, have the same meet Biz with Wa, 
viz.: i 


Bie amr Bos cas {a}; Wag == Bar == {b°}; Bos === Boo = {c*}. 


The groups W, (i= 1, 2,3) generate in U the group 
WE — {a?, b7, c?, da, do, dg; dy = dad} with dı = ab, da = ac, da == 7b; 
whereas the free product of W., W, and W, with amalgamated subgroups 


Vix is the group 
W = {a?, b?, c?, da, do, ds}. 


On the other hand, if the groups W; are such that they generate the 
generalized free product 28 in U, the meet of W with one or more of the 
factors 11; of 11 need not he the original subgroup W: of Us, but may be 
larger : 


8.32. Example. We consider the same groups U, W, Ua, U as in the 
preceding example; we also choose W, and YW» as before, 


= {a°, b”, ab}; We = {a*, 0, ac}; 
but as the third group we choose W*, == {b*,c?} in Us. These three groups 
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generate the same group W* in U, as the three groups W, W., Wa But 
now W* == {a?, b?, c°, dı, da} is the free product of W, We, W*, with amal- 
gamated subgroups Bir. 

Here the meet of W*Ă with U, is Wa, which is larger than W*;. 


9. We now return to the problem mentioned in 4: Certain groups Us 
with their subgroups lj; are given; under what condition does their generalized 
free product exist? 

We assume, of course, that the necessary conditions 3.0 are satisfied. 
Because of Theorem 5.0, we may also assume that the groups U; are generated 
by their subgroups lly, (i fixed). In the simplest case of only three factors 
we can establish two sufficient conditions for the existence of U. 

Let us recall the notation: 

Every group U; is generated by its subgroups Ui, and U; (t == 1,2, 3; 
kis 1); Uir and Uys are isomorphic, and Ui, = Xi (Uzi). The meet of 
Wi; and Wy, in U; is mapped by the isomorphisms i; and Xix onto the meet 
of Uj; and Uj, in Uj, and the meet of Ux: and Uz; in Uy respectively. We 
denote this meet by the same letter 11,23 in all three groups Uj. i 


Then we proceed to prove: 


oh 
9.0. THEOREM. U= { [7 Ui; Ui = Uni} exists whenever one of the 
groups Ui, Us say, is the free product of tts subgroups Us and Us. with the 
amalgamated subgroup Wiss. 


ste 
9.1. Turorem. U= {]] U; le = Uz} exists whenever two of the 
groups Wi, Uy, and U, say, have the property that every element of Wix 
as permutable with every element of Ui; (t = 1,2). 


Proof. We prove these two facts by means of the Criterion 6.20. This 
criterion, applied to a generalized free product U, becomes slightly simpler: 
_ As ®©; coincides with Ui, which is contained in ©+, the free product of © 
and ©, with the amalgamated subgroup 11; is simply the group G‘, and this 
is a certain factor group of the generalized free product %* of all the factors 
with the exception of @,. ; 

In our case we choose &; as the group Us. Then we have to form first 

yo =U, * Ue. 
Urs 
@ contains the subgroups Us and Wes of U, and U: respectively, and 


because of 
Us N Uie ae Uas N Wie = Hizs, 


11 
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these groups 1,5 and es generate in $°, by 8.11, the group 
1? = Ue a Tes. 


123 
Because of the identifying relations 


Urg == Us, == A518 (ts) and ts = Use = Sea (las) 


for all elements ui, and uss of Uys and Iles respectively, U, if it exists, 
is obtained from %* by introducing the defining relations of 13, expressed 
in the generators ui; and uz, instead of the generators us; and us: of Us. 

Since U, is generated by its subgroups Us, and Use whose meet in Us 
is Uss, these relations and their conjugates generate in 11° a self-conjugate 
subgroup r which is tidy with respect to Us, and UUs, (cf. 2). If we denote 
by R the smallest self-conjugate subgroup of %* which contains r, we have to 
form the factor group °/R. This will be isomorphic to the free product 
of the groups U; with the amalgamated subgroups Uiz, provided that 


1 KO W—r; 


2. R is tidy with respect to U, and Uz; and it does not contain any 
elements of the form Ui, where U; is an element of Ui, but not of U? 
(i.e. not of Wiz), for i = 1,2, and U, in 11%. 


For condition 1. expresses the fact that, in §°/8 the groups Wis and Uss 
generate a group isomorphic to U, And 2. sees to it, that U, and U: are 
isomorphically represented in 3*/%t, such that no two groups U; and Uk have 
a meet larger than Uir 

In the case of 9.0, we have r= 1, hence R=1, and 1. and 2. are 
trivially satisfied. 

In the case of 9.1, we know that 


Urotyi, = Urg 
and 
U1QU23 = Us3t12 


for all elements Urz, tis, and Uzs of the groups Uiz, Uis; and Uses respectively. 
Since every element r of r is a word in the generators ws; and wes, we have, 
therefore, 

Ure TUy2 = T 


for every element tw. of U Moreover, since r is self-conjugate in U’, 
we have for i == 1,2 and any element wis of Uis: 


Wi ui == 17 with r’ in r. 
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Since every element of %* is a word in the generators tz, Uis, and tes, 
it follows: | 


For every element U of °, we have 
OU 7U == with 7 in r 


But Ñ is generated by all the elements r of r and their conjugates in %°; 
therefore 


R—=r 


Hence the condition 1. is certainly satisfied. But 2. also is: r is tidy 
with respect to Us and Uz; in U5, and therefore as subgroup of %*, a fortiori 
tidy with respect to U, and U.. And if r contains an element r of the form 


rT = 0.03, U; in Ui, ip in ns, 


it follows from the fact that r itself is an element of 13, that also U; belongs 
to ğe, i.e. to Uis. 

This completes the proof of 9.0 and 9.1. 

One might expect that a suitable generalization of 9.0 and 9.1 might 
hold for any finite number of groups Wi; e.g. that the generalized free 
product of n groups U; with amalgamated subgroups U: exists, whenever 
n— 1 of them have the property that their subgroups Ui (i fixed) are 
permutable element by element; or, whenever one of the groups, Un say, 
is itself the free product of its subgroups Uni (it == 1,: - +-,2—1) with amal- 
gamated subgroups Unix = Une 1 Unz 

That nothing of the kind is true, is shown by the following example 
of four groups, three of which are free Abelian groups (denoted by their 
generators in round brackets), and one a free group. 


9.2. Example. We consider the following groups Wj: 


u, = (ia, Q13) with Une = {a1}, Uis = {ai}; Us = {diza} 
U = (der, fox) with Un = {an}, Us = {a23}, Uz = { @e1G23} 
YU, = (a31; Ago) with Us, men {a31}, Use = {ago}, Use = {ag1g2} 
Wy m= {b,, be, bs} with Ui PF {ba} for {= 1, 2, 3. 
These groups satisfy the necessary conditions 3.0, as in every group U; 
the meet of any two subgroups Ux and U; is the unit element. By 6.20, 
the generalized free product of W, Ue, Us, and U, is a homomorphic image 


of the generalized free product of 11,, We, and Us. The latter exists, by 9.1, 
_and is obviously 
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oy aa (ais Qy Qs) ) 
with 


Ay == lg == Q32, de == O31 == A13, Ag == Oyo == A, 
Hence in Șt: 
Tha = {ago}, Ney = {aas}, Ua, = {aoa}. 


But the subgroup of %* which is generated by these three groups Uis, is 
Abelian, so that no homomorphic image of it can be isomorphic with the 
free group U. 

10. We conclude this part by determining the generalized free product 


of three infinite cycles. 


10.0. THEOREM. The free product U of three infinite cycles Uy with 
amalgamated subcycles Ui, is itself an infinite cycle. 


Proof. That this generalized free product exists, if only the subgroups 
Ws are chosen so as to satisfy 3.0, we know by 9.1. Let 


Ui = {a}, Us = {de}, Us = {as}. 


The subgroups UU, are generated by certain powers of a1, d2, and as respectively. 
We put 

Ue =o {a2} and Us = {a,%3} in U; 

Mag == {a20} and Ua = {a2} in U, 


Us == {a3} and Use = {a°} in Us 


Since Uy, and U; together generate U; (i= 1,2,3), we have for the 
greatest common divisors: (€12, @13) == (€s, €21) == (€31, 32) == 1. Therefore, 
the meet of U; and Us, in Ui is generated by: 


(14213, geen, qts respectively. 
To satisfy 3.0, the identifying relations 
(L412 = 9%, Qaf = agf, Agl aene 4,63 
must imply: 
Qh O12 8 =< Oo C2021 sexs 3°31 32, 

It follows that: 

(a°) C18 ame (2%) 63 == (Qn), hence: lis = 623 = É; 

(4,28) 2 == (Qn) e2 == (Q), hence: lis = ls: = S; 


(a) 21 men (32) ext a (ag) &, hence: Oa, == Ey == T. 
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Hence we obtain as the only possible choice of subgroups Wiz: 


10. 01. Un. == {a15} and Uis == {a$} in Ui 
Wes —— {a2"} and Ua = {a2} in Uz 
Uz = {a7} and Use = {as} in Us, 


10. 02. with (r,s) = (s, t) = (t,r) =1. 
Now ll is generated by a1, @2, and ds, with the defining relations: 
10. 03. a8 == fla" == Us 5 lg? = 1,5 = U1 5 ag = q? === Uo. 


Because of 10. 0%, the generators a; can be expressed by the uw, so that also 
the latter generate U. But, by 10.03, any two of these, u; and uj, are powers 
of the same generator ax, and therefore permutable with each other. Hence, 
Wis Abelian. ' 

The matrix of exponents belonging to the generators and their defining 
relations 10.03 is: | 


s —? 0). 
0 t —Ss 


—ft 0 r 


Its determinant is zero, and its elementary divisors are all equal to one, 
i.e U is an infinite cycle. 

It seems likely that also the free produet of more than three infinite 
cycles (but a finite number of them) exists, if only the systems of subcycles 
satisfy 3.0. But I have not been able to confirm this conjecture. 
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LATTICES OF CONTINUOUS FUNCTIONS IL* 


By Irvine KAPLANSKY. 


i. Introduction. Let X be a compact Hausdorff space and C(X) the 
set of real continuous functions on X. In [3] it was shown that, as a lattice 
alone, C(X) determines X up to a homeomorphism. In this paper we present 
two investigations suggested by, this result. (1) The lattice automorphisms 
of C(X) are studied. A complete description (Theorem ‘1) is given for those 
lattice automorphisms which are bicontinuous in the topology of uniform 
convergence; an example shows that discontinuous lattice automorphisms also 
exist. (2) It is natural to seek to characterize those lattices which are of the 
form C (X) for some X. This we have not done, but as a step in that direction 
we give such a characterization for “ translation lattices,” i.e., lattices with 
a supplementary operation which corresponds to the addition of constant 
functions. 

These investigations were of course suggested by similar ones that have 
been carried out for rings, Banach spaces, and lattice-ordered groups. It is 
perhaps worth remarking that the various devices used there (ideals, func- 
tionals, and I-ideals, respectively) cease to be available in the present context, 
and the full burden is thrown upon the natural lattice-theoretic tool: the 


Ta ER E BE eet SY 
i&cce; prime iūēāli. 


2. Lattice automorphisms. By a prime ideal in a lattice is meant the 
inverse image of 0 in a lattice homomorphism on the two-element lattice 
(0,1). If X is a compact Hausdorff space, then [3, Lemma 3] any prime 
ideal P in C = C (X) is associated with a unique point « of X, in the sense 
that fe P and g(x) < f(x) imply ge P. Now let be a lattice automorphism 
of C. It follows from [8, Lemmas 4 and 5] that o carries prime ideals 
associated with the same point, say æ, into prime ideals again associated with 
a single point which we shall call @(7). Thus o induces a well defined 
mapping w » (m) which is onc to-one and covers all of X. By [8, Lemma 7], 
6 is a homeomorphism of X. 

To describe more closely the relation between o and 6 we make a further 
restrictive assumption. We topologize C by uniform convergence; to be 
explicit, we may use the norm | f || sup |f(z)|. We shall suppose that o 
is bicontinuous in this topology. As a preliminary, we prove two lemmas. 
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LEMMA 1. Let C be topologized by uniform convergence. Then a closed 
prime ideal P in C has the following form: for some point æ in X and some | 
real number a, P consists of all f with f(x) Sa. Conversely every set of this 
form is a closed prime ideal. 


Proof. For any prime ideal P, whether closed or not, we can assert the 
following: for a certain point x and real number a, all functions f with 
f(x) <@ are in P and all with f(x) > « are not in P. Now a function 
satisfying f(z) = « can be exhibited as a uniform limit of functions fi with 
fi(z) <a. Hence if P is closed it contains all f with f(x) —«@, and so is of 
the form described. The final statement of the lemma is evident. 


Lemma 2. Let X be a normal space, and y(a,«) a real-valued function 
defined for real a and xe X, with the property that y[zx, f(x) ] is a continuous 
function of x for every continuous real function f(x) and that y is continuous 
wn a for fixed x Then y is continuous jointly in œ and a. 


Proof. Suppose that y is not continuous at (y,8). Then there exists 
an « such that in every neighborhood of (y, 8) we can find a point where y 
differs from c= y(y, 8) by more than 2e. There exists a neighborhood U 
of 8 such that | y(y,a)—ce| <e for « in U, and, by taking f(s) to be 
the constant function 8, we can find a neighborhood V of y such that 
| w(a,B)—c|<eforzin V. Now take within U a sequence of neighbor- 
hoods shrinking to 8. In each we may find an a, and an z; in V to go with 
it, such that | y (xi, @;) — c | > 2e; moreover it can be arranged that the 2’s 
are distinct, since each may be chosen within a neighborhood excluding its 
predecessors. We define f(z:) =, f(a) = elsewhere in the closure of 
{zı}, and we may extend f to be continuous. on all of X since X is normal. 
Then y[2z,f()] is by hypothesis continuous. If z is a limit point of {2;}, 
then plz, f(z) ] —w(z, 8) differs from c by at least 2e. This contradicts the 
fact that z lies in the closure of V. — 


We now prove the main theorem. 


Trorem 1. Let X be a compact Hausdorff space, C the set of real 
continuous functions on X, and let C be topologized by uniform convergence. 
Let a be a lattice automorphism and homeomorphism of C. Then o has the 
form a(f) = f*, where f*[6(xz)] = y[z, f(x) J, 8 is a homeomorphism of X, 
and w(z,%) ts a real-valued function continuous jointly in « and a for we X 
and a real, and strictly monotone in a for fixed x. 


Proof. The manner in which the homeomorphism 0 arises has already 
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been described. We construct the function y as follows. For given v and g, 
‘form P, the closed prime ideal consisting of all f with f(s) «a. The image 
o(P) is a closed prime ideal associated with (2); suppose o(P) consists of 
all g with g[@(z)] <8. Then 8 is a well defined function of æ and æ and 
we write 8 = y(x, a). Since o is a homeomorphism, elements on the frontier 
of P go into elements on the frontier of o(P). Thus a function f with 
f(z) =«@ goes into a function f* with f*[@(z)]—v(a,¢). That y is 
jointly continuous in its arguments is a consequence of Lemma 2. If a > 4, 
then for the corresponding prime ideals P, Py we have that P properly contains 
P,. Likewise ¢(P) properly contains o(P,), and this proves pat w(x, a) is, 
for fixed v, strictly monotone in «. 

It is true, conversely, that with 6, y, and f* as above, the mapping f —> f* ` 
is a lattice automorphism and homeomorphism of C. The fact that the 
mapping is one-to-one and order-preserving is clear. The one point needing 
serious verification is the bicontinuity. Suppose, then, that f; —> f uniformly. 
Given «, we may for any fixed æ choose + so large that 


| ylz, fs(a)] —yle, f(z) ] | <e. 


By the continuity of y this will extend to a neighborhood U of x. A finite 
number of the U’s cover X. If we take 7 to be the maximum of the corre- 
sponding ts we have || f;* —f* | <<. That the mapping is also continuous 
in the reverse direction follows from the fact that the transformation f* — f 
has a representation of the same kind, but with different 0 and of course. 

We may apply Theorem 1 to the more special cases where C is regarded 
as a ring or lattice-ordered group. It is to be remarked that the topology of 
uniform convergence is then definable intrinsically. We first detect when a 
function f > 0 is strictly positive: in the ring case, if f~ exists; in the lattice- 
ordered group case, if the multiples of f dominate everything. The neighbor- 
hoods of U are then sets of the form — f.< a <i f. Thus an automorphism is 
automatically a homeomorphism. We further observe that in the ring case 
the only automorphism of the reals is the identity, and in the lattice-ordered 
group case the only automorphism is multiplication by a positive constant. 
We deduce the following corollaries. 


COROLLARY 1. All automorphisms of C(X) as a ring are induced by 
homeomorphisms of X. 


CoROLLARY 2. All automorphisms of C(X) as a lattice-ordered group 
are induced by homeomorphisms of X followed by multiplication by strictly 
positive continuous functions. 
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The case where O (X) is regarded as a Banach space may also be reduced 
to the lattice theorem, but there is a preliminary complication, in that a 
Banach space automorphism is a lattice isomorphism on part of the space 
and a lattice anti-isomorphism on the remainder. For the complete result, 
cf. [5, Th. 83]. 

In the pure lattice case we are unable to define the topology of uniform 
convergence intrinsically. An equivalent remark is the following: lattice- 
' theoretically we cannot distinguish strictly positive functions from those which 
vanish on a nowhere dense set. (A function f >0 which vanishes on an 
open set can be detected through the existence of a second function g > 9 
such that f N g—0). 

The following example provides an illustration. Let X be the Stone- 
Cech compactification of a countably infinite discrete space Y, say for definite- 
ness the positive integers. We define a mapping f — f* on C(X) as follows: 


f¥(n) = f(n) if f(n) SO, 
fF(n) =nf(n) it 0S f(n) Sw, 
f(n) =f(n) + 1— n> if f(n) È n>. 


It is readily seen that this defines a lattice, automorphism of C(X). The 
function f given by f(n) = vanishes everywhere on XY — Y, but it is sent 
into the constant function 1. Moreover the mapping f— f* is not continuous 
in the topology of uniform convergence, although the inverse mapping is. 
To get a lattice automorphism which is discontinuous in both directions, take 
the Cartesian product of X with itself and let the mapping be f — f* on one 
component and f*—»f on the other. 


3. Translation lattices. By a translation lattice L. we shall mean a 
lattice where for every ae L and real number « a sum a -+ « is defined. The 
following postulates are assumed. 


1. L is a distributive lattice, — 

2 a+0—a, 

3. (ata) +8=a+ (a+), 
4, «%>0 implies a + a >a, 

a >b implies a+ a >b -+ a. 


Qe 


In addition to these more or less trivial axioms, we assume two deeper ones 
of an archimedean nature. 
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6. For any a, be L there exists a real number « such that a +a>b, 
?. Ifia<b-+< for every positive a, then a & b. 


By a homomorphism of L into the reals we shall mean a mapping H that 
satisfies 


(1) H (a U b) = Max [H (a), H (b)], 
(2) , H (af) b) = Min [H(a), H(b)], 
(3) H(a + a) = H (a) +a, 


Our representation theorem for translation lattices rests primarily on the 
existence of “sufficiently many” such homomorphisms. In more precise 
terms we have the following result. 


Lemma 3. Let L be a translation lattice satisfying axioms 1-7, and c, 
de L elements such that c£ d. Then there exists a homomorphism H of J. 
- into the reals such that H(c) > H(d). 


Proof. There.must exist a positive-« such that ci d -+ a; otherwise 
we would have cd (axiom 7). By [1, Theorem 5.8, or 6, Theorem 6] 
we may construct a prime ideal P containing d -+ but not c. For any a in 
L we define 
(4) H(a) = Int (a-+ 8P). 


It follows from axiom 6 that for large positive 8 we have a ~+- 8 £P, and for 
8 negative and large in absolute value, a -+- 8e P. Thus (4) yields a well 
defined finite real number for H(a). That H satisfies (3) is evident. We 
next verify (1), the verification of (2) being of course similar. Suppose, for 
definiteness, lhal H(a) = H(b) and write H(a) =y. Tor any «> 0, 
a—y—e and b—y—e are in P and hence so is 


(a—y—e) U (b —y— e) = (a U b) — (y + $). 


(We are using here an easy consequence of axioms 2-5). It follows that 
Hial\b)Sy+e Since it is evident that H (alJ) = H(a) =y, we 
have H (a U) b) =y, as desired. Finally H(c) 20, H(d+ a) SJ, so that 
H(c) >—a Z H (å). | | 

We now derive a functional representation for translation lattices. This 
representation has the peculiarity that, even after suitable topological com- 
pletion, we do not get all functions but instead a certain subset as described 
in Theorem 2. (The possibility of getting all functions ‘is of course also 
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admitted and corresponds to every « being — œ, every = œ.) The 
inevitability of this kind of restriction is clear from the fact that it is 
invariant under addition of constant functions and under the lattice operations, 
and so is automatically compatible with the axioms of a translation lattice. 


THEOREM 2. Let L be a translation lattice satisfying axioms 1-7. Then ` 
L is isomorphic, as a translation lattice, to a dense subset under uniform con- 
vergence of a set C of functions defined as follows. There is a compact 
Hausdorff space X; for every pair of distinct points s, ye X we are gwen 
a(x,y) and B(x, y) with 


— o Salz, y) < pry) S@; 
and C is to consist of all real continuous functions f on X satisfying 


(5) a(x, y) E f (2) —fly) SB(z,y) 
for all x,y. (The equality is of course excluded if a and/or B is infinite). 


Proof. Select arbitrarily an element u in L, and let X denote the set 
of homomorphisms of L into the reals which map u into 0. In a natural 
way, the elements of L are represented as real-valued functions on X, and by 
Lemma 3 the representation is one-to-one. Moreover the representation carries 
the: lattice operations of L into the join and meet of functions, and carries 
addition of real numbers in L into addition of constant functions. 


We topologize X in a well known way. Given Hy in X, we take an 
element a in L and a positive number e, and form the set of all H in X 
satisfying | H(a) — H)(a)| <e. These sets are defined to constitute a sub- 
base of the open sets in X. One proves that X is a compact Hausdorff space 
by showing it to be a closed subset of a Cartesian product of intervals; we 
omit the familiar details of this argument. Finally the very definition of 
the topology assures us that the elements of L are represented as continuous 
functions on X. . 

It remains to be seen just what functions do arise. Let 2, y be any 
distinct points of X. The element u takes the value 0 at. both x and y. Besides 
this there must exist some element in L taking distinct values at 2 and y, 
for z and y are different homomorphisms. By addition of a suitable constant 
we pass to a function in & vanishing at y but not at x Next we remark the 
following: suppose that we have elements g, h in L satisfying g(y) = h(y) 
=0, y= g(x) < h(x) =8, and lt y< £<8. Then L contains a function, 
namely (g—y-+¢) Uh, which vanishes at y and takes the value ¢ at z. 
Thus the entire interval (y,8) is attained at æ by functions vanishing at y. 
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We now let a(x, y), B(x, y) = Inf f(z), Sup f(x) for all fe L vanishing at y. 
Then it is clear from the preceding remark that for any p», v satisfying 


(6) a(x, y) <p—v < B(2,y), 


L contains a function f with f(z) =», f(y) =v. Finally we need only quote | 
the theorem of Weierstrass-Stone-Kakutani [cf. 2, Lemma 7.2] to deduce 
that C, the closure of L under uniform convergence, contains all functions 
satisfying (5). (It is to be observed that when we pass to the closure, the 
strict inequality of (6) becomes equality in the event that « and/or f is finite). 


4. Further remarks. (a) If we wish to obtain in Theorem 2 the 
conclusion that we have all functions, unencumbered by a restriction such as 
(5), we must assume an additional operation which allows us to “stretch ” 
the functions. The assumption of addition or of multiplication by real 
numbers will do. A weaker assumption than either of these is a doubling 
operation a — 2a, suitably axiomatized. With some such addendum, Theorem 
2 subsumes the representation theorem of Stone [7] for lattice-ordered groups, 
the operation of addition of reals corresponding to the addition of scalar 
multiples of Stone’s unit element e. (Actually, the existence of these scalar 
multiples of e is not postulated in Stone’s case, but it is an immediate con- 
sequence of the assumed completeness. To facilitate comparison of the two 
theorems, we might have postulated addition only of rational numbers in a 
translation lattice) . 


(b) It is to be remarked that in the proof of Theorem 2 only one 
arbitrary choice had to be made, namely the selection of u. In other words: 
the only automorphism of C(X) as a translation lattice is a homeomorphism 
of X followed by the addition of a fixed function. 


(c) The restrictive condition (5) resemhles closely the condition which 
arises in Kakutani’s representation of (M)-spaces without unit [8, Th. 1]; 
in Kakutani’s case the relation between the values of a function at two points 
is however multiplicative rather than additive. In fact there is a generaliza- 
tion of Kakntani’s thenrem analogous ta Thenrem 2: one assumes a lattice 
in which there is an additional operation of multiplication by real numbers. 
We shall not attempt to give the details except to remark that the same 
lattice-theoretic tools are used in the proof. 


(d) Some remarks can be made in case the archimedean axioms 6 and 7 


do not hold. Ifa, b are such that a < b + a and b < a + a for all positive g, 
then a and b cannot be distinguished by homomorphisms into the reals, and 
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the functional representation necessarily identifies them. This passage to 
sets of equivalent elements is the analogue of reduction modulo a radical. 
Again if axiom 7 fails, we may still set up a functional representation if we 
admit + co as functional values. (Cf. [7] and [8] for similar remarks on 
lattice-ordered groups). 


(e) We conclude with some observations on the possibility of replacing 
the reals by some more general object R. Lattice automorphisms of C(X) 
may be studied for any chain Æ, but to formulate the notion of uniform con- 
vergence used in Theorem 1 we require a concept of uniformity in R. For 
the proof of Theorem 1 (and more particularly Lemma 2) we moreover require 
the following axiom: any continuous #-valued function defined on a closed 
subset of X may be extended to all of X. With these provisos, Theorem 1 
remains valid. In the particular case where F is discrete, the hypothesis that o 
be bicontinuous is automatically fulfilled and may be deleted; and the extend- 
ability property of A-valued functions on XY is assured if X is totally dis- 
connected. When &.consists of just two elements, this gives us Stone’s theorem 
that any automorphism of a Boolean ring is induced by a homeomorphism 
of the corresponding Boolean space [5, Th. 4]. 


To formulate a -generalization of Theorem 2 we must take RÈ to be a 
simply ordered group. But more than that, the proof as given requires that 
R be complete (or at least completable) with respect to Dedekind cuts; and 
the only complete simply ordered group is the group of real numbers. Another 
remark is that the proof of the compactness of the space of homomorphisms 
uses the local compactness of È. 

The Post algebras of Rosenbloom [4] are closely related to translation 
lattices; in essence we take R to be a cyclic group of order n and modify the 
axioms slightly. A proof very much like that of Theorem 2 can be given for 
the following generalization of Stone’s [5, Th. 1]: a Post algebra is isomorphic 
to the set of all continuous functions from a compact totally disconnected 
space to the set (0,1, > +, ,n— 1). In an oral communication to the author, 
Rosenbloom has described another proof of this theorem based on a reduction 
to the case of a Boolean ring. 


Added in proof (May 12, 1948). It can be shown that if X satisfies 
_ the first axiom of countability, then every lattice automorphism of O (X) is 
automatically continuous. Certain weaker hypotheses will do, but the example 
given above shows that some assumption must be made. The proof is briefly 
as follows. Let f, g be functions which are equal at s. Choose a sequence 2; 
approaching s, and a function 4 with h > fU g at the even points and 
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h <f AN g at the odd points of {z;}. Ifo is a lattice automorphism of O (X), 
and 6 the associated homeomorphism of X, it can be seen that o(h) coincides 
with o(f) and o(g) at #(z). Thus the value of o(f) at @(x) is entirely 
determined by the value of f at æ. It follows that o has the form described 
in Theorem 1 and is continuous. 
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ON IDEALS OF DIFFERENTIABLE FUNCTIONS.* 


By Hasster WHITNEY. 


1, Introduction. We shall consider functions of class ©” defined in 
‘an open subset G of Euclidean n-space E”, that is, functions with continuous 
partial derivatives through the order r in G. (We take r finite.) A set I 
of such functions forms an ideal if, whenever fı, fz are in J and ¢, $z, are of 
class O” in G, difs + defe is in J. We shall call I an r-ideal. 


Let I be an r-ideal in G. Given any point «= (£u: *',€na) in G, 
consider all sets of numbers 
ee (each a 220, a +°--+%,5 71) 


such that for each such set there is a function f in J with 


gra: tef (2) 


ir. -Appin een 
These sets form the local ideal 3-(I,x) of I at z. 


It was conjectured by Laurent Schwartz (personal communication) that 
an ideal is determined by its set of local ideals, provided that the ideal is 
closed (we use the topology described below). The main object of tbis paper 
is to prove this conjecture (see Theorem I). There is a rather obvious 
generalization of the theorem to the case where Æ” is replaced by a manifold 
of class C’. 

The case r==0 is much simpler than the case r>0; we inal sig 
separately in 3. : 

In the last section we consider briefly the following problem: What sets 
of local ideals can be the set of local ideals of an 7v-ideal? A satisfactory 
answer to this question seems quite difficult to find. 

The topology we shall use is determined as follows. Let f be a function 
of class C” in G. Then to any compact subset A of G (i.e. bounded closed 
subset A of E” lying in G), and any e > 0, the set of all functions g of class 
C" in @ such that 

Gitet ene 
moeh <cinA (ap + amr) 

* Received November 25, 1947. 
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form a “special neighborhood” of f. A set of functions forms an open set 
if it can be expressed as the union of a set of special neighborhood of functions, 


2. The principal theorems. The main theorem is: 


THEOREM 1. Any two closed r-ideals in G with the same sets of local 
ideals are identical. 


This is an immediate consequence of the following approximation theorem, 
For the statement of this theorem, we need some more definitions. 

We say that a set of functions forms a locally finite set of functions 
in G if the following are true: 


(a) Hach function is identically zero outside some compact subset of G. 


(b) Each point of G is in a neighborhood such that at most a finite 
number of the functions fail to vanish identically in this neighborhood. 


Because of the Heine-Borel theorem, (b) holds with neighborhoods of 
points replaced by arbitrary compact subsets of G. 

If fı, fot © + form a locally finite set, and the f: are of class C" in G, 
clearly fı -+ fz +: + + exists and is of class C’ in G. 

If Z is an 7-1deal in G, we define its locally finite completion I* as follows. 
A function f is in J* if there is an infinite series of functions of J which 
converges to f, these functions forming a locally finite set. 

It is easily seen that 7* is an ideal. It is not hard to show that I C I*; 
we do not need this fact. 


THEOREM 2, Let I be an r-tdeal in G, and let F be a function of class 
Cr in G such that at each x in G, the values of F and its derivatives form a set 
of numbers in (I, x). Then for each positiwe continuous function els) 
in G there is a function f* in I* such that ji 


prr- F(a) — f* (2) 
0,4: o OL, 

We prove Theorem 1 with the help of Theorem 2 as follows. Let J and I’ 
be two closed r-ideals in Ẹ as stated. To show lal they are identical, we 
show that each is contained in the other; for instance, that J’C I. Take any 
function F in F. To prove F eT it is sufficient to find a function f of J in an 
arbitrary special neighborhood U of F, since Z is closed. Let U be defined 
by the compact subset A of G and the number «>0. Set e(z) =e, and 
choose f* by Theorem 2; say f* = gı + ge +*+. As noted above, at most 
a finite number of these are £0 in A; hence 


< e(t), ve G, a -F-n Er. 
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.f* = gı +: -+ 9m in A for some m. 
Set f=g.t:-::+gm in G Then feIf U, as required. 


Most of the paper is devoted to the proof of Theorem 2. The methods 
used are similar to those employed in extending differentiable functions. 


Remark. The hypothesis of closure in Theorem 1 is necessary, as shown 
by the first two examples of 4. 


3. The caser=—0. This case is described in full by the following 
theorem. 


THEOREM 3. A closed ideal I of continuous functions in G is deter- 
mined by the set of points A where all the functions vanish. This set ts 
closed in G. Any closed subset of G can occur. 


The set of points where one function of.I vanishes is closed, since the 
function is continuous. The set A is the intersection of such sets, and hence 
is closed. . 

Let A be any closed subset of G. Let f(s) be the distance from any 
point æ of G to A; this is continuous in G, and vanishes in A only. Let I 
be the ideal generated by- f, i.e. the set of all functions ¢f, @ continuous. 
Clearly A is the set of points where all functions of J vanish. 

To prove the first part of the theorem, we prove Theorem 2 for this case. 
Let, then, Z and A be as in Theorem 3, and let F be a continuous function 
such that F(s) =Q in A. Let e(x) be any positive continuous function in G. 

To each v in G—A there corersponds a function fs in J such that 
fe(z) £0. By multiplying by a suitable continuous function, we may replace 
fc by a function fs in J such that for some spherical neighborhood Uz of æ 
(we take 0p G— 4A), 


Felz) >0 in Us, Fale) =0 in G— Us. 


It is easy to choose z',x?,- >> so that the spheres Ust, Uz2,- ©- cover 
G— A, and each intersects but a finite number of the others. Set 


g's (2) = fet (2)/È Fa (2) in Ust, gile) = l in G— Ust. 


Since the numerator is =0 in G@— Un,‘ and the denominator is > 0 in 
G—A, gi is continuous. In fact, we may write g'i = @if’s', where 


* See H. Whitney, “ Analytic extensions of differentiable functions defined in closed 
sets,” Transactions of the American Mathematical Society, vol. 36 (1934), pp. 63-89. 
We refer to this paper as AE. 
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pi = 1/3f e! in Ust and ¢i = 0 outside a larger neighborhood of st, showing 
that g's is in I. Note that 


ogge) Sl Egile) =1 in G—A. 
i 
Let U be a neighborhood of A such that 
| #(a)| < (x) in U. 


Let Ai, A2,° * © be those numbers such that for any k == àj, Uz” has points in 
G—U. Set 


gi (%) = F(a) 9, (2) (i= 1,2,: °°). 
Then these form a locally finite set of functions in G, each lying in J. If 
f* = 3g;, clearly f* = F(s) in G—JU, while for ze U, 
| F(x) —f*()| = | F(2)| | 1— 3g (2) S| Fla) <e(2), 
completing the proof. 


4. Examples. We give first two examples of ideals which are not closed. 


EXAMPLE 1. Let be the set of all functions of one variable, of class C’, 
each of which vanishes except in some bounded set. Let d(x) =1; ¢ is 
not in Z. Given any bounded set A, let f be a function =1 in A and =0 
outside some neighborhood of A; f is in Z. Hence, if Ī is the closed ideal, 
$ is in Ë Any function F of clasg O" cquals Fp, and hence is in J. 


EXAMPLE 2. Let I consist of all functions of class ©” which vanish in 
some neighborhood of the origin. Then J contains all functions of class ©” 
which vanish together with their derivatives of order 5 r, at the origin. 


The next three examples serve to illustrate what local ideals may be like. 


EXAMPLE 3. n= 2, r—2. Let I consist of all functions of class O" 
which vanish on the x-axis; we consider the local ideal $- (I, O) of I at the 
origin O. For f in J, the only necessary relations between derivatives at the 
origin are 
f(O) =0, Of (0) /dx = 0, 0°f(O) /dx? = 0. 


Consider the polynomials (which are in J) 
Pilz, y) = y, P(x, y) = xy, Pale, y) = 4. 


Any function f in I has the same value and derivatives of order S 2 at O 


s + 
Go o 
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as those of some linear combinations of these polynomials; these polynomials 
(or rather, their sets of values and derivatives) form a base for (I, O). 
_ Note that the local ideal is generated by P, = y; for P == P, Ps = yP,, 
and thus P, being in J implies that P and Ps are also. 
A new ideal would be obtained by adding the condition 0f/0y—0 at 
the origin. 


EXAMPLE 4. n= 2, r=}. Let I consist of all functions of class C? 
which vanish on both axes. Then for any 2°40 on either axis, (Z, 2°) 
is like the local ideal of Example 8. At the origin, (I, 0O) consists of the 
set of values 0 alone, except that 0°f/dxdy may be 5<0; hence the polynomial 
zy forms a base for 3,(J, QO). 


If we wish the functions to vanish on the z-axis and the line y =a, 
transforming axes (compare Example 5 below) shows that the local ideal is 
then generated by zy — y’.- 


EXAMPLE 5, n=2,r—2. Let J now be the set of functions of class 
C? which vanish on the curve y==2*. If we use the variables 2’, y’ in 
Example 3, we obtain Example 5 by the transformation t = gv, y = y — 2”. 
Calculating derivatives of fe I gives, referring to Example 3, 


af(O) /ae’ =f (0) /ðz —=0,  Pf(0)/0 = 2 Af(O) /ay + Cf (0) /da? 0. 


The relations defining 3-(Z,0) are obtained by setting these expressions - 
and f(O) equal to 0. The polynomials 


Pi =y — z’, P, = xy, P; = 4? 


form a base for (7,0), and the local ideal is generated by Pı. As far as 
r (7, O) is concerned, P and Ps are equivalent to sP, and yP, respectively 
(see 6). 

The next two examples illustrate the dependence of a local ideal on 
neighboring values of the functions. 


EXAMPLE 6. n=}, r= 1. Let A be a point set defined as follows. 
It contains the origin, and the closed intervals 1/2 < s S 1/2* (y= 0) 
for i == 1,3,5, -. The omitted intervals (i —2,4,---) are replaced by 
the circular arcs with the same end points, each are lying in the half plane 
y= 0 and being of radius 1. Let I consist of all functions of class C? 
which vanish on A. e= 


Any function in Z has vanishing partial derivatives at the ends of each 
interval; hence the same is true at the origin. This is in spite of the fact 
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that the direction between any two points of A sufficiently near to O is as 
nearly in the z-direction as we please. 


EXAMPLE Y. n=—2,r=1. Let us round off the corners in the pomt 
set A of Example 6. Then J contains a function f such that 6f(O)/dy —1. 
If we change the original A sufficiently slightly, @f/éy cannot satisfy a 
Lipschitz condition. 

The last two examples show how the functions in ideals may lack 
differentiability properties. 

EXAMPLE 8. n=—2, r==1. Let I be generated by 


fy) = 11+ (+ 9°)* ly; 
then J consists of all functions ¢f, where ¢ is of class C*. Since f = 0 only 
on the v-axis, and ĝf/ðy <0 there, the local ideals are the same as for the 
ideal J’ generated by f’(z,y) =y. Since each of f, F is obtained from the 
other by multiplying by a function which is not of class 0*, I £r. 


EXAMPLE 9. n=38, r==1. Let I be generated by the two functions 
f(z, y2) =y + T+ (P + 9 + e), 
g(z,y,2) =% + 2. . 
Then the set of points where all functions of J vanish is the v-axis. Differ- 
entiating shows that 


Of /d2 = (1 + | æ |) (0f/dy) on the a-axis. 


Since this is trivially true with f replaced by g, we see at once that this 
relation holds for all functions of I. It follows that there is no function 
of class C? in J for which 0f/dys540 at the origin. The same is of course 
true in the closed ideal. (A similar remark applies to the last example.) 


5. Notations. We shall commonly use single letters to denote n-fold 
quantities; for «= (a,,---,@), write 


: fol = g +: g ->F an. 
We use Da for dl/da,4-- - dx, ete. Thus the right hand side of the 
second displayed relation in 6, written out in full, is 


Qa; ' 


r K (z1 — 28) >» (Ea — Lp?) ®, 


artta Er a 


We shall use pzy or p(x, y) for the distance between æ and y; similarly 
for pea == p(z, A) where A is a point set. We set p(z, A) = œ if A is void. 
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By Us(x), or Us(A), we denote the set of points within 6 of the point æ 
or the point set A. l 
Let f be a function of class O”. Its r-value V-(f,x) at x is the set of 
numbers consisting of its value and partial derivatives of order Sr at v. 
Two functions f, g are 7-equivalent at x if they have the same r-value there; 
we write 
fg ata, or, V;+(f,2) = V;r(g,2). 


We shall call the grade of a function f at 2° the smallest number i such 
that some partial derivative of f of order 1 is 0 at x°, provided there is 
such ani. The grade of a polynomial at the origin is then the lowest degree 
of its terms if the polynomial is not == 0. The grade of an r-value is that of 
.any corresponding function. 


6. Local ideals as linear spaces. Given a point 2°, any set a of 
numbers {da}, [a] Æ r, considered as associated with 2°, is the r-value of a 
uniquely defined polynomial P of degree =r. P must satisfy the condition 


V, (P, 2°) === (Lh, i, e. DaP («°) = fa; [a] < r, 
P is given by the formula 
P(e) E 2 (dg/a!) (£ — x°)" 


The addition and multiplication of 7-values corresponds to the same for poly- 
nomials, provided we drop out terms of degree >r when they arise, i.e. 
reduce mod polynomials of grade > 7. We may thus represent the 7-value 
by the corresponding polynomial. P . | 
As an illustration of the multiplication, at the end of Example 5, 4, 
we noted that 


tly — x?) = ey — e Zay,  yly— r) Sey’, at O. 
We note in passing that v and «+ sy generate the same local ideal at the 
origin: %-(2, O} =% (z + y, 0). For if v is in an ideal, so is ya, and 
hence also v -+ sy. Conversely, if « + xy is in an ideal, so are 
«+ oy, y (e+ cy) = vy + ry’, +, vy" * + ay’; 
hence so is the alternating sum, which is £ + ay" =a. 
For each point x°, consider the classes of functions of O”, two functions 


being in the same class if they are -equivalent at z°. These add and multiply 
like 7-values; hence they may be used to represent r-values. If we are in it 
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differentiable manifold, they may be used to define 7-values and local ideals. 

In the proofs of the theorems of this paper, it is addition and multipli- 
cation by constants in local ideals which play the essential role. With these 
operations, a local ideal forms a finite dimensional linear space. A- base in a 
local ideal is then a set of t-values in the local ideal such that any r-value 
in the local ideal can be expressed uniquely as a linear combination of these 
(with numerical coefficients). A set of r-values forms a base if and only if 
they are independent and their number equals the dimension of the ideal 
(as a linear space). 

The set of all r-values forms the unit local ideal (e°) at 2°; the set 
containing the zero r-value (i.e. da = 0 for each «) only forms the zero local 
ideal $,°(z°) at w°. Any local ideal at 2° contains the second and is contained 
in the first. If an ideal contains an r-value a with &o...05£ 0, it is the unit: 
ideal, clearly. 


7. On the structure of local ideals. The results of this section will 
not be needed in the proof of the theorems of the paper. 


Consider a point x° and an integer s, 0& s Sr. The set of all r-values © 
{aa} such that ag = 0 if [e] £s forms a subspace of X- (x°); its dimension 
m—1i-+s 

n— 1 ). 


is easily seen to be ( These subspaces are independent and 


generate X (x°); the dimension of the whole space is (" 5 7 ), 


Now take any local r-ideal H at x°. Let H° be the subset of H con- 
sisting of all r-values in H of grade 2s. Let H® denote the local s-ideal 
at x°, formed from H* by considering aa with [a] 5 s only (i.e. by reducing 
mod -values of grade >s). Then H° is a linear space; let us call its 
dimension the s-dimension dim, (H) of H. 

We can relate bases in the H* to a base in H as follows, 


LEMMA Ya. Let H be a local r-tdeal at 2°. For each s, OSs 7, let 
P:s, ` -, Pas be r-values in Hs such that, when reduced mod r-values of 
grade > s, they form a base in H$. Then the P: form a base in H, and 
dy = dim, (II). 


The proof is straightforward, and may be omitted. 


8. The sets 4), Ba. We begin by associating with Z certain point sets, 
as follows. Define: 


A, = all æ such that dim $, (I, 2) =A, 
By = > Ap. 
BEA 


ON IDEALS OF DIFFERENTIABLE FUNCTIONS. :** 643 


Lemma 8a. The By are open in G. 


Take we By; say ce Ap, uà Now %-(J,2) is a linear space of 
dimension a. Choose u r-values in it which form a base. For each of these 
r-values, choose a function in J with this r-value at 2°. Let fi,- - -,fp be 
these functions. Then V;(f:,2°),- © +, Vr(fu,x2°) are independent. Since 
the fı are of class O", V,(fi,2°) is a continuous function of 2°; it follows 
that V-(f:,2),' °°, Vr(fu,v) are independent, x near 2°. This shows that 
for some neighborhood U of 2°, dim $, (1, £) = p for æ e U, i. e., U C Bu C By 
proving that B, is open. 


9. Local functions. Let J and F be as in the theorem. For each 
weG@ there is a function f in Z such that V,(f,2) = V,(F, x); it follows 
from Taylor’s formula with remainder that for each e > 0 there is ad > 0 
such that | 


| Dalf(y) —F(y)1 | S parte, poy <8, [a] Sr. 


However,- may depend on x; no uniformity condition holds in general. 
But if we restrict ourselves to the individual sets Ay, we can prove a uniformity 
condition, as shown by the lemmas below. 


Lemma 9a. For any ce Ay and any e> O there is a 8>0 with the 
following property. For each y in Ay within 8 of x there is a function in I 
such that if [a] Sr, 

(9.1) | Dalf(2) — F (2)] | S pute Pas 
(9.2) Daf (y) = DaF (y). 
First choose functions f;,- - -f in J such that V+(fi,2),° + +, Vr(fr, x) 


form a base in &,(J,2). Let U be a neighborhood of x such that the r-values 
of f1,: - > fa are independent at any ye U. Now take any ye U f) Ay. Then 


the r-values of f:,° > -fa form a base there; hence there are uniquely defined 
numbers ui(y),° © <, u(y) such that 

Vrlw(yfi +: H aly) yl = VCF, y), yeU f Ay 
If we set 
(9. 3) gu (2) = u(y) fi) +: + + uly) faz), 
lhis means that 
(9. 4) Daguly) = DaF (y), yeU N Axy [el Sr. 


Choose 8, > 0 and N so that | 
| us(y)| EN, | ye Ar, pay < ôx 


~ 
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Set ea = ¢/ (1 -+ AN). By Taylor’s formula with remainder, there is a &: & 8, 
such that, for each k and g, 


| Dafu(2) — z (Daise (Y)/B!) (2 —y)E | S pue, pay paw < 82. 
Since Dygy(z) = 2 w (y) Dyfr(2), this gives 
| Dagu (z) — > (Dasegu(y)/B !) (2 —y)® | 
= |= wx (y) LDafr (2) — > (Darpfe(y)/B!) (2 —y)’] | 


sS rN, pye" Me, Pays pzz < Ba. 
Again by Taylor’s formula, there is a 8S 8 such that 
[DaF (2) — E (Dass (y)/B!)(2—9)? | Sprie, pays pos <8. 


Using (9.4) with « + £ in place of « and comparing the last two inequalities 
gives 7 
| Dagy(2) — DaF (2) | S (1 + AW) pyres, Pay paz < 8. 


- Now take any y in A, within è of æ. Set f(z) == g,(z). Then fis in J, 
and (9.1) and (9.2) follow from the last relation and (9.4). 


LEMMA 9b. For each positwe continuous function e(x) in Ay there is 
a positive continuous function n(x) in Ay with the following’ property. For 
each xe Ay there is a function f in I such that 


(9.5) | Dalf(y) ---F(y)] | S pay "e(a), pey <y(a), La] Sr, 
(9. 6) Daf (2) = DaF (x), [a] Sr, 


Note that y need not lie in A). 
Define the positive continuous function «,(@) in Ay by 


€, (2) = g.l b. e(y), 6 == p(a, E — By) /2. 
yeUg(z) N An 
For any v in A), let n(x) be the upper bound of numbers y with the following 
property. There is a point z'es A) such that, using 2 and «e—«(2’) in 
Lemma 9a, there is a 6 satisfying the condition of the lemma, and also tho 
conditions 
(9. 7) Um (x) C U3(2’), 8 < plz, E — B)) /2. 


Certainly n(x) > 0. For if we take 2’ ==2, we may apply Lemma 9a to 
find a number 7 8/2. To show that n(x) is continuous, it is sufficient 
to show that for any v, and gzz in A), 


ON IDEALS OF DIFFERENTIABLE FUNCTIONS. . 645 


q (22) = n(#1) — p (T1; £2) /2- 


Take any 6 > 0, take n > (zı) — 0, and find an z’ and 6 corresponding to 
vı and q; then clearly z’ and 8 will also do for wə with ņ replaced by 
N — paye,/2, Which is arbitrarily near »(%1) — pe,2,/2- 

Now take any we A). Set y=7(x)/2. Using the definition of (2), 
find z’ and 8 correspondingly. By (9.7), æ is within ô of z’; using y =v, © 
let f be the corresponding function in J. Then (9.2) becomes (9.6), while 
(9.1) gives 

| Dal f(z) — F(z)] | S pee es (2’), para < 8. 


Now take any y within n(x) of v. Then ye U2n(x) C Ua(a’) ; hence the 
above inequality holds with z==y. Moreover, 


p(t, 2) <8 < p(x’, E—B)/2; 


therefore «,(2’) SS e(z), and (9.5) is proved. 


10. The functions ¢)(x). In each of the next two sections we shall 
need a process of interpolation between functions of class O". For a given 
closed subset P of #, the functions will be defined in the open set E — P 
(or in part of it). We follow essentially AE, $§ 7-10. 

We shall use a “standard subdivision” of E — P, defined as follows. 
Divide E into n-cubes, each of side 1; let Ky be the set of all these cubes 
whose distances from P are at least 6n% (if there are any). In general, 
K, is formed by subdividing all the cubes into cubes of side 1/28, and choosing 
all those (if any) which do not he in any of Ko,- - <, Ks-ı, and whose dis- 
tances from P are at least 6n2/2°. ; 

It is easily seen that the distance from any cube Q of Ks to P is 
< 18n%/28 if s Z= 1, and that any cube of Ke is separated from any cube of 
Kee by at least four cubes of Ks.. 

Let 7, y?,: + - denote the vertices of all the cubes of Ko +- Ka +-->, 
arranged in a sequence. For each v, let ty be a point of P such that 
p(x’, y”) =ply’,P). Let Jy be the cube with center y which is just large 
enough to contain all cubes Q of Ko + Kı +: + with y as a vertex. 

Let Qo be a fixed n-cube. Let (s) be a function of class C” in E 
such that 

$ (x) > 0 within Qo, (z) = 0 outside Qo. 


By translating and contracting, we obtain functions ¢’y(x), positive within Jy 
and zero outside Jv. Setting | 
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p(s) = p's(£)/Èppu (e) 


gives functions of class C” in Æ, such that ẹv is positive within Jv and is zero 
. outside Jv, and such that 


(10.1) 3 d(x) = 1, 2 dpe WP. 


If Jv is of side o, then any derivative of order t of ¢’» is 1/o* times the 
same derivative of ¢’ at a corresponding point. The definition of dv in terms 
of the ¢’, depends on the relative arrangements of the cubes Jp about Jv; 
there are but a finite number of arrangements. From these facts, we see 
easily (compare AE, § 10) that for some number N = 1, 


| Dap (x)| < 29N, te Q, Qin Ks. 


We shall replace this by another inequality. Take any ze Q, Q in Ks, 
sl. Since 6n/28 = p(Q, P) < 18n/28, and diam (Q) == 4/25, we have 


—- 
—_— 


p(z, P) S p(Q, P) + 0% /2* = %p(Q, P) /6 < 21n#/2s. 
Therefore : 
(10. 2) | Dapy (2)| < (21n*) N pap! 


if te Q, Q in Ks, s21, [a] =r. 


We note that N depends on n and r only, and thus is independent of the 
shape of P.. 

We shall need some further properties.of the cubes Jy. Let s be any 
point of E — P, let v lie in the cube Q of Ks, and let z lie within Jv; then? 


(10. 3) p(z, P)/2 < ply’, P) < 2p(a,P), 
(10. 4) diam (Jv) S 4n*/28 = 2e (x, P)/8. 
To prove these, let Q’ be a largest cube of Ky | Ky-|-: > > with y” as 


vertex; say Q’ is in Ka. Then tZ s— 1, and 
diam (Q) == 02/2! SS 2n”/28; 


from which (using the definition of J») the first part of (10.4) follows. Tt 
follows from this that p(x, y”) S 24/28. But also 


p(z, P) Z p(Q, P) = 6n*/25; 
hence p(x, y”) S p(x, P)/3, and (10.3) and the rest of (10.4) follow. 


2? Correction to AE, (9.1): If y* is distant 5, from a given point #° of A, we prove 
d, < 28, only. Note that d, = r, 
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We note finally that there is a number c such that at most: c sets Jv 
contain points of any cube Q of Ka+ K + | 


11. The functions in the 4,. In 9 we showed that we could find 
functions approximating to P locally, with a uniformity condition holding 
throughout Ay. In the present section we find a single function approxi- 
mating to F throughout Ay, in fact throughout an open subset Ea of By 
which contains Ay. This function will be obtained by interpolating between 
the functions defined locally. 

When a positive continuous function (7) is given in Ay, we shall let Ry 
denote the set of all x such that for some ye Ay, p(a;y) < f(y); Ry will 
denote the same, using €(y)/2. It will be clear, with the € to be used, that 
Ry C B). 


LEMMA ila. Let Ay be non-void, and let «(x) be a positwe continuous 
function in By. Then there is a positive continuous function n(x) in Ay such 
that for each positive continuous function C(x) n(x) in Ay there is a 
function f of class ©" in By, gwen by (11.10), the fev being in I, such that 
if [a] Sr, then 


(11.1) | Delf(2) —F(2)] | £ e(2), A 
(11.2) | Dalf (£) — F (£) ] | S pray? (2), g e Ry — R’. 


In the application in 12, we shall use é = >». 


Using the numbers N and c introduced in 10, and recalling that 
p(z, A) = œ if A is void, set 


(11. 3) e (2) = e(x)/{el (r+ 1) !]*(126n4)"N}, 
(11.4) e(z) =—glba(y), (zy) Smin[p(s, E — B)/2,1). 


Using ee(2) in Ay, Lemma 9b gives a positive continuous function in A), 
which we shall call 7(2); we take 


(11.5) m (2) < min[p(a, E — By) /2, 1]. 

Define 72(2) and (a) in Ay by 

(11.6) (rz) =glb.m(y), (x,y) Smin[p(z, E — B1) /2, 4], 
(41.7) n(w) = min[na(2)/6, p(x, E— By) /16, 1/2]. 


Take any £(v%) S n(x), and define Ry, Rk’) correspondingly. 
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Choose a finite or denumerable set A’, of points in Ay, with the following 
properties : 
(a) A’, has no limit points in By. 
(b) for each ye Ay there is a ze A’, such that 
p(y,2) <E(y)/2, Elz) > 3E(y) /4. 


The proof of existence of A’, is quite elementary. 
We prove three properties of A’): 
(c) For each we Ry there is a ze A’, such that 
p(z, z} < 2&(z). | 
(d) plz, A’) < p(z, E — Bi) /", ge Ry 
(e) p(£, A’\) < p(z, A), ze Ra — PR’. 


To prove (c), take ze Ry, choose ye Ay so that p(s, y) < f(y), and 
choose z by (b). Then 


p(2,2) S p(z, y) + p(y,2) < 3e(y)/2 < 2¢(2), 
as required. To prove (d) (which is trivial if Ba == E), given we R), find 
y and z as before. Now 
p(s, y) < Ely) Saly) S ply, E — By)/16, 
hence 
p(y, E — By) = p (2, y) = p(x, E— By) 

S p(y, E — By) /16 + p(x, E — By), 

and it follows that l 
p(y, E — By) S 16p (x, E — By) /15. 


Using an inequality above, this gives 


p(x, A) S plz, z) < 86(y)/2 < 2n(y) 
= p(y; E — Bı) /8 S 2p (z, E — By) /15, 


which proves (d). To prove (e), let y be a point of E — By. such that 
p(z, y) = p(z, E — Br). Since E — Byn = A U (E — By), and p(z, Ay) 
S p(z, A^) < p(z, E — By), by (d), it follows that, 


A 


yeAr, plz, y) = p(z, Ay). 
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Since æ is not in RB’, p(s, y) = ¿(y)/2. Choose z by (b). Then 


p(t, AX) S p(2,2) S p(2,y) + p(y, 2) 
< p(z, y) + E(y)/2 = p(T, y) ue Rp (z, Ax), 
proving (e). 

Take now the standard subdivision of the set Ba — A’); this set is open, 
because of (a). To each vertex y” corresponds a cube Jy and a function ¢y, 
as in 10. We shall, however, use only certain ones of these; we denote by 
y’,y’, + + those vertices of the subdivision such that 


p(y’, AX) < p(y’, #— By), 
and let 2”, Jv and ev correspond. Then x’ e A’). 


By the choice of q, (£), for each ze A’, there is a function fz(z) in I 
such that, for [e] <r, 


(11. 8) | Dalfe(x) — F (2) ] | S pza” ee (z), pes < m (2), 
(11.9) Dafa (2) = DaF (2). 
We define f in By by the formulas 


Clearly f is of class O" in B,— A’. From (11.1) we could deduce at 
once that f is of class C" in By). It requires but little further proof to show 
that f is of class O” in By); the necessary details may be found in AE, $11. 
(Near any ze A’y, use (11.1) with e(x) replaced by an arbitrary « > 0.) 

We turn now to the proof (11.1) and (11.2). Take any s in A, — A. 
Say v is in the cube Q of K., and in the interiors of the cubes Ji,-° -,Jy, 
to use a simple notation. Then yc (see 10). 

We begin by showing that (the y dnp kag for the moment all vertices 
of Kot +) 


(11.11) p(y', AX) < p(y*, E — By), (t=1,--+,y 
Set P = H-—-B,+ A’). Because of (d), 
(11. 12) SE p(x, P) = p(z, A^). 


Using (10.4) gives (since y* is the center of Ji) 
(11.13) p(x, yt) S p(z, P)/3 = p(x, A) /8. 
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Hence 
p(y’, A’n) E ele yt) + p(@, A’) E 4p (2, A^). 
Moreover, using (11.13) and (d) again, 
p(y’, E — By) Z p(z, E — By) == p(s; y= 63 (2, A’). 
These inequalities give (11.11). 


It follows from (11.11) that the y? actually are properly named; 
further, that the sum in (11.10) contains all ¢v corresponding to Ji’ © ©, dy 
Consequently, (10.1) holds at æ. Subtracting F(x) from both sides of 
(11.10). gives therefore (with the present notation) 


(11.14) f(e) —F(2) = È 4 (2) [fe (2) —F(@)]. 
With the same notations again, (11.11), (10.3) and (11.12) give 
p(y’, zt) = p(y, P) < p(x, P) = 2p (x, A’). 
This, with (11.13), gives | 
(11. 15) p(x, gi) < 3p{a, A’). i= l, :,y- 
Using (c), choose ze A’, so that p(z, z) < 2¢(z). Now 
p(z, 2°) <8p(a,"A’x) S 3p(a, 2), 
and hence, using (11.7) 


p(z, t°) < 4p(z,z) < 8€(z) S 8n(z) 
< min|p(z, E — By) /2, 4]. 


E by (11.6), ņ2(2) S m (z$), from which follows, using (11.7) 
again, 

p(t, zê) < 8p(a, 2) < 6t (2) Sm(z) S m (2t). 
We may therefore apply (11.8), giving 

| Dalfat (2) — F (x) ] | S pote” le (3t). 

Moreover, using (11. 5), 

p(x, 2) < mha) S minle (zt, E — By) /2, 11; 
hence, by (11. 4) e(z) S«(z). It follows that 
(11.16) | Dalfet (£) — F (2)] | S petat te (a), i=l, y 
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Differentiating (11.14) gives 


Dalf(#) —F (2)] =X X (5 )Dpps(#) De-plfet(2) —F(2)]. 
Applying (10.2), (11.12) and (11.16) gives 


| Dalf (2) — F (2)] | 5 => (3) (21n®)*N paar (PI pa'a" le, (2). 


(Using an inequality proved below, p(Q, A’x) S p(z, Aa) S1 < 6n*; hence 
s È 1, and the use of (10.2) was legitimate.) Now y£ c (see 10). Each £x 
is one of 0,’ +,r; hence there are at most (r-+ 1)” terms in the second 
sum. Each binomial coefficient is at most a,!+ + +o! (r!)”. Consequently, 
using (11.15), 

(L1) | Dalf(2) — F (2)] | S of (r+ 1) (63n) N pean’ er (2), 

for ce Ry — A, [a] Sr. ; 


= To prove (11.1), take any ce R,— A‘. Choosing z as before and 
applying (c) and (11.7) gives 


p(x, A’) S p(a,2z) < (2) S a(z) S1; 


(11.1) is thus an immediate consequence of (11.17) and (11.3), for such g. 

For eA’, it follows by continuity. (Actually, Daf (£) = DaF (x) there.) 
To prove (11.2), take ce Ry— RB’. Then (11.17), property (e) and 

(11.3) give (11.2) at once. This completes the proof of the lemma. 


12. The function f*. We are given the r-ideal IJ in Œ, the function F 
of class C” in G such that V, (F, x) € &r(I, x) for each ve G, and the positive 
continuous function e(z) in G. Define the sets A, etc. as in 8. Let 
Ai > Az > + ee D> An be those numbers such that each Ay, is non-void. Set 


(12. 1) paa = p(t, Aa), pars ple, E — By), 

(12. 2) | a=1/{8e[ (r+ 1) P (21nžy N}, 

and for each A, let ea (s) be the positive continuous function 

(12. 3) a(s) = 4 min[1, pea’ ]a tele), ae By. 


For each 1, we apply Lemma 11a to the set Bu, with the function «, (a). 
This gives us a function m,(2) in Ay; set f,(@) =a (£). There is then 
a function fy, in Bu, given by (11.10), such that for [a] Sr, 


(12. 4) | Dal fr. (2) —F(x)] | = en (2), i TE Ru 


652 HASSLER WHITNEY. 


(12. 5) | Dalf (2) — F (£) ] | S por? Men, (2), ee Ry, — RB’, 
The following relations are immediate consequences: 

(12.6) | Dalfn (2) — F (2)] | S 3(2), we Ry, 

(12.7) | Dalfa,(w) — F(x) ] | S $a" penr e(c), seRw 

(12.8) | Dalf (2) —F (2)] | S japon Me (x), ge Ry, — R'm 


(Consider separately the cases pen, S 1, per, > 1.) 


Take the standard subdivision of each Ba, — Ay, == Bry. We shall use 
only those cubes Jy which have points not in Ry; call these Jhi dante te 
Let a; correspond to Jaj, and set 


(12. 9) $*), (a) E > Prii (s). 

We show that 

(12. 10) i P” (x) = I, LE By, oe Bro 
(12. 11) E*N (x) = 0, LE Ri — Án 


The first relation is clear; see (10.1). To prove the other, we need merely 
show that no Jj has points in Æe. Suppose that this is false; let it have 
points zeR’,, and ze Bu — Ern. By definition of R’),, there is a point 
yeA,, such that p(s, y) <&,(y)/2. Also, following the proof of (d), 
11, and using (11.7), 

Puni SS 16p2y,/15, 


Par; = pry Lr (y) /2 < Mi (y) = pyri / 16 = Port. 


Hence, setting P = E — By, + An, p(z, P) = pzs and (10.4) gives, if 
vte Azija 
diam (Jai) < p(z, P) = pon S p(@, y) < én (y) /2. 


It follows that p(2,y) S diam (Jna) + p(x, y J) < ën (y), so that ze Ry,, a 
contradiction. 

We note in passing that the proof above (taking xe Ru), with the fact 
Ax, C E — By,, shows that 


(12. 12) par, < parr S Paria, weRy. 
Note also that 
(12. 13) By, = Ay, = Ry, By, — Ay, = By,., (i> 1). 
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We now define functions gws’ - +, àw using induction, as follows: 
(12. 14) gr (2) = fu (£), -g e Bw 
and for i > 1, 

(12. 15) gn, (x£) = fr, (2), £E Års 


(12.16) gu (2) = fale) + "n (2) [Iua (2) — fu (0) we By — Ane 


Because of (12.11), Ju = fu in Ra. It follows that ga, is of class C” 
in Æ. The same holds in By, —~ Áz because of (12.16); hence it is of 
class ©” in B),. 

We now prove an inequality. Take any ge G. Let 


(12.17) ze Ru N N Rms fy > > Bk 


and suppose that v is in no other R; (R; is defined only for j = Night? yAn) 
Then for +—1,-- -,4, : 


(12. 18) Dal gus (£) — fu (£) ] | S $a"tpop? Me(x). 
Take first è? = 1. Since 
Bu ,— Ap, = > AC > Ry, 


A >H A> is 


v is not in Bu, — Ap, Also we Ru C By, Hence we Ap, C R'm, and the left 
hand side of (12.18) is 0 

Now take any 17> 1. Since the relation is trivial for ve R’p,, we 
may pea ae Rp — Ru. Using induction, and the facts pis > pe, 
Pama = pap, (see (12.12)), we have 


| Dal gpn (T) — fua (2)] | S 4a" pgp, 7 He (a) 
= Jait pop Me( x) 


Next, (12.7) and (12.12) give 
| Dalfuca(e) —F(2)] | S Fatjona e(e) E fat pay," le(s). 
Also, using (12.8), 
| Dalfu (£) —F(x)] | S gat pop,” e(z). 
These three relations give 
(12. 19) | Dal guss(€) — fu (2) ] | S fat popr Mle (ax). 
From (12.16) and (12.10) we have 


(12. 20) i gu (Y) = Jra (Y); y € By, — Enp 


13 
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Since v is in no Ry, with pi- > àj > pa, it follows, if m= Àm, that 
Orma (2) = Jua (£). Putting this in (12.16), with + replaced by m, and 
differentiating gives 


Q Ji 
Dal gus (x) — fu (2) ] =2 (s ) Dgp*pm (£) Da-pl9m (2) — fum (x) J. 
As in 11, there are at most c terms in the sum in (12.9), for fixed 7v. 


Applying (10.2) and (12.19) and recalling that p(s, P) = psu, here, we 
find (as in 11) 


| Dal gu. (2) — fu (2)] | Sel (r + 1) 1] (2104) N ipep" ae (x) 5 
using (12.2) gives (12.18). 
Noting that B), = G, our required function is 


(12. 21) f* (2) = gu (2), -gek 


We must show that 
(12.22) | Dalf*(w) —FP(2)] |S ee) © > sem [dsr 


Take any’ eG; apply (12.17) and (12.18). Since æ is in no En, with 
Ai < ur, (12.20) gives gm (2) = gnm (£) = f” (æ). Choose ye Ap, so that 
p(t, y) < tm (y). Then 

pow, = p (2, Y) < Eu (Y) = hu (Y) <1. 
Also a < 1. Hence, using (12.18) with îi = k, we have 


| Da[f* (2) — fu (2) ] | S 2e (2 
Combining this with (12.6) (with à; = px) gives (12.22). 


13. Completion of the proof of Theorem 2. We must still show that 
f* is in I*. To this end, we shall replace the functions fu and gy, by 
functions Fa, and g^n; in I*. To begin with, for each t, let ua, be a function 
of class ©” in G such that 


(13. 1) yu (t) =I, te @— à P W 
(13. 2) yx (x) = os T eR Mo 


where R”, is a neighborhood of X 4), = G— By, in G. (We may construct 
j>i 

such a function for instance by using the standard subdivision of Ba, and 

adding together all v such that the corresponding Jv does not lie entirely 
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in some Ry with 7 >1%.) We may clearly take Rẹ C R%4, for k > 7. 
We now set 


(13. 3) Pula) = dri (2) fru (2), ve By, 
(13. 4) fr, (2) =0, xe G — By. 
Since Fan = 0 in R%,, fa, is of class O" in G. Because of (13.1), 

(18. 5) PGA), aü — E Py 


We shall show that each Fa, is in J*. We cannot use the expression 
(11.10) for fa, since it would not satisfy condition (b) of 2 at the points 
of A’, This, however, is easily remedied. Because of (a), 11, each ze A’, 
is in a neighborhood U+ such that for each y” e Uz, æ” == z (see 10). Let 30 
denote the sum in (11.10) over those terms ¢vf2” such that the corresponding 
Jy lies entirely in Uz. Set 


(13-6) fal) = 3 go(2)for(e) = [2 dr(a)]fe(a), we BY 2, 


and fz(z) = fe(2) =F(z). Since 3@dy==1 in a neighborhood of z 
(excepting z) and ==0 outside Uz, we may set fz(x) = 0 in G@— Bro giving 
a function fs in J (since fz is in J). 

If we set ^r (£) = v(x) fe (x) in By, and = 0 in G@— By, the functions 
¢ y are defined and of class O” in G, and are in J. 

Let 21, 27,- > + denote the points of A'n. We may suppose the U,” have 
no common points. If 3 denotes the sum of those terms corresponding to 
no 2”, then 


(13. 7). fu (2) = X p'r(2) + È fe (2) T e By,. 
Arrange the functions yur, Yrfa”, using the v appearing in 3’, in a 
sequence; call these functions fni f n °° °. Then 

(18. 8) Pau (2) = Z fra(e), ze G; 


this follows from (18.7) and (13.3) for we B, and from (13.2) and 
(18.4) for ze G— Bu. 

The functions f*), are in J, and (a), 2, holds; we shall prove (b). 
Take any xe G. If first we Ba, it is clear from the definition of the func- 
tions ¢’v and f. that at most a finite number of the functions ¢’y (v in 3), 
fem, are 340 in some neighborhood of æ; hence this holds also for the f*,,x. 
If next ce G—B),, then ve R%,, and (13.2) shows that all the f*,. 
vanish in R%,. Thus (b) holds, and we have shown that fa is in J*. 
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We now define the g’n, Set ġ*n (£) =0 in An. From (12.11) we 
see that $*), is now of class O” in By. Define 


(13.9) g(t) =f'n(2), sed, 
and for t > 1, 


(18.10) gn (x) = Fai (a) + o*r (2) Lal) —Pau(e)], te Br, 


and g'n (£) =0, se G—B),. We see at once that g^ (£) =0 in E^; 
it follows that g’, is of class C* in G. 

Let us show that 
(13.11) gnile) = gn (2), ze G — 2 Pas 
For += 1, this follows from (18.9), (13.5) and (12.14). Now take i > 1. 
If we Ay,, 6*y,(@) = 0, and (13.10), (13.5) and (12.15) apply. Now take 
we By,— Ay, If first ee R’,, then (18.10), (12.11), (18.5) and (12.16) 
give the result. If not, then we B), F 2 KEY Using induction gives 
Gral) = Jua (£), and (13.11) now flae from (18.10), (18.5) and 
(12. 16). 

We now prove that each g’), is in J*. For t= 1, it follows from (13.9). 
For i > 1, we use induction. Note that if we replace $*,, by a function ¢**), 
which equals ¢*), in G — R”,, and which goes to zero together with derivatives 
as we approach G— Ba, we may set $**,,—0 in G—B),, making it of 
class C™ in G, and we may use ¢**), in place of $*), in (13.10), since 
a. = Fa =0 in R%,. Now (13.10), with $**),, holds in G. Using this, 
and the facts that Fn, and g’),., are in J* and that I* is an ideal, shows that 
g'n is in I*, . 

Finally, setting i = h% in (13.11) and using (12.21) gives 


(13. 12) f” (£) = gu (2) = g^n (5), we G. 
Since g^a, is in I*, f* is in I*, and the proof of Theorem 2 is complete. 


14. Restrictions on the local ideals. We consider here the problem: 
What sets of local r-ideals are the local ideals of an r-ideal? A good answer 
to the question seems quite difficult to give, especially for r= 2. For a better 
understanding of the problem, we shall give two theorems, which do hardly 
more than show wherein the difficulty lies. 

The first theorem says that each r-value of each local ideal must be 


realized by a function, each of whose 7-values lies in the corresponding local 
ideal. 
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THEOREM 4. Given a set of local r-ideals H (x) for each x in an open 
. subset G of E”, there is an r-ideal I in G such that 


(14.1) ver (I, 2) = H(z), seĝ, 


if and only if the following holds. For each x° in G and for each r-value 
d e H(x°) there exists a function f of class O" in G such that 


(14.2) Vr(f, 2°) = a®; V+(f, 2) e H(s), ae G. 


To prove the necessity, suppose that J exists. Given a°e H(z°), since 
aor (1, 0°) — H (2°), there is a function f in J such that V-(f, 2°) = a°; clearly 
(14.2) holds. 

To prove the sufficiency, suppose the condition satisfied. Let Z consist 
` of all functions f of class O” in G such that V-(f,2) e H(z) for all s. Since 
the H(z) are local ideals, J is clearly an ideal. Certainly 3-(/,2) C H (s), 
all xv. To prove H(z) C%-U,2), all z, take any x° and any ae H(z). 
Choose f so as to satisfy (14.2). Then f is in J, and V, (f, 2°) == a°, so that 
H (22) C (I, 2°), completing the proof. 

The next theorem is obtained by applying the last theorem, not to.all 
points of G, but to all the points where the local ideals H (s) are non-trivial. 
Recall (6, 7) that the unit local r-ideal X+ (x) consists of all r-values at z, 
and that for any other local ideal H (s), @o...0 == 0 for each r-value ae H(z), 
that is, for any f with V-(f,2) e H(z), f(s) —0. Thus the set A of points 
x where H (s) £+ (x) is the set of points at which any function f in any 
corresponding ideal is required to vanish., The following theorem gives 
conditions on the local ideals at points of A; there are of course no conditions 
at other points of G. 


THEOREM 5. Given the H (x), there is a corresponding I as in Theorem 3 
if and only if the following holds. Let A be the set of points x in G for 
which H(t) £r (£); we assume A is closed. Then for each x° in A and 
for each a? e H (2°) there is a neighborhood U C G of x° and there are r-values 
a(z)eH(x) for veU [) A such that a(z") =a, and so that the following 
is true. For each pair of points x, x2’ in U a A, and for each a = (@1,°--+,@n), 
[a] & r, define Ra(x’,v) by the relation 
(14.3) — da(z")== © (dara (x)/B!) (2 — x)? + Bale’, 2). 

(8]Sr—-[a] 


Then for each «* e U () A and «> 0 there is a 8 >0 such that 


(14. 4) | Ra(a’,v)| SS peat He if por, pra <8, 2,0 eUN A, [oe] Sr. 
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EXAMPLE. Suppose that A consists of isolated points only. Then the 
condition is obviously always true. 


First suppose that J exists. Given 2° and a?e H (e°), choose f in £ so 
that V-(f, 2°) = a°, and set a(x) = V,(f,2), ve G. Then the Ra are simply 
the remainders in Taylor’s formula, and (14.4) is well known. 

Now suppose that the condition holds. By Theorem I of AE, we may 
extend the values of the a(x) ([a] Sr) through U so that ao (z) = 4...0() 
is of class O” in U in terms of the ag(x). (Though Theorem I of AE is 
stated for E only, it clearly holds for open sets U. Actually, we could apply 
Theorem III of AE directly.) Since H(z) = Xe (z), ve U — A, a(x) e H(z) 
for such æ also. Let d(x) be a function of class O” in Œ which is =0 
outside a neighborhood U’ of x° with U’ C U, and is ==1 in a neighborhood 
U” of z’; set 

f(z) = $(@)ao(#)-in U, f(z) =0 in G—U. 


Then f is of class Cr in G, and since a(x) e H(z) (xe U) and the H(z) are 
local ideals, V, (fx) €e H(z) for all ve @. Clearly V-(f,2°) = a(x?) =a; 
thus the condition oi the last theorem is proved, and the present theorem 
follows. 


Remark. In the condition of the last theorem, we could drop the.hypo- 
thesis that A is closed, if we assume that (14.4) holds for all «* in UJ instead 
of all #* in U f] A; for we could then prove that A is closed (or we could 
use Theorem 1 of H. Whitney, “ Differentiable functions defined in arbitrary 
subsets of Euclidean space,” Transactions of the American Mathematical 
Society, vol. 40 (1936), pp. 307-317). 
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ON TOPOLOGICAL GROUPS OF HOMEOMORPHISMS.* 


By JEAN DIEUDONNÉ. 


1. Introduction. The aim of this paper is to systematize and extend a 
number of results on topologies for homeomorphism eroups which have been 
recently published by several authors (see [4], [5], [6], [8], [9] in the lst 
at the end of this paper); we have tried in each case to get rid of superfluous 
hypotheses in the formulation of the theorems we give, and to reach the 
closest approximation possible to their exact range of validity. The questions 
treated fall into- two quite distinct chapters: in the first one, we consider 
either the whole group of homeomorphisms of a uniform space, or subgroups 
formed of those homeomorphisms, which satisfy certain mild conditions of 
uniform continuity; the main problem is to decide when a topology (defined 
by natural conditions of “uniform convergence ” on certain subsets) is com- 
patible with the group, that is, makes the product we and the inverse w 
into continuous functions; we obtain conditions (see Theorems 1, 2 and 3) 
which generalize previous results by G. Birkhoff [5] and R. Arens [4], the 
extension consisting principally in the possibility of dropping in certain 
cases restrictions of compactness (or local compactness) for the underlying 
space, assumed by these authors; in particular, we are thus able to obtain a 
topology which is compatible with the group of all linear automorphisms of a 
Banach space (Theorem 3). 

In the second chapter, we restrict considerably, on the contrary, the sub- 
groups of homeomorphisms we study, by submitting them to conditions of 
equicontinutty. The chief question here is to find conditions under which a 
subgroup of homeomorphisms is locally compact, or contained in such a sub- 
group; conditions for a group of homeomorphisms to be compact had already 
been given by S. B. Myers [9] and the author [8], and R. Arens had studied 
a special type of locally compact groups, those which are equicontinuous [4, 
p. 604]; we solve here the general problem (Theorem 5) which offers new- 
difficullies us regards the way in which the group must be “ completed ” so as 
to become locally compact; in that result also we are able to do away with 
restrictions of compactness or local compactness of the underlying space. 


* Received July 12, 1947. 
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CHAPTER I. 


2. Preliminaries and notations. We follow, in this paper, the top- 
ological terminology and general notations of N. Bourbaki’s treatise ([1] 
and [2]). All spaces considered are uniform spaces [Bourbaki 1, p. 85 and 
89] in which every point is a closed subspace (which is equivalent to saying 
that the topology of the uniform space is a Hausdorff topology). Let Ẹ be 
such a space, MU the filter base of symmetrical neighborhoods of the diagonal 
A in EX E which defines the uniform structure of E; we shall denote by 
F(E) the set of all functions defined in Æ with values in E, by (E) (resp. 
4@*(E)) the subset of F(E) consisting of all continuous (resp. uniformly 
continuous) functions. Let 3 be a family of closed sets in F, such that 
every union of a finite number of sets from X belongs to 3; for every A e3 
and every Ve, let W(A,V) be the set of all couples (u, v) of elements of 
F(E) such that (u(#),v(x)) e V for every ce A. It is easily seen that the 
W (A, V) form the base of a filter’of subsets of F (E) X F(E) which defines 
on # (E) a uniform structure, which we shall denote by Us, the corresponding 
topology on #(#) being written Fs. We shall always suppose that every 
point of E belongs to at least one set of 3, in which case Jz is a Hausdorff 
topology. The three most important cases to be considered are the following: 


1° X consists of the single set Æ; 
2° X consists of the compact subsets of E; 
3° X consists of the finite subsets of E. 


The uniform structures in these three cases will be written Un, Uc, Us, 
respectively, the corresponding topologies Ju, Fc, Js; convergence in Ju 
means uniform convergence on E; convergence in Je, uniform convergence 
on every compact subset of F (see [8] and [9]); convergence in Js is point- 
wise convergence. When #(#) is given the uniform structure Us, Uc, or 
Us, the uniform space thus defined will be written Fu(#),-Fe(#), F(E) 
respectively; @u(E), @-(E), (E) will denote its subspace (FE) (with the 
-same uniform structure). The uniform space #:(H) is identical with the 
product space EE [Bourbaki 1, p. 118]; each of the structures Ux, Uc, Us is 
finer [Bourbaki 1, p. 88] than the next; if # is compact, Us = Uc; if E is 
discrete, We = Us. 

| We state without proof the following properties, which are either known 
or easy generalizations of classical results: 


Lemma 1. If E is complete, so is F(E) for the uniform structure 


Us. 
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Lemma 2. €@(£) and @*(£) are closed subspaces in F u(E), and there- 
fore complete if E is complete. 


Lemma 3. If E is locally compact, (E) is a closed subspace in F(E). 


In relation with the space @.(H#), we recall that its topology Je is 
independent of the uniform structure of E, and can be defined in terms of the 
topology of Æ alone (see [3], p. 489). 


Lemma 4. If 3% is such that every point of E is intertor to at least one 
set of Z, then the application (x,u) > u(x) of EX @(E£) into E is con- 
tinuous when (E) is given the topology Tz. 


8. Continuity of (u, v) —> uv. For any two functions u, v belonging 
to F(E), uv will always be the function c—-u(v(2)); if u is a one-one 
application of E on itself, u will be the reciprocal function. We are interested 
first in getting a sufficient condition for the application (u,v) > uv of 
G(E)X @(F)into @(E) to be continuous at a given point (wo, v0), 
when (E) is given the topology Js. 


Proposition 1. If, for arbitrary Aes, there extst Bex and Vet 
such that: 


1° V(w{A)) CB; 
2° uo ts uniformly continuous in B; £ 


then ww is a continuous function of (u,v) at the point (to, v0) for the 
topology Jx. 


We have to show that, given arbitrarily de 3 and We, it is possible 
to find Be 3, Ce 3, Ve MW and V e% such that the conditions (u(y), wo(y)) € U 
for every ye B and (v(z),vo(z)) eV for every ze C insure that (u(v(2)), 
uo(vo(z))) ¢ W for every ze A. Take C=-A and U such that U?C W; 
then it is enough to show that Be% and Ve may be found such that, in 
the first place, (v(x), vols) ) e V for ee A implies (uo(v(z)), uo(vo(z))) €U 
. for «eA, and on the other hand, (u(y), w(y))eU for ye B implies 
(u(v(z)),uo(v(2)))e TU for ce A. Let Voce and Bes be taken such 
that Vo(vo(A))'C B and that u, is uniformly continuous on B; then 
(v(z),vo(z))eVo in A-will imply v(4) C Vo(v(A)) CB; therefore 
(u(y), Uo(y)) £U for ye B implies (u(v(2)), uw(v(2))) eU for xe A; on 
the other hand, as uw) is uniformly continuous in B, a Ve may be found 
such that VC V, and (v(2),v(%))eV for we A implies (u(zx)), 
wo(Vo(@))) € U for ve A, which completes the proof. 
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PROPOSITION 2. If uo ts uniformly continuous in E, (u,v) > w is an 
application of @u(E) X Bul) into Bu(#) which is continuous at the 
point (Uo, vo). 


Proposition 3. If E is locally compact, (u,v) —>wv is a continuous 
application of Be(E) X Bc(#) into (E). 


Proposition 2 is an obvious corollary of Proposition 1. To prove 
Proposition 3, let A be any compact subset of E; vo( 4A) is also compact, and, 
since is locally compact, vo(4) has a compact neighborhood B; the con- 
ditions of Proposition 1 are therefore satisfied [Bourbaki 1, p. 109, Th. 2 
and p. 111, Prop. 1]. 


4. Continuity of u —>u™. In this section, we consider only the subset 
H of (E) consisting of the homeomorphisms of FE on itself; uw is therefore 
defined in H. We want to find conditions for continuity of the application 
u—> wu of H on itself at a given point uo, H being given the topology Js. 


PROPOSITION 4. If there is a subfamily 3 of X such that every set of 
„2 is contained in a finite union of sets of 3’, and if given arbitrarily Ae x, 
there exists Bed’ and VeA such that: 


1° up? is uniformly continuous in V(A); 


2° the relations (uo(z),u(@))eV (u in H) for every ce B implies 
AT u(B); 


then u is a continuous function of u at the point uo for the topology Jx. 


We have to prove that, given arbitrarily Aes and W e M, it is possible 
to find Be 3 and Ve such that the condition (w(2),u(z)) eV for ce B 
implies (to*(y),u*(y)) e W for ye A. If A is contained in the union of a 
finite number of sets A; © 3’, and, for each i, B£ 3 and Vie are such that 
(uo(t),u(az)) e Vi for ve B; implies (u(y), ut(y)) e W for ye Ai, then 
B = U B; and V=([) V; will fulfill the required conditions; we may there- 


fore limit ourselves lo the case when Ae 2%. Leb Foce and De® be such 
that (uo (x), u(x)) £ Vo for ce B implies A C u(B) (u in H), and that uot 
is uniformly continuous in V,(A); there exists therefore a Ve such 
that VC V, and that the relation (u(u*(y));y)eV for ye A implies 
(u(y), Uo (y)) e W; but if we put « = u(y), the relation (u(w{y)), y) eV 
can be written (uo(z),u(z)) eV; if it holds in B, it will hold a fortiori in 
w+(A) CB, and the proof is thus completed. 
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Proposition 5. If uo is a homeomorphism of E upon itself such that 
Uo is uniformly continuous in B, u— ut is an application of H upon itself 
which is continuous at the point uo for the topology Tu 


In fact, for the topology Fy, 3 consists of a single set F, and the second 
condition of Proposition 4 is obviously satisfied since u(#) == # for every 
homeomorphism we H. 

Except in that particular case of the topology Ju, it seems necessary 
to impose rather heavy restrictions on the space Æ or the family of subsets $ 
in order to satisfy condition 2° of Proposition 4. It is here that the notion 
of connection plays an important part, as was first pointed out by G. Birkhoff 
~ ([5], p. 871). We have in fact the following general property: 


Proposition 6. Suppose that there exists a subfamily 3 of Z such that 
every set of X is contained in a finite union of sets of X, and that, for every 
set Ae XS’, there evists BeS and Ve such that: 


1° uo? is uniformly continuous in V(A); 


2° there exists a connected set C such that V(A) is contained in C 
and V(C) contained in the interior of uo(B). 


Then u` is a continuous function of u at the point ueH | for the 
topology Jz. 


We have only to show, according to Proposition 4, that for every ue H 
such that (uo(#),u(a))eV for every ce B, we have dC u(B). Notice 
first that w(uo1(4)) C V(A) CC; therefore u*(C) contains points of B; 
suppose that uwt(C) is not contained in B; as C is connected, so is uw 4(C) ; 
that set, having points in B and points not belonging to B, would contain 
at least one point z belonging to the frontier of B. But then wo(z) belongs 
to the frontier of uo(B), and u(z) belongs to C; the. assumptions make it 
impossible that one should have (uo(z),u(z)) © V, which is a contradiction. 


5. Topologies compatible with groups of homeomorphisms. Proposi- 
tions 2 and 5 yield immediately the following result: 


THEOREM. 1. Let H”! be the group of all automorphisms of the uniform 
structure of E (that is, lumeomorphisms w such that u and uw* are both 
uniformly continuous). Then the topology J, is compatible with the group H* 
(that is, ww and u™ are continuous in H* <X H* and H*, respectively, for 
that topology). 


In the particular case when Æ is compact, H* coincides, of course, with 
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the whole group of homeomorphisms H of the space £, and Theorem 1 becomes 
a well known result (see A. Weil [12], p. 131 and R. Arens [4], p. 597). 

In the same way, combining Propositions 3 and 6 gives the following 
theorem due to R. Arens [4, p. 598]: 


THEOREM 2. If E is a locally compact and locally connected space the 
topology Jo is compatible with the group H of all homeomorphisms of E. 


We have only to take, in Proposition 6, for 3 the family of compact 
connected subsets of Æ ; for C a compact connected neighborhood of A; to take 
V such that V(A) C Ọ, and that F(C} is contained in the interior-of a 
compact neighborhood K of C; and finally to take B= uy?(K), which is 
compact. It follows from the assumptions on Æ that all these choices are ‘ 
possible, and the conditions of Proposition 6 are then satisfied, which proves 
that u* is continuous in H. 


Theorem 2 is an extension and precision of a previous result of G. 
Birkhoff [5, p. 871]; an interesting extension of that result in another 
direction is the following: 


THEOREM 3. Let E be a metric space, & the family of all “ balls” 
dzo z) Sr of center x (d distance on E). Suppose that there existis an 
increasing sequence (tn) of positive numbers, tending to + œ, such that 
each ball d(x, £) E Ta 1s connected. Then, if L is the group of all homeo- 
morphisms of E which are bounded and uniformly continuous as well as their 
reciprocals on each ball of center x, the topology Js is compatible with the 
group L. 


In fact, the conditions of Propositions 1 and 6 are obviously satisfied, 
taking as $ the subfamily of all the balls d(ao, £) S fn. 

Interesting subgroups of the group L are: the group of all Lipschitzian 
homeomorphisms of Æ (that is, such that d(u(s),u(y)) Sk-d(2,y), 
k depending on u), and, in the case where # is a normed space, the still 
more particular group of all linear homeomorphisms of E. 


6. Uniform structures on groups of homeomorphisms. In this section, 
we investigate the properties of the standard uniform structures of a topological 
group of homeomorphisms, (that is, the left, right and two-sided structures 
deduced from the topology of the group; see A. Weil [11, p. 30], and 
Bourbaki [2, p. 23 and 31-32]) in the cases when we have succeeded up to 
now in defining such a group. 

In the first place, it is easily seen that on the group H* of all auto- 
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morphisms of the uniform structure of E, topologized by Jz, the right uniform 
structure is identical with the uniform structure U, of uniform convergence in 
E. In fact, to define that structure, for each V e Y, we have to take the set of 
all couples (u,v) of elements of H* such that (v(w*(z)),2) eV for every 
xeH; but as u is an homeomorphism of Æ, the last relation is obviously 
equivalent to (v(y),u(y)) e V for every ye E, which proves our contention. 

Unfortunately, the right uniform structure of H* behaves in a very 
unpleasant manner, even when one restricts the space Ẹ in the most drastic 
way, taking for instance for # a compact interval. I have in fact shown in a 
previous Note [7] that even in that very special case, not only is H* not com- 
plete for its right uniform structure, but it cannot even be completed; of 
course, the same situation prevails for the left uniform structure of H*, and 
both structures are necessarily distinct. : 

It turns out that, in all three cases considered in Section 5, the two-sided 
uniform structure has, on the contrary, a quite reasonable behavior, as the 
following propositions show (see R. Arens [4], p. 602), 


Proposition 7. Jf E is a complete uniform space, the group H* 
(topologized by Ju) is complete for its two-sided uniform structure. 


Proposition 8. If E is a locally compact and locally connected space, 
the group H (topologized by Je) is complete for its two-sided uniform 
structure. 


Proposrttion 9. Let E, 3 and L satisfy the conditions of Theorem 3. 
If in addition Eis complete, the group L (topologized by Jy) is complete 
for its two-sided uniform structure. 


The idea of investigating the two-sided uniform structure for homeo- 
morphism groups is due to R. Arens, who proved Proposition 7 in the 
particular case when F€ is compact (in which case, of course, H* —H, and 
J is identical to Jc; see [4], p. 602, three first lines of proof of Theorem 6). 
Proposition 8 has also been proved by R. Arens, who takes advantage of the 
fact [4, p. 601] that when E is locally compact and locally connected, Æ, is 
the compact space obtained by adding to # a “ point at infinity,” and H, is 
the group of all homeomorphisms of £1, with the topology Ju, then Fe on 
H is identical to the topology obtained by considering H as a subgroup of H1; 
Proposition 8 is thus reduced to the particular case of Proposition 7 dealing 
with compact spaces. We shall give a proof of Proposition 9, which does not 
seem to be reducible to Proposition 7 in such a way; of course, our argument 
will be very similar to Arens’s, and we leave to the reader the easy task of 
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adapting it to prove Proposition 7, or to give an independent proof of Proposi- 
tion 8., | 

Let then ¢ be a Cauchy filter on the group L for the two-sided uniform 
structure of that group. Let A be any ball of center 2, Ko a connected ball 
such that A is contained in the interior of Ko, K a ball such that Ko is 
contained in the interior of K. There exists a Voe W such that Vo(A) is 
contained in Ko, and that V»(Ko) is contained in the interior of K. From 
the hypothesis, it follows that there exists a set Meg such that, for 
every couple (u,v) of elements of M, one has (u*(v(s)),s)e Vo and 
(ulvi (z)), s) © Vo for each we K (in that second relation we make use of 
the fact that the topology Jx is compatible with the group L, and therefore 
the symmetrical of any neighborhood of the identity is again such a neighbor- 
hood’) ; this is equivalent to saying that (u+(y),v7(y)) € Vo for v*(y) eK, 
and (u(z),v(z))eVo for v(z) eK. Let vo be an element of M, and put 
B = v (K), C =v; (K). For every ue M, one has (u(y), vot (y)) € Vo for 
every ye B; let us show that this implies w+(B) D A. In fact, we have for 
yeu(A) CB, u(y) e Vo(vot(y)) GC Fo(A) C Ko; there are, therefore, 
points of K, which belong to u*(B); if A were not contained in w*(B), 
Ko would have points outside u*(B), and therefore points on the frontier of 
u*(B), since Ko is connected. Such a point has the form w*(y) where y 
belongs to the frontier of B; vo*(y) is then on the frontier of K, and the 
choice of Ko makes it impossible to have (u(y), vo*(y)) £ Vo. 

Now, ¢ being a Cauchy filter, and B being bounded there exists, for every 
Ve, a set Ned, such that NC M and that, for every couple (u,v) of 
elements of N, one has (w(u*(t)),t) eV for every te B, which means 
(u(x), v(s)) eV for every cev'(B); but as N C M, one has v (B) OA, 
therefore (u(x), v(v%)) eV for every we A, that is, ¢ converges uniformly 
on every ball A; its limit uo is therefore a continuous application of E into Æ. 
In the same way (but using the set C instead of B) one proves that ¢* 
converges to a continuous application «s of E into Æ. From the continuity 
of the product in L, it follows that wut and uu converge (according to the 
filter @) uniformly in every ball, towards uwow’o and Wouo respectively; this 
shows that ewye’y and w’yey arc both the identity, whonco it follows that wy is a 
biunivocal application of Æ upon itself, and wu’, its reciprocal ; as they are 
obviously bounded and uniformly continuous on every ball, this completes 
the proof of Proposition 9. 
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CHAPTER II. 


7. Preliminary lemmas. The counterexamples given by G. Birkhoff 
[5, p. 871] and R. Arens [4, p. 601] leave but little hope of discovering new 
interesting topological groups of homeomorphisms without restricting con- 
siderably more than we have been doing in Chapter I the extension of such 
groups.. We are led to such restrictions, on the other hand, by inquiring after 
topological groups of homeomorphisms which do not exhibit such awkward 
features as the ones we have noticed in Section 6 (with respect to the uniform 
structures of the groups we considered); and, in the first place, we look 
of course after groups of homeomorphisms which belong to the best known 
class of topological groups, that is, compact or locally compact groups (or 
subgroups of such groups). This in turn (due to the classical Ascoli theorem) 
leads to the consideration of subgroups of homeomorphisms which are charac- 
terized by their properties in relation with the notion of equicontinuity. 

We recall that a subset H of (E) is said to be equicontinuous in E if, 
for every VeW and every 2 ©, there exists a neighborhood U of x such 
that for every ve U and every ue H, one has (u(%),u(z))eV. H is said 
to be uniformly equicontinuous in E if, given V e A, there exists W e YM such 


that the relation (z,y)e¢W implies (u(v),u(y))eV for every weH; of ` 


course, uniform equicontinuity implies equicontinuity, but in general both 
notions are distinct*; they are equivalent, however, when Æ is compact. 

These notions admit relativizations: for a subspace A C E, we say that 
H is equicontinuous (resp. uniformly equicontinuous) in A if the restrictions 
of the functions of H in A form a subset which is equicontinuous (resp. 
uniformly equicontinuous) in the uniform space A ‘(as applications of A 
into Æ). We shall especially consider sets H of functions which are equi- 
continuous im every compact subset of E ?; such sets are subsets of the subset 
P(E) of F(E) which consist of all applications of # into E which are 
continuous on every compact subset of E ?; Lemma 3 shows that if # is com- 
plete the space Pe(E) (that is, P(E) with the uniform structure Uc) is 
complete. 


1 We point out that in his paper [4], R. Arens uses the word “ equicontinuous ” 
in the sense which we attach here to “uniformly equicontinuous”; the reader should 
be well aware of this difference when comparing Arens’s results with ours. 

° It is easily seen that when F is either locally compact or first countable, a function 
from # to # which is continuous on every compact subset of # is continuous outright 
in #; and a set A of such functions which is equicontinuous in every compact subset 
of F is equicontinuous in F. 


a, 


668 JEAN DIEUDONNÉ., 


We state again without proof a number of results on equicontinuous sets 
we shall need in what follows (see [3], p. 490-491 and [9]). 


LEMMA 5. I f H is equicontinuous (resp. uniformly equicontinuous) in 
E, the closure of H in the space F(E) (that is, for pointwise convergence 
in E) 1s equicontinuous (resp. uniformly equicontinuous) in E. 

LEMMA 6. If H is equicontinuous in every compact subset of E, the 
uniform structures Us and Ue are identical on H; the closure of H in the 
space P(E) is identical to its closure in the space F(E), and is equicon- 
tinuous in every compact subset of E. 


LEMMA 7. In order that a subset H of the space Pe(E) be relatively 
compact in P(E) (that is, in order to have a compact closure in that space) 
it is necessary and sufficient that: 


1° H be equicontinuous in every compact subset of E; 


2° for every ce E, the set H({x) (set of all u(x) for us H) be relatively 
compact in E. 


When those conditions are satisfied, for every compact subset A of E, 
the set H(A) (set of all u(x) for we H and xe A) is relatively compact in E, 


This last lemma specializes of course to the classical Ascoli theorem when 
ŒE is locally compact. It is to be stressed that in Lemma 7 the space Æ is not 
supposed to be complete; in fact, the topology of Pe(E) depending only on 
the topology of #, but not on the uniform structure of that space, the part 
played by that structure in the formulation of Lemma 7 is only apparent: 
if H is such that H (x) is relatively compact for every ze E, when H is equi- 
continuous on every compact set for one uniform structure on & (compatible 
with the topology) it has the same property for all such uniform structures 
on E; this is not to be wondered at, since, by Lemma 7, for every compact 
subset A of E, H(A) is then compact in Æ, and therefore all possible uniform 
structures on Ẹ give on A and on H(A) the same uniform structures 
[Bourbaki 1, p. 107]. 


8. Equicontinuous groups of homeomorphisms. 


THEOREM 4. If H is a group of homeomorphisms of E which is equi- 
continuous in E, the topology J, (identical on H with Fo, according to 
Lemma 6) is compatible with the group H. 


We have to prove that uwv and uw“ are continuous in H X H and H 
respectively, for the topology Js. 
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| 1° Continuity of uv. As the space F.( FE) is identical with the product 
space EZ, to prove that (u,v) — wv is continuous, it is enough to show that, 
for any z£ E, the application (u,v) —> u(v(zo)) of H X H into E is con- 
tinuous [Bourbaki 1, p. 44]. Let o and vo be any two points of H, and 
Yo = Vo (To); for any Vel, there exists a Ue% such that the relation 
(Yy €U implies (u(y),u(yo))eV for every uceH. Let veH be 
such that (v(a0),vo(to))eU, us H be such that (u(yo), uo(yo)) e V3 we 
have (u(v(£o)), u(vo(£o))) € Y, and (u(v9(#o)), Uo(vo(%o))) e V, whence 
(u(v(zo))}, uo(Vvo(zo))) e V°”, which proves our assertion. 


2° Continuity of w>. For the same reason, it is enough to show that, 
for any o£ E, u—>u™(gz) is a continuous application of H into #. Let us 
be any point of H, and yo = Uo (zo); for any V e N, there exists U e W such 
that (£, zo) €U implies (w2(x),u4(a%))eV for every us H. Let uel 
be such that (u(Yo), to(Yo)) © U, that is (u(yo),%.) € U; we have therefore 
(Yo, u*(a)) € V, that is (uot (zo), w> (£0)) € V, which completes the proof. 


9. Uniform structures on equicontinuous groups of homeomorphisms. 


Proposition 10. Let H be a group of homeomorphisms of E, equi- 
continuous in E, and made into a topological group by the topology JF. on H. 
The left uniform structure of that group is then finer than the structure Us 
on H; both structures are identical when H is uniformly equicontinuous in E. 


In fact, to form a base of the filter of neighborhoods of the diagonal in 
H X H, which defines the left uniform structure of that topological group, 
we must take, for anlarbitrary U eM and an arbitrary finite subset (2) <j<p 
of E, the set T of all couples (u,v) of H X H such that (uw (v(2i)), 21) € U 
for l1Sin. As H is equicontinuous, for every V eN, there exists a Ue A 
such .that each of the n relations (#,2;)e¢U implies, for every we ZH, 
(u(v),u(e%i)) eV; if U is chosen in that way, for every couple (u,v) eT, 
one lias (v(a:),u(vi)) e V for every i; therefore, the intersection of H X H 
with the set W(a,,---,%.,V) contains T, which proves the first part of 
proposition 10. . 

Let now H be uniformly equicontinuous ; for every Ue X, there exists a 
Ve such that (z, y) eV implies (u(x), w(y)) €U for every we H; there- 
fore, for each 2, the relation (v (z4), u(vi)) c V implies (u®(v(@:)), t) £ U, 
which proves that on H, the uniform structure Us is finer than the left 
uniform structure of H, and therefore that both structures are identical. 

When H is equicontinuous, but not uniformly equicontinuous, the left 
uniform structure of H may be different from the structure Us on H. An 
example is given by the following group: let u be the homeomorphism of the 
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real number set R, defined by u(x) =g +1ife=0,u(e) =s + 1/(1 + 2) 
if £ = 0; and let H be the infinite cyclic group generated by u (that is, the 
group of all u”, for any rational integer n). For a given x >0, the sequence 
(u"(a)) converges to + œ when n tends to + œ, for it is increasing and if it 
had a finite limit, that limit « would satisfy the equation a=«-+1/(1+ 4), 
which is absurd; in the same way, one sees that u-"(#) tends to — œ when 
n tends to + œ, and moreover that from a given n (which depends on x) on, 
one has w+) (x) = u-"(4) —1. From those remarks, one deduces easily 
the equicontinuity of H, and that the topology Js is discrete on H; but 
Us on H is not the discrete uniform structure, since u”(a) — u”(s) 
‘= 1/(1-+ u"(x)) converges to 0 when n tend to + œ, for any given g. 

As I have shown in a previous note [7], equicontinuity, and even uniform 
equicontinuity of H, is not enough to ensure that H may be completed for its 
left (or right) uniform structure. In the example given in that note, F is a 
discrete space. On the other hand, a result of R. Arens [4, p. 604], which 
we shall meet again in Section 11, shows that when # is locally compact and 
connected, any uniformly equicontinuous group of homeomorphisms H is a 
dense subgroup of a complete group of homeomorphisms H” (for the left and 
right uniform structures). Now the example we have referred to shows that 
in Arens’s result the assumption of connectedness may not be dropped 
without impairing the validity of the theorem; neither can the assumption 
of local compacity, as we shall now see by a slight modification of the same 
example. Take as Æ a Hilbert space, with an enumerable orthonormal basis 
(én), and let H be the group of unitary transformations of Æ, which permute 
the e; among themselves; clearly H is uniformly equicontinuous (as any group 
of isometries In a metric space). Now, if un is the element of H such that 
Un (ex) = Crs for LS k S n, un(en) = 63, Un (er) = ex for k >n, Proposition 
10 shows that (un) is a Cauchy sequence for the left uniform structure.of H ; 
but (un) is not a Cauchy sequence for that structure, since un (e1) = én 
has no limit in Æ; therefore the group H may not be completed for its left 
(or right) uniform structure. - 

Here again, consideration of the two-sided uniform structure (see Section 
6) yiclds lees pathological results: 


Proposition 11. Let H be a uniformly equicontinuous group of homeo- 
morphisms of E, made into a topological group by the topology Js on H. 
If E is complete, the Cauchy filters on H for the two-sided uniform structure 
on H, converge in the space F(E), and the set H’ of their limit points is 
a uniformly equicontinuous group of homeomorphisms of E, which (when 
topologized by Js) ts complete for its two-sided uniform structure, and in 
which H is dense. 
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Indeed, let @ be a Cauchy filter for the two-sided uniform structure 
on H. For every Ue, there exists a Ve such that (z,y) eV implies 
(u(x), u(y)) €U for every ue H. Now let (v:),<;<, be an arbitrary finite 
set of points of E; there exists a set Meg such that, for every couple 
(u,v) of elements of M, one has, for every i, (w*(v(a)),a:)eV and 
(u(ut(2;)), z) © V; therefore, for every i, one has also (u(x), v(%:)) € U 
and (u(x), v™(x:)) eU; this proves that ¢ and the filter ¢*, image of ¢ by 
u—>u, are both Cauchy filters for the uniform structure Us. E being 
complete, those filters converge respectively to elements wo, wo of F:(E), 
which belong to the closure H of H in #s(#); now Lemma 5 shows that 
H is uniformly equicontinuous in Æ ; therefore, the first part of the argument 
in Theorem 4 proves that uw* and wu converge respectively to wows and 
Uo) according to the filter ¢. In the same way as in Proposition 7, this 
proves that o is a homeomorphism of F, and wy>— uot. Finally, if uo 
and v, are limits of Cauchy filters ©, ¥ on H, the image by the application 
(u,v) —>uv of the product filter # X Y is a base of a Cauchy filter on H 
[Bourbaki 2, p. 28] and therefore converges in the space #s(H) to an 
element of H; the first part of the argument of Theorem 4 shows that this 
element is Uovo, and therefore H’ is a group of homeomorphisms. Now it is 
clear that H is dense in H’, and that the two-sided uniform structure of H’ 
gives on H the two-sided uniform structure of the group H ; a classical lemma 
in the theory of complete uniform spaces [Bourbaki 1, p. 103] proves then 
that H’ is complete for its two-sided uniform structure.. 


` 10. Locally compact groups of homeomorphisms. We now enlarge a 
little our field of investigation by considering, instead of groups of homeo- 
morphisms of E, groups of permutations of Æ which are only supposed to be 
continuous on every compact subset of E, but not necessarily homeomorphisms 
of E? (i.e, subgroups contained in the space Pe(E)). We shall give a 
criterion for such a group to be locally compact, which generalizes similar 
criteria concerning compact groups, given previously by S. B. Myers [9] and 
the author [8]. 


THEOREM 5. Let G be a group of permutations of a uniform space E, 
contained in P(E) (that is, made of permutations continuous on every 
compact subset of E), and such that there exists, for the topology Fc on G, 
& symmetrical neighborhood H of the A e of G which is relatively 
compact in P(E). Then: 


a) The topologies Js and Je are identical on G, and compatible with 
the group G. 
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b) G being thus topologized, the Cauchy filters on G for the right and 
for the left uniform structure of G are identical ; each of these filters converges 
im the space P(E); the set G of limit points of these filters is a group of 
permutations of E (continuous on every compact subset); the topologies Js 
and J. are identical on G’, and compatible with the group G’; finally, for that 
topology, G’ is a locally compact group, the closure Ë of H in the space Pc(E) 
(identical to its closure in #s(H)) being a compact neighborhood of the 
identity in G’; and G is a dense subgroup of @. 


The proof of that theorem is a rather lengthy one, and we divide it in 
several parts. 


1° We first prove that the application (u,v) — uv of GX G into itself 
is continuous at every point (to, vo) of G X G when G is given the topology 
Je. By assumption, there exists a Vo e A and a compact set Ko such that for 
we G the relation (u(z),v) © Vo for every we K, implies we H. Now let 
Ue and the compact set K be arbitrarily given; let VeA be such that 
Vv? U. Consider the compact subset L = Ko U vo( K); by Lemma 7, the 
set M — H (L) is relatively compact, and therefore uo is uniformly continuous 
in it; this shows that there exists a WC V, in such that for any couple 
(x,y) of elements of M such that (x,y) ¢W, one has (wo(t), wl(y)) eF. 
Now if v e G is such that (v(x), vo(£)) © W for every z e K UJ vo` (Ko), one has 
(u(vot(y)),y)e€ WC V, for every ye Ky and therefore vvote H, from 
which one deduces that v(K)C M and u(K) CM; therefore, one has 
(to (v (2) ), %o(vo(z))) © V for every se K. On the other hand, let we G 
be such that (u(z),%(z))eV for every ze MM; as v(K) CM, one has 
(u(u(v)), wo(v(a))) e V for every se K, and therefore (u(v(z) ), uo(vo())) 
eV°C U for every ve K, which proves the continuity of uv. 


2° In the second place, we show that u— u™ is continuous in G. Let 
Ko, Vo have the same meaning as in 1°, Ue W and the compact set K be 
arbitrary. Let u, be any element of G; consider the compact set L = uo? 
(K LU Ko); the set M— H(K J Ko) and the set N= H(M) are relatively 
‘compact (Lemma 7); wt is uniformly continuous on N, and therefore there 
exists Ve such that for every couple (a,y) of pomts of N such that 
(x,y) e V, one has (to? (2%), wo (y)) eU. On the other hand, H is uniformly 
equicontinuous on M, and therefore there exists W e N such that WC Vj, and 
that, for every couple (v,y) of points of M such that (x,y) eW, and 
every weH, one has (w(x),w(y))eV.. Now suppose weG ‘is such 
that (u(x), uo(s))e W for every, ce LZ; that relation may be written 
(u(to*(y)), y) e W for ye uo(L), and as Ko C w(Z), uuote H; this proves 
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first that for æ e L, u(s) = u(uc*(uo(x))) and uo(x) belongs to H(uo(L)): 
= M. On the other hand, as H is symmetrical, uu? == (uus) = w belongs 
to H; therefore, as (u(x), uo(£)) © W, one has (w(u(w)), w(uo(e))) e V for 
every ve L; moreover, w(u(x)) and w(uo(£)) are in H(M) =N, so that 
(uot (w(u(2))), uo (w(uo(x)))) €U for ee L; but, by definition of w, this 
means that (x, w*(uo(s))) eU forse L; as this is equivalent to saying that 
(uo (z), ut (z)) €U for z€uo(L), and in particular for ze K, we have 
shown that u —> wu is continuous at the point wp. | 


3° Having seen that the topology Je is compatible with the group G, 
it is now an easy matter to prove that, on G, Je and Js coincide. Indeed, 
as as Je is finer than Js; on F(E), it will be enough to show that, on G, 
Js is finer than Je. Now, for the topology Je on G, a fundamental system 
of neighborhoods of uo is composed of the sets V- wo, where V runs through 
a set of neighborhoods of e in H. But, on H, the topologies Je and Js are 
identical (Lemma 6); therefore, we may suppose that a set V is composed 
of the v e H such that (v(2:),4:) £ U for U e Y and a finite number of points 
vi; the set V- uo is then composed of the ue G such that (ufuo! (z:)), x) € U, 
which, by putting y: == uot (xi), is equivalent to (u(y:), uo(yi)) e U; there- 
fore every neighborhood of uo in G for Je is also a neighborhood of to in G 
for Js, which proves our contention. 

We now investigate Cauchy filters on G for the left and right uniform 
structure of that group, and we begin by considering those structures on H. 


4° We are going to show that, on H, the left and right uniform struc- 
ture of G are identical to the structure Us (and also to Us according to 
Lemma 6). First, if UeM and K compact are arbitrary, L= H(K) is 
relatively compact, and therefore there exists a Ve such that the relation 
(v(x), u(x))e V for {eK implies (w?(v(x)), 2) © U by the uniform equi- 
continuity of H on L; in the same way one sees that there exists W e such 
that (u*(v(z)),c)eW for ce K implies (v(x), u(e%)) eU, owing to the 
fact that H(L) is relatively compact; therefore, the structure Uc is identical 
to the left uniform structure on H. On the other hand, (v(y),u(y))eU 
for ye L implies in particular (v(uw*(x)),2)eU for we K; conversely, 
(v(u(y)),y¥) eU for ye L implies in particular (v(@),u(v))eU forgeK; 
therefore Ues is also identical with the right uniform structure on H. As & 
is the closure of H in the space P(E), every Cauchy filter for the left 
(or right) uniform structure on H converges in the compact space H, and 
H is the set of the limit points of all these filters. 


xO 


5° Next we prove that H consists of permutations of # (continuous on 
every compact subset). We show first that (u,v) —>wv is a continuous 
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application of H X H (for the topology Jc) in the space Po(H). The 
argument is very similar to that in 1°; let uo, vo be two elements of H, and 
let U £ A and the compact subset K of E be arbitrary; L = H (K) is relatively 
compact, and H is-therefore uniformly equicontinuous on L. Take Ve 
such that V?C V, and We such that for every couple (z,y) of points 
of L such that (#,y)eW, and every ue H, (u(x), u(y)) eV. Then take 
ve H such that (v(x),v0(z)) © Win K; as v(x) and vo(z) are in L, one has 
(u(u(x)), u(vo(x))) © V for every ue H; take we Ë such that (u(y), uo(y)) 
eV for ye L; in particular, one has (w(vo(v)), uo(vo(e))) e V. for every 
aeK, and therefore (w(v(x)), u(vo(z)))eV?CU for «eK. 

We may now apply a familiar argument already used several times. 
If a Cauchy filter for the left uniform structure on H converges to uoe H, 
the filter ¢™*, which is a Cauchy filter for the right uniform structure, converges 
to a u'o £ Ë ; when u tends to uo according to p, u™ tends to wo, and therefore, 
by what has just been proved, uu? and uu tend to wow’) and wu’ oo respectively ; 
this shows that uow’ and w’otto are the identical application of E on itself, 
and therefore that uo and ws are reciprocal permutations of L. 


6° Let us now consider, more generally, Cauchy filters on G for the left 
or tight uniform structure on that group. First let ¢ be a Cauchy filter 
on G for the right uniform structure; with the same meaning as in 1° for 
Vo and Ko, there exists a set Me such that (u(v(z)),7) © Vo for every 
“eK, and for every couple (u,v) of elements of M; this implies uve H. 
Therefore, if w is any element of M, one may write ¢ = ¢’u, where ¢’ is a 
Cauchy filter for the right uniform structure, having a base made of sets of H, 
and therefore converging to an element wo of H (for the topology Je); 
one then sees immediately that ¢ converges for the same topology towards 
Wolo, Which is of course a permutation of E, continuous on every compact set. 
Next, we show that if ¥ is a Cauchy filter on G for the left uniform structure, 
it is also a Cauchy filter for the right uniform structure. One sees at once 
as above that ¥== wu,’ where W is a Cauchy filter for the left uniform 
structure, having a base on H, and u£ G. Now W is also a Cauchy filter for 
the right uniform structure (by 4°), and therefore so is ¥, since v-> uov is 
uniformly continuous on G@ for the right uniform structure. It is easily 
verified that if W converges to woe Ë, ¥ — uY converges to Uw) (H(K) 
being relatively compact for every compact subset K of E, which implies that 
uo is uniformly continuous on Ë (K)). 

Conversely, if 4’ is any Cauchy filter on H, it is clear that uo’ and $’uo 
are bases of Cauchy filters on @ for the left (or right) uniform structure; 
therefore the set G’ of limit points of all Cauchy filters on G may be written 
GH or HG. We have @o= (GH)? = (H)1G@° =HG=G@. On the 
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other hand, if U is a neighborhood of e in H such that U -U C H, one has 
Ū-ŪC Ë; the same argument as above shows that @ = GŪ = ŪG; 
therefore G’: G’ = G(UG)U = (@4:G)(U- U0) CG: H =@, which shows 
that @ is a group of permutations of E (continuous on every compact set). 
It is obvious that G is dense in G” (for the topology Jec), and that F is a 
symmetrical neighborhood of e in G’ for that topology; the three first parts 
of the proof, applied to @ instead of G, show at once that on G” the 
topologies Jc and Js are identical and compatible with G”; of course, Æ being 
compact (by Lemma 7) G’ is a locally compact group: The proof of Theorem 
5 is thus completed. 

The group G” is of course contained in the closure G of G in the space 
?.(Z) ; but it must be stressed that in general G” is not identical to G, and that 
accounts for the rather devious way in which we have been compelled to define 
G’. For instance, the general linear group on Cartesian n-space Æ is locally 
compact for the topology Jc, but its closure in @c(H) is not a group of 
homeomorphisms ; in fact, it is easy to see that it is the ring of all linear appli- 
cations of # in itself. This proves also that on G the uniform structure Us 
(as well as Us) are distinct from both left and right uniform structures of G; 
this may of course be seen directly on the above example: in fact, when # 
is one-dimensional, the left and right uniform structure are identical with 
the multiplicative uniform structure on the (multiplicative) group of real 
numbers Æ 0, whilst Us and Ue are identical with the additive uniform 
structure on that set of real numbers, and it is well known that those two 
structures are not even comparable [Bourbaki 2, p. 54]. 

We observe, finally, that in Theorem 5 the assumption that H is 
symmetrical (that is, H> =— H) cannot be dispensed with; it is indeed easy 
to verify that in the group G@ of homeomorphisms generated by a set of 
homeomorphisms given as an example by R. Arens [4, p. 601], there exists 
a non-symmetrical compact neighborhood of the en but in Œ, u™ is not 
even continuous. 


11. Locally compact groups of homeomorphisms of locally compact 
and connected spaces. We shall now see, generalizing results of van der 
Waerden and van Dantzig [10], R. Arens [4, p. 604] and S. B. Myers [9, 
p. 498-499], that it is possible to relax the assumptions on G in Theorem 5, 
when one imposes on the space E the restrictions that it be locally compact 
and connected, 


PROPOSITION 12. Let E be a locally compact and connected space, G a 
group of homeomorphisms of E. If there exists, for the topology Fo, a 
symmetrical neighborhood Hy of the identity e of G, and a uniform structure 
U on E such that one of the following conditions is satisfied: 
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a) Eis complete and Hy equicontinuous in E for U; 
b) H, is uniformly equicontinuous in E for U; 
then G satisfies the assumptions of Theorem 5. 


We proceed to show that there exists a symmetrical neighborhood H C Ho 
of e in Œ (for the topology Jc) which is relatively compact in @c(H). There 
exists a Voe and a compact set Ko in E such that the set L of we G for 
which (u(z),x) £ Vo for all ee Ky is contained in H o; moreover, we may 
suppose that Vo has been taken such that Vo(Ko) is relatively compact in Æ 
Gf not, replace Vo by another set of YW contained in V, and satisfying the 
preceding condition). The set Hy being equicontinuous on Vo(K,), is uni- 
formly equicontinuous on that relatively compact set; therefore, as Ho is 
symmetrical, there exists a We such that for all wel satisfying 
(u(z),a7)eW for all ce Ko, one has (z, u+(v)) eV for all we Ko; this 
means of course that L contains a symmetrical neighborhood H of e in G 
such that, for all se Ko, H(x) is a relatively compact set in Ẹ. It remains 
to be proved that for all æ e E, H(z) is relatively compact. We consider for that 
purpose the subset A of the points v in # such that H(z) is relatively compact; 
we wish to prove that in both cases considered in Proposition 12, A is open 
and closed in E; as E is connected and Ko A (therefore A is not the 
empty set), this will show that A == F, and therefore complete the proof. 

We first proceed to prove that A is open under the only assumption that 
H is equicontinuous in E. Let z, be any point of A, and let M = H (zo); 
M is compact, and therefore, as E is locally compact, there exists a VeA 
such that V(M) is relatively compact [Bourbaki 1, p. 111]; H being equi- 
continuous at zo, there exists a neighborhood U of 2 such that, for se U and 
for every we H, one has (u(x), u(zo))e V, and therefore H(x) C V(M); 
therefore H(z) is relatively compact for every seU. 

The proof that A is closed is not so easy, and we have to consider 
separately assumptions a) and b). 


a) Suppose that xo belongs to the closure of A; let ¢ be an ultra- 
filter on H; ġ (zo) is then.an ultrafilter on H (zo), and conversely every ultra- 
filter on H(z») may be obtained in that way [Bourbaki 1, p. 28]; therefore, 
to show that H(z») is relatively compact, it is enough to prove that ¢(2o) 
converges in Æ [Bourbaki 1, p. 59], and as Æ is complete, this is equivalent 
to proving that (zo) is a Cauchy filter base on E. Now, H being equi- 
continuous at, Zo, for every V e M, there exists a neighborhood U of æ, such 
that, for every.ce U and every ue H, one has (u(x), u(%o)) eV; there exists 
an xe A belonging to U, and therefore H (s). is relatively compact; from this 
one deduces that the ultrafilter base ¢(x) converges to a point ze E. There 
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exists, therefore, a set M e @ such that-for every couple (u, v) of elements of M, 
one has (u(x), v(v)) eV; one has also (u(ao),v(%)) e V°, which proves 
that (zo) is a Cauchy filter base on Æ. 


b) Let zo and ¢ have the same meaning as in a), and We! be such 
that W (zo) is relatively compact; take V € Y such that the relation (y, 2) e V? ' 
implies (u(y),u(z))eW for every we H (uniform equicontinuity of H). 
The same argument as in a) shows that there exists a set Med such that, 
for every couple (u,v) of elements of M, one has (u(x), v(%o)) € V°; take any 
uo & M; one has (£o, uo*(v (20) )) e W for every v €: M, or uot (v (z)) e W(zo); 
therefore for every ve M, v(a%) belongs to the relatively compact set 
ao(W(ao)), and therefore $(ao) converges in JE. 

One is naturally led to ask if Proposition 12 is still true when it is 
only supposed that Ho is equicontinuous in E (E being locally compact and 
connected). We shall now give an example showing that the answer to that 
question is negatwwe. 

We first define a locally compact and connected subspace F of ordinary 
3-space in the following way: let Cn be the closed disc: z= 1/n, 
ot. (y—n)* Sn? for any integer n= 2; F is the union of the Cn for 
every n= 2, of the closed half-plane z = 0, y= 0, and of the segments 
joining the point S: z = 0, y = 0, z = 1 to the center of C2, and the center 
of each Cn to the center of Ons, for every n= 2. For every integer p, we 
define an homeomorphism up of F as follows: up leaves invariant S and the 
segments joining S and the centers of the Cn; in Cn, Up is a rotation about 
the centre of Cn, of an angle p/n; finally, in the half-plane z—0, y= 0, 
Uy 1s the translation of vector p parallel to the v axis; it is easily seen that up 
is continuous in F and that u-p is the reciprocal of up; moreover, it is clear 
that the up form a group algebraically isomorphic to the additive group of 
integers. 

Now, for each finite sequence of rational integers (ni),<;<;, (k arbitrary), 
consider a “ copy” Fryns...n, of the space F; for any two of those spaces, there 
-is a canonical homeomorphism of one on the other, which to every point of 

one associates the point in the other having the same coordinates. Out of 
the “topological sum” [Bourbaki 1, p. 50] of the enumerable set formed 
of F and the spaces Fnjny...n,, We make a connected and locally compact space 
E by the following procedure of “fastening” them together: we identify 
the “summit” S of the space Fay..nyne. With the point of coordinates 
(Mx1,0,0) in Pny.n,, and the summit of Fa with the point (n,0,0) in F. 
Next, we define homeomorphisms Un,...n,,9 of E in the following way: un,...n,0 
leaves invariant each point of every F'm,...m, for which the sequence of the m’s 
has less than & terms, or has at least k terms but has its first & terms distinct 
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from m1, na,’ © +, Np; ON Fmme.ny Ungng...m,p Operates as does up on F; finally, 
on every Pry. nyrraraee.cttry Un...npp 18 Identical with the canonical homeomor- 
phism of that space onto Frn,..jmnasp...n- Let G be the group of homeo- 
morphisms of E generated by the up and wn,...n,,23 it is clear that the effect 
of any homeomorphism of the group G on one of the F’s is to send it 
(canonically) into another of the F’s (eventually the same) and then to 
operate on that F as one of the up. 

We now put on E the uniform structure induced on it by the (unique) 
uniform structure of the compact space #* obtained by the adjunction to E 
of a “point at infinity.” One sees very easily that, for that uniform struc- 
ture, the set of the wp is equicontinuous at every point of F (for any point w 
in the half-plane z == 0, y= 0, any compact subset K in F, and any compact 
neighborhood U of « in F, all the sets Up(U) except a finite number are 
outside K); from this it follows immediately that G is also equicontinuous 
(taking into account that a compact subset of E may intersect only a finite 
number of the Fryn,...n,). But there is no neighborhood H of the identity e 


® in G (for the topology Je) such that H(x) is relatively compact for every 


«elf; for a fundamental system of neighborhoods of e is formed by the 
subsets of G leaving invariant the points of a finite number of the Pryn..ny3 
let F'nyne...n;, be one of those subspaces having the maximum number of indices: 
then all the tnajns...mrya,p belong to the neighborhood considered, and they 
send the point (0,0,0) in Fnr,..n,,, Into a set of points which is not relatively 
compact. f 

In the special case where G itself is an equiconitnuous group of homeo- 
morphisms of the (locally compact and connected) space Æ, and the conditions 
of Proposition 12 are satisfied, the locally compact group G’ defined in 
Theorem 5 is identical with the closure G of G in the space @-(E) (or the 
space #s(Z)); this is a generalization of a result of R. Arens [4, p. 604], 
who considers only the case when G is uniformly equicontinuous in Æ; the 
property then results immediately from Proposition 10 and Theorem 5, since 
the Cauchy filters for Us and for the left uniform structure on G are then . 
identical. In the case when G is only supposed to be equicontinuous in F, 
we have seen that in general the left uniform structure on Q is strictly finer 
than Us (Section 9); therefore every Cauchy filter on G for the left uniform 
structure is a Cauchy filter for Us. Conversely, we shall prove that every 
convergent (in F.(E)) Cauchy filter for Us on G is also a Cauchy filter for 
the left uniform structure; as we know from Theorem 5 that G’ is the set of 
limit points of all Cauchy filters for the left uniform structure, it will follow 
that G’== G. Let, therefore, ¢ be a Cauchy filter for Us on G, and let it 
converge to ue Fs(L) ; for every finite set (v:) of points of E, each of the 
filter bases ¢(a;) converges in E to uo(xi) = yi; for every Ve X, there exists 
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therefore a set Meg such that, for every wee and every 7%, one has 
(u(a;),y;) eV. Now let U be an arbitrary set of W, ‘and We%M be such 
that W? C U; as G is equicontinuous in. E, there exists a Ve such that,’ 
for (z, y) £ V, one has (u(z), u(y:)) eW for every. . i tand every ueG; 
if M is a set in ¢ corresponding to V, we see thus that “for every couple (u,v) 
of elements of M, one has (a, uw*(yi)) € W and (u*(v(a)),u wyi) ) eW, 
and therefore (u™(v(x:)), x1) e W?'C U for every i, which shows that ¢ is a 
Cauchy filter for the left uniform structure on G (taking into account that, 
on G, by Lemma 6, Us and Ue are identical). 

We conclude with some comments on the relation, on a Lie group 
of transformations G of an analytic manifold E, between the topology 
J defined on G by the parameters, and the topology Je (see R. Arens 
[4, p. 608]). By assumption, there exists for the topology J, a compact ` 
symmetrical neighborhood U of the identity e in G, such that, for any point 
w & E, there exists a neighborhood V of zo in FE, U and V being both 
homeomorphic with compact neighborhoods of cartesian spaces, the application 
(t,u) u(x) of V XU into E carrying V X U into a subset of another 
- neighborhood W of a» (also -homeomorphic to a cartesian neighborhood), and 
‘ being moreover analytic for a suitable system of local cordinates in U, V 
and W. The continuity of (u, £) — u(x) in U X E shows that, on the set U, 
the topology F is finer than Te [4, p. 596]; as U is compact for J, 
J and Je are identical on U. From that, it follows that a necessary and 
sufficient condition for J and Je to be identical on G, is that U must be 
a neighborhood of e in G for the topology Je. The necessity of the condition 
is obvious; conversely, if it is verified, G satisfies the conditions of Theorem 5, 
and moreover is identical with the group G’ defined in that theorem, since 
U is, by assumption, compact and therefore closed in e( E); this shows that 
Je is compatible with the group G, and gives the same set of neighborhoods 
of e as J, and therefore is identical with J. ° 

The preceding condition may be worded as follows: there must exist a 
compact subset K of F, and a Te W such that the set of homeomorphisms 
ueG having the property that (u(v),2)eT7 for every se K is contained 
in U; one can say roughly that only homeomorphisms of the group having 
parameters sufficiently near to those of the identity, may displace a little 
all points of any compact subset. Of course, that property is not possessed 
by all Lie groups of transformations. For instance, if W is a two-dimensional 
torus, considered as the set of all points (z, y) of the plane, where x and y 
are taken modulo 1, the group G of the homeomorphisms which send (z, y) 
into (s -+ t, y + 0t) taken mod. 1 (t being any real number, 9 a fixed real 
number) is a one-parameter Lie group, which for J is isomorphic to the 
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“topslogical additive group of all real mumbers. But, if 0 is taken irrational, 
thére exist values of tas large as we please such that both ¢ and ĝt, taken 
_ gmo. ‘1, are as, small as we please. Therefore J and Je are distinct on G” 
- ‘(one may see easily that for Je Gis isomorphic to a dense subgroup of the 
A ¿` two-dimensional toru us group). 
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p. 177%, 2 line from below. In the last integral instead of ¢; write “ g'i.” 


p. 177, last line. Instead of “where $;” write “where g'i” 
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In [6] 1 a valuation of a nonassociative algebra was defined as a function 
on the algebra to an ordered loop with the usual postulates on the values of 
sums and products. It was shown that a necessary ahd sufficient condition 


for an ordered loop L to be the value loop of some algebra with a unity - 


quantity and of finite order over a field is the following: Some subgroup G 


of the center of L has finite index in L. In the present paper we, acters 7 


all such ordered loops L. 

The key lemma is Theorem 3 which asserts the existence of a nonzero 
- l-ideal of L lying completely in the center of L. The. proof consists merely 
vin noting that L is a topological loop whose center is open and that the 


Lideals usually form a set of neighborhoods of zero. ‘The major result 


follows simply from Theorem 3 and states that L and L/G@ are centrally 
nilpotent. From here it is a matter of computation to.show that every 
such Æ is the result of a special sequence of loop extensions determined by 
G, the (abelian) factor groups of L/G and three factor sets of specified 
types. Conversely, given an ordered group G, a set of finite abelian groups 
(almost arbitrarily chosen) and three factor sets (two of these are functions 
of certain specified variables, but otherwise arbitrary, and the third is of a 
specified form) this same sequence of loop extensions builds an ordered loop 
of the type required. These loops, combined with the results’of [6] give 
a large class of nonassociative algebras with valuations. 

. However, an interesting corollary of this theory, derived at the end of 
section 3, implies that any valuation of an algebra of finite ordér over an 
algebraic number field necessarily has a value loop order-isomorphic with an 
additive group of real numbers. 


1. Topological loops. A loop is a set L of elements v, y,z,- : -, with 
the properties (1°) for every v and y of L there is a unique element x + y 


of L; (2°) for every v and y of L there is a unique element u, denoted by’ 


anaa 


t — y, such that u +- y = zv; (8°) for every & and y of D there is a unique 
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-element v, denoted’ by —y +s, such that y +v= gs; and (4°) there 
ig an element 0 such that 0 4+- z =g -+ 0 =g for all z of L. 

A topological loop is a loop that is also a To-space in which «+ y, 
æ —y and —y-+ x are continuous functions of æ and y. In particular, this 
definition guarantees: that the transformations Re and Lz defined by 


© yRa=y +r, yle=a+y 


are homeomorphisms of the topological space L. For Es and Le are clearly 
continuous transformations and R,~ and Ls” are precisely the transformations 


yR =y—s, ylet=—a+y, 


which are continuous by hypothesis. In a similar fashion the transformations 
z —> y — z and x —>— zr -+ y, for fixed y, are homeomorphisms. Hence local 
properties of a topological loop can be proved merely by proving them in the 
neighborhood of 0; specifying a set of neighborhoods of 0 completely deter- 
mines the topology of a topological loop. 

The ordinary proofs [5, pp. 42-43] then guarantee that every topological 
loop is a Hausdorff space. This is enough to prove 


Lemma 1. A finite topological loop is discrete. 


One further theorem that we must carry over from the theory of topo- 
logical groups concerns the topologization of quotient groups. If H is a 
closed normal subloop* of the topological loop L then we may impose on 
the quotient loop L/H the “natural topology ”: a set is open in L/H if and 
only if its inverse image is open in L. 


LEMMA 2, If H is a closed normal subloop of the topological loop L 
then the quotient loop L/H is a topological loop under the natural topology ` 
and the natural mapping of L onto L/H is a continuous, open homomorphism., 


The proof in the associative case remains valid verbatim [5, pp. 45- a 


LEMMA 3. The center? of a topological loop is closed. 


2 A subloop H of a loop L is a normal oubloop or a normal divisor of L if it oatiofiog 
any one of the following three equivalent conditions: (1°) H is the kernel of a homo- 
morphism of L; (2°) for alla, y of L, @ + (y + H) = (a +y) +4 H= (H4+e)+y; 
(3°) H is invariant under all inner mappings of L. This agrees with the definitions 
given by Albert [1, p. 513] and Bruck [3, p. 258]; condition (3°) is due to Bruck. 

2 The center of L is the set of all elements of D which are invariant under the inner 
mappings of L; equivalently, the center is the set of all c for which o + (y +e) 
= (c -+ y) -+e=y-+ (e-+c) for all y and 2 of L. If c is in the center of L then o 
commutes with all elements of L and every sum of three elements with ¢ as one of the 
addends is associative. 
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Proof. Let us call the loop L and its center C. We must show that if 

a is ‘an element of the closure of C, then a itself is in C; that is, for all y 

and z of L and for s =a, the following expressions are zero: [e + (y-+-z)] 

— f(s +y) + zl, [z+ +z] — [yt zo]. Let q(x) denote either 

one of these expressions, thought of as a function of 2 with y and z fixed. 

The function q(x) is continuous and so for every neighborhood U of g(a) 

there is a neighborhood V of a such that g(V) C U. Since a is in the 

closure of C, every such V contains a point c of C and 0=q{c) is in 

| q(V) CU. Thus 0 is in every Belghborhoed U of g(a), g(a) = 0, proving 
that a is in C. 


2. Ordered loops. An ordered loop L is a loop in which is defined a - 
binary relation < with the properties that for all x, y, z of L, (1°) s < y and 
y < z imply z < z; (2°) one and only one of the statements £ < Y, Y < a, 
t = y, is true; and (8°) æ < y implies e-+2<y+z2 and z+r<z-+}y. 
We shall use the ordinary language in connection with this relation, <. 
For crampe; “<y” will be read “s is less than y,” «> y will mean 
y<a, “x >0” will be expressed by “x is positive,” ete. If A and B are 
subsets of L, A > B will mean that every element of A is greater than every 
element of B. 

Ordered loops have all the elementary properties of ordered groups 
(linearly ordered J-groups). In particular, the transformations Rs, Le, 
Rs™, Leo> are all order preserving (lattice automorphisms) and so also are 
all the transformations of the “ group associated with L” [3, p. 257; 1, pp. 
511-512], since these latter are just finite products of #’s and L’s and inverses 
.of A’s and D’s. We may also remark that if «<< y then z— s > z— y and 
— zT -4.2 > — y -+z as in the case-of ordered groups. 

An l-ideal or isolated subloop of an ordered loop Z is a normal subloop 
M of L with the property that if x and y belong to M and z < z < y, then z 
belongs to M. In case L is a group, this definition of an l-ideal coincides 
with that given by Birkhoff [2, p. 310]. The following lemma is merely 
. the contrapositive form of our definition. 


Lemma 4. If M is an l-ideal of L and x is an element of L that is not 
um M, then either v < M or s> M. 


Much as in the case of groups [4, p. 172; 2, p. 310], a straightforward 
proof based on Lemma 4 shows that if M is an l-ideal of L, the quotient 
loop L/M can be ordered by defining the inequality v 4+- M < y+ M in L/M 
to mean that the sets s+- M and y+ M have this relation as subsets of L. 
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The l-ideal M is.then the kernel of an order-preserving homomorphism of L 
into an ordered loop; and indeed this property of M is easily seen to þe 
equivalent to the condition that M be an l-ideal of L. 
Similarly, on the basis of Lemma 4, we can show that the set of iadesi: 
of Z is linearly ordered by inclusion. For if M, and M, are two I-ideals and 
M, is not contained in M», then there is an æ in M, that is not in Ma, 
r <M, < 0—zxr or t>M,>0—z, so that M, is contained in My. A 
trivial conclusion from this remark is À 


LemMs 5. The set-theoretic union of a set of l-ideals of L is again an 
l-ideal of L. ; 


We also omit the proof of 


LEMMA 6. ` The intersection of a set of l-ideals of L is again an l-ideal 
of L. 


Every subset S of L can then be said to generate an l-ideal, namely, the- 
intersection of all l-ideals containing S. 


Lemma 7. If S is a normal subloop of L, the lideal generated by 8 
is the set S consisting of all x in L such that, for some elements yx and zs 
of 8, Yo S T E < Bape 


Proof. Clearly 8’ is contained in the l-ideal generated by S. If S’ isa 
normal subloop of L, the truth of the lemma is obvious. But S” is invariant 
under any inner mapping of L. For if J is an inner mapping and v is an 
element of S’, then for some y and z of S, y St S z, yy Sad Sa (since, 
.by the second paragraph of this section, J is order-preserving), - yJ and zd 
are in S, so that zJ is in 8”. 

Again as in the case of groups, an ordered loop with more than one 
element is a topological loop under the inlerval lopology. More precisely, 
if we use the term “ open interval (y,z)” for the set of all v in'ZL with 
y < gr <z, then L becomes a topological space when we designate the set of 
all open intervals as an open base. For the intersection of two open intervals 
dg an open interval. 


THEOREM 1. An ordered loop L having at least two elements is a 
topological loop under the interval topology described above. 


_ Proof. We must show that L is a To-space and that x -+ y, v— y and 
—y~+ a are continuous functions of æ and y. To show that L is a Te-space, 
let z and y be distinct points of L and, say, x < y. There is an element z 


Ss e 


ve 
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in L with z < xv (if s < 0, let z= s + z; if «= 0, choose any z < 0; such 
a z exists since L is supposed to have a nonzero element Zo and either 2 < 0 
or Q0— zo <0). Then the open interval (z,y) contains æ. but not y. In 
l ‘demonstrating. the continuity of s -+ y, «—y and —y -+x we distinguish 
two cases. First, if the set consisting of 0 alone is open then every- point 
forms an open set (since Es is a homeomorphism and carries 0 into 0 +2 = £) 
and the topology is the discrete topology. Clearly Z-is then a topological loop. 
Hence let us assume that the topology is: not discrete. 


Taia 8. The interval topology in: an ordered loop L is the discrete 
topologi y if and only if L has a least positive element, e. In this case, e 1s in 
the center of L. 


Proof. If the topology is discrete then {0} is open aud there is an interval 
(x,y) containing only 0.- Then e—y is a least positive element of :L. 
Conversely, if y is the least positive element of L, then 0— y is the largest 
negative element of L. For 0—y<z <0 implies — (0— y) +0>—z 
+0>0, ory >—z+0> 0,a contradiction. Then the interval (0 — y, y) 
contains only 0, {0} is open and the topology is discrete. 

The proof that e is in the center of L is contained in a previous paper 
[6], but will be reproduced here for the sake of completeness. We must 
prove that e +- (x +y) = (e+) +y=—=a-+(y+e) for all z, y of L. 
To do this, we first show that there is no element z with ety<z<e 
4 (ety) oraty<e< (e+e) +y oraty<e<a+(y+e). For 
example, if e-+-y<z2< e+ (y+e), thn y<—rttecyteI<—y 
+ (—z-+ 2) <e, which is impossible. In similar fashion we arrive at the 
conclusion that of the three elements e + (x +y), (e+e) +y s+ (y+e), 
all are greater than s+ y but none can be greater than any other. Hence 
they are equal. 

Therefore, we shall use the phrase “discrete ordered loop” to mean 
“ordered loop with a least positive element.” Note that this terminology 
differs from that of Krull [4, pp. 171 f.]. 

If we are to prove Theorem 1 for a nondiscrete loop L, we may assume 
that between every two elements there is a third. For ifs < z, then 0 < z — z 
so that there is a y between 0 and z—z. Then y=y7'-+ zx is between x 
and z The proofs of the continuity of the functions e+ y,,2—y and 
—y-+ z are very similar. Let us give only the last here. Suppose (u,v) 
is an open interval containing — yo + to From u<—yo+20< v, we 
deduce yotu<a<yo+v. Hence there exist w, v’ such that yo+u 
<u Sa <v’'< y+. Some of these inequalities may be rewritten to 
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give v — v < Yo < u’ —u so that there exist u”, o” with v —v < w < Ya 
<W” <u — u. We shall show that if « is in the interval (w,v) and y 
is in the interval (w, v”) then —— y +x is in (u,v), proving the continuity | 
of this function. For such an x and y, —y-+ 2 certainly hes between 
— o” +. and — wv” + v so that we need only show u < — 0” y w <L — u” 
to <v. But Tom the definition of u” we have v < u” +- 4, —u” + 0'-< 9; 

— oy" + < —u’ + Vv’ since w <o and u” < ou”; and the ae of v” 
shows that ia u<wu,u<—v’-+u’. This proves Theorem 1. 

As remarked shove, the topology of a topological loop is completely 
determined once the set of neighborhoods of 0 is given. Up to this point, 
our neighborhoods of ‘0 in an ordered loop are the intervals (x,y) containing 0. 
However, it will frequently be convenient to replace this set by an equivalent 
set M of neighborhoods. A class Yt of sets each containing 0 is called an 
equivalent set of neighborhoods of 0 in case every open interval containing 0 
contains a member of Yt and every member of Yt contains an open Beery. 
eee 0. 


“THEOREM 2. Let L be an ordered loop considered as a topological loop 
under the interval topology and denote by M° the intersection of all the 
nonzero l-ideals of L. If M° consists of 0 alone, then the set M of nonzero 
l-ideals. of L forms an equivalent set of neighborhoods of 0. If M° is not 0 
then an equivalent set of ie OENAR of 0 is the class of all open intervals ` 
(x,y) with x and y in MP. | ped 


Proof. Let Mt denote the class of nonzero l-ideals of L. Then every 
element of M contains a positive and a negative element of L and hence ` 
contains an open interval about zero. Then to prove Theorem 2 when M° = 0, 
we need only show that every open interval about 0 contains an element of W. 
Let. (z, y) be such an interval. Since M° == 0, there is an M’ in W that fails 
to contain x and an M” in W that fails to contain y.. If M denotes. the 
smaller of M’ and M”, then M is in M and contains neither x nor y. . Then 
by Lemma 4, v< M or s> M; but «<0 so that necessarily x <M. 
Similarly, y > M and so MC (m,y). 

When M° s£ 0, every interval (x, y) about 0 contains an interval (æ, y’) 
about 0 with a” and y in M°. For if v is in M°, choose 2’ == z; if æ is not 
in M°, then by Lemmas 4 and 6, x < M’ and we may choose 2’ as any negative 
quantity of M°. Similarly, choose y = y or y’ an arbitrary positive element 
of M°, according as y is or is not in M°. Then (x,y) C (a,y). This proves 
Theorem 2. 
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3. Ordered loops with centers of finite index. Henceforth we consider 
only ordered loops such as arise as value loops of algebras of finite order, 
namely, ordered loops Æ such that the center C of L contains a group G 
(which is then a normal subloop of L) with L/G finite. 


Lemma 9. The quotient loop L/C is finite. 
Proof. L/C is a homomorph of the finite loop L/G. 


By Lemma 3, C is closed. By Lemma 2, L/C is a topological loop and 
the mapping of L onto L/C is continuous. But L/C is necessarily discrete 
(Lemmas 1 and 9) so that its identity element 0 is open. It follows that 
the inverse image of Ô in L, namely C, is also open. We have proved 


Lemma 10. The center C of L is open. 


We are now prepared to prove a key theorem. 


THEOREM 3. If L is an ordered loop not consisting of 0 alone, with 
center C and with L/C finite, then there is a unique nonzero l-ideal M, of L, 
contained in C and maximal in the sense that M ı contains every other l-ideal 
contained in C. 


Proof. Define M° as in Theorem 2. If M°==0 then the nonzero l-ideals 
of L form a set of neighborhoods of 0 by Theorem 2. But C is open and 
contains 0 by Lemma 10, so that some M is contained in C. In case M°540 
a similar argument shows that some open interval (z, y) is contained in C 
with both v and y in M°. If the interval (0,y) is void then y is the ‘léast 
positive element of L and is in the center of L by Lemma 8; in this event, 
let z be defined to be y. If the interval (0,y) is not void, let z be any element 
of (0,y). Whichever way z is defined, we know that it is an element of 
M°{)C. The normal subloop of L generated by z is then simply the set 
of all integral multiples of z and by Lemma 7 the l-ideal M generated by z 
consists of all w in L with mz Sw SS nz for some integers m and n. Since 
z in in M° and M° is an l-ideal (Lemma 6), surely M C M° and M £0. 
But M° is the smallest nonzero l-ideal, so M == M°. Then every element of M° 
is of the form mz + w where m is an integer and 0S w <z. Since w isin 
the interval (2,y), w is in C3; but mz is also in C and so M°C O. This 
proves that in every case there is a nonzero l-ideal of L in C. Let M, be the 
union of all such Lideals. By. Lemma 5, M, is an l-ideal and obviously 
satisfies the other conditions of the theorem. 


THEOREM 4. Suppose L is an ordered loop containing a group G in its 
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center with L/G finite. Then there is a unique finite chain 0 == M,C M, 
CM,C:::CM,=—L of l-ideals of L where M;i (i=1,2, >- n) ds 
characterized as the unique set M, maximal with respect to the conditions 


(T) M is an Lideal of L properly containing Mis, 
(IL) M/M: is in the center of L/Mi1; 


that is, M; satisfies conditions (Li) and (s and contains every M that 
satses: (L) and (IL). 


The loop K = L/G has a like por There exist normal subloops Hi 
of K with O=H,CH,CH,C:--C Ha =K, all inclusions after the 
mi being proper and such that H:/Hi is in the center of Pent (i = 1, 2, 

>> n). In other words K 1s centrally nilpotent 


Proof. By Lemma 9 and Theorem 3, there- is a wiique M, maximal 
with respect to (I) and (II). To define the M’s inductively, assume the 
existence of a unique maximal M; satisfying (L) and (IL), and consider 
L; = L/M:. This quotient loop is again an ordered loop and if G; denotes the 
image of G in L; under the natural mapping, then it is clear that Gi is a 
subgroup of the center of L:i. Furthermore, 0:/G; is a homomorph of L/G 
and so is finite. Then by Theorem 3, either L; = 0, so that M, = L, or 
there is a unique M'i in the center of L: which is a nonzero l-ideal of Li 
and is maximal with respect to these properties. Define Mi, to be the inverse 
image:of Wis in L. Then it is trivial that M: satisfies (Ii) and (Iin) 
and is maximal with respect to these conditions. Hence we have a unique 
chain OCM, CMC- CM: C Mi,,C-:-, which is either a finite 
chain ending with Mn, = L or else is an infinite chain. We shall soon rule 
out the latter possibility. 

The natural mapping of L on Ka L/G sends the chain of We into a 
corresponding chain of normal subloops H; of K. If we can prove that Hi 
is properly contained in Hin for i= 1,2, +, we shall have proved’ that 
the H; cannot form an infinite chain (K being finite) and hence that there 
is only a finite number of M; and Mn =T Suppose, then, that Hr = Him 


4The concept of central nilpotence is treated by Bruck [3], who gives the name 
“central series” to series such as 0 C H, CHC- C Hm= E Our condition, 
“H,/H,, in the center of K/H,” is clearly sauivalent to Bruck’s equation (4.2) 
if the latter is read Hg (Eip G) S K,. Presumably ve aaa (4.2) as it stands is a 
. misprint. 

Of course, we have also exhibited a central series for L so that L is ee 
nilpolent and K is a fortiori centrally nilpotent [3, Theorem 40, p, 267]. 


441? 
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for- some k = 1. The complete inverse image of Hg in L is Mr -H G and we 
have My + G = Mra + G. Mapping these sets into L/Mx, we notice that 
the.image of M; + G is contained in the center of L/Mkx-ı; for the.image of > 
an element of Mx is in the center by (IIx), the image of an element of @ is in 
the center since G is in the center of L, and the center of L/Mz1 is a loop. 
Then the image of Mra + G is in the center of Z/Mz., and in particular the 
image of Mkn, namely Mzis/Mi1, is in the center of of L/M;.1. Moreover, 
My» satisfies (Ip). Hence, by the maximality of Mx, Min C Mi, Men = Mz, 
a contradiction. This completes the ‘proof. . 

In [6] it is proved that if G is an archimedean-ordered-group, then so 
also is L. We can obtain this result as a special case of Theorem 4, once 
we have the following plausible theorem. 


wall 


THEOREM 5.. There is a one-to-one correspondence between the l-ideals 
of G and the l-ideals of L, under which inclusion is preserved; in the 
terminology of Hahn, the loops L and G have the same order-type. 


Proof. If M is an l-ideal of L, define the corresponding l-ideal J(M) ` 
of G as the intersection M ) G&G. If J is an l-ideal of G, define the corre- 
sponding M(J) as the set of all z in L such that, for some y and z in J, 
y&r& z. By Lemma 7, M(J) is the l-ideal generated by J. If Mo is.an 
l-ideal of L, then M[J(M,)]C Mo, clearly; on the other hand, if z is an 
element of M, then for some positive integer N, sE is in G (due to the 
finiteness of L/G), and so x, being between 0 and wR’, is in M[J(Mo)-]: 
Next, if Jo is an l-ideal of G, J[M(Jo)] =M(Jo) 1) GDJ; and if æ is 
an element of M (Jo) N G then x is in G and lies between two elements of Jo 
and so is in the l-ideal Jo. This proves the one-to-one correspondence. The 
' rest of Theorem 5 is then obvious. 

Now suppose that @ is archimedean-ordered, that is, Œ has no proper 
l-ideals. Then by Theorem 5, L has no proper l-ideals. In particular, in 
the chain L=M, D: M,—0 of Theorem 4, necessarily »==1 and 
L = M, is abelian, has no J-ideals, and so is archimedean-ordered. 


4, Ordered loops as loop extensions. A loop L is said to be a loop 
extension of the loop G by the loop K in case L has a normal subloop G’ 
isomorphic with G and L/C is isomorphic with K. If G’ is in the center of L, 
then L is a central extension of G by K. We shall often identify G and G, 
K and L/@’ 

If L is a loop extension of G by K we can, as usual, put L into one-to-one 
correspondence with the set L’ of all pairs (k,g) with k in K and g in G. 
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This is done by choosing a “set of representatives” r(k): a single-valued 
function on K to L with the property that r(k) maps into k modulo G. 
(We shall always normalize the function r(&) so that r(0) 0.) If vis 
in L and its residue class modulo G is kz, then gz=2x-—r(ke) is in G, 
T = gr + r(ko), and the kz and gs thus defined are unique. It is easy to 
see that the mapping . 

(1) T m> (kz, Jz) 


of L into L’ is one-to-one and exhausts LZ’. However, in order that (1) 
be an isomorphism of L and ZL’ we must define addition in ZL’ in a rather 
uncomfortable way: 


(kg) + (Hg) = (REM, 9 +9 +f) 


where f is a suitable function of k, k’, g, and g’ with certain invertibility 
properties. But when the extension is central, the function f depends only 
on k and k’ as in the associative case (except that now f need not satisfy 
any associativity conditions). The function f(k,k’) is called a factor set. 


LEMMA 11. If L is a central loop extension of a loop Q by a loop K, 
the correspondence (1) between L and L’ set up by the set of representatwos 
r(k) is an isomorphism when addition in I’ is defined by 


(2) (yg) + (Hg) = (BEM g+ g +116) 
with a suitable factor set f(k,k’). Moreover, since r(0) = 0, 
(3) f(k, 0) =f (0, k) =0 


and G@ corresponds to the set of all (0,g). 


Conversely, if Gis an abelian group, if K is a loop and I’ is the set of 
pairs (k,g) with addition defined by (2), using any factor set k satisfying 
(3), then L’ is a central loop extension of G by K. 


The proof of Lemma 11 is the standard one. 
If n—1 in Theorem 4, we have the situation described in the following 
theorem. 


Lemma 12. Let L be an ordered abelian group, let G be a subgroup 
of L and K = L/G be. fimite of order m,.so that K is a direct sum of cyclic 
groups (kı) + (ke) +: -+ (kt) with the order of kı equal to m:i. Then 
there are t elements gı, `°, gt in G such that 


$ t 
(4) mg + Z (m/mi) jigi = 0 implies g =0, j=: == jt = 0 
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whenever g is in G and 0S jı < m for alli. And L is isomorphic with the 
set L’ of all pairs (k,g) with k in K and g in G, addition of pairs being 
defined as in Lemma 11, with factor set 


f(k, k) = > eigi. 


Here e is defined as SOS If k= 2jiki, i = 3; iki with OS ji < m3, ` 
OSs <m, then e: is the greatest meege in (ji + 71)/m; (so that 8 ts 
either 0 or 1). 


This isomorphism is an order-isomorphism if we define (k,g) > 0 in L’ 
to mean mg + 3(m/mi)jige > 0 im G. 


Conversely, given an abelian group K and an ordered abelian group G 
containing elements gi that satisfy (4), the set L’ under the addition and 
ordering defined above is an ordered abelian group extension of G by K. 


~ Proof. By Lemma 11, L is isomorphic with the set I” of all pairs, 
provided a suitable factor set is chosen. We may normalize this factor set 
by arranging that the representatives r(k) satisfy r(Sjiki) == Sjir(ki) when- 
ever 0 S ji < mi (i=1,---,t). I k= Jjik: and K = Zika then f(k, k) 
= r (K) + r(K) —r(k HK) = S (ji H fe) (i) — BCG + Fi — em) r (ki) 
== Je;mır (ki). But since mik; = 0, mir (k1) = g: is in G and f(k, k) = Zeig: 
That (4) is true is clear since. mg + 3(m/m:)jigi = m[g + Sjer (ki) ] 
= m| g +r (k)] which is zero if and only if g + a = 0, which in; turn 
implies g= 0, r(k) = 0, k=0, j=0 for i=l, t. Similarly the 
ordering of L’ suggested in the lemma gives rise to an order-isomorphism 
because we have defined (k,g) > 0 in case m(k, g) >0in G (strictly, in G’, 
the image of G in L’). 

As for the converse theorem, by Lemma 11, L’ is a loop and is clearly 
commutative since K and G@ are and f(k,k’) —f(k',h). The associative 
law can be verified by direct computation. The suggested ordering of. L’ 
is clearly linear by (4). Since L’ is already abelian and since (k,g) > 0 
if and only if m(k, g) > 0 in G, the sum of two positive elements is positive, 
and L’ is an ordered group. 


Suppose that K is a centrally nilpotent loop with central series 
(5) K = H, D Hea D+ + + DH, DH =0; 


that is, each H; is a normal subloop of K and H;/H;., is in the center of 
K/Hi.1.. Define Ht = H;/Hy, (t=1,:-+-,2). These H* are called the 
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factor groups of the series (5). Then H, = H?, H, is an extension of H, by 
the abelian group H?, etc., so that K is the result of a succession of loop 
extensions by abelian groups. This statement and its converse may .be 
formalized as follows. Choose sets of representatives 7;(a,) : functions on H‘ 
to H, such that, modulo Hi.4, ri(ai) is ai (as usual, (0) 0). Then 
every x in K may be written in one and only one fashion as 


(6) saugi E = Tn (an) F {Tni (8na) + E + (a) J}, 

so that the a; are uniquely defined by z Thus ; 
(e T —> (ün * +501) 

is a one-to-one correspondence between K and the set K’ of all sequences 
lam: °.:,@,) with a; in H*. 


` LeMMa ‘13. In order that (7%) be an isomorphism between loops K 
and K’, it is necessary and sufficient that addition in K’ be defined as follows. 
If a’ == (anm +541), Y = (bn bi) and g F y = (cn > ea), then 
for t= L om, o 


(8). Ci = a+ bi + fila, os “atlasi 3 Das” i bina) 


where each fi is a suttably chosen function of the arguments indicated, taking 
values in Ht, fa = 0 and 


(9) fi (0, ` gw Bn, ` i E E = fi (an` ` ty Mint 5 0,- : ai = 0, 


Conversely, given any set of abelian groups H* and any functions fi, 
with range and domain as above and satisfying (9), the set K’ is a centrally 
nilpotent loop under the addition defined in (8). 


Thus this loop K’ of sequences is the most general centrally nilpotent 
laap, | 


Proof. Note that r:(a:) =a is in H, and hence in the center of E. 
Hence we may write x == m -+ a, Mm = fa (än) + [D -© -+ ra(a2)]. Similarly, 
let y = p +- bı, p = Ta (bn) + [D ->+ ra(b:)] and write «+ y in the normal 
form (6). 

(10) s+ y= (m+ p) + (a+ b) = [ È ri (ci) +f] + (a + br), 
v -H y = Zvi (cs) -+ (a1 +b + fa) 


where fı depends only on an,’ ` <, @2 and bn,- ` -, be. Moreover, if an,’ - ©; de 
are all zero, then m == 0 and clearly fı == 0. Similarly, if bn, © -, bz are 
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all zero, fı == 0. Then we have verified the fact that cı == a, + 6, + fı with 
fı as in the lemma. Now consider the centrally nilpotent loop K/H, with the 
shorter central series K/H, = H,»/Hy D Hna/H:2- + -D H/H, > H/H, 
== 0, The factor groups (H:/H:ı)/(Hi-ı/ Hı) are isomorphic with the old 
factor groups H# in a natural fashion, so the choice of representatives r; (a:) 
already made in K gives a naturally related set of representatives #(a:) in 
K/H,. If = and ¥ are the maps in K/H, of x and y, then, in the notation 


of (10), it is clear that ¢-++ 9 = E Fles). From this fact we deduce by 
q=2 


induction the truth of the direct part of Lemma 13. The converse consists 
merely in straightforward verification of the definitions. 

Now we may consider the general case of an ordered loop L containing 
a group G@ in its center wtih a finite quotient loop K == L/G. Then there 
are uniquely defined central series for L, K and G: 


(11) ` D2=Moo ne A 
(12) K = iE E: ee -> H, > Hy = 0, 
(13) G= Fn Png De OF 2S Fg =), 


where the series for Z and K are defined in Theorem 4 and we define 
F,==M.f)G@ (note that each F; is an l-ideal of G). We have already 
denoted the factor groups H:/Hi-, of (12) by H*. Likewise, let us denote 
the factor groups of (11) by Mi = M:/Mi-ı and of (18) by Ft = Fi/Fi. 
Note that each M? is an ordered abelian group which is an extension of F' 
by H* so that Lemma 12 describes the typical method of building M* from 
F? and H’. Next, Lemma 13 shows how to build L from the M? (as well as 
K from the H+). Conversely, this general construction will always yield a 
loop Ł that can be ordered, but it will not necessarily give a loop with a 
subgroup of finite index. If we put these two types of extensions together 
a little more carefully, we arrive at the most general ordered loop / of the 
kind we are considering. We shall prefer at first to consider the extensions 
in what might be considered an order opposite to that just described. 

By Lemma 13, the central series (12) for K together with any sets of 
representatives r:(ai) determine a standard form (6) for elements of K. 
Choose sets of representatives 7’;(a:) in Z such that r’4(ai) is in M: for ai 
in Ht; f(a) modulo G is ri(ai); and 77;(0) =0. Then every element g 
in ZL is expressible as 


(14) z= ra (a) + (na(n) HE +7(a)]} +9 
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where both g in G and the a; in Ht are uniquely determined by z. If we 
think of Œ as centrally nilpotent with central series (13), we may also 


write g = >» Si(uz) where the u: are In F? and s:(u;) are sets. of repre- 


izl 
sentatives in G. The correspondence 
(15) T—> (an, © "s Qi; Un * s) 


then satablicnes a one-to-one correspondence between L and the set I’ of all 
sequences (An °°, 413 Un,' © *,Ux) with a; in H? and w; in Fi. We shal 
attempt to discover what definitions of addition and ordering in ZL’ make 
(15) an order-isomorphism. . 

, Suppose s= Zr: (a) +g as in (14) and y= 3r:(b:) +h. Then 
z +- y= Sr’; (a) + 375(b;) + (9 +h), so it remains to write the corre- 
spondent, under (15), of 37:(a:) + 3r’s(bi). For suppose we write 
To == 394 (Gi), Yo = Zr: (bi) and to + Yo —> (eny* + *, 015 Wns” © *5W1). Then 
To +- Yo = S14 (c:) + Ssi(wi) and s- y= Sr ieo + [3si(wi) +g +A], 
which is in the form (14). 

Let vo = Iri (u) =m +7 (aY, Yo = %71 (b1) = p + rı (bı) and note 
that, since 1’;(a,) and 277,(6:) are in M, they are in the center of L. Thus, 
to -+ Yo = (m + p) + 7'1(a1) +771(01). Write m + p in the standard form 
(14): 


(16) m- p= $r: (a) +s (fr) + È si (u) + sı (mı) 


for some fı in H, and m, in F,, both fi and m, depending only on z, * °, än 
and bo,- -+,bn. Writing 1’,(a,) + 771(61) in the standard form, we get 


(17) 3 (a1) - 971 (b1) = ri (0 ++ bi) + a, 


where k, is an element of G depending on a, and bı. We can say even more: 
kı is in M, and hence in Fy. In fact, since M, is an ordered abelian group 
that is an extension of F, by the finite group H, the function kı(đı, 61) is 
exactly a factor set of the type described in Lemma 12 when the set of 
representatives 1’, is suitably chosen. Combining (16) and (17), we have 


To F Yo = [$i (ei) + Š si(u)] + [971 (fr) + rala + b) 
+ sı(mı) + ki (a1, b1) 
= [Èri (e) + È si(u)] +(+ a Hda) 
+ hex (fis da + b1) + 81 (m1) + ka (i, b1). 
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| Thus ear es (Cn, © ~, Coy C13 Was" °°, We, W1) where 

(8) cy biH film" © +525 bm * ba), 

(19) wy = hy (a, b1) + ey (f1,.0, + b1) + mi (än © 3a; bnm © +, bo). 


Formulas almost identical with (18) and (19) are valid for c2,' ``, ¢n 
and We,** +, Wn. To see this, consider L/M;, an ordered loop of the same 
general character as L. In fact, the series corresponding to (11), (12) and 
(13) are 

L, = L/M, = My/M, D - + + D M2/M, > M,/M, = 0, 
K, = K/H, = H,/Hi >: + >> H/H: D H/H: = 0, 
G, = G/F, = F,,/F, D- + >> F/F D F/F = 0, 


and the factor groups (M:/M,)/(Mi./M.), (H:/H:ı)/(Hi--/Hı) and 
(F:/F,)/(Fis/F1) are respectively isomorphic in a natural way to M‘, H* 
and Ft. ‘Then by an argument very similar to that used in Lemma 13, we see 


that for (15) to be an isomorphism of loops, addition of sequences must be 
defined thus: 


(20) | (Gn, ° "+ G5 ty,” * U1) +- (bn . +, bis Un," ; - 51) 
mi (Cr, ° ati Ogee 99) F [ (0, - “830 5 Wn, * 4/204) 
os (0, ° +505 tn, 6 +5 tr) + (0,° °°, 05 ua, ° *, 01) | 
where 
(21) Ci = ai + bi + filan i y Giza 3 bns’ i "3 Dist), 


(22) Wi = ki (a, bi) +- ki (fi; a; -+ b) + m; (an, Be Meas Un Dist) 


for «==1,2,--+-+,mn, and the addition in brackets in (20) is performed via 
the isomorphism described in Lemma 13 between G and the set of all 
(0,--°,03dn,*--+,%1). Here f: are the factor sets of Lemma 13 defined 
by K and the representatives r:(a:); k: are the factor sets as in Lemma 12 
determined by Mt when considered as a group extension of F? by Ht, pro- 
vided the representatives r; are suitably chosen ; and m: is another, new factor 
set. Also, as in Lemma 13, fa = 0, mn = 0, and 


(23) fi(O,- + +, 05 Bn,° > +, bin) = fi (an + paing 0," + +, 0) = 0, 

mi (0, - "+505 bns > "s Diss) == Mi(Gn,* °°, @i+130,° - -, 9) == 0. 
As for the ordering necessary in the loop L’ of sequences, let us write 
each element x’ of LZ’ in the form (tn,- > >,%:), where each t: represents a 
pair (@:,u:). Such a pair may be considered, in a natural fashion, an element 
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of the ordered group M+? (Lemma 12). Suppose that 2’ = (tn,- ``, t1) and 
that 7 is the largest index such that t; £0. Then 2’ is in M; but not in 
M;-1; 2’ modulo M;., is the element t; of M’, and since M;_, is an l-ideal of M;, 


(24) z’ > 0 if and only if t; > 0 in M’. 


Thus the ordering of I” must be lexicographic ordering of the sequences 
hig = Fy : 


THEOREM 6. If L is an ordered loop with a subloop G of finite index 
contained in the center of L, then L is order-isomorphic with the loop L’ 
of all sequences (@n,° + *,@13 Un’ + °,U1) with ai in Ht and w, in F*, 
provided addition in L’ is defined by (20), (21) and (22) and the ordering 
of L’ is the lexicographic ordering (24). 


Conversely, given an ordered abelian group G and a set of finite abelian 
groups H! (1=1,:--+,n), we can build an ordered loop L’ as follows. Find 
a central series G =F, + + > F, DO such that each F; is an l-ideal of G 
and such that for each i there exists an ordered abelian group Mt which is an 
extension of Ft = F;/Fi by H' as in Lemma 12. (If this is not possible, 
there is no ordered loop extension L of G, of the type we are considering with 
the Ht as the factor groups of a central series of L/G.) Let the factor set 
used to define M+ as an extension of F* by H? be ki(ai,bi)—a function on 
H+H! to Fi—and let L’ be the set of all sequences (an,- © `, 13 Un, °°, U1) 
with a; in Ht and ui in Ft. If addition in I’ is defined by (20), (21) and 
(22), the functions fi and m, being chosen subject only to (23), and tf I’ 
is ordered lexicographically as in (24), then L’ is an ordered loop which is a 
central loop extension of G by a centrally nilpotent finite loop whose factor 
groups are H",- - -, H>. 


We have already proved the direct part of this theorem. ‘The converse 
is merely a matter of verifying definitions. 

Theorem 6 essentially says that an ordered central extension of G by K 
always exists if Œ has sufficiently many l-ideals and if the corresponding 
factor groups Ft are not too nearly complete [cf. condition (4), Lemma 12, 
which asserts the existence in F! of a number of elements not divisible by 
the integer m.]. Thus, in a sense, the condition that K be centrally nilpotent 
is not only necessary (Theorem 4) but also sufficient. 
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APPROXIMATIONS TO A CLASS OF DOUBLE INTEGRALS OF 
FUNCTIONS OF LARGE NUMBERS.* 


By Lrercu C. Hsu. 


"1, Introduction. It is known that the following theorem due to Laplace 
[1] plays a fundamental rôle in the analytic theory of probabilities: 


Let (x), h(x) and f(x) = ©) be continuous functions defined on the | 
closed interval a S s bd such that 


1) (x) [f(x)]* is absolutely integrable over (a,b), n=0,1,2,- °°, 
2) the first and second derivatives of h(s) exist, 


3) h(s) has a maximum value at s= é(a < < b) in the absolute 
sense that h(a) < h(é) for all x of (a,b) other than é and so that h’(é) = 0, 
W (£) <0, 


4) h(x) and (x) are continuous at v == é, where (£) +0. 
Then as n is very large we have tbe asymptotic formula 


S. $ (2) [F (x) Inde ~ p (8) (E) {i — 2a /nf”(E) P. 


This theorem involves many applications, e.g. asymptotic formulas of 
Stirling, Wallis and for Legendres polynomial of the n-th degree are all 
obtainable from it. Its connection with a class of series expansions had been 
discussed more completely by Darboux [2]. Other interesting examples may 
be found in the book of Pélya and Szegé [3]. 

In this paper we shall prove three theorems concerning a class of double 
integrals of functions of large numbers. Let ¢(2,y), h(x, y) and f(z, y) 
= exp(h(z,y)) be continuous functions defined on a closed region S and 
satisfying certain required conditions. It is the object of this paper to 
investigate the asymptotic behavior of the integral 


Í f $ (z, y) [f (2, y)]*d8. 
8 


Throughout the paper it will be assumed that f(a, y) or h(#,y) has a 
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maximum value at a point (To, yo) of S in the sense that f(z, y) < f (xo, yo) 
for all points of S other than (£o, Yo). If there are two or more than two 
points at which the function assumes the same maximum value, we may divide 
I into subregions so that the same consideration is applicable. 

Since (To, Yo) may be a boundary point or an interior point of 8, two 
cases should be treated separately. Moreover, if it is a boundary point of JS, 
there are also two important cases to be considered. It will be seen later that 
the asymptotic formulas for all these cases are different. 


2. Theorems and proofs. We shall now state and prove three theorems. 
The first and third theorems are concerned with the case where (To, Yo) is a 
boundary point of S. The statement of Theorem 1 is as follows: . 


THEOREM 1. Let $(2,y), h(x, y) and f(x,y) —exp(h(2,y)) be func- 
tions of (x,y) continuous together with fe, faasfay, fu, fuy within and on the 
boundary C (analytic curve) of a region K such that 


| 1) p(x, y) [f (x, y) |" is absolutely integrable over S (n= 0,1,2, : -), 


2) F(x,y) has a maximum value at a point of the boundary C (in the 
absolute sense), (To, Yo) say, such that the first and second directional deriva- 
tives of f with respect to the are length s of C are respectively == 0 and < 0 
at that point, 


3) (x,y) and fz? + f are not zero at (£o Yo): (£o Yo} ~ 0, 
(Fa) + (fo) 0. | 
Then the double integral of (z, y) [f (z, y) ]* taken over 8 is asymptotic to 


{2r} e (To, Yo) [F (Lo, Yo) 17C 
{n®[K (fa? + fa’) — ( (fa) Dy — (fu) Do) of] }3 ” 
where K is the curvature of C at (£o, yo) and ((f2)oDy— (fy) Dz)’ f denotes 
symbolically (fe) o?(fu)o— 2% (fa) o(fy)o(fev)o + (fu)o” (faa) o. 

Proof. Let s be the are length measured from (29, Yo) in the positive 
sense along C. Then (df/ds)o is the directional derivative of f(x,y) along 
the direction of the positive tangent to C at (zo, Yo). Since f(z,y) has a 
maximum value at (Xo, Yo) we have 


(1) (df /ds) 9 — (f/d) 9 (dar/ds) + (af/@y) o(dy/ds) = 0. 
Tt follows. that | 
(2.1) (dz/ds)o = +Ė (fu)o/{ (fa)? + (fy) o7}4 = cos 6, 


(2. 2) (dy/ds)) = = (fe)o/{(fo)o? + (fv) o7}# = sin 9, 
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“where @ is the direction angle measured from the positive z-axis to the 
tangent to C at (a, yo). The sign + or —- in (2.1) is taken according 
as (0f/éy).(da/ds),) > 0 or <0; and correspondingly the sign — or + in 
(2.2) as (6f/0x)9(dy/ds)) < 0 or >O. 

Let the origin of the coordinate system be translated to (Vo, Yo) and 
then turn the system through an angle 6. We thus have the new coordinates 
(X,Y) for a point of C so that e—a== Xcos6—Ysiné@ and y— yo 
= X sin -+ Ycos@. By the well-known formula of Frenet, we may expand 
A, Y in power series of s about s = 0: 


| { X = (s/1) — (s*/6R*) + +, 


(3) == (s?/2R) — s?/6 R°? (dR/ds}o + 


where the sign + or — of Y is taken according as the curve. lies to the 
left or right of its tangent at s = 0, i.e., according as the curvature K.> 0 
or <0 at that point. Now since the coordinates of a point (s, y) on the 
curve C are functions of s, we may write f(x,y) =e) so that f(2o,; yo) 
= %(0) and we have 


(4) d¥/dS = ôf/ðs[ (dX/dS) cos 6 — (4Y /d9)sin 6] 
: -+ ðf/ðy[ (dX/dS) sin @ +- (dY /d8) cos 8]. 


Differentiating this expression and putting s == 0 we obtain, in view of: (3) 
and (2), 
(d?¥%/d8"), = [ (8/02), cos 6 -+ (8/0y), sin 0] @ Ff 

+ K[(éf/dy) > cos 0 — (3f /ðxr)o sin 8] 
(5) = + K (fa? + fy?) o” -H (fo? + fy?) 07 L (fe) 0(8/dy) o 

— (fy) 0(@/0%) 0] F, 
where [(fe)o(0/ðy)o — (fy)o(@/0x)o]f denotes symbolically (fx)o*(fyy)o 
— 2(fe)o(fy)o(fey)o + (fy)o?(fer)o and KE == + 1/R is the curvature of C 
at (zo Yo). The prefixed sign + or — of K is chosen in accordance with 
that of (2.1). But since we have taken a positive sense for the measure- 


ment of C and since the function f(x,y) has a maximum value at (£o, Yo); 
it is casy to observe that for cach casc 


(0f/dy)9(dv/ds)y < 0 or correspondingly (f/x) (dy/ds)o > 0. 


This fact can also be justified by comparing the two sides of (7) (see below). 
Thus it is seen that the sign of K miust be negative, i.e. we may definitely 
replace + K by — K in the expression (5). 


DOUBLE INTEGRALS OF FUNCTIONS OF LARGE NUMBERS. 701 


Let (s) =p (x,y), (0) = (2, Yo); where (ty) is a moving point 
of C. Then by Laplace’ s theorem we obtain 


(6) f, He nIflay)Pds— f a(s) [¥(s)]"as 
= ©(0) [8 (0) ]*8{ (— 2x/n¥’’(0)) (1 +6) B, 


where sı — so is the total arc length of C and e— 0 as n— œ. 


By hypothesis 3), the values of fe(ao, Yo) and fy({%o, Yo) are not both 
Zero, fy(o; Yo) Æ 0 say, so that by Green’s theorem and (6) we have 


(nt) f J F@ NI ends — f Fey) Pde 
: | 
(7) ` = (da/ds) [¥ (0) ]**9/2(— n/n” (0) )2(1 + en) 
= = [F (to, yo) ]**/2{— 2ar(fy) 02 /n[— E (fa! + f)” 
E a E en); 


where the sign -+ or — in the last expression is taken according as 
fu{o,¥o) <0 or > 0 and e — 0 as n> o. 

Let e be an arbitrarily small number > 0. There can be found a 
neighborhood of (a. 4%) in S, o say, such that 


| fu, y) — fu (#0; Yo) | < € for (x, y) €v. 


Then by the mean value theorem in the integral calculus, we may write 
I = J J CEIF lo, yo) Fula y) aS 
tev) S S (F(2 9) /f (Tos yo) 4S + O (E), 


where (a.y) is an interior point of o and 0 < k < 1, in fact, 
k == Max (f(x. y)/f(xo,yo)} <1 for (a, y) £o. 


Hence it is goon that the integral I is equal to 
(fu (2o; Yo) a è) ff {7 (2, Y) /f (o; Yo) ya F 0(k"), | ò | Le 
’ | 
Since e is arbitrary we may conclude that 


Sf Fenena ~ian) FJ texas. 
j s 
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A comparison with (7) gives at once the result 


J S [fh (x, y) J"dS ~ [F (xo, yo) 1*2 {— 2ar/ (n [— K (fa? + fP) 
+ ((fa)o(Du)o— (fu)o(Dz)o) ®F1)) 


Using hypothesis 3) and the mean value theorem again, it can be shown in 
a similar manner that 


SS senienas ~elen) ff enas. 
§ : 8 


Hence the theorem is proved. 


THROREK 2. Let d(2,y), h(a, y) and f(x,y) = exp (h(a, y)) be con- 
tinuous functions defined on S such that 


1) (2, y)[f (x, y)]* is absolutely integrable over S (n= 0,1,2, - +), 
2) fay fass fy, fum fay exist and are continuous throughout 8, 


3) h(z,y) has an absolute maximum value at an interor point (9, a 
of S so that (he)o = (hy)o =0, (hazshyy)o— (hay) 0? >0, 

4) (2, y) is continuous at (£o, Yo) and (£o; Yo) Æ 0. 
Then the double integral of (x, y) [f (<, y)]” taken over 8 is asymptotic to 


Qh (Lo, Yo) [f (Xo, Yo) ]”/N {haa Lo; Yo) Ray (Los Yo) — hay” (wo; Yo) }¥. 


Proof. We now consider the integral 
I, = Sf {f (£, y) /f (2o, Yo) }*dS = f f eulalay)-s (onde Idg, 
8 8 


By hypothesis 3) and Taylor’s expansion we have 


h(2, y) = h (20, Yo) cae hea (É, 7) (£ — To)? 
| halé, 4) (@ -@y) (y— yo) + Ehu lE 0) (Y — yo)’, 


where é and y are interior points belonging to the intervals (£o £) and 
(Yo, Y) respectively, so they are also functions of æ and y. It is clear that 
hea (£os Yo) -+ hay (Los Yo)t + hyy(Lo, yo) t? is a negative definite quadratic 
function of ¢ and that Aee(é, n) > Aee(Lo, Yo), Rey (E74) —> hey (Ho; Yo); 
hyy(&, n) —> hyuy (Zos Yo) as (s, y) —> (£o Yo). Thus on writing g — z, =X, 
Y — Yo = Y and making (X, Y )—(0,0) along any direction, Y == t- X say, 
we have 
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lim Peele WX? E aE DAT T haen _ 
(X,Y) (0,0) haz (Zo, Yo) X? + Rhay (To, Yo) LY -t hyy(Zo, Yo) Y2? . 


Hence we may write 


han (£, 9) xX? + Ray (É, pY -}- hyy (é, 7) i: 
— (aX + 26X¥ $F) (1+ E(X Y)); | 


where &@ = hae (to, Yo), B = hay (Xo; Yo), Y = hyy(%o; yo) and E(X, Y) —>0 as 
,(X, Y) — (0,0). 

Let 6 be an angle such that when the (X, Y)-coordinate system is turned 
through it the quadratic form aX? + 2BXY +- yý? will be reduced to 
A,u? -+-dr2v?. By the well-known invariants for conic sections it is seen that 
M1, Az are roots of the equation A?-— (a + y)A— (8? — ay) —0, so that 
Aida = how (Los Yo) buy (Lo, Yo) — Ray (Zos Yo), and we may rewrite (aX? 
EBAY AyY® (14E, ¥)) a (aut EAn) (1+ alu, 0)), where 
p(u,v) —0 as (u,v) — (0,0). 

Let e be an arbitrarily small number > 0 and < 1. There can be found 
a positive number 8 such that | p(u,v)| < e whenever u? -+ v? S 8. And 
let R be a circular region with radius 6 and with (0,0) as its center. Then 
since the transformation of the (X, Y)-system to the (u, P ES is a 
rotation we have 


T= f f expl(n/2) («2 +-28XY yF”) - 


(8) X (1+ E(X, F))JAXAY +0") (0< <1) 
= S Wi) “exp (n/2) (hat + A0) 
-3/2 S/V? 
X (1+ p(u, v) )Jdudv + 0 (k:”)  (0<k:<1). 


Therefore it is sufficient to consider the integral on the right-hand side 
of (8). Denote the integral by J. and let Max p(u,v) = M (8), Min p(u, v) 
= m(8) for u? -+ v? = 8%, Then clearly 


| &/V2 
(9) I; < ( i aa (5) du ) ( f pinh (Lem (8) Pdu ). 
-8/ V2 -0/ VE 


Noticing that A, < 0, àa < 0 we see by Laplace’s theorem that the pared 
side of (9) is asymptotic to 


{— 2r/ (1+ m(3)) nd }8{— 2x/(1 + m(8) )nars}’. 
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Tn a similar manner we obtain, as n is large enough, 
I, > {— 2r/ (1 + M (8) Jn H {— 2r/ (1 + M (8) ) nro}. 


Since « is arbitrary and | M(8)| < e, | m(8)| < « we obtain that Iz is asymp- 
totic to | 


{— 2a /nħ y {— 2a/nrg}? = 2r /n{hzalto Yoto, Yo) — h*2y(2o, Yo) }#. 


Now it is clear I,-~ZI,. Hence it follows that i 


f f [F (æ, y) rds ~ aL f (oy Y0)]*/n{ħaa (2o, Yo) ry (Tos Yo) — Aau (to yo) Ë. 
S l : 


The theorem thus follows by the mean value theorem for integral calculus. 

It is easily verified that haez(£, y)hyy(2, y) — hzy (£, y) is an invariant 
form under all unimodular linear transformations in two dimensions. More 
generally we may obtain an invariant form as follows: Let there be given a 
1-to-1 and continuous mapping z = Y, (X, Y), y = Y(X, Y) so that ọ (z, y) 
— (X, Y), h(x, y) = H(X, Y), f(z, y) = F(X, Y) and (ao, yo) corresponds 
to (Xo, Yo), where the Jacobian of Yı, Y> with respect to X, Y remains of 
constant sign in a neighborhood of (zo, Yo). Then the double integral in 
question is asymptotic to 


IrË (Xo, Yo) [F(X Yo) |? DEP 
ae NS ee a) 
n{ Hux (Xo Fo) Hyy (Xo Fo) — Hexy (Xu Yo) yo OO WMA YD poy 


Upon comparing we get 
(h shyy = he xy) mae (HxxHyy ee H?* xy) @ (a(x, ¥) (2; y) Jo? 


Thus an invariant form can be written symbolically and symmetrically as 
follows : 


(10) (haalyy — h°zy)o (0 (x, y) )o” = (HxxHry — H’ xy)o (38 (X, Y))>?. 


in particular, 1f the mapping 1s a unimodular linear transformation, we have 
haahyy —= hwy — HyxHyy E H’ xy. 

The next problem to be considered in this paper may be stated as follows: 
Let there be given all conditions of Theorem 2 and let C be a curve passing | 
through the point (Zo, yo) so that the region S is divided into two subregions, 
Si, and S: say, where C is the common boundary of S, and Sə. Then we ask 
the following question: What is the asymptotic value of 
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Sf s@ntenras o ff senienas? 
S` ! Se l 


Clearly this question has not been answered by Theorem 1, because in the 


present case the condition 3) of the theorem is not satisfied. Thus in 


answering the question we are led to prove the following theorem. 


THEOREM 3. Let (x,y), h(£,y) and f(x,y) = exp (A(z,y)) be con- 
tinuous, functions defined on a region S such that all the.conditions of 
Theorem 2 are fulfilled. Let C be an analytic curve passing through the 
point (£o Yo) such that the region S is divided into two subregions, Bı and 


S2 say. Then the integral ff p(x, y) [f (a, y)|"dS taken over either of 
the regions Kı or Ka is asymptotic to 
wh (To, Yo) Lf (Lo; Yo) ]*/M{laz (Los Yo) Ruy (Ao, Yo). — hay (To, Yo) JÈ. 


Proof. We shall need the following lemma: If L is a straight line 
passing through the point (£o, Yo) and if S, and Sz are subregions of S 


divided by the line, then the integral f [¢(z,y)If(«, y) |"d8 taken over 
either of S, and S- is asymptotic to 


LS snena. 
& 


The proof of the lemma is simple. Since hex (a, y) hyy (x, yY) — hey (a, y) 
is an invariant form under unimodular linear transformations, there is no 
loss of generality in assuming that L is parallel to the z-axis. Then it is 
easy to show that the integral of (2%, y)[f(z,y)]” taken over 8, is asymp- 
totically equal to that over Sz. 

To see this it is sufficient to consider the right-hand side of (8). Let È 
be a circular region with radius ê and with (£o, yo) as its center and let T 
be a square inscribed in R (see Figure 1). Then it is clear from the proof 
of Theorem 2 that 


I ~ JS He a le ad 
7 f J exp (0/2) (aX? 4 2BXY + y¥*) Java 4 O(t") 


= (Soran) ( Semen) + of), 


-5/V2 -8/V 2 
where 0 < k < 1. Since the integral f fexp[(1/2)(@X? 4+ 2BXY + y¥*)]dXdY 
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taken over o2 has the same value as that over o, (Fig. 1) we see that the 
integral taken over §, is asymptotic to 


ve -ô/ V2 
( f ema dy) S endu) ~ $L. 
a’ Q 8/V2 


Hence the lemma is established in a manner similar to that used in the 
proof of Theorem 2. 

We may now complete the proof of the theorem as follows: Let C be an 
analytic curve passing through the point Po(%o, yo) and let L he a straight 





Fie, I. 


line tangent to C at Po. In order to apply the lemma just proved we have 
to construct a 1-to-1 continuous mapping A: X = ¢1(s,t), Y =4¢e(s, t) 
such that (i) the S-region is mapped onto a %-region of the (s,¢)-plane; 
(ii) the curve C in S is mapped into a straight line Z in 3; (iii) the origin 
is mapped into the origin. For such a purpose, we may assume that the 
curve C has been expressed as a function of the are length s, viz. X = y (8), 
Y = (s), in particular, for a neighboring point (X,Y) of Po, we have 
(cf. (3)) 


(11) 


FY assem ins agit), 
{ = + [s?/2R — s*/6R*(dR/dS)o +: ++] = p(s), 


where the arc length s is measured from (£o, Yo) in a positive sense. Then 
a required mapping A may be written simply 


AS A = (s), Y = we(s) +t. 


Clearly this mapping satisfies all conditions required, e.g. the curve @ is 
mapped by it into a straight line t = 0 in the (s, t)-plane (see Figure 2). 


m 
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Moreover, if we write h(s, y) = H(X, Y) = H* (s, t), then we easily obtain 
H*.,(s,t) = Hxx(X, Y) (Ws(s))? + *Hxv(X, Y)Ws(s)W2(s) 
+ Hrr (X, Y) (v’a(s))? + Hx(X, Y)y's(s) + Hy(X, yal), 
H*:t(s, t) = Hzr (X, Y)W/,(s).+ Hey (4, Y)w’2(s), 
H*i(s, t) = Hyy(X,Y). 
so that by (11) we have 


H*,2(0, 0) = Hxx(0, 0) + (1/8) Hy(0, 0) = Hxx(0, 0), 
(Hy (0, 0) Eg 0) 
H*,:(0,0) =H xy (0,0), H*:;:(0, 0) == Hyy(0, 0). 





Fie. 2. 


It follows that 
H*55(0, 0) H* +2 (0, 0) ai H”? (0, 0) 
(12) = Hyx(0,0)Hyy(0, 0) —H*zy(0, 0) 
E = haa (Tos Yo) huy (Lo; Yo) — hay (£o, Yo). 

The relation (12) can also be justified by (10) and the fact that 
(8(X, Y)/@(s,t))o==1. Hence by the lemma and Theorem 2 the theorem 
is proved. | 

For the case where (£o, Yo) is an interior point of S, there are also sub- 
cases not considered. For example, (Zo, Yo, 2.) may be a point of the surface 
z= f(x,y) at which no horizontal tangent plane exists. In particular, 
(Zo, Yo: Zo) may be a conic point of the surface. But for such a case the 
asymptotic behavior of the double integral in question seems simpler. In 
fact, it may be shown without difficulty that the asymptotic value for this case 
is much smaller than those we have considered, but we shall not discuss it 
in this paper. 


.8. Geometrical interpretations. We shall now in this last section 
explain the asymptotic formulas obtained in 2 geometrically. It is evident 
that the asymptotic behavior of the double integral depends essentially on 
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the neighborhood of the point (Ta Yo) at which the function f(s, y) takes 
its maximum. Theorem 1 shows that the asymptotic value of the integral 
depends on the curvature of the boundary at (£o, Yo). For definiteness, we 
may think of the boundary as a path of integration in the positive sense so 
that the curvature K will be = 0 or =0 according as the curve lies to the 
left or right of its tangent at (£o, Yo). Now we may draw a small circle 
with (Zo, yo) as its center. In this way, it is seen that the intersecting area 
of the circle and the region S will be = the area of the semicircle cut out 
by the tangent if K = 0; and will be = the area of the semicircle if K = 0. 
Thus clearly the asymptotic value for the first case should be <= the value 
for the second casé. And this agrees with the fact that the factor K occurs 
m the denominator: 


(n° LE (fa? + fa’) ° — ((fa) Dy — (fv) oDe) PF] }}. 


In particular, if the boundary C of S is a convex closed curve (i.e. 
K = 0 for all points of C), then the asymptotic value will be a maximum 
when and only when K = 0 at the point (zo, Yo). | 

Theorém 2 shows that the asymptotic value in its case is much greater 
than that given by Theorem 1, in fact, the orders of their denominators are 
respectively O(n) and O(n-*/*). The reason may be that in Theorem 2 the 
neighboring points of (To, Yo, Zo) on the surface z = f(x,y) have infinitesimal 
distances of order 2 from the tangent plane z == ze, but the situation is. not 
so for the case of Theorem 1. 

For the reasoning of Theorem 3, we may draw a small circle (of radius 8) 
with (Tə Yọ) as its center so that it is divided into two portions by the 
curve C. Since C has a tangent at (zo, Yo), we see that the areas of these 
two portions are asymptotically equivalent as > 0. Thus it is geometrically 
evident that the two double integrals of ¢(7, y) [f (x, y) |" taken over 8, and 8, 
are also asymptotically equal. 


Tsinc-Hua University, PEIPING, CHINA. 
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ON BESSEL SUMMATION.* 


By K. CHANDRASEKHARAN and Orro Szász. 


We present in this paper’ some results concerning Cesàro and Bessel 
summability; each method contains a parameter, representing a scale; it 
turns out that the two parameters of summability are closely connected. 
The results permit interesting applications to Fourier series and other develop- 
ments. The last section gives some applications to simple Fourier series. 
Further applications, in particular, to multiple Fourier series will be presented 
in another paper. ) 


1- Let Jp(¢) denote the Bessel function of order p: 
© 
Ty(t) = 1/23 (— 1) (0/2 + y+1)), Re) >h, 
pz 


and let 
(1.1) . au(t) = (2T (u + 1)Ja(t)/t") 


=P (e+ 1) È (P/T eH 1) 
so that a(0) = 1. i 


Let {An} be an increasing sequence of positive numbers 


OSA < A LA Loo L An ©, 


oO 
and let k denote a positive integer; a series Sia, is said to be summable 


(Jp, k, à) to the sum s if the series nS 
OO 
(1. 2) 2s Gn { ap (Ant) ye — pë (t) 


converges in some interval 0 < £ < to, and if 


p(t) —>s as t->0. ([1], [2]) 2 


Our transform includes Riemann’s summability-methods for An = n, p = 4, 


a(t) = sin t/t. For Ay== 1 and k= 1 we call it Ju summability. 


* Received August 29, 1947. 
1 Presented to the American Mathematical Society, April 26, 1947. 
* Numbers in brackets refer to the literature at the end of the paper. 
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' We now develop a number of properties of a(t) which will be needed 
in what follows. 
We have, for R(x) >— 4, ([8], pp. 47, 48) 


Ault) = (¢/2)#(1/P (u + 4)P(4)) f cos (t cos 0) sin™ 0dð, 
thus 


(1.3) @u(t) = (Ta +1)/T a+ HTG) f cos (t cos 6) sin? 0dð. 
4 0 ‘ 
It follows that for real ¢ and real u > — 4 


|an(t)| = (P+ 1)/T (e+ Ea) f sin oao — a (0) = 1, 


and. 
1— ap(t) = (T (u+ 1)/T (u + 4)r(4)) fa — cos (£ cos 8) } sin?” 8do. 
Now 
1 — cos (¢ cos 0) < 4 (t cos 0)’, 
hence 


0S 1— a(t) < (Tla +1) /Puet+hr(d) #2 Í "cos? 6 sin®# 648 < At? 
for p > — 4. l 
It is known ([8], p. 199) that 
Jpu(t) = (2/rt)* cos (t — pr/2 — r/4) + O(t), as $54 œ, 
and that ([8], p. 45) 
(d/dt) (Ju (t)) = — tI pma (t); 
hence 
(1.4) u(t) = (2/r)# (2T (u + 1) /t#°4) cos (t — pr/2 — 0/4) 
+ O(t) = O (t), 
and 


(1. 5) (d/dt) [ay (#)] = — tapu (t)/2 (u + 1). 


All roots of Ja(t) are real for p =— 4 ([8], p. 482), and if ¢ are the 
positive roots in increasing order, then ty = O (v) ([8], p. 506). From (1.3) 


AiO 2h et B)T(3)) f sin ( cos 6) cos 0- sin?” 648, 
0 
and from the mean-value theorem, for 0 < rT < t, 


Au (t) — a(t) = xp (£) (t— 7), where r< 2 <i. 
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Hence 
(1.6) | u(t) — aur) | ae oe. 

S ((#+— 7) (e+ 1)2/P(u + T(E) f, cos? 0 sin% 68 < t(t—7); 
in particular 
(1. 7) | au (nt) — a(n HIE] < (1n), t>0. 
From (1.4) and (1.5) 

Sp (nt) — an (n + 1t) 
(1. 8) —1/2( +1) f aua (2) dla =z O( f araida) 


= O (tenir), as ‘n> o. 
2. THEOREM 1. [fO0<a<8<1, Sa = Š o, 
0 


(2.1) an= O (n), 

(2. 2) Sn —S—=o0(2*), as n> 0, 

then Xa, is summable Jy to the value s for u = 4 — a/1 — ô +a. 
For the proof we may assume s = 0; let 

(2. 3) z = 1/ (8 — a), so that r >1/8> 1. 

We write for a given e (0 <€< 1) 

(2.4): A= [i], v= 1 + [e7t7], where t < 1, i 

so that A21, v>A. Let 


(2.5) u(t) = Saaau(nt) + È anen(mt) = ya (t) + a(t), say. 
Now, from (2.1) and (1. 4) 


p(t) = O( È w8(nt) #8 = O( bray on, 
a | 
e+e+s—1+4+8— (4/1—8-+ a) = (1—3(8—-«)/1— (8—@)) > 1. 


This proves that the series a(t) is convergent for ¢ > 0, and it follows from 
- (2.4) that : . 
_ We(t) = O (g-#o bt (at8-B) eutd-B) 
Here 
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p+ 8— $= 8 — (a/1—è + a) = ( (1—8) (8 — «)/1 —8 -+ a)) > 0, 
and the exponent of ¢ is, in view of (2. 3) | | 

Cie es — (1— (&/1 — ô + a)) == Í. 
Thus ye(t) is small for small e; | 
(2. 6) | we(t)| < d, where ¢—> 0 as «> 0. 
Furthermore 

a(t) = E Salon (nt) — au (A F T E)] + Svan (ot) 

== Wa (t) + Svap(vt), say. 

Now, from (2. 2) and (1. 4) 

Svap(et) = o (eet) 

— eba . o (prieta), (from (2. 4)). 


Here 
u -+ $ -+ a= 1 — (a/l —8 +a) +a >a >o, 
and 
rie +4 +¢)—3—p> 0; 
hence : 
(2. 7) Svan (vt) == 0(1),ast— 0. 


Finally for y(t) write 


y(t) = (= F > )Ontan(nt) — a(n + 1t)} = y(t) + ya (t), 


say; using (2.2) and (1.7), and- noting that (1.7) holds also for n == 0 
in view of the inequality 1 — ap (t) < 42°, we obtain 


(2.83) w(t) = Of Èn Hatt 12) m O (EA) = O (49), (Irom (2. 4)). 
To estimate y;(#) we employ (1.8) and (2.2); then 


Un (t) = (È £ neki eh) — o (tikpat), 


as 
4 — a — p = E ee, — 2 = E T E 0, 


Thus, from (2. 4) 
Ws (t) = o (titen tratr (ate-2) ) 
= eth. o (fateh) tha) | 
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a 


The exponent of ¢ is, in view of (2.3), 


(—a/1—8 -+ a) + (a/1—8 + a) =o; 
thus 
(2. 9) ys (t) = u - o(1); 


here the first factor is large for small e, but for any given «> o, choosing 4 
small enough: ¢ < to(e), ws will become ariman small. It now follows 
from (2. 5)-(2.9) that lim ae | du(t)| <€; d being arbitrarily small, the 
theorem follows. t> 

For a = o ([7], p. 389) at least one of the two assumptions (2. 1), (2.2) 
must be strengthened. In this case sufficient assumptions are, either (2.1) 
and 


(2. 2’) : oe oiiok n), 
or, (2.1) for every § < 1, and 

(2. 2”) Sn —s = O(1/log n), 
or, (2. 1) for ê= 1 and (2.2) (for a = 0). 


See [6] also for further references and generalizations in the case œ = o. 
The main results in this case are due to Hardy and Littlewood. 


3. Chandrasekharan ([1], Theorem I) proved that summability (C, r), 
r= o implies summability Jy for u >r++4 to the same sum. We shall 
prove the following generalization : 


THEOREM 2. If Zan is (C,r +1) summable, and tf 
(3. 1) on = > | So" | = O(n), as n> oœ, 


then Yan is Jp summable for »>r+4,r>—l. 


Here 8,” is the n-th Cesaro mean of order r: 


(3. 2) Snr aA > Y'n-valy, Yn” = * 2 D 
p=0 
Let 
ee) 
(3. 3) = Ynv tay (nt ) = AtTtan(vt), v= 0,1,2,- 


n=y 
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# 


It is well-known that 
(3.4) yeh (r41) (r +2) (r+ n)/n! ~ n/r + 1), 
if r is not a negative integer. 


For the proof of the theorem we may assume without loss of generality 
that (C, r + 1)žđ&„ = 0, that is, &„™* = o(n™**) as n—> œ. The main idea 


r : n 
of the proof is then as follows. Since we have a, = X ynv” Sv", we write 
y=0 


(purely formally, for the present) 


y=0 =v 


00 uv Cc å œ 
(8.5) dnt) = È an(nt) (Sv 807) = $ È Syyn an(n), 
X ; 
= > Sy ATM an (vt), 
y=0 


and we then estimate Ata, (vt) in different ways in different parts of the 
range of y in (3.5) in order to show that a(t) > 0. 


We first show that the interchange of summation in (3.5) is legitimate 
by proving that the double series converges absolutely. We have for t>o, 


= 9 1 
p> | ynv” 7a (nt) | = O( p> (n— v4 1) ?n-#5) 
= 0 (v3), 
and we need only prove that 5 | S | vr < o. Now 
pol 


n n-l p 
> | gyr | pHs =m ng, + > Cy [y u —~ y + 1è], x 
vel 1 


= 0 (nutr) + O ( I yrtt-n-8/2) ; 
pal 
from (3.1). Hence 


S| Sr |y= O(1) + 0(1) = O(1). 


This proves (3.5) and the convergence of either series. 


It remains for us to prove that lim p(t) =0, p>r+ 3, r> —i. 
#0 
Let us write, for any A > 1, 


p(t) = (2 t 2 )Sr Aalt) = W(t) — W(t), Bay. 
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We shall show that y¥.(¢), y(t) tend to zero with ¢. Before doing so, we 
shall evaluate A’a,(vt). Employing the formula ([8], p. 48) 


(3.6) Ju(t) = U/UP (EPE) "ote sine gag, 
we get, from (1.1) and (3.3), 


aay (vt) = È ya? (T (p + 1)/P(u+ ET (8)) ff “etter? sinen odo 


O = (T+ D/E +L) f sin OE yavr teinteo) ao, 
Now 


fee) o0 ; 
Ar+igivtcos? — > Ya-v T 2etntcosd =— gtvicosé. > Yat Zetnt cos? 
n= n=0 
2 z (1 -i g)rtt, 


where z = e##cos?, and the substitution cos 0 = {xv yields 


+1 
(3. 7) ATay(vt) = Cp f (1 — a?) Mtgivta(1 — gitey raga, 
. -4 


where 


Ope (P+D UDT) = ( f emoa) = ( Saeta)”. 


To estimate y, let [At+] = n, so that 
W(t) — 3 SyrAT an (vt) az 5 (Kyr — Sys) A ay (vt), S_ t+ = 0; 
y=0 D=0 - | 
then . 
n-1 
(3. 8) y(t) = Sa Aap (nt) + D Sy Aan (vt). 
y=0 
Using (3.7) we obtain, 
+1 
| Aran (nt)| < Cp f (1— a?) #4 | 1 — etto | mdg 
i -1 


+1 
= Op f (1 — z?)t3 |2 sin tz/2 | tdg 
, =| 


+1 
< Op f (1— a yeHrade — tr, 
-1 
so that 
SpTA Ata, (nt) = o ( (nt) ). 


To estimate the second term in (3. 8), we note that | 9y"*t | = evv”*t where 
ey» —> 0 and hence, 
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< [7t] 
| ` Sy Ar? ap (vt) | < frr? >> | Sy | 
y=0 o 


[A/t] 
< Ae grrl. (A/t) r= . T/A >» Ey == o(1), 
p=0 


by the (C,1) consistency-theorem. Hence it follows that 


W(t) = 0(1), as ta. 
To estimate y(t) write | 
ATga (vt) = Arti-k. Akay (vt), k = [r +- 1]. 
Using the well-known mean-value theorem for repeated differences, 
MPa (vt) == (— 1ra (vy +-8 pt), 0 <8 <1, p= 0,1," >+. 
From (1.4) and (1.5) we have 
u(t) = O(t), as t> œ, 
and by induction, 
au (t) = O(t), p= 0,1: ++; E o. 
It follows that 
ce i APap(vt) == O (fee ay #8), 
First let r be an integer. Then | | 


s Syr Atta (vt) = 0( ŞS | Sy | prth-ny eh) 
vented 


v=n+1 


. 


xD 
= Otte D | Sy |e) 
1 


vnt 


OO 
= O (tre > (ov = ov-1) yt) A 
pent 


Thus 
0 oO 
palt) m O (trin > oyy 3/2) — O (irtive > yl) 
vzn 


ven 
oom () (ir tb-enr #8 ) am O ( Artie) <e 
if A=a(e) is large enough. Next, let r be non-integral, r< k<r+l. 
Then 


x) 3 j OO 
Atap (vt) = È yaaa (mt) = Aalt) + S yastau (ot) 
mayt 


MEY 


Therefore we write 


yo(t) = s(t) + ya (t) + y(t), 
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where 


a(t) = È Sata (vt), 


y(t) = 5 Ky” ` ymvt Aka, (mt), 


v=n+1 m=p+1 


s(t) = S Sy" > ym Tt ARG, (mt). 


p=n+1 M=p+pt1 


To estimate y(t), we observe that 


Atap (vt) = O (Petya), 


and So 
ys (t) = O (fm È [Serle È) 
(3. 9) =— 0 (itti unre) =f) (thr Artie) 


= 0(1). 


To estimate y(t) we use (3.4) and observe that 


Sf paraa (mt) = O(n $ (m— y)ma) 


” m=p+1 meyi 
= 0) ({¥+i-u yu- pi) : 
and so 
oO 
y(t) = O( > | S," ye bk i gk-r ) 
v=nż1 
(3. 10) — O (Pr upkrnr-ut) 
= 0 ( (nt)7 eather pk-r) 
= O (Arzu) (pt), 


Finally, to estimate ys(t) we observe that 


Syma ay (mt) = ypu! TAM any Ep FIt) +S ymvt Akay (mt) 


m=yŅ+p+1 m=p+p+2 


= Ò (pèra (y + p), 
and.on.° ` l 


p(t) = O( È | So" | p(y + p) 8) 


(3.11) = Q (ni Htigk-r-1¢k-n-4) 
= 0 ( (nt) r-u+ġ{k-r-1 p) f 
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Let p == [t], then from (3.9), (8.10) and (3.11) we have 


l Ya (t) = Ws + ya + Ys = 0 (1) + OATH) <e 
for A>A(c). It follows that 


pult) = y(t) + y(t) =0(1), as too. 


Remark. For r == —a, 0 <a <1, p= 4, see Theorem A in [7]. Note 
that there are series satisfying the assumptions of our theorem but not 
summable (C, k) for any k<r+1. CE. [7]. 


4. In the present section, we assume that 3a, is summable (C,r) for 
some r = 0. It then follows that 3an is Ja summable for p >r -+ 4, but it 
is not necessarily summable for p=r -+ 4. ([1], p. 226). We shall now 
investigate conditions under which (C,r) summability of 3a, will imply 
Jr, Summability. In doing so, we will find it convenient to use, instead 
of Cesaro summability, an equivalent type of Riesz summability. 

Let us assume that (C,7r)3a,—0. Let us write 


T(w) = T° (w) => mw, yvSuwucrv+l.. 
Vow | 
In the notation of Sections 2 and 3, T(w) = 8y. For & > 0, we write 
T*(w) = 2k f ” (w — #2) T (t) dt. 
6 


A series Sa, is summable (v*, k) to the sum s, if lim w*Z*(w) =s. It has 


been shown by Hardy [3] that this method -is aano to (0, k); thus 
(4.1) Tr (w) = o (w°). 

We also have ([4], p. 36), 

(4. 2) T(w) =o(w"), 


and for k= 0, a > 0 ([4], p. 27), 
(4.3) T##(w) 
= (D(a Hk+ 1)/E( +1) (a)) f (w — PyTeçE) dt. 
In the notation of Hardy and Riesz ([4], p. 21) 
T*(w) = Oè (w) =k f ONE) (w? — iydi 
T(w) = Ow), (da) = {°}: 
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We have ([4], p. 36) 
(4. 4) T*(w) = o (w), for o &k <r. 
We shall now prove some lemmas leading to the main theorem of this section. 


LEMMA 1. If 3a, is summable (C, r) for some r > o, to the sum zero, 
r not an integer, h = |r], u= h +4, then we have: 


m m 
S anau (nt) = 0(1) + ctr? f uT" (u) apra (Ut) dw ; 
n=0 0 . 
uf r is an integer, then the above relation holds for p= r — $; if r ts zero, 
tt holds for p > —#. 
To prove the lemma, we observe that Abels lemma on partial summation 


and (1.8) yield 


(45) S anap(ni) = Smap(mt) + 2/2 (u+ 1) f " oT (2) Ouaa (at) dz. 
n=0 : «7 0 
Denote by h the greatest integer less than r, so that r—1<h <r; then 
(1.4) and (4.4) yield the relations | 
(4. 6) T* (w) Guix(wt) = o (wrt kk) — o (wet) — 0(1), 
for 0<kSr, p=r— 4. 


If r is not an integer, h+-1> 7, and since Cesaro summability is 
regular, the given series is also summable (C,r-+ 1), or what is the same, 
summable (v*,7 + 1). Hence 


(4. 7) : T+ (w) = o (wht?) 
and 
(4.8) T (w)apna (wt) = o (wW? - wD) —o(1), if p> h+ 4. 
If r is an integer, then h = r — 1; and 

LT) (w) Gysner (Wt) = T" (w) ops (wt) = o0 (1), if p= r— 4} 
by (4. 6). 

If r= 0, hence h = — 1, then 
T (w)ap(wt) =o (wrw) —0(w-#4) =0(1), p > — 4}. 


Now, integrating by parts h + 1 times in (4.5) and using (4.6), (4.8), 
we get 


(4. 9) 5 An&u (nt) = 0 (1) -p cit OLIT (xt) dz, 
n=0 0 
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where p= r— 4 if r is an integer > 0; n>—4ifr—0;andzp=l[r] +3 
if r is not an integer. The c’s stand for constants. 

(4.9), as it is, proves the required result, if r- is an integer or zero. 
‘If r is not an integer, then employing (4.7) in (4.9) we get 


S anap (nt) = o (1) + ct? f ETE f "Tr (4) (2° — u?) tu duda 
0 0 0 


n= 


—o(1) p cfs f "uT" (u) f " tapma (zt) (a? — u?) rddu. 
0 u 
We next show that 


m 0o 
Bm = f uT” (u) f Apin (xt) (2? — u?) "dedu — 0 as m — œ. 
e/ 0 m 
We have; if the “max” refers to the range m’ = m, 
00 m’ 
| f (x? — w?) Samna (ct) da | = (m? — u?) ir max | f Topsn2(2t) dx | 
m : m 
m't ; 
== (m? — u’)’ max | f Udu (Uydu | -1/t? 
mt 
mit 
= (m? — wu?) max | f pna (ut) du |-2/u+h-+ 2 
mt 


= (2t-2(m? — u?) r) / (u +h + 2) + max: | apns (ME) — aunn (mt) | 


= 0 (m? — u?) "7 - O(m: 
Thus 


m 
Bu =0( f u | Tr (u)| (m? — u?) ir me 8/?2du) 
0 
m 
= 0 ( f q ?r+1 (m? CERSA u?) h-r E-h-3/2 du) l 
7 0 
<= (1, 2h+2-K-h-8/2 ) a O (mie) 


= 0 (1), if Zh + fb. 
It follows that 


(4.10) 3 Gnd (nt) 
n-o 
m o0 
— o(1) p ots f uT*(u) | zamnalat) (2° — u) ded, 
0 of & 


In trying to simplify the right side, we shall employ the formula ([8], p. 417, 
formula 5) i 


f, (Isa VEF È) / (12 — Pyped — UT (pH 1) Teena ae); 
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where a > 0, R(v/2 — 1/4) > R(p) >—1. We shall apply it only for the 


case v/2—1/4Sp+1>0. o 
Replacing #? +- 2° by 7°, and a by p, we get, 


f. "(Jy(ar) /a-2) (#2 — 22) Pdr = YT (p + 1) Jv-p-1 (az) Jante, 
a > 0, v— 4 = 2p +2>0. Or, using (1.1), we get 
y J Tola) (7? — 27) Pdr = ca’??? ay_p_1 (a2). 
Replacing z by u, v by u as + 2, p by h —r, 7 by z, a by t, we get, 
(4.11) fear (te) (2? — w yerde = ctr- gays (ut), 


for t> 0, pth + 3/2 =2(h—r+1) >0. 


But pÈ h+ 4 and —1 Sr—1<h<r; hence p—h+2r=F4 and 
h— r `> — 1. 
. -Now we use (4.11) in (4.10) and obtain, 


(4.12) — Sanay(nt) = 0(1) + cf J "uT" (u) t-an ra (Ut) du 
n= 9 
m 
= 0(1) + cf? f UT" (1) dyyras (Ut) de 
8 ; 
which completes the proof. 


We next prove 


LEMMA 2. If for some rA > 1, 


ri aT’ (z)| = O (oW), as w> œ, 


then, for 7 > 2r > 0, 


(4. 13) f "aT | AT" (æ) | = O(w-T), as w—> 0, 
and e 
(4.14) f j x? | dT" (æ) | = 0 (0-2). 

We have i 


oO oO AP tly co 
f mara f = 0( 3 (ve) 
7 9 v=0 «7 Mw y=0 


een O (w?-7 ŞS Ar (r-r) ) Z O (w*t-7), 
y=0 
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Furthermore, 
w rere) a AlFe oo i a 
f Flat @l =D fa lara) = E0( (are) 20%)" 
9 pol AY wa y=1 
a) 
=s 0) (w?rt? > Amze (r+) ) n O (a???) , 
pl 


We can now prove the main theorem of this section. 


THEOREM 3. If Zan ts summable (C,r) for some r = 0, and if. for some 
A>, 
Aw 
f | dT" (x)| = 0 (0%), as o> œ, 
a 


then Sa, is summable Jy where u `> r—4 if r is an integer or zero, and 
u= [r] +4, if r is not an integer. 


From Lemma 1, integrating by parts, and using (1.5), we get 
Zana (nt) — 0 (1) + [ext?T"(u) aner(ut)] + ont? f apur ut) aT" (0) 
n=0 o 0 
—o(1) Het { "apr (Ut) dT? (u). 
8 
We have by Lemma 2, 
-0 co 
| J cur (ut)AT" (u) —=O( f (ut) #3] aT (u) ) 
== () (fe tht #4) | u > Tt — $. 


It follows that 5 An%:(nt) converges for ¢ > 0, and 
n=0 


ao oO 
> anta (nt) == Cat” J. Gur (ut) dT (u). 
n=0 ð 


Tat Ò ame (ut) aT (u) = ti Í, +Í S 2 
=— I+ I, + Iz, say. 


We write 


Now 
L= tr ("ate (2) +e f " Cam (ut) — 1}dT" (u). 


Given 0 < e < 1, we choose w so large that 


| wr TT ( w) | PAA 
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We then choose {c/w and o = 1/et = w/e? > o. Then, 
tr | Tr (w) | == | (c/w) T" (w) | [L ie., 


Using (1.6) and (4.14), we get 
| f un(a) aE f auelu) — 2 || AT 


<t f “u? | AT" (u),| = O (tua2?) 
0 
hence 
(4.15) |I, | < €+ O(c) = 0 (6). 
Furthermore, from (4. 13), 


L= O(t [werd | AT (u)| ) — O ( (t)r) 
(4. 16) w’ 
= 0 (1) - (1/e)t #4 = o (1), as e> o. 


To estimate J, consider the successive extrema of &wmr(£), which are the 
roots of Jusri1(@) == 0. Denoting the roots of J»(x) in Increasing order by 
Trh k= 0,1, 2,3,-- + we have ([8], p. 506) 


(4.17) t= (k + 3/4 + n/2)r + O(1/k), as ko œ. 


Denote the zeros of Jura (£) which lie between wt and wt by é, Éz ' * +, éa; 
then @&ur(ut) will be monotonic in the intervals, 


o <u < é/t, G/tCUu< z/b + +, s/t <é(s+1)/t. 


We may suppose, without loss of generality, that ay,, is decreasing in the 
first interval. We write 


I M STA gee y 
Pn J, t J T s/t 
= Isı mA -+ To eat. 


‘Now by the second mean-value theorem, 


| Toa = tamr (wt) f "dT" (u), o <o < E/N 

so that j 

Isa = 8 Gur (ot) {T (01) — T (0) } = O (t7 (ét) 72?) 
= O(1) A é? e ert? 


T24 K. CHANDRASEKHARAN AND OTTO SZÁSZ. 


Similarly 
i East l 
Izo = baur (Éo) f. aT” (u); é&/t < w: < &/t, 
We 
so that 
T 3,0 2 O(1) a Ea rert, 

Estimating thus each part of Ia, we obtain 

stl 

L= O(1) + (2°? 3 &**). 
p=1 

But from (4.17) é == O(et-+¥), so that 


Se cna O( = (wt + y)2r) a2 O( f5 rde) 2 O (Er (1) at — wrt} 
wis 0 (fr is i Cele) a 1). 


It follows that 
(4. 18) I, = O(1) 8 ( (1/6) —1) = 0(1). 


Finally (4.16)-(4.18) yield Z —> 0 as t-»0, which proves Theorem 3. For 
t ==0 we find the 


Aw 
COROLLARY. If Sa, converges, and if >| an | = O (1), as o —> œ, A> 1, 
w 


then Sa, is summable Jy for p > —4. For p= ġ4 see [7]. 


5. Chandrasekharan ([1], Theorem II) proved that, under certain 
conditions, summability (C,7) implies summability Jrs} and conversely Ju 
implies (C,n+}-+¢). A natural converse of the former would, however, 
be Jp —> (C,u—3-+¢), but this holds only under special conditions, and 
the best result known to the authors in this direction is given below. 


We start with the following formula ([1], p. 228): forv>p+1 
po ea Ty(wt)Tp(nt) di — ne (1 — n/u?) #1 


0, Nn = w, 


0O<n<a, 


or, 
O av(wt)w’ tntan(nt) dt 
Jo VPUV(v+1) M@C(~+1) tet 


co May (ot)an(ntjurn y f _ni(1—n7/u?)ret 
f, VP (yt Dipti) QHD (yp)? inca, 


0, ne. 
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Hence : 
© Bu tav(wt)an(nt)dt ò (1 — n?/w?) "#4 
6.) SP Te DG ED 7 {eRe oa) OSES 
0,n= wo. 
and. 


wD (y — p) 2-2-3 


— Ere Lie, eer et) S Catil) dt. 


(5.2) D an(1 — n?/w?) e 
nL 


We now assume that 


(5.3) S anaa (nt) converges dominatedly for œ> 0 to a(t), that is, 
n=0 


| È aan(vt)| 500), f OG o; 
(5.4) pu(t) >0 as t— 0; ` 


t , 
(5.5) y(t) = f, | du(x)| de = O(t), as t—> œ; 
(5.6) "i O cos (wt — 2u + 1— ê (7/2) )dt — 0, as w> o. 
From (5. 1)-(5. 3), 
F (o) = vt? f “av(ot) pu (t) tdt 


o0 CO : 
=F f ety (ot) au (nt) #28 2dt 
, n=0 0 


= o F z Enty (wt) ap (nt) dt 


nwa O 


=— TQ +1)P (e+ 1) 2 2u+1 > an ( 1 == n?/w?) v-g-1. 
ei T (v a p) nw 
We write 


1/w oo > 
F(w) — awf f ++ Jo = f; + Fə, say. 


Now 
1/w 1/w 
| F, | < wet? f |da (t) | edt < o f | du(t)| di 0 as wo o, 
0 0 
by (5.4). Furthermore using (1.4), 
Fa, = Cott? f balt) e+ cos ( (wt — v — $) 2/2) (wt) dt 
1/w 
+o0( w2u+2-v-3/2 * pult) | {2ut1-v-3/2 qt) 
1/w 


oo a 
== Oy ?A-¥+8/2 f u(t) te cos ( (wt — v — 4) r/2) dt 
e 1/w 


+ O(webs fl gale) | Pdi), 
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Putting v = 2u + 8/2 — ô, 0 5&8 < 1 we get, 


0 a i 
F, = co? J poa cos ( (wi — 2u -+ 1 — è) 7/2) dt 


HOA f | dult) Bai) 


=o) + 0( f pay) 
= (1) + O(g] +28 G yed) 


=0(1) + O f t S OA). 
Finally 


wit f "Y(t -dt = 0 (o7 f "P-2dt) = 0(1), 
1 i 


and 
1 1 
wet f. y(t) dt = O(a f, Prat) = 0(4), as w—> o. 
1/w JF 1/0% ; 


Using the second consistency theorem (see [3]), we have thus proved: 


THEOREM 4. If (5.3)-(5.6) hold, then San is summable (C, p + 4—8) 
where 0S8 <1, »>8— to the sum zero. 


Remark. It may be noted that (5.6) is the only extra condition here 
which was not required in Chandrasekharan’s proof of the result that Jy 
implies (C,n-+4-+c¢). See ([1], Theorem II). 


6. In this section, it is shown that summability J, of the Fourier series 
of a function ¢(t) is equivalent to the existence of a generalized limit of the 
function ¢(¢); and the latter is equivalent to the Cesaro limit of ¢. We 
thereby deduce, from our previous theorems, which are ‘ arithmetic’ in nature, 
results concerning the mean continuity of a function and the Cesaro sum- 
mability of its Fourier series. 

Let : ; 
p(t) = do(t) = F(E + t) + fe — t) /2 = olt) 


(6.1) do(t)—a/? f (¢—u)P29(u)du, p> 0 


(6.2)  $*(t) = 20 (p + 34)/T(}) T (p) 0 Í, i (i — u?)?*(u)du, p > 0. 


THurorsm 5. If $*,(t) tends to a limit 1 as t—>0, then g(t) tends 
to las t— 0, and conversely. 
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We have 
é 
(6. 3) a(t) = pie | (P—w)P*9(u) (t+ u) "edu 
$ 


If $(t)-==1, then, 


f (42 — u) P36 (u) du — f ' (P — u?) ridu = Pr /2 f (1 —2)?t2*de 
0 

= PPD (p)P(4)/20(p-+.4) = Pcp, say; 
hénce *,(¢) == 1, also p(t) =1. We may therefore assume that l= 0. 


Let first 0 < p1. In this case the proof is simple. Employing the 
second mean-value theorem in (6.3) yields 


igy (t) = p(2t)?> f (1? —ut)P46(u)du, 0< E< t, 
— p(2t)??{ (P /cp) g" (t) — f (#2 — u)r (u)du) 
== $P: o(1) — p(2t)*? f (4? — u?) e (u) du, 


by assumption. We now employ the following inequality, due to M. Riesz 
({4], p. 28): 


2B (i—i ee | S m max 1 f” ayaa, 
O0OS7rSt,0<psi. 


A change of variable u? = v yields the analogous inequality 


$ v 
| f (1 —u)rig(u)du | = max | f (v? — u?) 4h (u) du |, 
0<pX<1, 0<éX<t. 


Using again the assumption ¢*,(t) — 0, the first part of theorem 5 follows 
for p= 1. The second part follows similarly. 


For p > 1 we have to consider the two cases, p integral and p non-integral, 
separately, and adopt substantially the same argument as Hardy does in [3]; 
only, instead of t-—> oo as in his proof, we have t -—> 0. Since the proof referred 
to will run to several pages, and will be new only in details, we choose not 
to reproduce it here. 

Let f(x) e L and periodic with period 27; 


f(s) —~ao/2 + > (a, cos nz + ba sin nz) == 3 Anla) = SAn ` 
n=1 n=0 
Then 
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00 oO 
p(t) d > An COs Nt == > Åna (nt), 
n=0 nz=z0 
and ; 


t oO 
p(t) == EP / ep Í, (E — u?) F, Anaa (nu) du 
o n=0 


ee) t 
== 4-2/0 S Ay. f, (€ — u?) P-a; (nu) du. 
nz=0 G 


Added in the proofs: It can be shown that term-wise integration is 
permitted [Cf. L. S..Bosanquet, Proc. Lond. Math. Soc., vol. 31 (1930), 
p. 156]. 


A formula of Sonine ([8], p. 872) yields 


ar(y+ 1 g i a 
ay (x) ‘ne oe Í, (1 — y?/2) eiyan (y)dy, v > m; 


hence, for p = — 4, v= p— J, 
oO 
o* p(t) = 2, Antip-s(nt) 
R= 
We therefore have the following 


Lemma 3. If 3Ancosnt is a Fourier series, then summability Ja of 
%A,, for some p > — 4 to s implies p” (t) > s as t— 0, and vice versa. 


With the aid of this lemma and Theorem 5, each of our previous theorems 
yields a theorem for Fourier series. Thus using Theorem 1, we get 


THEOREM 6. Jf O<a<8<1, Sy = > Ay and 


p=0 


An = 0 (n°), Sn — Ss = 0 (0°), aS n -> 8, 
then 
p(t) —s as t— 0, for p = 1 — (a/1 —8+ a) = 1 — 8/1 — è + a. 


Similarly, Theorem 2 yields 


THEOREM 7. If 3A, is summable (C, r- 1) to s, and if 


a 


3 | Syr | = O(n"), as n= ©, 
pyrG 


then p(t) —>s as t->0, forp>r-+ 1, where r > —1. 
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This includes the well-known theorem of Paley ([5], p. 190) that 
(C, 7) 3An = s implies p(t) —> s for p >r 4+1. Paley proved (ibid., p. 199) 
that the conclusion need not be true for p =r + 1. We have however replaced 
Paley’s assumption by an actually more general one. 

It is now clear that Theorems 3 and 4 can also be similarly interpreted. 
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WATER WAVES OVER A CHANNEL OF FINITE DEPTH 
WITH A DOCK.*? 


By Aubert E. HEINS. 


1. Introduction. The linearized theory of water waves in channels of 
finite depth has been considered by Stokes who in the course of his work 
found the periodic solutions. An investigation of the non-periodic solutions 
in this theory was carried out by A. Weinstein, [2]. Various methods have 
been used to reconsider this last problem. We mention here the work of 
Hoheisel (1931) [8], Bochner (1932) [4], Poritsky (1938) [5], Cooper 
(1939) [6], and Heins (1943) [7]. Another group of problems belonging 
to this general theory has been recently considered by Miche (1944) [8], 
Lewy (1946) [9], and Stoker (1947 [10].. These three authors have been 
concerned with the problem of waves on sloping beaches and have made 
considerable progress with this problem. 

We consider here the problem of a dock over a channel of finite depth, 
and the possible wave-like solutions. This problem may be formulated as a 
Wiener-Hopf integral equation and as such, there is mathematical machinery 
available to solve it. Our method of formulation and mode of solution have 
several points in common with an investigation in a different field by H. 
Feshbach and the present author [11]. It will be shown elsewhere that 
some of the problems considered by Miche, Lewy, and Stoker may also be 
formulated as integral equations with Faltung kernels. In particular, some 
of their problems may be formulated as generalized Picard integral equations. 

We shall not discuss the physical background of the problem we treat 
here, since it has been adequately described by Lewy, Miche, Stoker, and 
Weinstein. Suffice it to say, we are concerned with the study of surface waves 
in an infinite channel of finite depth, and the effect of a semi-infinite rigid 
dock on these waves. This dock is located on the upper surface of the channel. 
Mathematically, we are eaneerned with a sointion of Tiaplare’s eqnatian aver 
an infinite slab of width a [12]. That is, we are concerned with the solution 
-of the partial differential equation 


(1. 1) , Ab — rg +- Pyy + Bz = 0 
* Received September 3, 1947. 
* Presented to the American Mathematical Society, April 26, 1947. 
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over this slab. ©(2,y,2) is the velocity potential from which we may derive 
the z, y, and z components of velocity. 

For the boundary conditions to be imposed upon equation (1.1), it is 
necessary to recall the geometry of the infinite slab. Let the edge of the 
dock be parallel to the z axis of an xyz coordinate system. We shall measure 
the depth y, perpendicular to the plane of the dock. The z and y axes now 
determine a plane and perpendicular to this plane we shall measure w The 
dock is a plane which is æ units from the bottom of the channel, and is 
defined for all z and x<0. The free surface of the liquid in the channe. 
is- defined in this theory in terms of the boundary condition (1.4). Tne 
bottom of the channel has the same physical characteristics as the dock and 
is defined for all v and z. On a rigid surface, that is, the bottom of the 
channel and the dock, the normal component of the velocity vanishes, We 
have then that l 


(1.2) Ë, = 0 y == 0, — ao < g < w, — o <z o 


and 

(1. 3) by = 0 ya, <0, — o <z < ow. 
On the free surface we have 

(1. 4) Bi: + gh, = 0 Y=, T> 0, — %0 <7 < ow, 


where ¢ is the time variable and has units which are the same as those used 
in the gravitational constant g. This boundary condition is a consequence _ 
of Bernoulli’s law and the assumption that the non-linear terms in the dis- 
placement and velocity of the free surface can be neglected. If we now assume 
that the time dependence of ®(2, y, z, t) is monochromatic, that is 


® (2, Y, 2, t) = (x, y, z) exp (ift) 
equation (1.4) reduces to 
(1. 4a) Diy = BR, y =a, >00, — o <2 < wo: B= f?/g>0 
while equation (1.1) remains unaltered save for the fact that ®, replaces ®. 


While we have apparently set out to solve a three dimensional problem, 
we shall reduce it to a two dimensional problem by the further assumption 
that 


d(x,y, z) = $(x,y) exp (ike) 


where k is a constant to which we shall presently ascribe a geometrical inter- 
pretation. With this assumption, equation (1.1) becomes 
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(1. 5) hoa + pyy — k’ = 0 

while the boundary conditions (1. 2), (1.3) and (1.4) become 

(1. 2a) dy = 0 y = 0, — o <r < w 
(1. 3a) dy = 0 y =a, t L0 

(1. 4a) | dy = BS y =a, © >0 


Now we are confronted with a strictly two dimensional problem and we 
have two further sets of conditions to impose on the solution of equation (1. 5). 
One set of conditions deals with the growth of ¢(2,y) at infinity. Under 
the dock for «<< < 0, we would expect little disturbance. We may see this 
by expanding the solution of equation (1.5) in terms of the characteristic 
functions of the strip 0 Sy Sa, v <0. These characteristic functions are 


exp [w{k? + 171?/a?}4] cos (ary) /a TAARE 
while 


(2 y) = È An exp [2{? + n'x?/a"}!] cos (nry) a. 


The A,’s are unknown expansion coefficients. For œ large and negative, 
p(x, y) = (elklz), that is, it is an exponentially decreasing function. We 
note that a complete knowledge of the An’s provide us with the solution to 
our problem, but this is very difficult to obtain directly. 

For x > 0, the appropriate characteristic functions are 


exp [— w{k? + Cn7}*] cos Cry p= N 
where the On are the real roots of the transcendental equation 
(1.6) B cos Ca + C sin Ca =Q. 


There are also two imaginary ‘roots for the equation (1.6) which we shall 
denote by + Co. This gives us the possibility of two more characteristic 
functions 

exp [+ a{k? — C,?}4] cosh Coy. 


We are now in a position to describe the condition that we shall impose on 
p for x> >0. We assume that (x,y) has a wave like form for z > > 0. 
Clearly then, k? < C? and we further observe that this condition depends 
intimately on the values of 8 and a. As a matter of notation, let us write 
kK? = C? — k?. Then for s > > 0, (x,y) is asymptotic to exp (+ ixx) cosh Coy, 
while #, (x,y,z) will be asymptotic to 
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exp [+ ixx + ikz] cosh Coy. 


This asymptotic form of ®, has the character of a plane wave. The normal 
to its wave front makes an angle with respect to the positive æ axis which 
may be measured in terms of & and «. Indeed if we write k= C, sin g, then 
x will be Co cosa. The wave front normal will be perpendicular to the z axis, 
the edge of the dock, if a = 0, that is k = 0. 

In order to obtain a travelling wave solution [13], we find it necessary 
to admit a logarithmic singularity at the edge of the dock. That is, we shall 
assume that (x, y) = 0{In(2? +- (y —a)*)?} in the neighborhood of z =Q, 
y==.a. This condition is tantamount to assuming that there is either a sink 
or a source at this point. We shall see in the final solution of our problem 
that the strength of this sink or source is closely related to the amplitude 
‘of the terms exp (+ iksz). Incidently, this logarithmic singularity is the 
strongest singularity which we can admit in our formulation. 

Our method of solution is the following. With the aid of an appropriate 
Green’s function and an application of Green’s theorem, we may express 
$(z,y) in the strip 0XySa, — œ <a2< o in terms of the Green’s 
function and (x,a). This leads us to an integral equation of the Wiener- 
Hopf type because of the particular limits of integration and the special x 
variation of the Green’s function. Before we can proceed to the formulation 
of the integral equation we require an explicit expression for the Green’s 
function. Let us note, in passing, that we have here a mixed boundary value 
problem. That is, for v > 0, y == a, we have one type of boundary condition, 
while on the same line y —a but now æ < 0, we have a second one. It is 
for this reason that the Green’s function technique plays such an important 
role here. So to speak, it relieves the surface y =a, © >0 or «<0 of 
boundary conditions. 

We shall divide the solution of this problem into two parts. First we 
shall find the source free solution. Having obtained this solution, it is then. 
possible to obtain the solution possessing a singularity by differentiation of 
the bounded solution. An appropriate linear combination of these. two 
solutions gives us the traveling wave solution which we desire. 

With minor modifications in the formulation which we shall present, 
we can treat the case of normal incidence, that is k= 0. The solution can 
be earried through in the same fashion as the case for which k +40. We shall 
find, as we might suspect, that we simply put k= 0 throughout our final 
result for (a, yy. The condition that k? < Co”, which is required to insure 
wave motion, is now automatically satisfied. 
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For the case in which the channel is of infinite depth, we have a some- 
what different situation. If 4540, we can still solve the problem which we 
. have described above, although the mathematical technique is more subtle 
than for the case of finite depth. For k = 0, our mode of formulation is still 
valid, but our mathematical machinery breaks down since the Wiener-Hopf 
theory is no longer applicable. To be more precise, the kernel of the integral 
equation for k —0 does not possess the exponential decay properties which it 
does for & 40. We shall return to the case of infinite depth at a later date. 


2. The construction of Green’s Function [14]. The nature of the 
Green’s function we require is dictated by the form of equation (1.5) and its 
associated boundary conditions on y==0 and y==a. We are interested in 
the explicit representation of a function of two sets of coordinates (x,y) and 
(z’,y’) which satisfies the partial differential equation 


(2. 1) Gra + Guy — KG s 0 


save at the point s = 7’, y =y. At this point the s and y derivatives of 
Q(z, y, v’,y’) suffer discontinuities of the form ' 








a o=n'+0 
(2.2) S Gy p —1 and f Ga dy = — 1., 
y=y'-0 9 ‘g=a'-0 


As for boundary conditions we choose the following. We require that 


(2.3) G, = 0 y= 0, —wo <a < ow 
and 
(2. 4) Gy == 0 y =, —% Ca ow. 


We. have a considerable amount of freedom in the choice of these boundary 
conditions and the ones we have selected lead to a simple form of the integral 
equation which will be formulated in 3. 

_ Such a Green’s function as we have just described has the expansion 


(2.5) G(a, 4,2’, y’) 
—Sexp[—|o—a! | (H+ (n'a?/a"} 8] 
X cos (nry/a) cos (nry’/a) 10k? + nr}. 


The derivation proceeds along lines described by H. Feshbach and the author 
and we shall not pursue this matter further. Observe that for 2552, 
G(a,y,2’,y’) is asymptotic to exp [|k|(a’—wx)] while for ¢<<7 it is 
asymptotic to exp [ | &|(a—z’)]. It is partially because of these asymptotic 
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properties of G (zx, y, £’, y’) that we can apply Fourier methods to the. solution 
of the integral equation we shall derive. 

An important property of the two dimensional Green’s function, of the 
type we have considered, is its logarithmic character near £ =v, y =y. 
In order to see this, we note that the expansion of G(x, y, 2’, y’) converges 
uniformly and absolutely provided v£. Furthermore for n sufficiently 
large, the n-th term of the expansion is asymptotic to 


{cos (nry/a) cos (nry'/a)/nr} exp [— nr | v — a |/a]. 
The singular part of G(s, y, x,y) is then determined from the singular 
part of 
oc 
2 {cos (mry/a) cos (nry /a)/nr} exp [— nr | z — w/a]. 


This series may be summed provided that ><’ and we get immediately 
— 1/4n log 4 exp [—22/a | s — x | | [cosh x/a(w@— 2’) — cos r/a(y—y’] 
times [cosh r/a(z — 2’) — cos x/a (y +- 7) ]. 
In the neighborhood of the point z = 2’, y == y this has the form 
—1/4m log {((e—2')* + (y—y)*} 
that is, it possesses a logarithmic singularity. 

We close this section with the Fourier integral representation of 
equation (2.5). Since the expansion for G(s, y,2’,y’) is asymptotic to 
exp [(x —a#)| k| ] for s > >’ and exp[({a—a’)|k|] for s< <2’ and 
since it possesses an integrable singularity. at ==’, y = y’, we may take the 


Fourier transform of each term in the expansion and sum them. Upon doing 
this, we get 


(2. 6) {ex (— iwa) G (a, y, t, y’) da 
-00 
cosh yy cosh y (a — y’) 


Mess rere I ? ? 
= exp (— iwr’) aoe ; yY Ly 
a y Cosh yy’ cosh y (a — y) 

exp (— 12") a y>y 


where y? =k? +-w? and —|k|<Imw<{%|. The expansion (2.5) is 
obtained immediately by carrying out the Fourier inversion of equation (2.6), 
that is 

1/2r f exp [iw (x — z’) | ea tonya 


y sinh ya a yy 
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and a similar integral with y and y’ interchanged for y >y. The path C 
is drawn with the strip — | k | < Imw < | k| of the complex w plane and is 
closed above or below depending on whether >’ or g <z. The closing 
path is a semi-circle of large radius which passes between the poles of the 
integrand. When the radius of the cirele is permitted to become infinite, 
we can show by methods which are familiar in contour integration, that the 
semi-circular ‘path makes no contribution to the integral. We are then left 
with the task of calculating the residues and this gives us (2.5) immediatély. ` 


3. Formulation of the Weiner-Hopf integral equation [15], [16]. 
We can express 4(2, y) in the strip — œ < x < œ, 0 <y <a in terms of 
(2, a), its normal derivative and the Green’s function which we have just 
described. Since (v, y) has been assumed to be source free in this strip, 
we may apply Green’s Theorem over a rectangle whose boundaries are y = 0, 
y = 4, z= — l, v= l (1,1, 550) and we get 


(z, y) = f [G(2, Y, x’, y) (pr, y’) /an’) 
omen p(T, y) (3G (2, Y, x’, y’) Jon’) \ ds’ 


where ds’ is the element of arc-length along the boundary of the rectangle 
which we have described. The operation 0/dn’ denotes the outer normal 
derivative. It is to be noted that this integral is treated as an improper one 
in the sense that we may allow 7 and 72, to become infinitive after we have 
discussed the magnitude of the integrals along these boundaries. We are 
permitted to do this because of the decay properties of G(s, y,2’,y’) for 
x >a’ or «<< 2’ and the assumption regarding ¢(2,a) for |x| >> 0. 

Over the lower boundary y == 0, there are no contributions in view of 
the boundary conditions imposed on ¢, and Gy. On the upper boundary 
we have 


h ld $ 
(3.1) f Cane 0) by (2%, 0) de 


Upon noting the boundary conditions on $(2,y) for y = 0, x > 0, and the 
nature of its growth for «>> 0,-we may let l, become infinite and (3,1) 
becomes 


B f “G(a, Y, oe a) $ (2, a) az’. 
0 


Let us now examine the integrals over the lines —/ and lh. Over the 
left boundary we have that z>>z2’. Then @(a,y,2',y') is asymptotic to 
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exp [ (< — x)| k|]. Further ¢(2,y) is also asymptotic to exp [ | & |z] for 
z<<0. Hence 


; 
f, LG (a, y, 2’, y) ba (2Y) — pe, y) Ga (a, Y T, y’) dy’ 


approaches zero uniformly when / becomes infinite. A similar remark may be 
addressed to the integral on the right. Hence, for any (s, y) in the infinite 
strip we have 


(22) $9) =B f alye ag, a) de’ 


and upon evaluating ¢(27,y) at y =a, we get the desired Wiener-Hopf 
integral equation, that is 


oO 

(3.8) plaa) =p | G(x, aw, ajele, ajar. 

The integral equation (3.3) now includes all of the boundary conditions at 
infinity. This equation, as we shall see, possesses a solution of the form which 
acts like yı -+ y: vlog x for x —> 0*, (yı and y: are independents of x) and is 
bounded at infinity. From this, by a differentiation with respect to v7, we can 
find the solution which acts like log x, or indeed by further differentiation, 
solutions which act like s”, n == 1,2,- --*—0* [17]. We now proceed to 
the solution of equation (3. 3). - 


4. The Fourier transform solution of equation (3.3). Following 
Wiener and Hopf, we define ¢(a, a) = ¢:(2) + ¢2(@) where ¢,(x) is iden- 
tically zero for negative x and (æ) is identically zero for positive x. Equation 
(3.3) may be rewritten as 


(4.1) b(a) +42) = 8 | G(x, 02,0) $.(0) dr 


From the functional form of G(s, a, a’, a) it is evident that ¢2(#) is asymp- 
totic to exp [||] for « large and negative. In order to apply Fourier 
techniques to the solution of equation (4.1) we are required to know the 
regions of regularity of the Fourier transforms of G(a,a,2’,a), ¢:(x) and 
a(x). In the first place, the Fourier transform of G(x, a, 2’, a) 1s 


f G (x, a, z, a)exp(— wea) dz = exp(— iwy ) coth ya/y 
-00 i 


and as we have defined it,the transform is regular in the strip — | k | < Imw 
< |x] im the complex w plane. As for the transform of a(x) we have 
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f 2 (v7) exp(— wa) dr = (w) 


is regular in the upper half plane Imw > — | |. This is so because of the 
growth of ¢2(x) for v large and negative. It has been assumed that ¢2(a) 
is integrable over any finite interval of the negative x axis including the 
origin, and this we shall verify in the solution of the problem. As for (£), 
we shall assume that it is OLexp (0£)], 0< ||. We shall find’ that ¢i(z) 
does not grow as rapidly as this, but this is all that we require to solve 
equation (4.1) by Fourier methods. The Fourier transform of ¢,(2), 


f bs (2)exp (— iws) de =, (w) 


is now regular in the lower half plane Imw < — 0. We note that the above 


three Fourier transforms have a common region of regularity — | k | < Imw 
< — ĝ and it is thus permissible to apply the Fourier transform to equation 
aa 

Upon doing this we obtain immediately 
(4.2) (w) + P(w) = P, (w) 8 coth ya/y 
or : 
(4. 2a) &,(w)[1— 8 coth ya/y] = — p(w). 


We are now required to decompose equation (4.%a) into two terms, one 
analytic in the lower half plane Imw < — 0, the other analytic in the upper 
half plane Imw >—J|%|, while both terms are analytic in a common strip 
—|k|<Imw<-—96. To accomplish this, we factor 


(4.3) (y sinh ya — 8 cosh ya) /y sin ya = K_(w)/K,(w). | 


K_(w) is that factor of the left side of equation (4.3) which is free of 
zeros and poles in the lower half plane Imw <0. K,(w) may be defined 
in terms of the left side of equation (4.3) and the factor K.(w). It is 
free of zeros and poles in the upper half plane Imw > — | k|. Hence 


(4. 4) g w) E(w) = — P(w) Ew). 

The left side'of equation (4.4) is analytic in the lower half plane Imw < 0 
while the right side is analytic in the upper half plane Imw > — [kk]. 
Hence the left side is the analytic continuation of the right side in view of 
the common strip of analyticity and hence both sides are regular everywhere. 
That is, each side of equation (4.4) is equal to a common integral function 
E(w). We have’then 
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(4. Ba) d, (w) E(w) = E(w) 
and 


(4. 5b) (w) K (w) = — E(w). 


The determination of the integral function E(w) depends on the asymptotic 
forms of ®,(w), 2.(w), K-(w) and K,(w) so that we find it necessary to- 
exhibit K.(w) and K,(w) explicitly. 

We have noted that K_(w) is free of zeros and poles in the lower half 
plane Imw < 0. The zeros of y sinh ya — £ cosh ya == 0 as a function of ya 
are + po and + ipn pn =— p-n: n= 1,2, - - where the pn are real. We 
observe in passing that for n >> 0, 

) Pn = Nar + Ba/nr. 
In order to simplify the writing of K_(w) and K,(w) we write 
K(w) = L(w)/M(w) 
where 
L(w) = y sinh ya — B cosh ya 
and 
: M(w) = y sinh ya. 


Now L(w) may be written in factor form as 
00 
— BLL — y’a?/po?] TT LA + y?a"/pn*} 
= — Bl — a? (i + w?) /po?] TI [1 + a (K + w) p]. 
n= 


Hence 


L(w) = [1—a(k® + w)/po?] i [{1 + R A 
+ iaw/pnrlexp|— iaw Iml 


is free of zeros in the lower half plane Imw < 0, while 


1/L,(w) = — BTL [{1 + ak? /pu?}% — iaw/pn]expliaw/nr] 
n=i 
if free of zeros in the upper half plane 


Imw > — {p:/a}{1 + a°k?/p y}. 


The exponential factors have been inserted into the infinite products to insure 
their absolute convergence. Finally, 


L(w) = L_(w)/DL,(w). 
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Similarly for the function M(w), we have 
oO 
M_(w) = a(k + iw) TI [{1 + ak? /n?r? yt + iaw/nr jexp[— iaw/nr] 
n=1 _ 
is free of zeros in the lower half plane Imw < | k |, while 
1/M,(w) = M_(—w)/a 
is free of zeros in the upper half plane Imw > — | k |. Hence 
K_(w) = L_(w) /M_(w) 


is regular in the lower half plane Imw <0. We imply by regularity in this 
case that K.(w) and its reciprocal are regular in the above described half 
plane. Finally, 

1/K,.(w) = M,(w)/L,(w) 


is regular in the upper half plane Inw > — |k]. 


We are now in a position to determine the integral function E(w). 
In the first place K-(w) = O(w) for Imw < 0, |w|— œ in view of the 
asymptotic nature of the p.’s. Similarly K,(w) = O(w) for Imw > — |k], 
| w |—> œ. Now %,(w) is analytic in the lower half plane Imw < 0 and 
approaches zero for |w |—> œ in this half plane. Thus, in the lower half 
plane E(w) == O(w%), o < 1. Furthermore E(w) = O(w%), ez <1 in the 
appropriate upper half plane. Since E(w) is an integral function, o, and oz 
are integers and necessarily greater than or equal to zero. In this case they 
are both zero because of the inequality they both satisfy. Hence E(w) is a 
constant B. We have then i 
(4. 6a) pı (w) = B/K_(w) 


(4. 6h) © (w) = — B/K, (m). 


5. The calculation of 4(x,y). In order to calculate (x, y), we write 
the integral equation (3.2) in Fourier integral form. We recall that (+, y) 
` is that solution of our boundary value problem which is bounded at the point 
¿= 0, y =a. Thus 


a g/o, ( ZPCiwze) cosh yy Pi (w) dw 
= d f; y sinh ya 


where the path C is drawn in the strip — | k | < Imw < 0. It is closed above 
or below depending on whether «> 0 or « < 0. ver substituting (4. 6a) 
into (5.1) we have 
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exp(iwx) cosh yy dw 


(5. 2a) lay) =BB/ew j miya E(w) 
= SI a 
(5. 2b) = BB /2r foa cosh ya) K,(w) 


The representation (5.2a) is particularly appropriate for æ < 0, since in 
that case C is closed below and it is now a simple task to calculate the residues 
at the poles w = —i{ k? + n?x?/a?}4, n=0,1,--:. Similarly, (5.2b) is 
. appropriate for v >0. For 7 > 0, we have "+ | 


RY Bpr? {cos pny/a} exp[— {pn?/a? + k*}*] 
(5. 3) p(x, y) y BS { on? -+ ak? y” (pr? -+ Ba” — Ba) Cos onl, [1{h? + pn? /a*}% | 


228 Boo" {cosh poy/a} sin (ox + ©) 
o cosh po{aB — a*B? + po)” 


The angle © is given by the infinite sums 


oO 
® = — > [are sin ao (pn? “+ po") E — aa / tur | 


net 
00 f 

+ $ [are sin ao (n?n? -+ p?) — do/nr]| + are sin ao/po. 
mal 


o is simply the positive root of the equation 
| a?k? -+ a?o? = po? 
and is real under our assumption that po exceeds ak. For s< 0, we have 


exp | k|æ 


(5.4) $(2,y) = BB athe eS 


a S exp[ {k -+ n?2?/a?} 2a] (—)” cos very / 
war (07h? 4+ nr?) 2K [— i(k + nra) 
These two forms may be obtained immediately by the calculation of the 
residues in the integral in equation (5.1) by appropriate closing of C and 
noting that there is no contribution from the closing path which we have 
already described in 2. 
Since 
K_[— t{n?a?/a? + kA] and K.[t{pn?/a? +- b?}%] 


are asymptotic to nr, the infinite series contributions in equations (5.3) 
and (5.4) have coefficients which are O(n?) for n sufficiently large. The 
series will then converge uniformly and absolutely for s= 0 or e< 0, 
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9 


depending upon which representation of (x,y) we employ. Thus ¢(a, 4) 
is integrable near + = 0- and it is clearly integrable for v large and negative. 
Similar remarks may be addressed to the function (z, y) which is defined 
for æ> 0. For a fixed a, expansions (5.3) and (5.4) represent the develop- 
ments of ġ(v, y) in the appropriate characteristic functions of the regions 
0SySa,r[0and0SySa,2x=0. The expansion coefficients described 
in 1 have been determined only up to a constant of proportionality B because 
of the homogeneous character of equation (38.3). 


6. The solution with the logarithmic singularity. From equation | 
(5.3) and (5.4) it is a direct step to the solution which possesses the 
logarithmic singularity. Since the series expansions converge uniformly and 
absolutely for all y in 0 = ya and for x > 0 or x < 0 as the case may be, 
we may differentiate either of them term by term with respect to æ. For 
v > 0 we have a 

__ X _BBpn?{cos pay/a} exp [— x{pn*/a* + 1} 1] 
Pe = — 21 Tacos pn) (pn? + Ba? — Ba) Ku Lipa? + By] 
V2 BBpo?{cosh poy/a} cos (ox + 0) 
(cosh po) {a8 — a*B? + po”}* 


* 


e 


dz is still a solution of equation (4.5) with the same type of growth for 
z>>0 as (x,y). It satisfies the boundary conditions on the boundaries 
y = a and y == a because the expansion still converges uniformly and absolutely 
for OS y Sa, œ> 0. For «->0*, ya, dz possesses a logarithmic singu- 
larity. Hence in order to obtain the solution of equation (1.5) which 
possesses a bounded as well as a logarithmic component, it is merely necessary 
to take a linear combination of ¢(z,y) and ¢z. With appropriate constants 
we can settle the strength of the logarithmic source. We shall discuss the 
properties of ġ und ¢, in more detail in 7. 


7. Some properties of (x, y), ¢:(x) and $.(x). We can show from 
the integral representation of }(a, y) that 4(0*, y) —¢(0°,y) for OS yZa 
and honce that ¢1(0) — w2(0) since (2) == (2, u), x 2> 0 und elx) = o(, a) 
«<0. Furthermore we shall show that 


bs | s20 = de | a20 Sya. 


The point æ == 0, y = a requires special discussion and indeed we know that 
$- has a logarithmic singularity at this point. We recall that 


WATER WAVES OVER A CHANNEL. 743 


E S T TE fe Se 2k pw? 
(7.1) (2,4) = BB/2r f y sinh ya K. (w) An 


The path C has been drawn in the strip — | ¥ | < Imw <0. Now K-(w) 
=O(w), |w | —> œ if w is exterior to a sector which includes the positive 
imaginary axis of the w plane. That is, since pn = nr +- pa/nr for n 
sufficiently large, the ratio of the infinite products in K_(w) will be constant 
for |w|— œ, provided’ w is exterior to the sector which includes the 
imaginary zero and poles in the upper half plane. It is then possible to 
deform the path C so that the path starts from the left at infinity on a straight 
line making a slope «—~A with the positive u axis (w = u ~+- w) passes to 
the left of w = — a, thence below the u axis into the strip — | k | < Imw < 0, 
then to the right of w = ø and finally to the line which makes a slope A with 
positive u axis and to infinity (0<A< 27/2). This deformation is appro- 
priate; for v = 0 since we now can write w == p exp td and equation (7.1) is 
of the order [18] 


f “exp [p(y — a) cos à — px sin A] dp/p?. 


This integral converges uniformly for all e=0 and 0&y S&a. Hence 
equation (7.1) defines a continuous function of « for c= 0 and OS ya. 
Similarly s is of the order 


CO ) z 
f exp [p(y — a) cosi— pxsinAldp/p 


for «> 0. Now we see that the range of validity is modified. If œ 0, 
the integral converges uniformly in the interval 0 S y a, and if Oy <a, 
. ‘for all {= 0. Hence $s is a continuous function of s if 0 Sy < a, and 
e=0 or OS ya and «>0. In fact we note that any derivative of ¢ 
is continuous as long as OX ySa,2>0 0r0Sy<a,c=0. 

For «<0, the appropriate deformation is in the lower half plane 
Imw <0. The sides of the sector now have the slope r+. and 27—uA. 
We. simply reverse all æ inequalities in the above paragraph and we have the 
desired result. We see therefore that ¢(2, y) is continuous for — œ < z < œ, 
05y =a and hence 4(0,, y) = ¢(0-, y). Furthermore, any partial deriva- 
tive of (x,y) is continuous provided either (i) OSySa, s20 or 
(i) OS y<, 20 org0. Hence, since the integral representation 
has been used to deduce the series representations for ¢(z,y) in a rigorous 
fashion, we see that the series may be differentiated twice with respect to 
s or y and be shown to satisfy the differential equation (1.5), for OS y <a, 
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— o <r <a, or OX ySa,v20. Similarly the boundary conditions 
may be satisfied. We have thus verified that the (a, y) we have derived is 
indeed bounded in the strip and satisfies the differential equation (1.5) 
except in the neighborhood of the point v =Q, y =a. 

We shall now discuss the behavior of ġe and dy in the neighhorhood of 
v == 0, y =a. In the first place 


“1/K.(w) = [1/w] [a + (2 log w)/w] 


for | w |—> co, Imw < 0, where a, and @ are independent of w [11]. On 
the other hand 


1/K.(w) = — ap? K- (— w) /[po? — a? (k? -+ w?) | 
so that for | w |—> œ, Imw > — |k | 

© 1/K(w) = — [po*B/ax,w] [1 + (02/01) (log — w) /w]. 
The constant. gı may be determined by noting that 


B cosh ya) /y sinh ya = K_(w)/K,.(w) — K (w) 





(y sinh ya 


has the limit unity as | w | —> œ in the strip — | k | < Imw < 0. We have 
then 


K_(w)/K.(w) = — [Bpo?/aa,7][1 + O(log w/w) ] 


in this strip and hence 
ee Bpo? = AA. 


This implies that «, is imaginary. We observe furthermore that 


K_[— Hk + nr? yE] = ne /iag, n>>90 
and 
Kate? A py? ae YA] — nra po? B — — nr/iaga, n>> 0. 


The behavior of (x,y) in the neighborhood of z= 0*, y =a may be 
derived from the series (5.3) in the following fashion. For n sufficiently 
large, the n-th term of (A.R) is asymptotic ta 


— [ta,a2BB(—)"/(nr)*] [cos nry/a] exp [— nrz/a] 


and the sum of such terms from n==1 to oo converges uniformly and 
absolutely for v = 0. In order to indicate the behavior of this series in the 
neighborhood of the point v == 0*, y = a, we write 


t—nlati(a—y)]|/a and Ẹ = r| — i(a — y) ]/a. 
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Then for z= 0*, y= a 


p(z, y) =— (10, 08B/27*) È [exp ors nt) -+ exp (— nf) |/n? + 0’ 
— — (ia,aBB/2n*) [t logt + ZlogZ] + C 


where C and C’ are constants [17]. Similarly for x == 0-, y = a, we get that 
" l 
p(z, y) — (iBBa,a/x*) Y exp(nme/a) (—)" (cos nay/a) /n? + Oy 
nzi $ 


00 S 
= (iBBaa/2r?) x [exp(nZ) + exp(nf) |/n®? + CY’ 
= (iBBa,a/2n*) (— flog —f — Ẹlog —£) + 0, 
where C, and C”, are constants. The continuity requirenient at r = 0, y= a 
on the function ¢ gives us C, = C. The æ derivative of @(z,y) in the 


neighborhood of «—0, y=a exhibits a singularity. That is, in the 
neighborhood of this point 


z = (— 14,aBB/27) log ¿£ 


and hence there is a logarithmic singularity there. This tells us, that while 
(x,y) is everywhere bounded in the strip — œo < x < 0, 0S y Sq, its 2 
derivative has a singularity, in this case a two dimensional source or sink. 
We also note that for «>> 0, ¢(2,y) and ¢z are out of phase by an angle of 
ax/2 radians. Upon reinserting the time factor which has been omitted and 
forming an appropriate linear combination of these solutions, we can find 
a travelling wave solution for this problem [10]. The amplitude for s >> 0 
depends on the strength of the source as we shall see in the next section. 


8. A reciprocity theorem. We have remarked in 1 that the strength 
of the sink or source in ¢, is related to the amplitude of the dominant term 
in f(a, y) as x—> œ. In order to find this relation, we write ¥(2, y) = bs 
where (x, y) is the bounded solution and therefore y(#, y) has a logarithmic 
singularity, provided «4,40. From Green’s theorem we have 


(8.1) S [h(a ape, y) — ya’, of )06(2’, y" On") aS" 
= f J levy—yv'glad > 
where the integrals are taken over a rectangle whose boundaries are 7 = — l, 


v= h(l, lL >> 0) y == 0, y =a. Since y and ¢, have logarithmic singularities, 
we are compelled to make a small circular indentation at s= 0, y =a and 
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take the limit as the radius of the indentation goes to zero. The surface 
integral in equation (8.1) vanishes since V’ = k’ and Vy = k’y. 
Hence we simply need calculate the line integral 


(8. La) f (ddy/an’ — pod/on’) dS’ = 0. 


Now ¢, and yn vanish at y =0, —Il<aux<l, and y=, —l< £ <0. 
Furthermore for y = a, © > 0, dn = Bd and in = By. Equation (8. 1a) then 
reduces to an integral over the indentation and the lines s = — t and t= l. 
But for 7 sufficiently large, $, 2, Y, and yg are O[exp (—-2l/a) | so that for 
Į —> œ, there is no contribution from the left side of the rectangle. For l 
sufficiently large 
, 24BBoo* cosh (poy/a) sin (ol, + O) 
(hy) = o cosh a B OR eee -+ Olexp (—a1,/a] 
and f 
24BBpo* cosh (poy/a)cos (oh -+ ©) 
cosh po{aB — a’ h? +- po)” 


Wh, y) = + Olexp (— rh/a)]. 


The contribution at t == $ is 


eee 2B? B? pot G 
cosh? po (aß — a?B? + po?) J o 


— aß? B? po + Ofexp (—al,/a) |. 


cosh? (poy/a) dy + O[exp (— rl/a)] 


or 


When 7, becomes infinite we simply have — aß? B? pẹ”. 


We are now left with the task of computing the contribution from the 
indentation. As a matter of notation we write r?= <" + (a—y)’, 
v= r cos 0, and a—y == rsin ð. Then we have on the indentation 


m f " (Cia,aBB/rn)rdé + 0 (r log r) = — CiaagB 
0 


when r—>0. We have finally 
(8. 2) CiaBB == aß? B? po? 


or 
Cra, s BBp)’, 


a relation between the strength of the source and the amplitudes of the 
dominant terms in (x,y) and y(z, y). 


Į 
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9. Conclusion. In the formulation and the solution of this problem 
we have used what we may call an “exponential technique.” That is, the 
integral equation was formed with the aid of a Green’s function. This Green’s 
function possesses exponential decay properties for «>> or «<<a. This 
formulation requires that we make some assumptions regarding the growth 
of ¢i(@) and ¢2(x) for |a|>50. We found that if we assumed that ¢; (2) 
grew no more rapidly than (exp @z,6< ||), and ¢2(x) no more rapidly 
‘than exp (|%|2) for ~>0 or <0 as the case might be, it was indeed 
possible to form the integral equation. The (x,y) which we obtained falls 
within this growth order, that is (7) = O (exp (+ tox)) for «>> 0, while 
p(z) == O(exp (k/|2)), << 0. On the other hand, we might say that if 
we stay sufficiently far away from the edge of the dock (s = 0) we can study 
p(«,y) for | v | >> 0 by studying two individual problems in potential theory. 
The first case is that of an infinite dock over a channel of finite depth while 
the second one is the case of an irffinite free surface over a channel of finite 
depth. These separate problems have established solutions and the growths 
of ¢i(@) and ¢e(x) for | s| —> œ would agree with that which we obtained 
from the integral equation. 

A second aspect of the exponential technique is the Fourier transform 
in the complex domain. Here, we employ a transformation which can over- 
come the exponential growths of the various functions of which we have to 
take transforms, provided of course Imw is suitably limited. We found a 
(x,y) which did indeed possess these exponential properties and we are 
now confronted with the question of uniqueness. The general uniqueness 
theorem will not be discussed here. We simply mention that as a consequence 
of the general Wiener-Hopf theory, there are no other solutions of this 
exponential class other than those which we have found. Since we are 
interested only in such solutions we shall not pursue this matter further. 

It is clear that if we are to put our results to use, we should be able to 
calculate numerically the functions (x) and ¢e(#). This in turn requires 
that we be able to calculate K,[¢{hk? + px?/a?}*] and K_[— Hl + n?x*/a?}¥]. 
This may be done without any great difficulty by appealing to the infinite 
product representations of K,(w) and K_(w) and the asymptotic form of pa 
for n sufficiently large. Complete numerical data and the calculational ee 
nique will be published elsewhere at a later date. 
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DIRECT DETERMINATION OF BENDING AND TWISTING 
MOMENTS IN THIN ELASTIC PLATES.* 


By H. J. GREENBERG and W. PRAGER. 


1, Introduction. A new method of obtaining approximate solutions for 
a large class of boundary-value problems in Elasticity has recently been 
developed by W. Prager and J. L. Synge.t These authors regard a state of 
stress in a body of given shape as a point in function space and use the 
concept of strain energy to establish a metric. The natural state of stress 
which constitutes the solution of the boundary-value problem under considera- 
tion satisfies certain boundary conditions, the equations of equilibrium, and 
the equations of compatibility. Approximations to this natural state of stress 
are constructed from artifitial statés of stress which satisfy only some of oe 
equations. 

The present paper extends this analysis to the bending of thin elastic 
plates and gives a method for the direct determination of bending and 
twisting moments. From the point of view of the mathematical theory of 
elasticity, the technical theory of the bending of thin plates is of approximate 
character. Accordingly, the results of Prager and Synge, which are based 
on the mathematical theory of elasticity, can not be directly applied to the 
determination of the moments in a bent plate. To derive analogous results 
applicable to the theory of plates one must follow the reasoning of Prager 
and Synge ab initio making the necessary modifications at each step. 


2. Basic equations. It is convenient to choose the middle surface of 
the undeformed plate as the x, z2 plane of a system of rectangular Cartesian 
coordinates zı, £s T, In the following, the usual summation convention 
regarding repeated subscripts is adopted, with Latin subscripts indicating the 
range 1, 2, 3 and Greek subscripts the range 1, 2. 

The plate is subjected to a distributed load p(21, %2) which acts in the 
direction of the z, axis. As is customary in the technical theory of plates; 


* Received September 4, 1947. This paper is based on two reports prepared under 
a contract in Applied Mechanics for Watertown Arsenal, The first of these reports, 
by H. J. G. and W. P., corresponds to Sees. 1 to 5 of the present paper, the second, 
by H. J. G., to See. 6. 
1 W, Prager and J. L. Synge, “ Elasticity and function space,” Quarterly of Applied 
Mathematics, vol. 5 (1947), pp. 241-269. 
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the stress components oj, are disregarded, and the stress components ogg are 
assumed to be proportional to v. ‘I'he moments Mag are then defined by 


h/2 
(2. 1) Mpa J Leoapdve 
f -h/2 


where A denotes the thickness of the plate.* 


With these notations the equation of equilibrium takes the form . 


(2. 2) | Magog +- p = 0, 


where a subscript appearing after a comma indicates differentiation with 
respect to the corresponding coordinate. 

If w = w (£12) denotes the deflection of the plate, the components of 
the curvature of the middle surface are defined by ® 


(2. 3) f Kag = — W,ag. 


In the technical theory of plates, it is assumed that particles which, in the 
undeformed state, define a parallel to the x, axis, will after deformation define 
a normal to the bent middle surface. This assumption makes it possible to 
express the strain components in the plate in terms of Kag. Hooke’s law then 
yields the stress components and the moments can be determined from (2. 1). 
Thus,‘ . | Oo 
(2.4) Map = D[ (1 —v) Kap + »KyxSag]; 


where D is the flexural rigidity of the plate, v is Poisson’s ratio, and dag the 
Kronecker delta. Equation (2.4) is easily solved for Kag- One finds . 


(2. 5) Kag = 1/D(1 — v) [Mag — (o/1 + v) Myyõag]- 


 . As is easily seen from (2. 3), : 


(2. 6) <p Kap,y = 9, l 
where e = e22 = 0, ey = — e = ]. Substitution of (2. 5) into (2. 6)-yields 
(2.7) egyMapy — (v/1 + v)eapMyng = 0. | 


In the following, this equation will be called the equation of compatibility. 


2 In S. Timoshenko, Theory of plates and shells (1940), pp. 86-87 the.moments are 
denoted by M, M y M ey and Myje If the x and y axes coincide with the. axes of a, 


and a, respectively, M, = Mm M; =: Mo, Myy = — M, and M yz = Ma. . Thus, 
M py = — ye but M == Ma- . Hae 
3 Of. Timoshenko, loc. cit., p. 36, where r, == 1/Ki, r= UBT a UKE- 


+ Of. Timoshenko, loc. cit., p. 88, Eqs. (99), (100). 
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3. Elastic plates and function space. Statement of the problem. In 
the following the term state of stress (or, more briefly, state) will be used to 
denote a set of continuous functions M11, Meo, Mio = Ma These functions 
are defined over the region R which is bounded by the contour of the plate. 
A state of stress may be conceived as representing a point in the function 
space defined by all states. Alternatively, a state may be considered as 
representing a vector S joining the origin to the ee which is represented 
by this state. 
_ Given a state S, i.e. the three functions Mag, we may compute the 
corresponding components of curvature Kag from (2.5). The scalar product 
of any two states S and S’ is defined by E 


(3.1) S- S! — $ f MapK'apdA, 


where dA is the element of area of the middle surface of the plate and the 
integration is extended over the region # covered by the plate. On account 
of (2. 5), 


(8.2) S-S’==1/2D(1—v) f [MagM’ag — (v/1 + v) Maal’ gp] dA. 


The integrand on the right hand side is symmetric in Mag and Mag; 


accordingly 
(3.3) S-S =S S. 


The length S = | S | of a vector S is defined by 

(3. 4) S?=S-S—3f MapKagd A 
== 1/2D (1 — v) f [Mag ag — (»/1 -+ v) Mag A gg | dA. 

The square of the length of.S is thus seen to be the strain energy associated 
with the state $. Since the integrand in (3.4) is a positive definite form, 
S-S is never negative and vanishes if, and only if, all of the Mag are zero. 

The sum S -++.S’ of two states is defined as the state with the moments 
Mag + M'ap. The product of a state S and scalar quantity A is defined as. 
the state with the moments AMag. We note that 

S-F mx §”-§ 
S+S =F HS 
S. (S + 8’) =S- SHS. 

. The distance between. two states S and S’ is defined by | S — S |, where 

(3. 5) | S — S 2—4 f (Map — M'ap) (Kap — K’ag) dA. 
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Returning now to the problem of determining the bending and twisting 
moments in a plate which is subjected to the lateral load p(2, 22), we shall 
assume that the plate is clamped along the portion C, of its boundary and 
simply supported along the remainder C.. The notations Mag and S will be 
reserved for the so-called natural state which couslilutes the sululiou of our 
problem. In addition to the boundary conditions on C, and C,, the natural 
state satisfies the condition of equilibrium (2.2) and the condition of com- 
patibility (2.7). We propose to approximate the natural state by artificial 
states for which some one or the other of these conditions are relaxed. 

Let S* be a state satisfying the equilibrium condition (2.2), and the 
boundary condition that the bending moment vanishes along Cə, i.e., 


where na is the unit vector of the exterior normal. In accordance with the 
terminology introduced by Prager and Synge, such a state will be called a 
completely associated state. In addition to the state S*, we shall use a 
sequence of states $^, S’.,- - - which will be called homogeneous associated 
states; the moments M®Y.g of each state 8S’, (p=—1,2,---) satisfy the 
homogeneous equilibrium condition 


(3.7) MO apap = 0 


and the boundary condition 


(3. 8) MM" gnans ma 0 along Oa: 


While equation (2.5) will yield the components of curvature corre- 
sponding to the states S* and S’,, these need not satisfy (2.6). As a rule, 
it is therefore not possible to associate a deflection function w (z, %2) with 
these states. | 

In addition to the states discussed so far, we shall use a sequence of 
states S”,,.S8.,: - - which satisfy the condition of compatibility and certain 
boundary conditions along C, and C. To construct these so-called comple- 
mentary states, we start from deflection functions w”,, w”a,' - - which satisfy 
the boundary conditions 


w”q = 0 along O, and C eoe ee 
(3. 9) ðw” a/n == 0 along Cy Gents y: 


We compute the curvature components K og associated with these deflection 
functions from (2.3) and then the moments M‘)”’,, from (2.4). These 
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moments will satisfy the compatibility condition, but not, in general the 
equilibrium condition. 


_ 4 The hypercircle T. Let us consider the scalar product of the natural 
state S with itself. We have 


(4. 1) S ' S a +f UagpKagd: A E aem yf MapW,apd!. 
The last integral can be transformed as follows: 
fMagWapdA = f Mapwangds— f Map, pW atA. 
= fMapWangds — f Mag ewnads + f Mupupw dA. 

Here the second integral in the last line vanishes because w = 0 along the 
entire boundary. Furthermore, the third integral can be written in the form 
— f pw dA, on account of the equilibrium condition. The integrand of the 
first integral, finally, is a. scalar which is most easily evaluated by choosing 


the coordinate axes parallel to the exterior normal and the tangent of the 
boundary. Thus, nı = 1, ne = 0, and 


AM gw, alg = Mis + Maw, 25 


where My, == Magnang is the bending moment, w, == dw/0n —=w,yny is the 
normal derivative and w,2 == ĝw/ðs is the tangential derivative of the deflection. 
As ‘is easily seen by integr ating by parts, the integral of the second term on 
the right-hand side along the closed contour vanishes. Accordingly, ` 


f Magw,angdA = f (Maghang) (w,yn~) ds = 0 


since the first factor of the integrand vanishes along C, and the second along 
C,. Thus. 
(4. 2) S:S=—$fpw da. 


In a similar manner, it can be shown that 


(4. 3) S* - S = 4 f p w dA, 
(4.4) S’: S= 0, 7 
(4.5) S-S"=4f pw dA, 
(4. 6) S*.S",—4fpw'ad 
(4.7) S'y S%q= 0. 


_, Combining equations (4.2) and (4.3), we see that 
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(4. 8) © §-(S—S*) =0 
or 
(4.9) (S —48*)? = 45%, 


This shows that the endpoint of the vector S lies on the hypersphere with the 
center 48+ and the radius 4 | S* |. 
Combining equations (4.5) and (4.6), we find, for g~1, 


(4.10) ` S”; -(S —S*) =0. 


This shows that S and S* have the same orthogonal projection on $”; and, 
hence, locates the endpoint of S on a certain hyperplane P, which is orthogonal 
to S”, and passes through the endpoint of S*. 

Since the endpoint of the vector S lies on the hypersphere (4. 8) and on 
the hyperplane (4.10), it must lie on their intersection which will be called 
the hypercircle r4. The center and radius of this hypercircle can be deter- 
mined as follows. Let E, be the vector from the origin to the foot of the 
perpendicular dropped from the endpoint of S* on the vector S”,: 


(4. 11) 2a zas Ss”, (S* : S”,/8":7) i 
Obviously, 2; is orthogonal to Z, — S*, i.e 
(4. 12) l DDE (2, — §*) a 


The endpoint of X, lies, therefore, on the hypersphere (4.8). It also lies 
on the hyperplane (4. 10) and, hence, on the hypercircle T,. Moreover, as is 
easily verified, 

(4. 13) (S — X,)-(S—S*) =0. 


Since the endpoints of S, X, and S* all lie on the hypercircle T,, equation 
(4.13) shows that the endpoints of X, and S* are the endpoints of a diameter 
of T. The center of T, is therefore given by 


(4. 14) Cı = 4 (£1 + S*) = 4[S* +9, (S*-1,)], 
where I”, = S”,/|S”,| is the unit vector which has the direction of S$”. 


The radius R, of T, is given by 
(4. 15) Ri? = (S* — C)? = 4 [8*2 — (S*-9,)*]. 


5. Successive approximations to the moments Mag. In order to make 
R, vanish, 2, and S* must coincide. Now Xu, derived from $”,, is derived 
from a deflection function w”, which satisfies the boundary conditions 
imposed on deflections; moreover, being derived from a deflection function, 
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S”, satisfies the condition of compatibility. The state S*, on the other hand, 
satisfies the condition of equilibrium and the boundary conditions imposed 
on moments. When X, and S* coincide, they therefore must both coincide 
with the natural state S which satisfies all conditions enumerated above. The 
statement R, = 0 thus is identical with the statement C, = S. 

A good approximation C, to the natural state is therefore obtained when 
S* and S”, are chosen so that R, becomes small. Now, the states S’, and S”, 
have been defined in such a manner that 


í S* +. È S'y 
p= 
and - 


r n Fd 
È, 598" 
q=1 


may be used instead of S* and S”, in defining a hypersphere and a hyperplane 
as loci for the endpoint of S. Given m states S’, and n states S” 9, we can 
determine the coefficients ap and bg so that the radius of the corresponding 
hypercircle is minimized, and use the center of this hypercircle as the “ best ” 
approximation to the natural state. : 

In carrying out this program, we shall find it convenient to construct 
a sequence of orthonormal states I’, from the given states S’, and a sequence 
of orthonormal states I; from the given states S”, the orthonormalization 
conditions being expressed by the equations l 


(5. 1) V, s F, = rss 
(5. 2) _ i I’, i f; = Org 


Tt is then found that a diameter of the “best” hypercircle I'm, is determined 
by the endpoints of the vectors 


(5. 3) Ven = S* — S V,(S*- Vp) 
, p=1 
(5. 4) | age — Ee (S* s Fo) , 
q= 


The center Cm,» of this best hypercircle is given by 
(5. 5) Cann = AV” m fe Vn) 


= 3[S* — 2 ,(S*- By) + ate Hq) ] 
P= = 
and its radius Rn» by 
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(5. 6) Fann == (F= n B Cnn)? 
m n 
— 4[S*° a D (S* ; r,)? eee (S* : I’,)?}. 
p= g=i 


Equation (5.6) shows that Rm,» can not increase as m or n is increased. 
By choosing the states S’, and S”, judiciously, we are able to arrive at rather 


small values of R for moderate values of m and n. 


6. Application to the example of a clamped square plate. As a numeri- 
cal example, we shall treat the problem of determining bending moments in a 
uniformly loaded square plate clamped along its edges. For convenience, we 
choose the intensity p of the uniformly distributed load to be unity, assume 
the elastic constants to have the values v = 1/3, D == 1, and let the vertices 
of the square be at the points (1,1), (1,—1), (—1,—1). (—1,1) in 
the Ti, Tə-plane. 

For this problem the equation of equilibrium becomes 


(6. 1) Map.ap a [t= 0. 
while on the boundary of the square the conditions to be satisfied are 
(6. 2) w == 0, ` dw/in—O0. 


Consequently the bending moments M*,g of the completely associated state 
S* must satisfy (6.1), the bending moments Mag of the homogeneous 
associated states S’, (p 1,2, --) must satisfy the homogeneous equation 


(6. 3) Mp0 = 0, 


and the complementary states $S”, (g=1,2,- © -) must be constructed from 
deflection functions w”, satisfying the boundary conditions (6.2) along the 
edges of the plate. 

The bending moments Mag for the states S’, are derived from arbitrary 
stress functions f,) and fa% by means of the equations 


MPY — 2 (Of '?)./0v2). 
(6. 4) MOY a = —(8f,) ta + fy” ða). 
Mas = 2 (af) /da, ) . 


When defined in the above manner, the bending moments M'?)’gg will satisfy 
(6.3) quite independently of how the functions f’, and f (P are chosen. 
Table 1° lists the five homogeneous associated states S’,,- - +; 8’; which we 


‘The bulk of the computations involved in the compilation of the tables presented 
in this section were carried through by Mr. C. C. Miesse. 
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‘use, giving in each case the functions f'),, f,, the bending moments com- 
puted by means of (6.4) and the curvatures K'?)’,4g computed using (2. 5). 
The bending moments M*,g for the state S* are chosen to be those 
occurring In a circular clamped plate under a uniform load of unit intensity, 
since these moments are known and certainly satisfy (6.1). With proper 
choice of the radius of the circle, S* would seem to be a reasonable first 
approximation to the solution S.° Incidentally, since these moments corre- 
spond to an actual deflection function, they satisfy the compatibility condition, 


TABLE 1: The completely associated states $p. 


` MPa == & (Af?) ./dx2), KO = 3/8 (3M P, = MPa), 
Mie = — (Of), /Ox2 +- Of) ./0x,), KO = 3/2M Pa 
MOY Gaa 2 (Of), /ðr), K?)’,, = 3/8 (3M Pa pm MY) 

S's fo, fy) MP MY a M'a 

sg S Tı Ta 2 0 PA 

S ae Vol" 22,7 -— 42,0. ITa? 

S'o 2122" Eott 20,4 —~ 4( 2,05" -+ 2,322) 2224 

S, x3 Ta? 62" OO | 62, 

S's Ges ae eg 62,72" =< 2 (232%, — Ta Tr) Or T: 
S’, K Ea KOY 

S + 3/2 0 + 3/2 
S'a + 38/4(3x,? — 2,7) — 62,02 + 3/4(325? — ©) 
S’, + 3/4(82:,4 — T4) — 6 (2,53 + aeay3) + 8/4(32.t — T14) 
S’, ~~ 9/4.( 3227 — x?) 0 +- 9/4 (321? — £2?) 
S's + 9/244,” — 3 (tit, + Tata) + 9/20"? 


which is more than is actually required by the theory. The complementary 
_ states S”,, 8”2, S” which we use are listed in Table 2 where the deflection 
function, curvatures from (2.3) and bending moments from (2.4) are 


° That value of @ is chosen for which §*-S* is made a minimum, it being noted 
that $7. S* is the first term appearing in the error formula (5.6). The value obtained 
is a*® == 1.565217. 
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tabulated for each. For convenience, the completely associated state S* has 
been included in Table 2 with the complementary states [note that 
a? = 1.565217, (2.3). yields the K*,g from w*, (2.4) yields the M*gg from 
the K*ag]. 


Orthonormalizing the states S’,,- - -, 5S’; we obtain the states 
j 
(6. 5) ly = È dipS's, (p—1,---,5), 
4= 


where the coefficients aj, are determined below. In addition, the states $”, 
S$”, S”; are orthonormalized to give the states 


qd , 
(6.6) > Py = X biS, (q = 1, 2,8). 
4=1 í 


With these notations, (5.5) becomes 


TABLE 2: The complementary states S”, and the completely associated state S* 
| (Note: a? = 1.565217) 


Sa wg KD”, = — Pw", /da,? 
S (1 —2,°)?(1 — t)? — 4(1 — r)’ (87? — 1) 

Ss (1 — z4)? (1 — a4)? — 8(1 — wt)? (Tr — 3a”) 
S”, (1 — g8) (1 — z)? — 12 (1 — g)? (11m, — 5z,*) 


S= wë = 1/64(a® — t? — t°)? K* 1, = 1/16 (a? — 32,2? — 227) 





S KO” eee 3 w” g/L 02. KO”, ig a 07 / 0x2" 
s” — 16rız (1 — z?) (1 — x) — 4 (1 — m”)? (3z — 1) 

Ss”, nea 64m: x (1 a L$) (i — Tat) dass (1 Pres T+) 2 (Yrs Ts 322") 
Sa  — I(r — m") (wa! — a)  — 18(1 — a)? (11r — brat) 
S* KR” a= — 1/8r,T: K*, = 1/16 (a? — 3x,” — x1”) 


Ss”, M 1a) KT T 1/3 (38k (a) “rn + KD”) M (a) a — 2/38 KDa 


Ss”, ~~ 4/3] 3 (1 — v27)*(82,? — 1) 
+ (1— 2,7)? (8%.7— 1) ] — 82/322 (1 — 2,7) (1 — 22°) 
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Sa —8/3[3(1— 14)? (Ya, — 80,” 


-| (1 — T4)? (Ye — 32") ] — 128 /3a,%2,3(1 — 2,*) (1 —— Tat) 
Ss”, — 4[3 (1 — 2°)? (1ia,*° — 52,*) ; 
ft (1 — 21°)? (11r: — 5r:4) ] — 96 (11 — £,°) (L — 2°) 

Ss M”, = 1/24 (2a? — 5u,? — 32,7) M* 1. = — 1/12222 

Ss”, M@",, = 1/3 (3E Oo, + K”) 

S”, —4/3[8(1 — 2,2)? (3r —1) + (1—2)? (3r: —1)] 

SY’,  — 8/3[8 (1 — x1)? (Yz — 3%) + (1 — z+)? (7z, — 32,7) J 

s”, — 4[ 3 (1 — m8) (11r, — 5r24) -+ (1 — x) (112, — 52,4) ] 

S* M” oo a 1/24(207 — SL” =< 3247) 

m p p 

(6.7) Cmn a==$S*—4t > Ginttip(S™ -9';)S'2] 


pri i=l jal 


HISIS S digdig(S* — S) S], 


q-L  i=1 j=l 
where Cy,» is the state which we choose as our best approximation to the 
solution S of the problem after performing m iterations on the associated 
states S’, and n iterations on the complementary states S”,. The error made 
with this Cee: given by the quantity Rm.» of (5.6), takes the form 


(6. 8) Rijn = 48*- g*—335 [$ > aiptjn(S* S) (S*- $5) ] 


p=l 4-1 j=l 


—4 ELE $ diqbja(S*- 8%) (S*- S”;)]. 
g=i i=l j=1 f 
We introduce the notations 1 ip = Qip/äpp and 1 iq = Diq/baq * Whence 
Qintip = 1 spl” iplpp > 


(6. 9) 


th, 2 
bigd ja = T° iq? jabar- 


Substituting these relations in (6.7) and (6.8) we get 


(6. 10) on 48° — 43 ap D =e ep” jp (S* - S77) 8%] 


pal 


n q gq 
+4 21 bag” | oe ae t” iat ia (S> S”; ) S] 


=i j=l 


7In this section summation signs are written explicitly; repeated indices do not 
of themselves imply summation. 


760 H. J. GREENBERG AND W. PRAGER. 


m 


(6.11) Rmn = 4S* S*— 4 Sate LE D ript lS* S's) (S* > S) 


p=1 4=1 j=l 
n g g 
4 Sba [S Xar alS* S) (S*-8%)]. 
q=1 q#=1 j=i 


Following the well-known procedure, the constants ip and fig are found 
by solving simultaneous linear equations. Thus, for a fixed value of p, r’ép, 


(i = 1,- - -,p— 1; note tpp = 1) are the solutions of the (p — 1) equations 
p-ti , i 
(6. 12) 2 (S; Si) ip =m -— S$; ss (= i f ‘;p—l. 


When the ip have been found, the constant &?pp is given by 


p 
_ (6. 13) Cpp = | È ri (Sp: Sa) J 
i=1 


The values of the scalar products S’;-S’; which appear as coefficients in 
(6.12) are tabulated in Table 3. The values obtained for the 7'ip as well as 
the values of the constants @7,,,---,4°s; are to be found in Table 4. 
Similarly, the quantities ig (t= 1,:--,qg—1; note r” = 1} are found 
by solving the equations 


-1 
(6.14) SS Sa) = — S Sa EREET EE 
i=l 
and b? is then determined from the formula 


i G 
(6. 15) ba = [È ale D 


h 


The values $”; S”; are given in Table 5 and constants 77%jq and 6711, 6722, 
b”, are given in Table 6. 


i 1 
TABLE 3: Ss’; f S; i 3 f f (MaK J) apf IMV KO. 
-1 -1 
+- MO aK (a ) AL ha. 


RE RR Hn ET See ea e ee e 





S’, S’, S’ Se. D o N 
S’, 12.0. 4.0 2.40 12.0 40 0.115942 
S’, 4.0 13.60 14.971429 - 2.40 8.80 0.127536 
S’, 2.40 14.971429 18.582857 1.028571 10.125714 0.175569 
S’, 12.0 2.40 1.028571 26.40 7.20  —0.17392 


Ss 4.0 8.80 10.125714 7.20 8.525714 — 0.005797 
SF 0.115942 0.127586 0.175569 — 0.173920 — 0.005797 0.022417 
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TABLE 4: Values of 774, and Qi? 


p=i 2. 3 E 5 lii? 
i=1 1.000000 — 0.333333 0.185093 — 1.094489 0.104660 0.083333 
On eudeuk 1.000000 — 1.155280 0.448824 — 0.268820 0.081522 
SB aeaeo a ... 1.000000 —.275592 0.826164 0.577738 
E ee ee ere 1.000000 — 0.283154 0.071125 
DB giktecs. arees a lease 1.000000 0.808149 


tl ft = ea 


TABLE 5: S”; $"j; = 4 f S (MO EO a + RMO aKO o 
+ MOWY aK y)” 22) AT». 


s”, S” S”, s* 
sS”, 26.749384 38.955228 ' 43.195622 0.568889 
S”, ` 88.955228 155.323820 257.190746 1.011358 
s”, 43.195622 257.190746 523.247578 1.252023 
S* 0.568889 1.011338 1.252023 0.022417 


TABLE 6: Values of r”ig and ba? 


q == 1 2 3 Dii? 
i= 1 1.000000 -— 1.456304 1.254957 0.037384 
Bo CS 1.000000 — 1.970592 0.010143 
LRagaess!, Dewees 1.000000 0.014157 


All these constants being determined, we can use (6.10) and (6.11) to 
determine Cy,» and R'mn. We note that the values of the scalar products 
S*-S’; and S*-S”; are also required in order to do this; these values are 
listed in Table 3 and Table 5 respectively. If we so desire, we can now 
write Cy in the form 


Cun = 4S* -} as, + vie = ote GS vs -+ £8", -4 i on + Ban, | 
6 
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where the @,- © -,@m, Bu’ * -; Bn are known constants. If, then, we desig- 
nate by Mag‘) the bending moments corresponding to the state Cm,» we have 


Mag ™™ =— 4M* ap + &ı Map {1)’ + EE - tn Mgg™™” 
+ Mag ++ + Baap”. 


The moments M*as, Map®”, > + +, Map®, Mag)”, Map”, Mag” are 
given in our tables and so we can explicitly write out the bending moment 
functions Mag”) which constitute our approximations to the true bending 
moments Mag. i 

Actually it is awkward to write these formulas explicitly and so we 
have chosen simply to evaluate M,,™™) numerically at two convenient points 
in the plate, the center and midpoint of a side. This involves replacing S'i 
in (6. 10) by My?’ (a, 22.) and S”: by Ma '®” (ay, £2) where these functions, 
found in Tables 1 and 2 are to be evaluated at the point under consideration. 
Thus, we find approximate values for the bending moment per unit length 
in the z, direction at the points (0,0) and (1,0). The values obtained at 
the successive iterations are given in Table 7 below. Also given is the 
measure of error Rèm n involved in taking Cm, n as an approximation to the 
solution S. This error, when small indicates, as previously pointed out, that 


TABLE 7: The bending moments M;,(0,0). and M4,(1,0) and error R’m,n 
are determined at successive iterations. 


Can M Unn) (0, 0) Mh (men) (ee 0) Tk 
Cy 0.112267 — 0.133680 "9.002300 
Co, 0.107480 — 0.157387 0.002113 
Ca 0.100886 — 0.154239 0.001533 
Cas 0.090343 — 0.166510 0.001207 


5,2 0,083550 — 0.196222 — 0.000095" 


the overall approximation of Cm» to S is good. However, at any particular 
point, A»,, may not be taken as the error in the bending moment. It is only 
true that as Rm,» decreases to zero, the approximation Cm,» will converge to S 
and the error at any point will approach zero. We note in the above table 
the decrease in the value of Rn» as successive iterations are made. The last 
entry, which is starred, came out negative in apparent contradiction to the 
positive character of Rm, n. However, by the- fifth iteration, accumulated 
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errors are sufficiently great that an error of 1 in the fourth decimal place 
is not unlikely. eg a we may only say that to at least three decimal 
places R? vanishes. 
The last iteration gives us the approximate values M,,(0, 0) = .084, 
Mı (1,0) =— .196. These agree to within 5% with the values Mı (0, 0) 
= .0888, M/1,(1, 0) == — .2060 found by Nadai.® 


Cudia To obtain the accuracy desired for nést engineering purposes 
a slightly larger number of steps should be carried out. The numerical pro- 
cesses encountered in, the application of the present method are particularly 
well suited to modern automatic. computing equipment. 


Brown UNIVERSITY. 


° A. Nidai, Die elastischen Platten, Berlin, 1925, p. 184. 


ON THE LINEAR LOGARITHMICO-EXPONENTIAL DIFFERENTIAL 
EQUATION OF THE SECOND ORDER.* 


By Paisie HArvMan 





we 


1. This paper is concerned with the asymptotic behavior, for large 
é-values, of the solutions « == a(t) of the differential equation 


@ * da/da + f(t)x = 0, 


where f = f(t) is a logarithmico-exponential (2-function) in the sense of 
Hardy [3], p. 17. Since f(¢) is an £-function, 


(2) f(t) is monotone for large ¢-values 
and 
(3) lim f(t) =A exists, 

1-900 


if A= + œ is permitted in (3). The statements to be proved depend on the 
following known results: 


(1) if œ >à > 0, then (2) implies that (1) possesses a pair se ers 
independent) solutions of the respective asymptotic forms 


(41) cos f Iad oa), sin f Ids + o(1) 


as too; [8], p. 270; 


(ii) if 0 >A >œ -- œ, then (i) remains true if (4:) is replaced iý 


t t 
(45) (1+ 0(1)) exp f IOa, (2+ 04) exp f — IFO) ds, 
[10], p. 60: finally, 
(iii) if 
* 00 
(5) [Mel Fe) dt < o, 
then (1) possesses a pair of (linearly independent) solutions of the respective 


asymptotic forms 


(fiii) 1+o(1), (1+ 0(1))¢; 


* Received March 13, 1948 


764 


LOGARITHMICO-EXPONENTIAL DIFFERENTIAL EQUATION, 765 


as pointed out in [10], p. 66, this result can be obtained from [1], § 4, by a 
suitable change of the independent variable; for a simple proof avoiding suc- 
cessive approximations, ef. [10]. . 

The theorems (i)-(jii) fail to’furnish asymptotic formulae for the solu- 
tions of (1) when the limit (3) satisfies | A | = œ or when A= 0 but (5) 
does not hold. It turns out however that even in these exceptional cases, the 
variables can be changed in such a manner that (1) is transformed into an 
equation to which one of the.above theorems is applicable. The required change 
of variables consists of a finite number of repeated applications of a standard 
substitution (Liouville, Riemann). The applicability of this substitution in 
the study of the asymptotic behavior of solutions of (1) has been pointed 
out in [9]. 


2. The resulting asymptotic formulae for the solutions of (1) can be 
stated directly in terms of f(t) as follows: 
Let (t) denote the k-iterated ari of zt, that is, h(t) == log t, 


l(t) = log log t,- - - ; and for n = 0,- - -, let 

(6) a(t) = 11 (2), 

where, as usual, the empty product is 

Hence, 

(8) Fong (4) == Ln (i) /Iner’ (t), (n= 0,1,-- +). 


Thus, for any Z-function f(t) and any non-negative integer n, 


(9n) lim (40°F (4) — = L;(t))/Ln(t) =r 


exists, if A, == x: © is admitted. It will be verified below (Lemma 1) that 
An = 0 cannot hold for n == 0, 1,: - -, so that there exists a least non-negative 
integer n == M == M (f) for which An +0, 


(10) àx = 0 for k=0,1,---,M-—1 and Ay 0, (M = 0). 


Define a finite or an infinite sequence of L-functions F(t) for large 
t-values by induction as follows: Let 


(11) Po(t) = f(t) 


and suppose Fo - -, Fa have been defined for large ¢-values and are L-fune- 
tions. Let 


t 
t 
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(12n) Py = Px (t) = = U | F(t) | 4, 
where, as mow the empty product is 
PFa (t) = l. 
If 
oO 
(13n) S a Í Pa(t)dt < 2, 


then Fun(t) remains undefined. On the other hand, if 


: 00 
(14a) f Py(t)di = œ, 


then the L-function Pa(t) is not identically zero and, hence, does not vanish 
for the large ¢-values. In view of (12n), the same is true of the L-function 
F,(¢). In this case, Fna (t) is defined by 


(15a) Faa(t) =+1+ | Fu ‘ca Paa” s (Pnt a | F'n So 


where + is the (constant) algebraic sign of F,,(¢) for large f-values. ' 


Finally, let N = N (f) be the non-negative integer which is the minimum 
of M(f) and the least non-negative integer n, if any, for which (13,) holds. 
Thus, 0=N=M; also, 


(16) f Praat <% 


holds if N < M, but a or noisy not hold if N == M ; finally, if N > 0, then 


(14,) holds for n==0,-- -,N—1. 
It will be proved that if (16) holds, then (1) possesses a pair of (linearly 
independent) solutions of the respective asymptotic forms (4;;;) or of the 


respective asymptotic forms y 
(17) (1 4+ 0(4)) (h(t) += ba (2))8 (1+ 0(1)) (tla (4) » «twa (£) (E) 
according as VN=0or N >Q. a 

If (16) docs not hold, so that M = N, the situation is as follows: If 
œ = dy > 0, then (1) possesses a pair of (linearly independent) solutions 
of the respective asymptotic forms 

t 
(18) Px? (t) {cos f Px(s)ds + 0(1)}, 
t 
Px- (t) {sin f Py(s)ds -+- o(1) i: 
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where the factor Py..#(¢) is asymptotically proportional to 
(19) | f(t) or (th (t)- - -Wa(t))? 
according as NS lor N>1. If 0 >Ay2— œ, then (1) possesses a pair 
of (linearly independent) solutions of the respective asymptotic forms 
l t 
(20) (1+ 0(1))Px3(t)exp f Pv(s)ds, 
t 
(1 + 0(1))Pyw3(t)exp f — Py (s) ds. 
3. The proof oť these assertions will depend on a number of lemmas 
which do not involve differential equations but deal only with the properties 


of L-functions. The lemmas will be stated now, but the proofs will be post- 
poned until 5-9. It is supposed throughout that f(¢) is an L-function. 


LEMMA 1. There exists a least non-negative integer n = M = M (f) for 
which the limit (9n) is not zero. 


Lemma 2. If the limit (3) satisfies 0 <à | S œ, then Fy(t), defined 
by (155) for lar ge t-values, satisfies F 


(21) , lim F(t) = = 1, 
t—co 

where + 1 = sgn f(t) for large t; in fact, 
. "©, ; a 
(22) JOO Fat o. 

Lemma 3. If Fo Fi © +, Fn are defined by (11) and (15a) for large 
t-values (so that (14x) holds for k= 0,1,- - n— i), then 
(23n) lim F.(#) =0 for k=1, -n 

$300 . 

holds if and only if AI (f) È n, that is, the limits (9x) satisfy 
(24n) r= 0 for k=1,---,n—1. 

Lemma 4. If N(f) > 1, the functions Fo, Fı,> - -, Fy satisfy 
(250) F(t) ~ 1/4 
and 


(25n) Falt) ~ m(t), (O<n<N). 
If N(f) > 0, then a 


(26) EROTS y(t), (0 <N). 
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Lemma 5. If (16) does not hold (so that M(f) = N(f)), then 


(27) lim Fy (t) = Ay/| 1 -+ Aw | £0 
i> 
(where it is understood that 
c/| 1+el denotes -— 1, — œ or 1 if c ==— œ, —1 or + œ, 
respectively) . 


4. These lemmas will be assumed for the moment and- will be used to 
prove the assertions made at the end of 2 concerning the asymptotic behavior 
of solutions of (1). In order to systematize the notations, let 


(28) To =v and ty = t, 

so that. by (11), equation (1) becomes 

(29) Pro/ Ato? + Fo(to) to == 0. 

Jf Pos€0 and if the new variables (Liouville, Riemann) 


á ty l 

(30) l 1, == 1, (to) =f | Fo (to) |È dto 
und 

(31) t, == 01 (41) = %(bo(t1)) | Po(to(t.)) |?" 


are introduced, (29) is transformed into 
(32) (a, /dt,? + By (to (t1) ) a. = 0, 


where to == ¢y(¢,) is the inverse of (80). It is, of course, understood that the 
lower limit of integration in (30) is fixed so large that Fo(#.) does not vanish 
tor any greater value of to. 


If the pairs of variables wa, to; 1, t13° © © 3 @n-1, tna have been defined and ° 
he = N, let 
tn-y 
(38) ta tates) = YT Pas (totes) dts, 
that is, 
; ta 

> (BAr) bi = bn (to) — f Py4(to) dto, 

and 

(35n) Cy == Tn (Én) == Un-1 (in-i (tn) ) | Par (to (ta-r) ) aye 


The equation (1) is transformed into 


(367) dan/dt,? + Fa (to (tn) )%n = 0. 
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In virtue of the definition of N (f) and (34s), 
(37) z tn(téo) —> 00 as ty > œ (nN). 


Suppose that (16) holds. In view of (33) and (34,), the inequality (16) 
implies 


(38) J "| Pa(to(tv)) lè dix < o. 


From the monotony of Fy, it follows that 


ty Fy (to(tw)) |} > 0 as ty —> oO. 
Hence, as ly — o, . 
tx | Fy (lo(/x))| —0(4)| Pr(to(tv)) | & 
so that (38) implies i 


(39) i f ae Fe | Fy (to(ty))| div < œ. 


Consequently, the theorem (iii) quoted in 1 shows that (36y) possesses a pair 
of (linearly independent) solutions ty == ty(ty) of the respective asymptotic 
forms 


“1+ o0(1), (1 + 0(1) )éy, 


as ty—> œ. In virtue of (34y), (25x) and (37), it follows that (1) possesses 
a pair of linearly independent solutions of the respective asymptotic forms 


OHOP), (1+ o) Pratt) J" Praat 


Hence, (12) and Lemma 4 show that (1) possesses a pair of linearly inde- 
pendent solutions of the respective forms (4:i:) or (17) according as N = 0 
or NV > 0. . 

Suppose now that (16) does not hold, so that M — N. Then by Lemma 5 
and (37) 


(40) him Py (to(ty)) = Ay/| 1 + Ay l. 
l ->00 

Suppose that l 

(41) z 0< làx]/|1+àx|< o. 


Then it follows from the theorems (1) and (ii) quoted in 1, that (36x) has 
a pair of (linearly independent) solutions wy == æy (ty) of either the respective 
asymptotic forms 


t 


STS ly 
cos j | I'y (bo Cen) ) |2 dtx 4- o({1), sin f | Fy (to (ty) ) |è dty + o(1) 
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or of the respective asymptotic forms 


tn ty | 
(1+ 0(1))exp f | Fx (to (ta) ) l? déy, (1+-0(1))exp f — | Py(to(éy)) 2 


uvvurding as Ay >> 0 or Ay <0. Tu virtue of (34y), (35x) and (87), it 
follows that (1) possesses a pair of (linearly independent) solutions of either 
the respective asymptotic forms (18) or of the forms (20) according as Ay > 0 
or Aw < 0, when (41) holds. (It would seem that the factor in (20) comes’ 
out to be Py-1? instead of Py, but since the limit (40) is finite and non-zero 
and since a constant multiple of a solution of (1) is again a solution, (20) is 
valid.) The statement concerning Py.,4(t) following (18) is a consequence 
of Lemma 4. 

It remains to remove the hypothesis (41). Actually, the first inequality 
in (41) must hold, so that only the second inequality is an assumption. The 
formula line following (27) shows that of the two possibilities, + œ, the only 
one that can occur is that (40) is — œ (corresponding to ày == — 1). If the 
limit (40) is — œ, it follows from (33) that 
txa (tv) > œ as ty > œ 


and from Lemma 2 that 
lim Pri: (to (tys2) ) EEP i, 


ÍN+1 > 


where — 1 = sgn Ay; and, in fact, from (22), 
: fe ©) : 
(42) f | — 1 — Fry (to(tva) )| diyy < œ. 


Tt is known that (42) implies that (36x1) possesses a pair of (linearly inde- 
pendent) solutions ty. == Syr (tns) of the respective asymptotic forms 


(1+ 0(1)) exp tum, (1 -+ 0(1)) exp (— tra). 


This result can be deduced from [1], §2-§ 3, by a suitable change of variables; 
ef. also [10], p. 66 and [4], § 18. Again, it follows that (1) possesses a pair 
of (linearly independent) solutions of the respective asymptotic forms (20). 

This completes the proof of the assertions at the end of 2. It remains 
to prove the lemmas of 3 on which the proof is based. j 


5. Proof of Lemma 1. The definition (9„) of An shows that Anu. = 0 
means that 


4t?f (t) —z Lj(t) ~ Lnn (t) 
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or, in view of (8), 


(43) (4¢?f (t) =% L; (t))/En(t) ~ 1/lm? (t). 


In order to prove the Lemma 1, it is sufficient to show that this relation cannot 
hold for every n = 0,1,- - -. If f(t) is an L-function of order n (cf. [3], 
p. 17), then the function on the left of (48) is also an J.-function of order n. 
But an LZ-function of order n cannot be asymptotically equal to 1/Jn.17(¢) ; 
cf. [2], p. 81. Hence, M (fF) exists and does not exceed the order of f. 


6. Proof of Lemma 2. The assumption that (3) satisfies | A | > 0 im- 
plies that (14%) holds, so that (15,) defines #',(¢) for large ¢t, From (11), 
(155) and (125). 


(+ 1—Fi(4)) | FE = — | f [PA e | f 4/08, 
which can be written in the form 
a 9/49? — 5g*/169°”, 


if g = | f | and the prime denotes differentiation with respect to t. Since the 
two terms in the last formula are L-functions and, therefore, either identically 
zero or of constant sign for large ¢, the relation (22) will follow if it is 
shown. that 


t t | 
(44) JE wrat maf" (9/4/99?) at 
tend to finite limits as {> o. 


First 
ar 
f (q’/g°) dt = const. — 4g77/4(t) 


tends to a finite limit since |à | > 0. Since g’/g°/* is (improperly) integrable 
and monotone for large ¢-values, it follows that . 


(45) g/g" — 0 as t> œ. 
Hence, 
E a (of / Pi)? 


is (improperly) integrable. The second expression in (44) tends, therefore, 
to a finite limit. 
In a manner similar to that employed in obtaining (45), it is seen that 


g/g?—>0 as t> o, 
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An integration by parts shows that the first expression in (44) equals 


const. + g/g + (8/2) f° (o*/9°) at. 


Since this function tends to a finite limit, as {—>» oo, the assertion (22) is 
proved. 

The relation (21) is a consequence of (22), for the integrand im (22) is 
an integrable L-function and, consequently, tends to 0 as ¢—> œ: On the 
other hand, the factor | f(¢)| 4 stays away from 0 by virtue of the assumption 
;A[ > 0. This completes the proof of Lemma 2. 


7. Proof of Lemma 3. The case n = 1 of the Lemma 3 will fixst be 
proved. Suppose that (23,) holds, that is, that 


(46) : F,(t) = o(1). 
It will be shown that (241) holds, that is, that A, == 0 or, equivalently, 
(47) f(t) = (1 + 0(1))/4t. 
From (11), (12) and (15,), 
(48) F(t) = = 1+ |F esa | f yae. 
Hence, (46) shows that 
(49) dth/dt? =— (+ 1 + 0(1)) /h', 
where h =| f l7, The assumption (46) and Lemma 2 implies that 
(50) h =| f — o as tao. 


At (49) is multiplied by dh/dt, a quadrature gives 

(51) L(dh/dt)? = 3(+1-+ 0(1))/h?+ const. 

Actually, the integration constant must be 0, by virtue of (14,.). For by (50), 
lim 4(dh/dt)* = const., 
{0c 

so that const. = 0. However, if const. > 0, then 


h ~ (2 const.) #¢ 
or > . 
(52) f~1/(2 const.) t. 


This contradicts (14)) in virtue of (11) and (125). 
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Hence, const.== 0 in (51). Therefore, 
(53) + 1 = sgn f(t) == 1 for large ¢ 


h dh/dt = 1 + 0(1) 
or 


An? = (1 + 0(1))t. 


Finally, the definition of h and (53) show that (47) holds. This proves that 
(46) implies (47) when (14) holds. 
. The converse is readily verified. In fact, the asymptotic relation (47) 
can be differentiated (twice). If use is made of (48), the relation (46) is 
then deduced. This completes the proof of the Lemma 3 in the case n==1. 
Assume. that the Lemma 3 is true for arbitrary n = 1. It will be shown 
that it-is true for n -+ 1, that is, that if (140), (141),° © +, (14n), (28%) and 
(244) hold, then 


(54) lim Pan (t) == Í) 2 
t> 

holds if and only if 

(55) An = 0. 


The assumptions (23,) and/or (241) mean that 


(56) f(t) = (1/40?) CS L) Faia): 
where 
(57) Halt) 60). 


Since Loft) == 1, it is seen that 

F(t) = (1/24) (1 + FÈ a(t) + 0(1)Zn.a(t)). 
Let t = 7,(¢) be defined by 
(58) h =t (t) = f Flas, 


where the lower limit of integration, say T, is fixed so that f(t) > 0 for t Z T. 
- Then the last two formula lines and the definition (6) of Z,(¢) show that 
(59) tı (t) = 3 log t + const. + 0(1). 


Let ¢ = ¢(¢,) denote the inverse function of (58). If P,*(t,) and F,*( ti) 
belong to 
(60) ` . Fo* (t) = Fi (E(t) ) 


re 
: . 
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in the saitie: way as: (12,) and (15n) belong to Fe(t), then 
(61) PY (t1) = Fran (i(t) ) for k==0,1,-- >,a. 


The assumptions (14,) for k = 1,- - -,n imply that 
* oo , 
f Pi” (t1) dt, = 0 for k==0,-- n— 1, 


since (58), (61) and (12,) show that 


ty t 
f P” (4,).dt, ore f Pra (t) dt. 


Assume first that (54) and (23,) and/or (24,) hold. It will be proved 
that (55) holds. Since —> œ and t, —> œ are equivalent by (59), it is seen 
from (23,) and (54) that 


(62n) ý lim F,*(4,) = 0 for k==1,:--,n. 


1400 


Hence by the induction hypothesis 
(68n) . Ae’ =0 for b=0,1,---,n—1 


if Às” belongs to (60) in the same way as (9n) does to (11). Consequently, 
(64) (h) = (1/46) S s(t) + oC) Dealt) h 

But (59) and (60) show that this implies 

(65) P(t) =F Lja (t) + (1) En(t). 


On the other hand, (56) gives 


| f° = {I — A(t) /4 + O(1) /log* t}, 
where 


A(t) =S T(t) Leai. 


Differentiation of the last asymptotic formula for f** shows that its second 
derivative is 


— 43/44-8/2{1 — A/4 4+ (te + gee +o(1})e -+ o(1)te)L + 0(1) Alog? t}, 


* : ee x. 
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whére «= e1 and Teil os, since the derivative. of an O(1). L-fitinction is 
o(1/t). Also, (56) gives that i ` 


f-8/# = 43/43/211 — 3A /4 + 0O (1) Noe! t}. 
Hence, (48) and (53) lead to | | 
F(t) = A— (te + Pe” + o(1)e + 0(1) te’) Z + O(1) Alog? t. 
A comparison of this relation with (65) shows that 


(eni —— fena — Ceni” + 0 (Len + o(1) ten- Ln ~ Dn 
or that 
Ez- T ( tena’ -+ Een”) —— 0 (Len, + G (1) lua ont 1/tn7(t) . 


If the new independent variable s = log ¢ is introduced, the last formula 
becomes R 
ae dey.,/ds* + 0(1)en-1 + 0(1) dsy1/ds ~ 1/lna-17 (8). . 


Since €n-1 = ex-1 (65) and its derivatives tend monotonously to zero, it follows 
that, as s —> o, 

den-1/ds = 0(1/s) and dĉen1/d3? = 0 (1/8). 
Hence, 

en- (68) ~ 1/ln-1° (8) OF en-1(t) ~ 1/l?° (t). 


The equality (55) follows, therefore, from (56) and (9n). 


It remains to prove the converse, namely, that (55) and (23,) and/or 
(24,) imply (54). Since the reasoning of the preceding paragraph can be 


reversed, it is seen that (55) and (24,) imply the relation (65) or, by virtue . 


of (59), the relation (64). - But (64) means that (63,) holds, which implies 
(62,) by the induction hypothesis. Consequently, (54) follows from (61). 


8. Proof of Lemma 4. This lemma is a consequence of the proof of the 
last lemma. Thus, the assumption N (f) > 0 implies (47), i.e., (250); so 
that if N = 1, it follows from (12) that 


t 
Í P (t) dt ~ 4 log t, 


i.e. that (26) holds. If N(f) > 1, then (251) follows from (65); while — 


` 
ked 
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(25n) can be proved for arbitrary n by induction. Finally, (26) is a corise- 
. quence of (25,) for OS n <N. 


9. Proof of Lemma 5. The lemma will first be proved for the case when 
N = N (f) — 0. Suppose first that ào is fiuite but ào 3—1. Then (9) 
means 
f~ (1+ do) /4t 
or l 
| J] “UF mas 43/4 {3 / | 1 4. do | 1/4 


Since this asymptotic relation can be differentiated (twice), 


dq? } + ào paj 





T | “1/4 /dt? ~ — 1/ (4548/2 





so that 
| f |7 d? | f [74/4 ~—-1/| 1+ Ao |. 


Since the + 1 in (48) is sgn f = sen (1 + ro), it is seen that 
lim F, (t) = (1 + -do)/]1+Ao |—1/] 1 + Ao | = Ao/ | 1+ Aol. 
This completes the proof in the ease Ay is finite but not — 1 
If | Ao | = œ, then (%)) means 
| fF] o or |f oç), 


The last asymptotic relation can be differentiated and so 





|f [arge f |- /dt? == 9(1). 
In view of (48), this establishes the case N = 0 and |ào| = œ, since 
+: 1 = sgn f is -+ 1 or — 1 according as Às == © or ào = — &. 
Finally, if Ao = — 1, then (95) means 
(67) 4f = 0(1) or —o(| f|). 


But since (16) does not hold, it is seen from (12,) and (11) that 


Lei = oC), (e > 0 arbitrary), 
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so that, for large ¢, the graph of 


EN ‘ is concave downwards 
and 
d |f [4/dt = 0(1). 


The last asymptotic relation in (67) can, therefore, be differentiated twice 
and shows that 
| T pug: | f |-1/4 de? a eee. 


This completes the verification of the case N — 0 of Lemma 5. 

The proof can be completed by an induction on W. Assume the lemma 
is true for functions f(t) for which N (f) = N, it will be shown that it holds 
for functions f(t) satisfying N(f) =N +1. Let N(f) =N 41 Z1. Intro- 
duce the notations of the proof of Lemma 3. Clearly, N(/.*) =N(f) —1 
== N in virtue of the proof of Lemma 3 and the negation of (16); cf. the 
formulae following (61). Consequently, the induction hypothesis implies 


(68) lim Fy” (t) = hy*/| 1 + Ay* | =Æ 0. 


fy >00 


In view of (60), 


k 
Fi (t) — È Lia (t) = 0 (Len (t)) for k=l N 


and 


N 
(Pi (t) — Z Lin (t) )/Lua (t) > àx" 0. 
j= 
Proceeding as in the proof of Lemma 3, one verifies that 
en (¢) ly41?(t) — ] -> Ay™. 


In view of (56), where n —1 = N, it is seen from (9y.,) that Ayia —=Ay*. 
Hence, by (61) and (68), 


° , lim, fyi (t) =r Aye /| 1 + Awa |. 
t->00 


This completes the induction and the proof of Lemma Š. 


10. Remarks. The possible asymptotic formulae (4:i:), (17), (18), 
(20) for the solutions of (1) furnish quite simply the answers to such questions 


Y 
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as the existence or non-existence of oscillatory solutions, of unbounded: soln- 
tions, of 0(1)-solutions, of L7(0, œ )-solutions, ete. 

As an illustration, consider A. Kneser’s theorem [7], p. 415, stating that 
if g(t) is continuous, then 


(69) y+ qt)y = 0 
possesses an oscillatory solution y == y(t) if 


lim inf (4g (t) —1) > 0, 
700 


and does not possess an oscillatory solution if 
lim sup (4#7¢(t) —1) < 0. 
The case where fi 
lim inf (4g (t) — 1) < 0 < lim sup (4t°q (t) — 1), 
t=>00 t->00 


or 
lim (4#2¢(1) — 1) =0 
tx 


is undecided. ‘The results obtained above show that ‘in this latter case, the 


function 
4ta (t) — 1 — 1/log° t 


should be considered. If this function has a positive (negative) limit inferior 
(superior), then (69) does (not) possess an oscillatory solution. If the limit 
superior and inferior are both 0, the function 


4t*q(t) — 1— 1/log? t — 1/ (log log t)” log? t 
should be considered; ete. 
Furthermore, it is easy to see from (18) and the remark concerning (19) 


that if (1) is oscillatory, then either no solution z == s(t) 3&0 of (1) or every . 
solution is of class L? (0, œ) according as 


RERO 
i$ œ or finite; cf. [5], p. 306. 


è 


It is also easy to see that if (1) is elii and f(t) — 0, then every 
solution s = q(t) £0 of (1) is unbounded; cf. [6]. 
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AN APPLICATION OF SPECTRAL THEORY TO A SINGULAR 
CALCULUS OF VARIATIONS PROBLEM.* 


By C. R. PUTNAM. 


Introduction. 


The theory of boundary value problems has been applied by Lichtenstein 
to problems of the calculus of variations. The object of this paper will be 
to show that some of his results [7] on one-dimensional problems can be 
carried over to certain types of singular calculus of variations problems. The 
chief difficulty in extending Lichtenstein’s results to singular problems lies in 
the fact that the associated boundary value problem may be degenerate (that is, 
in the “ Grenzkreisfall” in Weyl’s terminology [9], p. 238) and that the 
spectrum need not consist of a sequence of eigenvalues tending to infinity, 
but can contain continuous and cluster spectra. 

In the sequel, the following terminology will be used: A real-valued 
function y = y(x), where 02 < ©, will be said to belong to class Qa if 


(i) y(x) is continuous for 0 Sg < œ; 


(ii) the half-line 0 S x < © can be divided into a sequence of intervals 
OSET, & Se Sa,:--, where a,—- 0 as n— œ, in such a way that 
y(x) possesses a continuous derivative y(x) on each of these intervals; 


(iii) yf) satisfies the boundary condition 


(1) y(0) cosa + y (0) sin g = 0, (OSaczn); 
(iv) y(v) is of class (7), that is, 
XS 
(2) f y de < œ. 
0 


In the differential equation, 
(3) y” + (à—q)y = 0, 


Jet g q(x) be a real continuous function for 02 < œ and let A denote 
a real parameter. If (3) is in the “ Grenzpunktfall,” that is, if for some A 
(hence, for all A), the differential equation possesses at least one solution 


Cee eat 
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y == 4y(x) which fails to satisfy (2), then the set of A-values in the spectrum | 
of the boundary value problem belonging to (3) and the boundary condition 
(1) willbe denoted by Sa. As to the definition of “spectrum,” see [9], 
p. 251 or 1 below. 

‘The main tool in this paper will be a generalization (Lemma 2 below), l 
of the Parseval identity which plays the principle role in Lichtenstein’s 
investigations, cf. [7], p. 166. 

This paper will consist of two parts. In Part II, the Lemma will be 
applied to problems of locating the spectra of certain boundary value problems. 
For example, it will be used to show that if 


(4) . q(x) — cast o, 


then A = c belongs to the spectrum Sa for every a. | That is, if condition (4) 
is fulfilled, then A= c is a cluster point of the spectrum Sq for every a 
cs [9], p. 251). 

* Let A(X) <<a (X) <-> - denote the’ sequence of eigenvalues belonging 
to the Sturm-Liouville problem determined by the differential equation (3), 
_ the boundary condition (1) at «—0 and the boundary condition 


(5) ee 64s | (0< X< œ). 


Let the function ¢= g(x). where 02% < œ, be continuous and bounded . 
from below, 
(6) q(x) > const. for Sg < æ. 


Then, the differential equation (3) is in the Grenzpunktfall and the closed 
set Sa is bounded from below (Weyl [9], p. 288). If ào denotes the least 
point in the spectrum Sq, it will be shown that A(X) — ào as X— ow. This 
is the analogue of the theorem of Wintner [11], p. 281, that the end-points 
of the spectrum of a half-bounded matrix are the limits of the end-points 
of the spectra of the finite section matrices. If the least point A» of the 
spectrum Sa is isolated, the next point of the spectrum can be located in a 
‘similar manner. In particular, an analogue of the theorem of Milne [8] 
which deals with the case that Sa consists of isolated eigenvalues will be 
deduced. These results touch upon the more difficult problem of deciding 
whether Sa is a “limit,” as X —> œ, in some sense, of the spectra helonging 
to Sturm-Liouville problems on OS S X. 

If the function ¢ = q(x) satisfies the unilateral restriction (6), it will 
be shown (2) that the integral 


(7) Ty) = f O+) 
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. exists (possibly as + oo) as an rape Riemann integral for every function 
y(x) of class Qa- eg 
The principal. type of pr sole: P T in Part I is to determine 
necessary and sufficient conditions that a function y == y(x) furnish a 
minimum to the integral (7) with respect to. a certain class of functions. 
The: results obtained for such a. problem have applications in the considera- 
tion of the second variation. for more general types of singular calculus of 
variations problems. It will be proved that the integral (7) satisfies ` 


(8) o SJ (y) 20 


for all functions y = y(x) of class Q, if and only if the spectrum So contains 
no negative values of A. As an application of this result and its variants, 
there will be derived (5, 6 below) known inequalities, as for example, the 
standard inequality occurring in quantum mechanics, cf. Weyl [10]; p.: 272. 
It will also be shown that the result concerning (8) leads to necessary: and 
sufficient conditions in the isoperimetric problem of minimizing (7)- with 
respect to the functions y(@) in Qo which are normalized by 


(9) , yde = 1. 
| Ja 


Part I. 


1. Let ¢(z,A,«) denote the unique solution of the differential equation 
(3) determined by the initial condition 


$(0,A,%) = — sina and ¢’(0,A, «) = cos g, 


where the prime denotes partial differentiation with respect to x. If (8) is in 
the Grenzpunktfall, the number A is said to be an eigenvalue of the boundary 
value problem determined by (3) and (1) if }(a,A,«) is of class (Z°); m 
which case, any non-zero constant multiple of ¢(w,A,«) is called an eigen- 
function belonging to 4: There exists at most a denumerable set of eigen- 
values Ax, hay: - + for any fixed a. Weyl’s application [9], pp. 239-251, of 
the spectral resolution theory of Ifellinger [6] implies that there exists a 
monotone non-decreasing function p = pa (A), where — œ <A < ©, “which 
has the properties that: | i 


(i) Pa(0) =0 
(ii) paļlà) is continuous from the left and its discontinuity agate ‘are 
the eigenvalues A = Aj. 
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Sale Let Gd (A) denote -the continuous pompon of pa(à) and let - 


P (a, A a= f $ (T, p, 4) dpa” (n), 


where the integral is a Riemann-Stieltjes integral. Let 


aj =1/ J. (2, jy a) da, 


so that aj'd(x,d;,%),-j == 1,2,---, form an ortho-normal sequence, and 
let dpa(A;) denote the jump nee de 0) —pa(dA;) of pa(A) at A= àj.. If A 
denotes a closed A-interval A: A“S Az and if f(A) is an arbitrary function 
of à for which every point is of the first kind, then by Af will be meant 
f(As +- 0) — f(A. —0), with the understanding that the interval A may 
reduce to a single point. Let the dpa(A;), 7 —=1,2,°--, be chosen so that 


2 (ajdpa (Àj) )? < œ. 


Let P2(2, A, æ) denote the function -of class (L°) such that P (x, 0, a) = 0 
for all z and a and such that AP.(w, à, a) is defined by the “ Fourier” series 


AP. (z, Às a) a Sa (ajdpa(à;) )2 (2, Aj, %). 
LAEM 


In virtue of the properties of (x, à, «), cf. [9], p. 222, it follows that AP.’ 
and AP.” may be obtained by term-by-term differentiations of this series. 
If P(x; à, œ) is defined by - 

(10) P (a, A, a) = P, (x, A, &%) + Po(a, A, a), 


then, for any fixed «, P(x, à, a) is an orthogonal differential system with basis 
pa(A), cf., e.g., Carleman [1], p. 17. .Thus, 


oo . 
f A,PA.Pdz = Aiepas 
113 


where the integral exists as a Lebesgue integral for all A-intervals Ay, A, 
and where Aj. denotes the common part of A, and Ag. 


(iv) For every fixed. a, the orthogonal differential system P(z, à a) 
is. complete; that is, if y= y(x) is of class (L?) and if I'(A,a) is defined by 


` oO 
Ge ae AT (A, @) = f y (£) AP (zx, A, a) da 
6 
and I'(0, «) == 0,.then..the.Parseval identity - 


(12) f "y (€) de = f " (4T)?/dpa (A) 
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holds. The integral in (11) exists as a Lebesgue integral since y and AP 
are of class (L°) and the last integral in (12) exists as a Hellinger integral 
[5], pp. 25-28. 

(v) Finally, the function P(x, à, a) of (10) satisfies the differential 
equation 


A 
(13) L(Ps) + f pdPs(a, m a) =0, 
that is, 
A 
(13 bis) TO) Ape f P, (a, p, a) dp, 
. »/ 0 


where L(y) is the differential operator 


(14) , L(y) = y” — qy. 

` The continuous component pa (A) of pa(A) is unique up to an additive 
constant. The spectrum Sa of the boundary value problem belonging to (3) 
and (1) consists of the point-spectrum, ‘Ài, Az, © © >, and their cluster points 
(cluster spectrum) and the continuous spectrum ; the latter being defined 
as the set of points A, in every neighborhood of which pa*(A) is not constant. 
l For later reference, it may be pointed out that the function of « on the 
right of (13 bis) is of class (Z?), for every fixed æ and A. 


2. If q= q(x) satisfies (6), it has been previously remarked that the 
set Sa is bounded from below. Hence, if y =y(æ) is of class (L°) and if 
['(A,@) is defined by (11), then the Hellinger integral 


| JAAT) /dpa (A) 


exists (with the understanding that -} « is an admissible value). Similarly, 
if y(x) is of class Qa, then the integral (7) exists as an improper Riemann 
integral, again with the understanding that its value may be + «. This is 
clear from the fact that the integral of y’* is non-negative; the integral of 
qy? over the set of points s where q(x) < 0 is finite in virtue of (2) and 
(6); finally, the integral of yy? over tbe set of points x where g(x) = 0 is 
non-negative. 

Suppose that the function y(z) is of class Qa and possesses a continuous 
second derivative such that L(y) is of class (L°). If A(A,@) is the “ Fourier ” 
transform of L(y), 


(15) MA (Aa) = f “L(y)aP(a,r, a) de, 
0 
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then, by the Green identity, 
fe, a) 
AA (À, a) = f PYL(AP)de + [y AP —yAP’] . 
0 0 


In the sequel, the notation 
co ® 
f(x) | = lim f(x) — (0) 
0 TOO : 


will be used, whenever the limit involved exists. It follows from a remark 
of Weyl [9], pp. 241-242, that the corresponding limit in the Green identity 
following (15) does exist and equals 0. The contribution of s = 0 to the 
Green identity is 0, since y and AP satisfy the same boundary condition (1). 
By (40) and (13), the relation 


(16) - AA(A,a@) + AFAT(A, a) = 0 


between T and A, the Fourier transforms of y and L(y), holds, where A* is 
some point of the A-interval A. In virtue of (11), (15) and eye an 
application of the polarized form of the Parseval identity gives 


(17) — [yl yde— F” r(ar)?/dpa(0). 


An integration by parts and (14) show that this last relation is equivalent to 


(18) f(y? + ay)de = y(@)y'(@)| + f_A(4T)*/dpa(), 


provided the integral on the left exists as an improper Riemann integral. 


The following generalization of the Parseval identity of Lichtenstein will 
be proved : 


LEMMA. If g= q(x) is continuous on OS e< œ and satisfies the 
condition (6), and y = y(x) belongs to an arbitrary Qa, then 


(19) 0 = J (y) 2—y(0)y'(0) +f -A(4r)*/dpa(). 


The last equality sign in (19) is surely valid in case y belongs to Qa, J (y) 
exists as a finite integral and y possesses a continuous second derivative such 
that L(y) is of class (2°). This is clear from relations (17) and (18); for 
these restrictions imply that both y and y’ are of class (L°) and, consequently, 
that 

lim y(z)y" (x) 

Gr? OO} 


exists and is 0. If y merely belongs to Qa, it remains undecided whether 
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or not the last equality sign is always valid. This circumstance, howeyer, 
is of no consequence in the application of (19) to be made below. 


8. Proof of the Lemma. It is clear from the discussion. af. :the 
beginning of 2 that | 


oO . 00 
(20) f y dx < œ and f. | q \y?dx < œ% 
a7 0 0 
ean be.assumed. 


Since y= 9(@) is of class (£7), there exists a sequence of. x-values 
zı L Ta L` -> such that E 


(21) | | y(an)| > 0 and Í <tr> o, S usa) 3 
Let « >e«e>œ>--- be a sequence of positive numbers satisfying 
(22) ; 1 > enO, i o), 


Let Vn = Vvn(x) be any function possessing a continuous first derivative On 
the interval 0 = 2, and satisfying the relations 


(23) Vn (0) =y'(0), Vn (Xn) = 0) 

and 

(24) | f. Taa ee Aaa e = vee 
9 e 


where M, is defined by 


(25) Mn = £n? max (1,| q(2)| ). 
Er Etn 
Let yn = Yyn(&) be defined by 


(26) Yn (£) = f “on(é)dt + y0); where 0 S r & an. 
«7 0 ' ; 


It follows that ya(x) has a continuous second derivative; that ee 


(27) yn(0) = y (0); 
and that 
(28) ‘Yn(tn) > 0, (n > æ). 


The last relation is a consequence of the fact that 
(29) y(t) — mla) = f E — olt) di 
and, therefore, for 0 S T & Tn, 


(30) (yw) —gn(@))? S an f(y (é) — alt) )*dt < entn/n°Mn, 
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by (24). -The limit relation (28) now follows from (21), (25) and (22) ; 
in fact ; n F es 


(31) ‘| yn(m0)| < | yan) | + 1/n. 


Since (30) is valid for 0 <4 Z vn, the definition (a of M, shows that 


- i 


(32) | 5 f” Gek < En` u ` 7 TEET 
and 

(33) | f 1a l (y — yn) de < en 

Hence, (22), (24), (26) and (33) imply p 
(34) If (Yr? Haie f W +de | 0, (n—> œ). 


The definition of the function yn(2) for, 0 S&T S En given in (26), 
will now be extended over the half-axis 0 = x < œ in such a way that: gate) 
possesses a continuous second derivative and satisfies ` 


(35) Yala) =0 fora Hir ow, 
and 

Rey Oe set fers) A i 
(36) f (y — yn)*dx —> 0, (n—> œ); 
finally, . ok. off 
(37) Si (yx? + gyn?) de > f (y? + qy*) de, a 0). 


In virtue of (82) and (84), it is sufficient to construct Yn (T) su the. 
desired smoothness and with the properties that 


Bytl ntl A 3c M A 4 Hi 
Yn dæ —> 0 and f | q | cies 0, (n> œ), 
n , Bn 
and i , 
Vnt 
f Yn da —> 0, (n—> 0). 
If 6, is defined by é 
(38) „ = 2 max (| y (£n) | , 1/2), 
then ` a 
(39) 0 < On 0, (n—> œ), 


by (21). Let s(x) denote the linear function defined on the interval 
Tn Sz T Æ Tr + 1, the graph of which is the line segment joining the points 


78S c. R. PUTNAM. 


with coordinates (tn,6.) and (€n +1,0). Define y* = y* (x) on tr Se 
SS, +1 by placing 


“ min (y(x), s(<)) if y() Z0, 
(a) =} (y(x), s(x)) if y(x) 


ma max (y(%),—s(x)) if y(x) So. 


Since y(x) and s(x) are absolutely continuous, y* is also and, therefore, 
y*’ exists, almost everywhere. Moreover, 


= Dnt "Antl 
(41) y* de S Í yde, 
En En 
and 
. Bntr1 a Pnt í 
(42) f | g | yde S f | q | y'da, 
~ En En 


finally, 
¢ Intl Ipytl »Znuti oa 
f y* "dr S s?da -+ f y dz. 
t mie] ef En 


Since the first integral on the right of the last inquality tends to 0 by (39) 
and the definition of s(#). and since the second tends to 0 by virtue of y’ 
being of class (L°), it follows that | 


ntl 
(43) f "yede — 0, eo 


Let n be fixed and let == 6, >0 be a positive number to be fixed 
later. Let en = éo < é <<: ++ < Ér = Tr +1 be a subdivision of the interval! 
ty SS ÉS En -+ 1. In view of the factor 2 in the definition, (38). of 6, 
the number é, can be chosen so near 2, that 


(44) lyla] < | s(v)| fora Se S é. 


penan 
` 


Also, if & is sufficiently near æn, then 


& 
(45,) | yde <8 
z Zn 
and 
` & $ 
(452) Oy2de <8. f | q | Outde < 8. 


Let p== p(x) be the continuous function whose graph consists of the linear, 
segments joining the points (En, Yn(La)), (&,y*(&)), (Es yë (E) 
(én y*(&.)). The inequality (31) and the relation (38) imply 


(46) | p(s) | < On for Cn ETE trt l. 
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The definition of p(x) shows that 


Ey l 
(47) Í pda = (y* (&) — yn (8a) )?/ (1 — za). 


From (44), y*(é) = y (é) ; consequently, (451) and the Schwarz inequality 
imply that 
(y* (21) — y (€n) )?/ (E1 — Ta) <8. 


Since the definitions of y* (x) and of é do not depend on the number enr, 
it is clear from this last inequality and (47) that if the number e» (which 
so far has been arbitrary) is sufficiently small, then 


l $i 
(48) f pda <8. 
&n 
Clearly,.(46) and (452) imply 
A & wk 
(49) f pdx < ô and J | q | pda < 8. 
Zn Qn 
If the numbers k and £2," * ~, &1 are suitably chosen, 


| p(x) —y*(x)| <8 for & StS anr +1, 


since y*(z) is continuous. Hence, 


i t ntl ntl 
(50) Í pde <2 f y*?da + 28° 
$1 fy 
and 
1 Bntl F = Zntl 2g 28 
5 = 2 - 26° | ; 
(51) f. | g |.p'deS f. | g | yde + me |a) 
On each of the intervals & = a7 = éj, where j—=1,:--+:,k—1, © 


TESI l , rk ‘a 
faa = (y* (Es) —9*(8))/ Ein —&) = (900) */ (Ba 8) 
Ey fy 


hence, an application of Schwarz’s inequality on each of these intervals shows 
that 


ntl Dnt 
(52) pda = yr da. 
Ji & 
Let 88, be chosen so that 
2 max (1,]q¢(x)|)—>0, (n — co). 
0S¢S2pt1 
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Then 
ntl 
pde —> 0, | , (n> ), 
Zin : ' 
in virtue of (52), (43) and (48). Similarly, 
eee aes iat : ni kai á a 
f p?dz—> 0 and f | q | pde —> 0, (n—> œ), 
Zn in 


in virtue of (49), (50) and (51), in conjunction with (41) and (42). 

“Phe value of p(t +1) is y* (£n + 1) = 0, by the definition of p(s) 
and’ by (40). If the function yn(a) is defined to be p(x) on ta St S tna + 1, 
then yn(z) is a continuous function for 02 < œ and satisfies the’ limit 
relations (36) and (37). Clearly, the corners of this function at c= o, 
é, °*,& can be smoothed out without violating (35), (36) and (87). 
Tu what follows y(x) denotes this smoothed-out function. 

It follows from (35) that yn (x) == 0 fora;,+1S2< æ. Therefore, 
the boundary conditions imposed on yn(a) at z = 0 imply that 


(53) [yn AP’ — YAP | ee 0, for all n and A, 
l : o 
and | l 


B9 S (w? + gyn?) deo — — g (0) (0) + f d(T a) */dpa(), 


where 


(55) AT, (A, @) = f ” yy (2) AP (2, d, @) de. 
: a/v 8 i : 
From (37), (54) and the fact that yn(0) yn’(0) = y(0)y’(0), it follows that 


(56) f° (¥* + gy?)de—=—y(0)y(0) +m f ~“ MdTn)?/dpa (à). 


I£ AT(A, «) is defined by (15) it is seen from (36) and (55) that 


- ¢ *& . x 
f (ar, —ar)?/dpa(n) 0, (n> œ), 
-09 
and, therefore, 
mas | f i l 
lim f à (dEn) ?/dpa (à) = f A (dT) ?/dpa (A) 
#00 a? Y "Y 
whenever — co < y <8< œ. Since Sa is bounded from below, an application 
of Fatou’s lemma to the second term on the right of the equality (56) yields 
the desired relation (19). | 
This completes the proof of the Lemma. 
For later use, a corollary will be deduced. 
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` COROLLARY. If g—q (x) is continuous on OS x < œ and satisfies the 
condition ( 6), and y = y(x) belongs to an arbitrary On then 


ih + a eetieied: ie A(aE)*/dpe(d), -  . a9, 
where AT(A,«) ts defined by (15). 


Proof of Corollary. From the proof of the Lemma, it is clear that y,’(0) 
may be chosen arbitrarily, and, in particular, it may be arranged that 
Yn (0) == — yn(0) cot æ since 240. Consequently, relation (53) is satisfied 
and, since yn(0) == (0); the relation (57) follows from (54). 

Under the same conditions as specified in the Corollary, an interesting 
equality is furnished by (57) for «== r, namely, 


(58) oI (y) f” A(ar)*/dpie(A). 


Remark. Let q(x) be an arbitrary continuous function on 0S 2 <0, 
not necessarily subject to the restriction (6), but such that 


00 i 
f lalyde < o 
«7 0 


and such that the differential equation (3) is in the Grenzpunktfall. Since 
the assumption (6) was used in the proof of the Lemma only in passing from 
(56) to (19), it is clear that (56) remains valid; also an equality which bears 
the same relation to (57) as (56) does to (19) is valid. 


l 4. In this section, there will be proved 


To (I). If q= q(x) îs continuous on OS 2 < o and satisfies 
the condition (6), then the integral (7) satisfies (8) for all functions y = y(x) 
of class Q, if and only if the spectrum So contains no negative values of x. 


Proof of Theorem (I). The “if” part of the theorem follows by 
applying the Lemma of 2. ‘Since y(0)y’(0) ==0 and the spectrum Sp is 
non-negative, relation (8) results immediately from (19). 


i The “ only if” statement follows from an application of a theorem of 
Wintner [12]. Suppose that there exists a negative value of A in So If 
there is such an eigenvalue, let y be the corresponding normalized eigen- 
function. Otherwise, let y= P,(2,A,0) be chosen in such a way that 


oO 0 x 
(59) — f vLlyjde= f pdpo*(u) <0. 
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In either case, the function y is of class (Z*) and satisfies a differential 
equation, the right member of which belongs to class (L?), ef. equations (3) 
and (13 bis) and the remark at the end of 1. In virtue of (6), the coefficient 
AàA— q of y in these two differential equations satisfies the inequality 


à — q < const. for OS gs < œ. 
It follows from the proof of the theorem [12], p. 6 (cf. also. [3]), that 
ylæjy (z) —>0 as t> oœ. 


Since L(y) is of class (L°) and y(0) is 0, it is clear (cf. (17) and (18)) 
that J(y) < 0, and the proof of Theorem (1) is complete. 
A variation of the preceding theorem is contained in 


TEOREM (Ibis). If q = q(x) ts continuous on 0 S x < œ and satisfies 
the condition (6), then the integral (7) satisfies (8) for all functions y == y(x) 
of arbitrary Qa, tf and only tf the spectrum Sır contains no negative values 
of À. 

The proof follows along the same lines as that of Theorem (I) in virtue 
of (58) and the fact that P = P (xæ, A, $r) satisfies 


oo 
PP} =0 
0 


for all 4. 


It is clear from the two theorems above that if Si, contains no negative 
values of A, then neither does So. 


5. The results of the two preceding sections will be illustrated by the 
treatment of two examples. For the first of these, let 


q(x) = (1 + aa?) /b3; a <0, b< 0 and ab Z1, 
so. that 


(60) Hy) = fo (y? + (1 + 42*)¥"/0) de, 


where y belongs to an arbitrary Qa. Since a/b > 0, the function y(x) — œ 
as «—> co and the spectrum of pa(A) consists (Weyl [9], p. 252) of an 
infinite sequence of eigenvalues tending to + œ. The corresponding differ- 
ential, equation in the present case is 


(61) | y” + (A— 1/0 — az?/b)y = 0. 


Tt will be shown that 
Ao = 1/6 + (a/b): 
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is a non-negative eigenvalue and the least point of Szr. From ab = 1 it 
follows that ào = 0. I£ à = ào the differential equation (61) has the osohu 
(62) A y(x) = e*", where k= (a/4b)2 > 0. 


This solution is of class (L°) and satisfies the boundary condition (1) for 
_& == m. Finally, since the solution (62) has no zeros, A» is the least point 
of Sir (Weyl [9], p, 252). Theorem (Ibis) implies that the integral J (y) 
defined by (60) satisfies 

(63) 0 =J (y) Z0, 

for all functions y of arbitrary Qa. 


If —a== ç and —b = d, relations (60) and (63) yield 
(64) f y ds S c s z’y ds -+ d f- yds, c>0,d>0 and cdl. 
9 0 D 


provided that the last two integrals are finite. If 


— 4ed f ay da f y dx 


is added to both sides of the inequality obtained by e (64), then 


co oO &X co 
(65) ( f yd)? — 4ed f xtytde f yds £ ( f (oxty? — dy’) dz) ?. 
0 0 Q Q 


Finally, if c and d are chosen so that cd == 1 and that the term on the right 
of the inequality (65) is zero, the inequality 


o0 oG 2 CO 
(66) ( f yde)? S4 f gy’ dx f. y de 
0 0 0 


follows. It is clear that under similar assumptions, a relation occurring in 
quantum mechanics and corresponding to (66), but where the half-axis 
0=2< æ is replaced by the whole axis — œ <a < œ, is valid. 

In addition, it can be remarked that when cd (—ab) = 1, then ào = 0. 
The second inequality of (63) and the inequality of (66) then become 
equalities if and only if y is a constant multiple of (62). 

Cf. the treatment given in Weyl [10], p. 272 and [2], pp. 165-169, 195. 


6. The second example -to be considered is furnished by the integral 


(67) Iy) = f° W — yle +a)*) dx, a> 0, 


794 C. R. PUTNAM. 


where y is of class Q, In this case, g(x) =— 1/4 (x + a)? — 0 as t —> w. 
By a theorem of Weyl [9], p. 252, there are no points of the spectrum So 
in the domain A < 0 if a non-trivial solution of the differential equation 


(68) y” + y/4(2 + a)? =0, 
satisfying the boundary condition (1) for a==0, does not vanish for 
0< g< æ. Since 

y(x) = (x + a)? (log(2 + a) —log a) 
is a solution of (68) satisfying y(0) = 0 and since y(x) has no zero on 


0<2< œw, the spectrum of po(A) is non-negative (for all a > 0). By 
Theorem (I), the integral (67) satisfies 


(69) o =J (y) 20, 
for all y in Qo. 


The restriction to consideration of functions belonging to class Qo in | 
the inequality (69) is essential. For, if a = 1, the differential equation. (68) 
has a solution 


(70) y(z) = (z + 1)8(— glog(2 +1) +14), 


satisfying the boundary condition (1) for æ = $r. Since the function (70) 

has a zero on 0 < t < œ, there exists a negative eigenvalue in the spectrum 

of par(A) and by Theorem (Ibis) the integral (67) is negative for some 

function y; namely, for an eigenfunction belonging to the negative eigenvalue. 
If a tends to 0, it is easily shown that (69) implies 


(71) o = f (y? —y?/4a7) dx Z 0 
8 
for all y in Qo for which 


Cc 
f y? /4r’ de < œ. 
0 


Compare the present treatment of (71) with that given in [2], pp. 175- 
182. There, it is not assumed that y is of class (L°) as above, but this 
restriction is not essential in the above considerations. 


7. In this section, there will be considered the problem of minimizing 
the integral (7), where the function g satisfies (6) and y is of class Q, and 
satisfies the isoperimetric condition (9). 


THEoreM (II). Let q =q(z), where OS g< œ, be continuous and 
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satisfy (6). There exists a function furnishing a minimum for the integral 
(%), with respect to the class of functions y belonging to Q, and satisfying 
the isoperimetric condition (9), if and only if the least point ào of the 
spectrum Sy ts an eigenvalue; in which case the corresponding normalized 
eigenfunction furnishes the integral (Y) the minimum Xo. If M is not an 
eigenvalue, the value Apo ts not attained but is the greatest lower bound of the 
values of (T) for the class of functions specified. 


Proof of Theorem (II). Since ào is the least point of So it follows 
from (19) that ; 


Jy) = S, (y? + gy?) da = M, 


jior all functions y satisfying (9) and the boundary condition (1) for « = 0, 
~ If ào is an eigenvalue with the normalized eigenfunction y, it is seen that 


TG) ae 
and that ào is, therefore, the minimum of the integral (7). 

Conversely, if J (y) attains a minimum value p, then p =A, and ào is an 
eigenvalue. For if pÆ ào it is clear that a > ào and that ào is not an 
eigenvalue. Consequently, A) is a cluster point of the spectrum Sy. By 
choosing | 

z = z (z, àA) = (P (xz, d,0) — P (z, Ao, 0) )/(po(A) — po (ào) 4, A > ào 


it is seen that z satisfies (9) and J (z) —> Ào as à — ào. This contradicts the 
assumption that » is the minimum of (7). Hence, the minimum value of 
J(y) is Xo, the least point of the spectrum So. If the normalized function 
y of Q, furnishes the minimum of J(y), then ) 


oO 
T(y)—= f | A(4P)*/dpo(A) = Mo: 
-00 
Hence, it follows from (9) and (12) that 
AT (à, 0) = f Y(2)AP (z, à, 0)de— 0 
0 


for all A-intervals A not containing A == ào. This implies that A = ào is an 
eigenvalue with the normalized eigenfunction y. 

The proof of the last statement of Theorem (II) is clear from the above 
discussion and the proof is complete. 

That the restriction (6) is essential for the validity of Theorem (IT) 
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follows from an example of Hartman [4]. This example shows that if g does 
not satisfy (6), the equation (3) with A == 0 can possess a solution y of class . 
Qo which does not vanish for 0 < z < œ. Consequently, the Theorem of 
[4] implies that (3) is in the Grenzpunktfall and that A=-0 is the least 
point of the spectrum So. However, even though A= 0 is an eigenvalue, 
it is easily verified that the integral J(y) does not exist as an improper 
integral, where y is the normalized eigenfunction. 
The last theorem of this section is 


THroreM (IIT). Let q= q(s), where OS 24 < æ, be continuous and 
satisfy (6). Suppose that the least point à = à of the spectrum So is an 
eigenvalue and that y == Ya denotes the corresponding eigenfunction. There 
exists a function furnishing a minimum for the integral (Y), with respect to 
the class of functions y belonging to Q, and satisfying the conditions (9) and 


i co 
f yy dz == 0, 
0 


if and only if there exists an eigenvalue A == à, > Ao such that no point à of 
Sy satisfies Ay < à < à; in which case, the normalized eigenfunction belonging 
to A, furnishes (Y) the minimum ax. 


The proof of this theorem can be omitted, as it is analogous to that of 
the preceding theorem. | 


Part II. 


Part II will be devoted to the derivation of information concerning the 
location of points of the spectral sets Sq. 


8. As a result of the Lemma of 2 and the Corollary of 3, there will 
first be proved 


THEOREM (1). If the spectrum Sa for a fixed a in the range 0 < a S $r 
contains no negative values of à, then the spectrum Sp, for B==0 and 
$n SB <a, contains no negative values of À. 


Proof of Theorem (1). The cota = 0 since 0 < «4x. In virtue of 
the hypothesis on Sq, it follows from (57) that the integral (7) satisfies 
(8) for all functions y of an arbitrary Qy. Suppose, if possible, that A < 0 
belongs to the spectrum Sg for some £ satisfying 8 == 0 or ġr 5&8 < vr. It is 
possible to exhibit a function y of class Qg (cf. the remark following the 
statement of the Lemma of 2) such that the last inequality in (19) becomes 
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an equality while the expression appearing on the right of the equality is 
negative. This function y thus violates (8) and Theorem (1) is proved. 


9. In this section, it will be shown, as mentioned in the introduction, 
that certain points in the spectrum Sa can be regarded as the limit of eigen- 
values of suitable Sturm-Liouville problems. In this direction, there will 


~ be proved 


THEOREM (2). Let q=q(x), where OS r< œ, be continuous and 
satisfy (6). If X(X) denotes the least eigenvalue belonging to the Sturm- 
Liouville problem (on the finite interval OS aS X) determined by the 
differential equation (3) and the boundary conditions (1) and (5), and ño 
denotes the least point of the spectrum Sq of the boundary value problem 
determined by (3) and (1), then 


(72) Ao (X) Ad, : (X — œ). 


Proof of Theorem (2). Let y be any function possessing a continuous 
second derivative on 0 Se S X, satisfying the boundary conditions (1) and 
(5) and the relation 


X 
(73) f y2da = 1. 
© 
'Then, the completeness theorem for Sturm-Liouville problems implies that 
x 
(74) — f y(y)de =E we Z do(X), 


where L(y) is defined by (14); à; = à (X), j= 0, 1,2, < -, are the eigen- 
values, with the respective normalized eigenfunctions ¢; = ġ; (£, X), 7 = 0, 1, 
2,- =, of the Sturm-Liouville problem on 0 S5 X determined by (3), 
(1) and (5); the c; are defined by 


x 
o= |. y(a)$s (2, X) an, j—=0,1,2- °°. 


If y = ¢,(x,X) is the normalized eigenfunction belonging to Ao(X), the 
inequality in (74) becomes an equality. Let X, < X: and define 


do (x, X1) if ozr Xx, 
(75) ne) —4 ¢ if ARESA 


Then, for the function y defined by (75) on the interval 0 S s S Xz, it is 
seen that (73), for X = Xe, holds and that 
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Xə Ay : 
— f yLy)da—— “yh (y)de =F). 


It is clearly of no consequence that the continuous function y defined by (75)- 
does not possess a derivative at v == X. Since, by (74), 


X: 
= f yl (y) da Z (X2), 


it follows that Ao(X1) = Ao (Xe), that is, åo (X) is a monotone, non-increasing 
function of X on 0 < X < œ. Hence, 


X ->00 


exists and is not less than ào by relations (17) and (12). It will be proved 
that Ao (co) = Ao, that is, that relation (72) holds. Otherwise, Ag < ào( œ) 
and there exists a function y (cf. proof of Theorem (1), 4) satisfying (20) 
and (9) such pune : 


(76) -f yL(y)dx = p, where EEE 


It follows from the proof in 8 of the Lemma that there exist functions 
Yn = Yn(z), where n = 1,2, : +, possessing continuous second derivatives, 
such that yn(0)yn (0) — 90) 9 (0), ya(v)==0 if tek, (Ra =2n-+1 
of 3) and (86) and (387) hold. Consequently, 


oo (e ©) 00 
(17) Ao(Ra) f yntdeS— f yl (qn)de>— f yL(y)de, (n> 0), 


which, in virtue of the inequality Ao( %0) A.(R,) for all n, contradicts 
(76) if n is sufficiently large. 
This completes the proof of Theorem (2). 


THEOREM (3). Let gq=q(x), where O& x< œ, be continuous and 
satisfy. (6). If the least point ào of the spectrum Sq is isolated, A, denotes 
the next larger point, and similarly (X) is the second point of the spectrum 
of the Sturm-Liouville problem on OS rS X determined by (8), (1) and 
(5), then 
(78) . A(X) >A, (X —> o). 


Proof of Theorem (3). Let X, < X. and choose constants ao and a: 
so that the function y defined by 


y= topo (T, X1) +a: (£, X) if OS et SNX,, 
j 0 if X,S2¢S Xx, 
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satisfies (73) for X = X: and 


: ` X: 
(79) Í, ypo(2, X2) da = 0. 
It follows that 


Ai (X2) S— f aLi f, “yL(y) de, 


while the last integral equals 
Qo ào( X1) + Q Àr (X12) = Ai (Xi), 


- since do? + a? = 1. Therefore, Ai (X) is a monotone, non-increasing function 
on 0< X <æ. It is clear that 


X->00 


exists and is not less than à. Suppose, if possible, à, < àı (œ). It is 
convenient to suppose that A, is an eigenvalue of Sa with the normalized 
eigenfunction ġı(x) (otherwise, ¢, will be replaced by 


(P (z, À, a) — P (2, At a) )/(pa(r) — pa(A1) )?, 


where M <À < à (%œ@)). Let ġo(z) denote the normalized eigenfunction 
belonging to Ao. From the proof of the Lemma of 3, it follows that there 
exist two sequences Fot, Ro’, - - and Rit, Ra”, - - and corresponding sequences 
of functions yot, Yo,’ * * and yat, ya, © +, possessing continuous second 
derivatives and satisfying, for 7 = 0 and 1, ) 


(80) wi" (0) = $; (0), y” (0) = 7 (0), n= 1,2; >, 
and 
y; = 0 if z Z Ry”, n = 1,2,- > 
and, as n — ©, 


f Org, f | g | (4; — $3) 2de —> 0, 


(3) fo wn — $;')*da > 0, 
and 
(82) f  y"Lly")de > f "giL (¢;) dev. 


It is clear that the Rj", for j=0 and 1, may be replaced by Ra 
= max (fo, Ri”). From (81), it is seen that 


(83) f verre — f opde = 0, (n —> co ) . 
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Since 


= [york (y.") da = Yo" (0) ¥1(0) + in (yo Yy” + quot”) de 


and 
B fol. ($:) da == ho (0) dr (0) + f ($o pr + Yoh: da, 


it follows from (80), (81) and the Schwarz inequality that 


(>) 00 f 
(84) f yo” L(y”) da —> f bol (1) de = 0, (n— œ). 
9 
For each n, there exist two numbers ao” and a,” such that 
00 7 
(85) f Yde = 1 
0 
and f 
a CO 
(86) f ya(2)$o(2, Rn) dx — 0, 


where yn is defined by 
Yn = BoM” . ays”, 


From (81), (83) and (85) it follows that 
(87). (ao")? + (a)? => 1, (n> ©). 
From (82), (84) and (87) it is clear that 


(88) 





[yl (yn) de | = (1 + a) Ad, 0O<en—-0 as n> d. 
a4 0 


But, in virtue of (86), 
: oO 





= (fn), 


and this last relation is in contradiction with (88) and the inequality 
Ai < àı( œ), provided » is sufficiently large. Consequently, relation (78) 
holds. 

This completes the proof of Theorem (3). 

Tf Ay <A << +++ < An are isolated and are the only points A of the 
spectrum Sa satisfying A» SS ASS An, a theorem analogous to the preceding 
one holds for Ani, the next point of the spectrum greater than An. In case 
q(x) > œ, as v— œ, the spectrum Sa consists of a sequence (Wey! [9], 
p. 252) A <A. << à<- ro, where Àn—> œ as n— œ, and an analogue 
of the theorem of Milne that Ax(X)— A, as X — œ, for k==1,2,-°--, is 
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obtained. In case ào is a cluster point of Sa, it is clear from the proof of 
Theorem (3) that Ao(X),A:(X),° <- all tend to ào as X > œ. 


10. In this section there will be proved two theorems relating the 
spectrum Se with the function g(x) appearing in the differential equation 
(3). First, there will be proved the 


THEOREM (4). Let g=gq(x), where OS 24 < œ, be continuous and 
satisfy (6) and let A» denote the least point of the spectrum of the boundary 
value problem determined by the differential equation (3) and the boundary 
condition (1). If qi{@), qo(@),- + > is a sequence of continuous functions 
tending uniformly on the half-ine 0 = 2 < œ to q(x), then the least point 
Ao” of the spectrum of the boundary value problem determined by the difer- 
ential equation | 


(89) Laly) +A=0,  La(y) =Y” — any, 
and the boundary condition (1) satisfies 
(90) | Ao” —> Ao, (n—> œ). 


Proof of Theorem (4). It will be clear from the proof that thére is no 
loss of generality in assuming that Ao” and A» are eigenvalues with respective 
normalized eigenfunctions $o” and œo of their corresponding boundary value 
problems. Suppose | g — gn | < €n for 0a < o and consider the relation 


(91) 1 f° (oL($o) — dobalo) Jde | =| f7 (a — ggde | < en 


and the corresponding relation where œọ is replaced by œo”. If the integrals 
involving the operators L and La are replaced by the corresponding “ spectral ” 
integrals taken over the A-axis, the above relations imply A,” < Ao + en and 
No < Ao” -+ en respectively, that is, | A — Ao” | < en, and the proof is complete. 

It is clear from (91) that if the continuous functions gn satisfy (6) 
and if the assumption of uniform convergence of the theorem is replaced 
by the condition 


f. la— o lazo, (n -> ©), ° 
0 


for some p> 1, then (90) is still valid. For o and ġo", n==1,2,' °°, 
tend to 0 as z tends to « (ef. 4) and since these functions are of class (L?) 
they are also of class (L°), r>1. An application of the Holder inequality 
to the second integral of (91) then yields the desired result. 

The last theorem of this paper is 
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Tarorem (5). If g—q(#), where OS 2< æ, ts continuous and 
satisfies relation (4), then à =c belongs to the spectrum Sq for every a. 


Proof of Theorem (5). Since the spectrum Sa is displaced by k if the 
function g is replaced by q -+ k, whore k is any real constant, it is clear 
that it can be supposed that c==0. If there exist an infinity of negative 
eigenvalues, they cluster at A=-0 (Weyl [9], p. 252) and the theorem is 
proved. Suppose that there are only a finite number of negative eigenvalues 
and that A==0 is not a cluster point of Sa. Let » > 0 denote the least 
positive point of the spectrum and let 1, $2,° * +, n denote the eigenfunctions 
belonging to the finite number of eigenvalues A; < p of Sa. Let e be a positive 
number satisfying 
(92) 0<e< ty 


and let X be chosen so large that 
(93) lq(z)|<c if sZ ZX. 


Choose n-+2 points X =X, <X1<- ++ <n and functions 4: (2), 
t = 1,2,- ,n-+ 1, of class Q, such that 


yı (z) = 0 if 0 Sr S Xe, X42 < o, 


f pP 
f y: dx === Í 
0 


and 
oO 
f yi dg LE 
: 
It is clear that the n -+ 1 functions thus defined constitute an orthonormal 
set and that consequently there exist constants ¢:,° * *, Cn for which the 
function 


Y = Gyi tHe tb Cn Yan 


satisfies the n -+ 1 conditions 


W 
( yde =c? 4 e h Cn? 1 
a O 

and 


00 
f ypids = 0, T= l, B °°, 
0 
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In virtue of (19); (57) and the preceding two relations, it follows that 


(94) J +E 
But 


xX MEL xO 
f, (y? + qy?) dx =2 è f, (Y? + gyi?) d< 2e, 


by (93) and the properties of the functions y;(æ). This last relation is in 
contradiction with (94), in virtue of (92). This completes the proof of 
Theorem (5). l 
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TRANSFORMATIONS OF DOUBLE SEQUENCES.* 


By Ftorencre M. MEARS. 
9 


1. Introduction. Let || amx: || be a matrix of real or complex constants 
defining a transformation 
oO 
U’ ny == p> Amant Ort, 
by means of which the double sequence {Ux} is transformed into the double 
sequence {U’mn}. Let tpg == Upa — Up,¢-1 — U p-1,0 + Up-r,¢-1, with Up.-1, U -irg 


k,l 
and U_,-, defined as zero; then Ux: = J; tpg. We define wi; in a similar 
pg=9 


i Mn 
manner in terms of U’mn so that U’'mn = > Wij. 
4,j=0 
Let || bmnzı || be a matrix defined by the equation Bimuxt = amni — Gm,n-1,k1 

— Om-tnkt + Gn-i,n-1,4t) With am, -1,81 Ganzi and 1,14: defined as zero; then 

Mn A 

Amnki = > bizzi This matrix defines a transformation 
i 


,4= 


aa: 
Wmi = > bmnktU kis 
k,i=0 . 


by means of which the double sequence {Ux:} is transformed into the double 


* oo i 

series X; Wmn- 

mMn=0 

In two papers published in 1936, Hamilton ([2] and [3]) made use of 
the- following definitions and abbreviations. The sequence {Ux:} is said to be 
existent, e, if Ux: exists, k,l = 0, 1,: >- ; ultimately bounded, ub, if there 
exists a number Q, such that Ur: is bounded for all k,l > Q,; bounded, b, 
if ub with Q, ==0; convergent, c, if there exists a number U such that 


lim Ur: = U; bounded convergent, be, if b and c; ultimately regularly 
ki l0 


convergent, urc, if c, and if there exist numbers Qo, Uræ and Uœ: such that 
lim Uxi = Uzo for all k > Q, and lim Ux: = Uco; for all 1 > Qz; regularly 


ae © RF 00 

convergent, rc, if ure with Q- = 0; bounded ultimately regularly convergent, 

burc, if b and ure; en, if c and U == 0; ben, if be and U = 0; uren, if ure 
* Received October 9, 1947. 
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and U = 0; ren, if re and U = 0; buren, if burc and U —0; urern, if ure 
and if there exists a number Q; such that Uryo = 0, k > Qs, Uœ: = 0,1 > Qa; 
reurn, if re and Uzro = 0, k > Qa Uœ: = 0, 1 > Q; burern, if burc and 
Uro = 0, k > Qs and Uœ: = 0, 1 > Q; row null, rern, if reurn and Q, = 0. 

References and a diagram showing the relations among the various types 
may be obtained from [8]. 

Included among the results obtained by Hamilton [3] are theorems 
stating the conditions which must be satisfied by the matrix || amnxz || in order 
that a sequence, {Uz}, which is any specific one of the last sixteen types 
listed here, have an existent transform, {I'ma}, which is also a specific one 
of these types; conditions sufficient for the same purpose; necessary and 
sufficient conditions for convergence preservation, with U’ 0 when U = 0, 
and necessary and sufficient conditions for regularity, that is, for convergence 
preservation with U’ =U. 

In the present paper we shall consider also the following types of 
sequences: absolutely convergent, a, if there exists a number U* such that 


9 i 
> | ua: | = U*; absolutely convergent null, an, if a and cn; aurn, if a and 
k, t=0 


urcrn; arn, if a and rern. It is obvious that a implies rc, an implies ren, 


and aurn implies rcurn. We shall denote lim U’mn, lim U’mn and lim U’mn 
My N—-FOO nr TM? OO 


by U’, U’moo and U’oon, respectively, if these limits exist. 

We shall obtain theorems corresponding to those obtained by Hamilton 
[3], and described above, when {U1} is any specific one of the last four types, 
and {U’mn} any one of the last twenty types; listed above. 

For the purpose of comparison, we shall present briefly, in Section 2, 
similar theorems for simple sequences. The remainder of the paper is con- 
cerned with double sequences; in Section 3 are listed the conditions to be 
used ; various implications of these conditions are given in Section 4, necessity 
theorems in Section 5, sufficiency theorems in Section 6, and a few concluding 
remarks in Section 7. 


2. Simple sequences. Let | anz || be a matrix of real or complex con- 
oO 
stants defining a transformation U'n = $, anxUx. Let ux—U,— Ux. and 
kz0 ° 


un = U'n — U'n (with U1 =U’. 0). Of the types considered for double 
sequences in Section 1, only e, b, c, en, a and an are applicable to simple 
sequences; their definitions for simple sequences are obvious. 

We are concerned with theorems which involve transformations of 
sequences {Ux}, of type a or an, into existent sequences {U’n}, of type b, c, 
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cn, a or an. The theorems in which {U’n} is b or c have been proved by 
Hahn [1]; the theorem in which {U;,} and {U’,} are both a has been proved 
by the writer [4]. The additional conditions necessary and sufficient for the 
remaining theorems are easily obtained. 

We shall use the following conditions: 


p. 
(1) | È ans | < Bi(m) 5 ` pn=0, 1, +; 
=0 
(e9, 
(2) È, Ank = An; n=0,1,°°°; 
k=0 
(3) (1) and B,(n) < B,; n=0,1,°°°; 
(4) Him ane = % | k=0,1,:°°3 
nO 
(5) (2) and lim 4,—4A;3° 
2M POO 
(6) (4) and az= 0; k=0, lees s 
(7) (5) and A =0; 
© p : 
(8) > | > (ank — Gn-1,k) | < B,; p = 0, 1 a a 
n=0 k=0 , 


It is easily proved that (8) implies (3) and (4), and that (2) + (8) 
implies (5). 

In the list below, the abbreviation: “«—>y(a) ” is to be read “in order 
that every sequence {Ux} of type s have a transform {U’ n} of type y, it is 
necessary and sufficient that || &ax || satisfy (a).” 


an —>e (1). 
a—>e (2). 
an —> b (3). ({1], p. 26, Th. XIa) 


ad (2) and (3).  ([1], p. 24, Th. Xa) 
an —>¢ (3) and (4).  ([1], p. 2%, Th. XIb) 
ao (3), (4), and (5). ([1], p. 25, Th. Xb) 
an—>cn (3) and (6). 


a> en (3), (6) and (7). 
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an —> a (8). 
a> a (2) and (8). ([4], p. 595) 
an—> an (6) and (8). 


a—->an (6), (7%) and (8). 


If {Uz} is a and {U'n} a or c, and if lim U;==U, we have lim U’, 
00 


k> nw 


= >) (Ur — U) + AU. In order that lim. U'n == AU, it is sufficient that 
&=0 


N->CO 
% = 0; therefore convergence is preserved, with preservation of the limit for 


null sequences, if, in the theorems stating the necessary and suficient 
conditions for these transformations, condition (4) (which is included by - 
implication in the case of a— &) is replaced by (6). If, in addition, A = 1, 
the transformation is regular. In both cases the conditions are necessary. 


8. Conditions on the matrix. We shall make use of the following 
twenty-six conditions. Twenty of them are identical (except for notation) 
with the two-dimensional form of specific conditions used by Hamilton ([3], 
pp. 35-37). When this relationship exists, the statement of the condition is 
preceded by two designations; the first in the pair is the listing which will 
be used throughout this paper, the second that used by Hamilton. 


-> Dd 
(9) |= Amnkt | < Bi(m, n); P: qm, n= 0,1,- >; 
» =O 
90 f 
(10) Ò, Umnkl = mnk; k,m,n=0,1,- +; 
ł=0 
o0 
> Gnnkt = Amn: ; l, m, n= 0, 1, °°; 
k=0 f 
. œ 
(11) È, Gmnkt = Amn} m,n = 0,1, °° 5 
k, =0 ; 
(12) (9) and B (m,n) < B,; m,n Z M; 
(13) (12) with M, =0; 
(14) (di) liM mnki = Qk} k, l= 0,1, -+3 
m n> 
(15) (de) (10) and lim &mnko = axe ; fren a 85 
MN POO 
lim Gmnoor = Hoot; [= 0, 1, a 
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(16) (ds) 
(17) (d,) 
(18) (de) 
(19) (ds) 
(20) (e1) 


_ (21) (e*2) 


(22) (e2) 
(23) (es) 


(24) (ë) 


(25) (€*2) 


(26) (82) 
(27) (ës) 


(28) (£) 
(29) (£) 
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(11) and lim Amr = A; 


My Am0 


(14) with arı = 0; ` 


(15) with azo = Goo; = 0; 


(16) with A =0; 


Gm amnki = Amokt 5 
MOO 


lim Amnkl == lonkt 5 


MO 


(10) 


(21) 
(11) 


(20) 


(21) 


(25) 


(23) 


(20) 


(22) 


and lim Amnkoo == Amk 5 


n00 


- 


lim Amn == Zonk 5 
mMm->00 


lim A2mnool == Amo wl; 
n->00 


lim A2mncoo, == Soon COL; 
MFO 


with M,(k), M3(1) = Ms; 


and lim Amn = Amo; 


H-? 00 


lim Al esi == Ån; 
m> 


Anki == 0; 


with Amx 00 = 0; 


ZOnko == 0 5 
Xm o = 0; 


* 


with Me(k), Me(1) = Me; 


with Amoo = () ; 


with M, — 0; 


with M; =Q; 


A 0, 1,5 # = 5 


k,t==0,1,: Cti 


m= Ma; k,l = 0, 1,7 > 


n= M:;k, l= 0,1, >; 


m = M; (k); k= 0,1, s 
n= Ma(k) ; k= 0,1,» - 
m = M,(1);l-0,1,- °°; 


n= M, (l); l= 0,1, 


m= M,; 


n= My; 


m= Ms;k,t==0,1,- ars 
n = Me k,l = 0,1,- -3 


m= M,(k); k= 0,1, >>; 


n= M.(k) ; k = 0, 1,: - 


m= M(t); l= 0,1, 


n= M,(1) ;1—0,1,- : 


m=M;; 


n= M;; 
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(30) (f) (28) with M,=0; 
(31) (£,) (28) with @meor == dong: == 0; 
Gd) (o\-wth cca eee wes eee 


(33) (£) (80) with Amo == Aws = 0; 


a CO Pr 
(34) > | > Bmnant | < Bo; p: q = 0, 1; > 


m n=0 k, l=0 


4. Implications of conditions. Throughout the remainder of the paper, 
proofs are given or indicated unless they seem obvious. The symbol —> denotes 
implication. 

(35) (9) is equivalent to ig S Dan | <B: (m, n), 


K=p, =g 


xf 
Proof. The existence of an upper bound for | >> Amna | implies the 


. z eh a “se 

existence of an upper bound for | $, amaxı | since Í S Amnkı | =| X ama 
~ k=p: l=q Parar 

ptrg-L p- -1, +8 . , 
— 3S Oma — © Qmm + = fore |. The converse is obvious. 

K,t=0 k, t=O 
(36) (10) + (11) 5°). 

| DJ 

(37) (12) + (14) => | > au (Bz p, q =0, 1, +> 


Proof. For arbitrarily chosen p and q and for a given e > 0, 


| S an | < | by Amnn | + e < Bite 
k, t=0 k t=0 


for m and n sufficiently large. 


p 
(38) (12) + (15) >| È ao | S Ba; p=0,1 >+; 
q 7 
| DS door | = Bı; q=0, 1, >}. 
1=0 


Proof. For arbitrarily chosen p and for a given « > 0, 


P p 
| X aro | < | X amnzo | +e < Bite 
k=0 R20 
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form and n sufficiently large. 
| Pd 
(39) (12) + (20) > | È Amor | = B;; 
pq=0,1 m= M, +M; 


PG 
| = Onkel | = Bi; 
eit) 
p, ¢g = 0, 1,- ss sn = Mı + Ma 


p 
(40) (12) + (22) > | 21 Zmookoo |= B,; 
p=0,1,: -' ;m Z M, + Ms; 


p 
| È &conroo |= B,; 
p= 0, 1, -yn Z M + M,; 


q 
| È amo cor | S Bs; 
=0 
q = 0, 1, >- ;m Z Mi + Mz; 


q 
| 2 aooncor |= Bı; 
q= 0,1, <- yn Z M, + Ms. 


(41) | (14) + (24) > (17). ({3], p- 40, relation .73) 


oQ PrT.gts 
(42) (34) is equivalent to X | È bmaxı| < Ba; 
m,n=0 k=p,i=q 


| P, 9,7, 8 =0,1,:° 
Proof. See the proof of (35). 

(43) (13) + (28) — the inequalities in (89) with Mı + M. =Q. 
| (44) (13) + (29) — the inequalities in (40) with M, + M; =0. 
(45) (34) —> (18). 


p-a 
Proof. For m chosen m, and no we have | D, amni | 


Mano pq k, 1=0 
= | >> D, Omni | ai | > > Dmnki Ec 5 d D, mnki | < Ba, by (34) ; 
K,t=0 m,n=0 m,n=0 k,1=0 . mn=0 k,1=0 


therefore (13) is satisfied. 
(46) (84) — (14). 


Proof. Using (42), with r==s==0, we have Ş | ömma | < Bo p,q 


msn=0 
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co mn . 
=0,1,---, therefore 3! bmnpg converges. Since dunzi—= >: bisey, it follows 
mn =0 #,7=0 
that lim a&mnzi exists, k, | = 0, i, >. 
Mn =p s 


(47) (84) > (20). 


Proof. Using- the proof of (46), we see that S bmnpg converges abso- 


Menza Mah 
lutely, p, q = 0, 1,> + +; therefore for any arbitrarily chosen m, lim 3 bjr 
NIH 4, j=0 


exists. 
(48) (34) —> (28). 

-© Proof. See proof of (46). 
(49) (10) + (84) — (18). 


09 
Proof. Since (10) is satisfied, X, bmngzı converges; m, n, k ==0,1,- °°: 3 
1=0 
therefore for arbitrarily chosen mo, no and ko, we can find gq» so that 
= 3 
| È bma) < Be(mo + 1)7(m +1)7 for m=—0,1,- + -,m and n = 0,1, 


t=Qot+1 


-+,%. Using this and (84) we have Ss | > baits | = a > bmntot 


M n=0 i-8 Myn=O 1=08 


43 Dmniot | < 2B. Therefore Ş | ŞS Dmnxi | converges, k= 0,1,- -3 


E=ggti m n=0 1=90 


since ieee S biter = > S bijx1, lim Gmngoo exists. 
i=xO 4,920 »f=0 i=0 2,700 


(50) (11) + (84) — (16). 
Proof. Since (11) is satisfied, >> bmnkt converges, m,n==0,1,--- 
k, ł=0 


By a proof similar to that of (49), we find that ŞS | ŞS Dmant | converges, 


mn=0 k,l=0 


and hence that lim Amn exists. 
RSR f 


(51) (10) + (84) —> (29). 
igs pene the proof of (49), with m and ko chosen arbitrarily, we 


have S | 5 S Dmnkol | convergent. Since 5 5 Biankl = monto re Gino, W-1,% py 


n=0 I=0 m=0 1=0 m=0 


lim mnk exists, mo, ko = 0,1,° + - 
n= 
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(52) (11) + (84) — (30). 


cx) OO Mo 
Proof. For arbitrarily chosen mo, the convergence of |X X Omar | 
n=Q Kk, i=0 m=0 


follows from the proof of (50) ; therefore (30) is Satisfied since Amn — Angn-1 


SO Mo 


‘amas > >, Omnnt+ 


%,1=G m=0 


5. Necessity theorems. Let v and y represent any of the types defined 
in Section 1, and let (a) represent any condition listed in Section 3. We shall 
abbreviate “in order that every sequence {U1} of type x have a transform 
{U’mn} of type y, it is necessary that ||a&mnxı || satisfy (a) ” as follows: 
N-x->y is.(a). 

Let z, y, X and Y be types of sequences such that X -g and Y 2 y; 
it is obvious that if condition (a) is N -s— Y itis also N-a@—->y,N-X—-y 
and N- X— Y. Therefore from the necessity theorems given in this section 
we can obtain conditions which are necessary in order that a sequence of 
any one of the types arn, aurn, an or a have a transform which is a’ specific 
one of the types listed in Section 1. For example, if y = uren, Y may be e, 
ub, c, cn, ure or urcen; therefore we find from Theorems 1, 4, 6, 9, 12 that 
N+ arn —> urcen are (9), (12), (14), (17), (20). Since (12) —> (9) and since 
(17) — (14), we may write: Narn — wren are (12), (17) and (20). As 
a second example, let X — a and y =b; then x may be arn, aurn, an or a, 
and Y may be e, ub or b. Therefore we find from Theorems 1, 2, 3, 4, 5 
that N-a-—>b are (9), (10), (11), (12), (18), and using (36) and the fact 
that (13) — (12) we may write V-a—>6 are (10), (11) and (18). 


THEOREM 1. N-arn->e ts (9). 


Proof. Let Ai(m,n) = Y dma. By denial of (9), using (35), 

k=pt, l=gt 
we see that there exist constants mo and ne such that {| A: (Mmo, no) |} diverges. 
It is obvious that either (a) pi -+ r: or gi -+ s; (but not both), may be taken 
to be bounded or (b) neither may be so taken. If p; + r: is bounded, we can 


choose pi = Po Te=To and gin >Gits; so that | Ai(mo, no)| > 2%, 


i = 0,1,---; if the divergence requires that pı +- rı —> œ and qi + si —> ©, 

we can choose Pin > petri and qin > gi + s: so that | Ai (Mo, no) | > 2, 

¢—=0,1,--°. Let Ur: = Xt sgn Ai(mo, no), k= pu petri, l= qi 
i : co oo 

e.e, qi+ Si i= 0, 1, © +; Um = 0, otherwise. Then $, | ux | S 4 2-+, 
k, t=0 4=0 


and Uzo = Uw: = 0, k, l = 0, 1,: - - ; therefore {Uz} is arn. Let 
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Ptr, gitst p-1,gi~1 
Si or mong tU ki TE > Omong U x1 | ° 
Kk; i=0 k t=O 


If p; +r: is bounded, 9; = | Ai2*| > 1, for p> ptr, i=0,1,-°°5 
if ptriao and qi +s o, S;—|A2*|>1, p= piy, r=, 
t==0,1,---. Therefore U’m,.,, does not exist. 


THEOREM 2. N-aurn—e is (10). 


(e 
‘Proof. By denial of (10) for some Mo, no and ko >, amonat does not 
i=0 


converge. Let Uxı = 1 for k= ko and 7=0,1,--:-: 3; Ur = 0, otherwise, 
Then {Ux:} is aurn but U’m no does not exist. 


THEOREM 3. N-a->e is (11). 


i, 
Proof. By denial of (11) for some m, and no © Gmgner does not exist. 
k, 120 
Let Ux: = 1, k, l = 0,1,- -. Then {Ux} is a, but U’mm, does not exist. 
THEOREM 4. N-arn— ub is (12). 


Proof. Let Ai(m,n) be defined as in Theorem 1. By denial of (12), 
there exists a sequence {| A: (mi, ni)|} which, with m; and ni, becomes infinite 
with 4. | 

(a) If {m1 +~7:}, {gi + si} may both be taken to be bounded, we can 
choose pi = Po, Ti = To, Ji = Yo) Si = So and Uri = 1, k = Po °°, Po + Tos 
l= qo t © 3 Qo F So; Uri = 0, otherwise. Then 


lim | U’mn | = lim | Ai (mi nm)| = œ. 
MnO 4-700 


(b) From the preceding paragraph it follows that there exist constants 
C(t), +=0,1,-- +, such that | Ai(m,n)| < C(t), mn=—0,1,-- - ; since 
(9) is N-arn—>e, we may assume (9) satisfied and we have | A:(m,n)| 
< Bi(m,n),t=0,1,---+. If (pi + rı} is bounded, but {g; + s1} necessarily 
unbounded, we can choose pi == Po, Ti==1o and Mo, no, Jo and so so that 
| Ao(Mo, %)| > 1; we can choose gi > Qia +F Sin, Mi > Mir, Ni > Nir, 
¢ = 1,2,°-- +, so that 


i-1 ae ee 
| Ai (Ma ni) | > 2*Bi (min, ma) i + 1+ 2 O(9)/21Bs (mi-s nj-1) l; 
with B(M n) defined as one. Let Ux: =1, k= Po’ > `, Po + To 


l = qo * *s qo -+ $0; Ont = LiB, (min, ni) |, k = Pos’ * ‘> Po + ro 
=i,' °°, qa + si; Uxr1==0, otherwise. Then ) 
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| D eins | = | As(mi, m)| [2*Bi (mis, Nir) |71 — | Ao (Mi, ni) | 


4-1 
2 A; (mi, mi) | [RIB (mga, 13-2) ]7 


On 
72] Aj(m, nı) | [2B (Miz nj-1) 17 


CO 
= 44+ 1— Bı (m, ni) 2s [24B,(mja, nj) JF, 
1 = 2,3, °°, 
and since Bı (mi ni) S Bi(m;, nj), 7 =i, we have 


oO 
| U'mn (Zi +i1— > yi 
j=i+1 
(c) If necessarily both p; +r: and qi + si—> œ as i— œ, the proof 
is the same as that of (b), except that we choose pi > Pi- + 14-1. 


THEOREM 5. N-arn-—>b is (13). 


Proof. By Theorem 4, since ub D b, we may assume (12) satisfied; 
by denial of (13) there exists a sequence {| Ai(smo, ni)|} which with ni 
becomes infinite with 7. In the proof of Theorem 4, let m; = m, and replace 
m,n—> æ by n> œ. 


‘THEOREM 6. N-arn-—c is (14). 


Proof. Assume that lim amn, does not exist. The sequence Uz: = 1, 


M,N POO 


‘for k = ko, L= lo, Uni = 0, otherwise, used by Hamilton ([3], p. 42, Theorem 
7) to prove that (14) is N-rern—c, is not only rern, but also arn. 


THEOREM 7. N-aurn—c is (15). 


Proof. Assume that lim @mnz,oo does not exist. The sequence Uz: = 1, 
M 2 CO 


for k= ko, 1=0,1,- - -, Ux. = 0, otherwise, used by Hamilton ([8], p. 42, 
Theorem 8) to prove that (15) is N-rcurn— c, is not only reurn, but also 
aurn. 


THEOREM 8. N-a-—>c is (16). 


Proof. Assume that lim Amn does not exist. The sequence Up: = 1, 
Mn OO 


k,t—=0,1,:--, used by Hamilton ([3], p. 42, Theorem 9) to prove that 
(16) is N-re—c, is not only re but also a. 
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THEOREM 9. N-arn—>cn is (17). 


Proof. By Theorem 6, since cD cn, we may assume (14) satisfied; 
assume ar, 7&0. See the proof of Theorem 6 ([3], p. 42, Theorem 12). 


THEOREM 10. N-aurn— cen is (18). 


Proof. By Theorem 7, we may assume (15) satisfied; assume a,c > Q. 
See the proof of Theorem 7 ([3], p. 43, Theorem 13). 


THEOREM 11. N-a—-cn is (19). 


Proof. By Theorem 8, we may assume (16) satisfied; assume A 0. 
See the proof of Theorem 8 ([3], p. 48, Theorem 14). 


THEOREM 12. N-arn—> ure is (20). 


Proof. By Theorems 4 and 6, since ub D c > urc, we may assume (12) 
and (14) satisfied; by denial of (20) we may assume the existence of an 
increasing sequence {m,} and sequences api and {1;} such that i Aminkili 


does not exist, i == 0, 1,- 


(a) Assume k; = ko li = lo; let Uz: = 1 for k= ko l= lo; Uri = 0, 
otherwise. 


(b) From the preceding paragraph it follows that there exist constants 
M.2(k,1) such that lim amnxı exists, m > Ma (k,l), k, 1 = 0,1," ++. We can 


n—->00 
choose 8, Mmo, No, ko and lo satisfying 0 < 8o = (Bı + 1) and me > My 
No > My, so that 


OSC Amonkolto > ðo (Bı + 1), n > No. 


We can choose, for i = 1, 2,- + +, s mi, Na, ki and l, satisfying 0 < ê; S ôi-1, 
Mi > Mi +. Ma (keii, ka), I Ni; > M, k; = lims li = Lis (with at most one 
equality sign holding in the last two conditions for a given 1), so that 


(538) lim Om nk; ly, = Am, Okzl; j= 0, Į; e t — 1, 
n=>00 
(54) ose Qmınkılı > 8; (Bi + ips n be- Ni. 


i-l 

Let Up: = 1 for k = ko, l= h; Ukit: = 4 [JẸ 8 for = Les ania > Oi = Q, 
iO 

otherwise. By (53), 


4-1 
lim > Amiynk; lj Ux, ly 
n->00 J=0 
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exists. By (54), for n > Ni, 
i 
osc On niet, Ob, > g-i (Bı +- 1) H ô; ; 
=6 
by (12), for n > Ni, 


& 
|= Om ynksty Ukl | < (B: + 1) 


gete1 . 5 


i. 
< 374-4 ( By + 1) H 8;; 
j=0 


sme 


| Uki; | 
1 


therefore 


00 i 
Osc 2 Omynkyty)U nt, > 2°37 -4-*(By + 1) [I 4. 
=i #=0 
It follows that U’m,oo does not exist. 


THEOREM 13. N-aurn— urc is (21). 


Proof. By denial of (21), we may assume the existence of an increasing 


sequence {m;} such that lim amjnx,00 does not exist, t = 0,1, +. See the 
; ” new ; 
proof of Theorem 7. 


THEOREM 14. N- an— ure is (22). 


Proof. By Theorems 4 and 13, since ub D urc and an D aurn, we may 
assume (12) and (21) satisfied. By denial of (22), we can choose an 
increasing sequence {ki}, t= 0,1, -, so that M:(ki)—> œ as 1 œ. 
We can choose 8), Mo and ky satisfying 0 < 8 S (B, +- 1)*, and m, > M,, 
so that 


OSC Omko > ĉo (Bı + 1), 


but, by (21), there exists a constant M3(ko) > Mo such that 
Amockoo EXİSİS, m = M (ko). 


. We can choose, for t= 1,2,---,8, m, and k satisfying 0 < 6; bii 
mMm; > Ma(kia), ki > kis, so that 


Am OOK, 90 exists, . m = M, (lei) ; 


OSC Gm nz,co > (B, +1). 


4-1 
Let Ug, = 1 for k= ko t=—0,1,---; Usa — Et JI 8; for t= 1,2,- ++; 


Uxi = 0, otherwise. 


4 
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OO l CO i 
In order that the simple series, $, a,UVz, converge whenever $ | Ur — Ux | 
Kkzo k=0 
oO i ; 
converges, the convergence of >i a, is necessary and suflicient. Therefore 
k=0 


x) 
> GmnxiU x. converges, k, i, n= 0, 1,:' +, as a consequence of (10). Let 
i=0 


oO 
S(4,9) = £ amme Ur. Since we assume the existence of U’mn, we have 
1=0 


4~1 co 
U’ men => S(i i) +84) + È 8G j). 
= get 


By examining the three parts of this expansion, we conclude, as in the proof 
of Theorem 12, that {U’mn} is not ure. 


THEOREM 15. N a—> urc is (23). 


~ Proof. By denial of (23) we may assume the existence of an increasing 
sequence {m,} such that in Amn does not exist. See proof of Theorem 8 


([8], p. 44, Theorem 20). 


THEOREM 16. N-arn—urern is (24). 


Proof. By Theorems 4 and 12, since ub D urc D urcrn, we may assume 
(12) and (20) satisfied. By denial of (24), we can find {k:}, {l} and an 
increasing sequence {m;}, t= 0,1,---, so that am œx; 40. 


(a) Assume k; = ko, li = lo; let Urı = 1 for k = ko L= lo; Uri = 0, 
otherwise. 


' (b) From the preceding paragraph it follows that there exist constants 
M,(k, 1) such that lim amnxzı = 0, m > Ms(k, 1), k, 1 = 0,1,---. We can choose 


h-F OO 
So, Mo, Ko, lo ee 0< 8 <= (B,-+1)7 so that | ica | < 8.(B, +1), 
n = not, t= 0,1,- -. We can choose for 1==-1,2,---, &, mi, ki and Ji 
satisfying 0< ð: S834, mi > Mia ki Z kin u Z ha (with at most one 
equality sign holding in the last two conditions for a given 7) so that 


lim Qin niet; = 9, j = 0, Ls . -,t—1; 
2-300 : 
| Aminkli | > 3; (Bı -= 1), m, === Nity $ == 0, L a w s 


Define Uxı as in Theorem 12. The remainder of the proof is similar to that 
of Theorem 12. 
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THEOREM 17. N-aurn— urern is (25). 


Proof. By Theorem 13 we may assume (21) satisfied. By denial of 
(25), there exists an increasing sequence {m;} such that an,cm,20 5=0. See 
the proof of Theorem 7. 


Tuuorem 18. N-an-—>urern is (26). 


Proof. See the proof of Theorem 14, assuming (25). This proof is 
analogous to that of Theorem 14 in the same way that the proof of Theorem 16 
is analogous to that of Theorem 12. 


THEOREM 19. N-a-—>urern ts (27). 


Proof. By Theorem 15, since ure D urern, we may assume (23) satisfied. 
By denial of (27), there exists an increasing sequence {m;} such that 
Am,o 50. See the proof of Theorem 8 ([3], p. 46, Theorem 27). 


THEOREM 20. N-arn—-> re 1s (28); 


Proof. By denial of (28), mo, ko and lo exist such that lim @m,nx,tłao does 


n00 


not exist. See the proof of Theorem 6 ([8], p. 46, Theorem 31). 


THEOREM 21. N-aurn-—>re is (29). 


Proof. By denial of (29), ma and ko exist such that lim 5 Amankgt does 


n=>00 120 


not exist. See the proof of Theorem 7 ([3], p. 46, Theorem 32). 


THEOREM 22. N-a— reis (30). 


: oO 
Proof. By denial of (80), mo exists such that lim J; am nx: does not 


nN? OO k, i=0 


exist. See the proof of Theorem 8 ([3], p. 46, Theorem 33). 


THEOREM 23. N-arn—->rern is (31). 


Proof. By denial of (81), mo, ko and lo exist such that am,cox,1, 5 0. 
See the proof of Theorem 6 ([3], p. 46, Theorem 36). 


THEOREM 24. N-aurn-—>rern is (82). 


Proof. By denial of (82), mo and ky exist such that am,coz,0540. See 
the proof of Theorem 7 ([3], p. 46, Theorem 37). 
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THEOREM 25. N-a->rern is (83). 


Proof. By denial of (33), mo exists such that Amo 740. See the proof 
of Theorem 8 ([3], p. 46, Theorem 38). 


THEOREM 26. N-arn—a is (34). 


Proof. By Theorem 5, since bD a, we may assume (18) satisfied. 
£47¢5GF448e 29 

Let Y Omer = S(m, n, i). By denial of (34), either (a) S | S(m, n i)l 
Mm, n=9 


kapt, l=qi 
diverges for Pi, Qi, Ti, Si = Po, Qos Tos So, respectively, or (b) there exists a 


sequence { > i S(m, n,i)|}, i= 0, 1,- - -, which becomes infinite as + becomes 
infinite. 


(a) Let Uzi = 1, for eee, - -Po +r. and 1—g,-- +, Qo + S03 


Ux: = 0, otherwise. Then | W’mn | diverges. 


m,n=0 
HigtVos Not Wo 
(b) Choose M [Se n,0)| >1. It follows from the preceding 
MMN Nng 


paragraph that there’ exist constants B.(t), such that 


oO Pty G+s 


(55) > | > Binnkt | < A TA 


M n=0 k=p, leg 
ptrsptrandg+sSsq+si, 
p=0,1,-- "s Pi Te, q= 0, 1, qi -+ 83 
as a consequence of (13), there exist constants, B,(1), such that 


MUIVENIFwWL pirate 


(56) > | To Omni | <4(m + vi +1) (m + w + 1)B 
m n=0 =p; l=g 
< ‘B,(i), P: qT, r, s = 0, 1s 
- Therefore, for i= 1,2, < -, we may assume it possible to choose p; and ri 
to satisfy either p; = Po, Ti = To OT Pi > Pi-r + Ti- and m; and v; to satisfy 


either mi = Mo, Vi = Vo OF Mi > 44+ Vi- and, necessarily gi, si, ny and 
w: to satisfy gi > qi-1 + si. and ni > ni- + wi so that 


Mite NEFWH 


| S(m, n,i)| > 28B, (i— 1) [1 + 2t + Ba(0) 
+27 $ B()/B(—1)], 


MMR TNE 


, l 
where $= 0. From this inequality and the definition of B,(i), it follows 
j=l 
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that By, (i) > 2B,(t—1). Let Um = 1, k == Po’ + +, Po +79 and l= qo, 
-o + 80; Urni = [2B (1 —1)]=, k= pp ++, peter; and l= qutt, 
Qs + Si t= 1, 2, > +; Uxr = 0, otherwise. 
Using (55) and (56) we have, for i= 1,2, >>, 


MEV ESMEPWE 7 MiHn EW 20 , 
{umn | = È | = S(m, n, i)Una | 
MAML,N=N4 M=Misn=nt  Å=0 
MLV MitwWi 7 qi ; 
— > [| S(m, n, +) Upa: | — E | 8 (m, n, 3) Una | 
MEMUNENI j=0 


— X |S (m,m j) Tal ] 


fete 
. i~1 ~1 
> 1-+ 2*+ B.(0) + aia B2(9)/Bi(g — 1) — S B.(i) | Upas | 
SDG) S Usui 
j=t+1 
> 1424 2{ È Ba(i)/Bxj—3) -3 Balj) /Bali =" 


= BO) $ (BT) 
> 14+ 2— Bi) È VB =. 


6. Sufficiency theorems. We shall use S-x—y is (a) to indicate for 
sufficiency the statement corresponding to that given at the beginning of 
Section 5 for necessity. Let X © gz and Y D y; it is obvious that if condition 
(a) is S- X — y, it is also S-x—>y, S -x — Y and S-X-—>Y. For example, 
conditions which are S:an—>y are also S-aurn—>y, although conditions 
N-an—>y may not be N-aurn—>y. In each case in which the sufficient 
conditions for the transformation of sequences of types aurn and an into any 
given type are the same, the theorem for S-aurn is omitted. 


THEOREM 27. S-arn—>e is (9). 


Proof. Assume (9) satisfied. We can choose «e, == «[8B,(m, n) |“ and 
P(m,n), Q(m, n) so that for p > P(m,n), ¢ > Q(m, n), we have 


(57) | U pa | < 41; 
and 
Dtr QtsE 


Pqts 
(58) > | wes | + > | wes | <a, r,s = 0,1, 
6 420, j=g+l 


4=pti,j= 
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As a consequence of (58), we have 


q prr p gts 
(59) S {Sul <a; S |S uu|<sa; 
1=Q(m,n)+1 k=0 k=P{m,n)+1 1=0 
and 
q 
(60) S| S ual <a; $| È w| <e 
l1=0 kap+l k=  d=gel 


We can choose P’(m,n) > P(m,n), Q (m,n) > Q(m, n) so that 


Q(mn) ptr 


* f + . Ld 
> Uri | < 4; p > P’(m,n), r= 9,4, ? 
(61) ixb = A=v 
P(mn) qs : 
Uni | < é —g> QO (m,n), s=0,1,° °°. 
= i=0 
Let 
ptr, Ges p-1,g-1 
S=— > Amnki Uki — > AmnkiU ki; 
k, 120 k [= 
= 5 [Up = Amaki] ; 
=O 
i p-i qts ` 
Sa = Y [Ur X Amaki] ; 
kz0 =g 
PtrQ+8 
g == > Amnest U pa ; 
k=p, izg 
Pr Qrs ptr:Qta Dgts = BATQ+8 
Da = > bs Ca 4- >, > Amuktej- 
4=prl, 7=0 kai l=j 420, jagt kzi, taj : 
Then i 
PR -1 p-1,q+8 Prr sq+8 
>, Amnki Uk T, > mnki U ret -+ > AmnktU ni 
ep t=0 k=0, 12g k=p, l=q 
` pirq~l k,l 
=Sit DS. BZ Omij 
kaptl,t=0 4=p+1,j=0 
p-1,q+8 k,l 
+8,+ S > Qmnkttlij 
k=z0,l=q+1 i=0,jaqgrh 
ptr gts Ket prrsges pt 
-+ NE + > > Aamnkitsg F > AmnktUij- 
Kep+i,l=q ixpr1,j=0 kep, l=q+1 ¢20,j=qtl 
Since 
ptr qr-1 Kt ptr: ges Kt 
© amtii + È S, Omnkiij 
k=p+1,[=0 i=p+i,j=0 K=ap+1,l=q izpt+1,j=0 
PrP Qrs k,l 


i > > Omnis j 
K=pt+1,1=0 t=ptl,j=0 
ptrs  prrgqts 


== > Omnkisj; 
d=p+1,j=0 k=i,l=j 
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and 
p-1,g+3 k,g PrTr ,grs ao, 5 
Amiki + > 3 Amnis 
K=0,l=q+i ġ=0,j=q+1 kap t=gti i=0,j=gti 
Pp-i,g+s p-i.q+s Pts Ptr ts 
ai > > Bmnk U4 j -} Amnklllij 
4=0,jaq+i *=4,I=j i=0,j=q+1 K=p, l=} 


P:qt+e ptr, gts 
ne >, Qmnkillij 
4=0,j=gt1 ksi, lej 
we have om Si + Se + 8s + Sa 
Tog (9); (59), (60), and (61), we have for p > P’(m, n), q > Oca: n 
PSO a ee, 


Ptr, grs 


|S +82 | =| 3 pA Amant & ts | 
=e) | Sass 


ptr q pr 
= By(m, nf pi ' S ta | pE AR | È tiy | +È | 2 | 
< 3(¢/8). 


Similarly we can show that | 8. -+ 83 | < 36/8, p > P(m,n), q> (m,n), 
r s=0,1, +. 
As a consequence of (9) and (57), for p> P(m,n), g>Q(m,n), 


ptr.igrs 

we have |S,|==| È @mnxtr|-| Upg | < Bi(m,n)-aq 6/8. As a conse- 
hap, i=q 

quence of (9) and (58), for p >P(m,n), q > Q(m,n), we have 


i Q+8 ptr. gre $ pers. ges 
| Sa | = | > Naa | | 45 | + | > &mnkl | | Uij | 
Ne J=0 kzi,l _ 450, a k=4,1=} 


Der sts Des 
<Bi(mn)[ E |ui X jas | 
4=pt+1,j=0 420, faqel 
<L B, (m, n) €; = €/8. 
Therefore for p > P'(m, n), q> Q’ (m,n), r,s =0,1;, °°, 


| S | = | (81 + 8s) + (82 + Ss) — 83 + Sa | 
SFAT ra TE <s 


and U’mn exists, m, n = 0, 1, +> 
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THEOREM 28. S:an-—>e are (9) and (10). 


Proof. Assume (9) and (10) satisfied. We can choose «e, = €[8B,(m, n) |> 
and P(m, n), Q(m, n), so that for p > P(m, n), q > O(m, n), (57) and (58) 
are satisfied; we can choose e, == «|8(Q -+-1)U*]|-* and P’(m,n) > P(m,n), 
Q’(m,n) > Q(m,n) so that | 


pir i 
(62) | È Amat | < €2, p> PP’ (m,n); r=0,1,:- +5 3=—0,1,---+,Q, 
=p 


q+g 
| D, amaki | < €z i g > Q'(m, n) ; E 2! 5 ew 0,1 td. 5 


Assume S, 81, So, S: and §, defined as in Theorem 27; let 


T, —=ľ PA 2 Onn] 


j=0 i=0 


R ptr 
= > [ > @mnkl pi usj]; > 
l=0 kep 
pir,q—1 
Ta = U5,0+1 Amaki ; 
k=p, t=Q+1 


=> [> Su X i. 


j=Q+2 i=0 h=p, l=] 


Q 
Then since T, == > (Up; — Up, ja) = ints — S Un S dns and since 
E 


k=p 


g-i 


T, -t T; = Tron. e a F = „Ua; — Up, m) S ar 


q~1 ptr 
= > Up > Sa 
4s Q+1 


we have T, + Ta + T, = Sj. Using (62), we have | T, | < «/8, p > P'(m, n); 
using (57) and (9), we have | Ta | <“e/8, p > P(m,n), g > Q(m, n); using 
(58) and (9), we have | Ta | < «/8, p > P(m, n), q> Q(m,n). Therefore 
| 81| =| Ta + T: + T; | < 3/8, p > P’(m,n), ¢ > Q(m,n). Similarly we 
can show that.| 8; | < 36/8, p> P(m, n), q> Q (m,n). It was proved in 
Theorem 27 that |8| < 6/8, | Sa] < 6/8, p>P(m, n), q>Q(m,n). 
Therefore for p > P’(m,n), q> Q (m,n), 7,8 =0, 1, >, 


[S| £ |8: CEE 
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- THEOREM 29. S-a—-e are (10) and (11). 
Proof. Using (35) and Theorem 28, we know that since {Ur — U} 
oO 20 
is an, 2 mnki (Uki — U) converges. Using (11), we have © amnzıU 
»i=0 ' k, l=0 
=AmnU. Therefore U’mn exists, since 
co oO 
D @mnxt (Uri — U) + X amazi U = U' mn. 
K,i=0 k, i=0 


THEOREM 30. S-arn— ub is (12). 


Proof. Since (12) => (9); U’ mn exists; we have, for m, n = Ma, 


PG » 
| OT" mn | = lim | > AmnkiU ki | 
pPg>00 k,l=0 


; BG Pa 
= lim |E © amarti | 
Pg 4 j=0 kai, j=} 


< B, lim S | Wij | — Bs", 


P> %,j7=0 


THEOREM 31. S-an— ub are (10) and (12). 
THEOREM 82. S-a—>ub are (10), (11) and (12). 
THEOREM 33. S-arn—>b is (18). 
THEOREM 34. S-an—>b are (10) and (18). 
THEOREM 85. S-a—b are (10), (11), and (18). 
THEOREM, 36. S-arn—>c are (12) and (14). 
Proof. Let 
| p-1,g-1 
Ly > AmnkiU ki; 
k, t=0 
p-i;g-i 
T, = > ani x2 
k, t=0 


oO 
T's == > it U ki. 
k, J=0 


Using the proof of Theorem 27, with (9) replaced by (12), we find constants 
a +7,Q+ 

P’ and Q’ such that if > Gaini — T, | < 6/3, for p>P, (>Q, 
k, 1=0 
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_8=0,1,-°-,m,n=M,; that is, |U’nm—Ti| <</3, p> P, q> Q, 

m, n = M,. As a consequence of (3%), > aU rı converges and we can choose 
ks 1=0 

P”, Q” satisfying P” > P’, Q” >Q, so that | T,—T;| < 6/3, p >P”, 


q > Q”. . We choose arbitrary integers P and Q satisfying P > P”, Q > Q”; 
we can choose M > M, so that for m, n = M, k= 0,1, : +, P —1, l = 0,1, 


TE A 
| Omast — axı | < [B8 PQU] =. 


-Tt follows that for p = P, q =Q, m,n Z M, | Tı — Te | < €/3. Therefore 
for m, n > M, 


Datis Casni Ot A) << 
and . | 


ao 
U’ w= F det Uy. 


ky 120 
THEOREM 37. S-an->c are (12), (14) and (15). 
Proof. The double sequence {U%:— Uro — U1} is arn; since (12) 


and (14) are satisfied, 


me 90 
lim 3 @mnani(Ox1 — Uro — U w1) = X axı (Uni — Uro — Ur). 
K,i=0 


m a00 k, 1=0 


The double sequence {Uxo} is an. Since (9) and (10) are satisfied, 


oo 00 
= Omn Uko exists, M, n == 0, Í; at iy and > mnki U ko nm Smnkoo Uro; there- 
%, 1=0 k=0 
& 0G 
fore > &mnxcol ko ae AmnkiU go. It follows that we can find P’ so that 
k=0 »£=0 
© p-1 
(63) | p mnki Uko — 2 Æmnr U koo | < «/3, p > P. 
31=0 z0 


à oO Xx) i 
In order that the simple series X, aUx converge whenever $, | Uz — Ux-1 | con- 
k=0 k=0 


verges and lim U+==0, it is necessary and sufficient that there exist a 
k->00 ` i 


' p 
constant B, such that | € as | < Bi, p= 0, 1,: - - ; therefore, as a consequence 
k=0 


of (38) we can find P” satisfying P” > P’, so that 


T m , 
| >: akoo U ro — 2: M00 Ono | < ¢/3, p> P”. 
z% .— | 
10 


826 FLORENCE M. MEARS, 


Since (15) is satisfied, for an arbitrary P satisfying P > P”, we can find 
M so that, for p =P, 


pal | pol $ 
| >> Smnico U Roo — >, Zoo U x00 | < e/3, M, N = M. 
k=0 A=0 
Therefore for m,n = M, 


(a 9) 09 
| SS GinnnrW noc — $ aroUro | < e. 
k, 120 keg 
It follows that 
(64) U’ = lim > dmaxt| (Uri = T x00 — Uœ) -4- U x00 + Uco] 


mnow k 31=0 


00 
=F ŞS arı (Uri — Uko — Uœ) -H È azo U ko + E A 
k, 1=0 k=0 1=0 


THEOREM 38. S-a—>c are (12), (14), (15) and (16). 
Proof. Since the double sequences {U} and {Urı — U} are a and an 
respectively, X GmnniU and Ș Omnut(Ux1 — U) exist, m,n = 0,1,---. Since | 
(16) is mre fey gi 
lim ¥ amnU = UA; 


M NPM k, [=0 


since the conditions of Theorem 37 are satisfied, 


(65) U’ = lim S QmakilU + (Ur —U)] 


Mn & l= 


Q 
== A -+ ¥ Ant (Ur + an ee UT wt) + 2 koo (Uro — U) 
k, ł=0 s 


+ È awr (Uw: — U). 
THEOREM 39. S-arn—>be are (13) and (14). 
THEOREM 40. 9-an— bc are (13), (14) and (15). 
THEOREM 41. S:-a—>be are (13), (14), (15) and (16). 
THEOREM 42. S-arn—>cn are (12) and (17). 
; , 


THEOREM 43. S-an—>cn are (12), (17) and (18). 
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THEOREM 44. S-a—>en are (12), (17), (18) and (19). 


THEOREM 45. arn —> ben are (13) and (17). 


THEOREM 47. 


g. 

THEOREM 46. S-an—ben are (13), (17) and (18). 
S-a—>ben are (13), (17), (18) and (19). 
g- 


THEOREM 48. arn —> urc are (12), (14) and (20). 


Proof. Let Tı, Ta and T; be equal respectively to Tı, Ta and T, of 
Theorem 36, with az: replaced by dmoonz. Let m represent an arbitrary 
constant satisfying m = M, + Ma Using (20) and replacing (87) by (39), 
we prove (as in Theorem 86) the existence of constants P, Q and N such that 
the following relationships are satisfied: | U’ma —T1| < «/3 and | Tı —T, | 
<¢/8, p= P, q=Q, nN; È amon: exists and | Te — T; | < 6/3, 


p= P, q= Q. Therefore 
oO 
(66) UT’ moo = X, Gmooxt UV xt, m= My+ Mo. 


d, 1=0 


THEOREM 49. S-aurn—>urc are (12), (14), (15), (20) and (21). 


Proof. As a consequence of Theorem 48, for m = M, + Mb, 


oO oo 
(67) lim. > Amnki (Uki — Uko — T x1) “= a Amort (Ux — Uzro — Ut). 
»t=0 


->00 W, t20 


We can find P’ as in Theorem 37, so that (63) is satisfied. Since {Ux:} is 
aurn, we can find P” satisfying P” > P’ so that Uzco = 0, k > P”; therefore 
we have 


yi oo i 
| ©, amoko U ko — 2 Amo 10U 400 | < €/3, p> P”. 
k=0 =0 


Since (21) is satisfied, for an arbitrary p satisfying p> P”, we can find 
M > M, + Mz so that 


pi p-i 
| >) &mnzoo Uko — 2 noo 100 Ur 00 | < €/3, ; m= M. 
k=0 =0 
Therefore for m = M, 


oO OO , 
| > Amnkt U koo = > moog U goo | < €. 
k, l=0 k=O 
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It follows that for m = M, 


(68) U'moo = lim X, amı[ (Uri — Uro — Uœ:) + Uro + Voor] 


neq ks i=0 


©0 CO 
= > Anon (Ux1 — Uro — Uœ) + > O%moo700 U k 00 
= : 


k =O 
00 

+ > mo 001U cot. 
1=0 


THEOREM 50. S-an— urc are (12), (14), (15), (20) and (22). 


Proof. The double sequence {U;1— Uro — Ucor} is arn; therefore (67) 
is satisfied. The rest of the proof is the same as that of Theorem 37, with azo, 
(38), (15) and (64) replaced by @mooxzoo, (40), (22) and (68) respectively. 


THEOREM 51. S-a— ure are (12), (14), (15), (16), (20), (22) 
and (28). 


o0 
Proof. Since (23) is satisfied, © @maxiU exists, m, n = 0, 1,' > >, and 
k, l=0 


approaches U Amo as n—> œ, m = M,. Since the conditions of Theorem 50 


CO 
donnut(Uxi— U) exists, m, n —0,1,---, and approaches a 
l 


i= 


limit as n> 0, m = Mı + M- -+ M;,. Therefore, for m = M, + M: + M; 
+ M., 


` ea) 
(69) U moo = U A mo +. > Omookt (UO x1 -+ U _— Ux es U1) 
k 


»t=0 


are satisfied, 
k 


T S Amoro (U zo — U) -+ X &moo:(U œ: — U). 
k=0 1=0 


THEOREM 52. S-arn— burc are (18), (14) and (20). 


THEOREM 53. S-aurn— burc are (18), (14), (15), (20) and (21). 


THEOREM 54. S-an—bure are (18), (14), (15), (20) and (22). 


Rm RM TR Mm 


THEOREM 55. 


-a—>bure are (18), (14), (15), (16), (20), (22) 
and (238). 


TR 


THEOREM 56. -arn — urcen are (12), (17) and (20). 


THEOREM 57. S-aurn—>uren are (12), (17), (18), (20) and (21). 
THEOREM 58. S-an—>uren are (12), (17), (18), (20) and (22). 
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THEOREM 59. S-a—>uren are (12), (17), (18), (19), (20), (22) 
and (23). 
Tarorem 60. S-arn— buren are (13), (17) and (20). 
THEOREM 61. S-aurn— buren are (13), (17), (18), (20) and (21). 


THEOREM 62. S-an— buren are (13), (17), (18), (20) and (22). 


mM RM h MK 


THEOREM 638. S:a— buren are (13), (17), (18), (19), (20), (22) 
— and (23). 
THEOREM 64. S-arn—>urern are (12), (14) and (24). 


Proof. Since the conditions of Theorem 48 are satisfied, we have (66) ; 
using (24), we have U’mo—0, m= M, + M, + M. 


THEOREM 65. S*aurn—urern are (12), (14), (15), (24) and (25). 


Proof. Since the conditions of Theorem 49 are satisfied, we have (68). 
Choose ko and lọ so that Uro = 0, k > ho, and Uw; = 0,1 >lo We can 
choose M’, satisfying M’, > M.({k), k==0,1,---,k and M’, > M,(1), 
l= O,1,--°,0). Then for m= M + M: 4- M's, U'mo = 0. - 


THEOREM 66. S-an—urcrn are (12), (14), (15), (24) and (26). 


Proof. The conditions of Theorem 50 are satisfied; choose m= M 


+- Ms -+ Mg. 


THEOREM 67. S-a—-urern are (12), (14), (15), (16), (24), (26) 
and (27). l 


Proof. Since the conditions of Theorem 51 are satisfied, we have (69) ; 


7 
choose m = > M., 
q=1 


THroreM 68. S-arn— burern are (13), (14) and (24). 
THEOREM 69. S-aurn— burern are (18), (14), (15), (24) and (25). 
THEOREM 70. S-an— burern are (13), (14), (15), (24) and (26). 


THEOREM 71. S-a—>burern are (13), (14), (15), (16), (24), (26) 
and (27). 


THEOREM 72. S-arn— re are (18), (14) and (28). 
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Proof. Use the proof of Theorem 48 with M, = M, =Q. 

THEOREM 73. S-an->re are (18), (14), (15), (28) and (29). 
Proof. Use the proof of Theorem 50, with M, = M, = M; =Q. 
THEOREM 74. S-a— rc are (18), (14), (15), (16), (28), (29) and 


(30). 


Proof. Use the proof of Theorem 51, with M; = 0, 1—1, 2, 3, 4. 
THEOREM 75. S-arn—>ren are (13), (17) and (28). 
THEOREM 76. S:-an—>rcn are (13), (17), (18), (28) and (29). 


THEOREM 77. S-a— ren are (13), (17), (18), (19), (28), (29) and 


(30). 


THEOREM 78. S-arn—>rcurn are (18), (14), (24) and (28). 


THEOREM 79. S-aurn—>rcurn are (13), (14), (15), (24), (25), (28) 


and (29). 


THEOREM 80. S:an—>rcurn are (18), (14), (15), (24), (26), (28) 


and (29). 


THEOREM 81. S:-a—>rcurn are (18), (14), (15), (16), (24), (26), 


(27), (28), (29) and (380). 


THEOREM 82. S-arn—>rern are (18), (14) and (81). 
Proof. Use the proof of Theorem 72, with @moox: = 0. 
THEOREM 83. S-an—-rern are (18), (14), (15), (81) and (82). 


Proof. Use the proof of Theorem 73, with @moox: = Gmazoo = &moo œ; = 0. 


THEOREM 84. S:a->rcern are (18), (14), (15), (16), (81), (82) 


and (33). 


Proof. Use the proof of Theorem 74 with @moxi = &moonco = amo oo} 


== Amoo = 0. 


THEOREM 85. S-arn—a is (84). 


` CO 
Proof. Since (34) > (9), Wmn = X, OmnxiVx1 exists; it follows that 
k, 1=0 
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for arbitrarily chosen m, and no and for a given e, we can find ka and lo 


dependent upon Mo, no and e, so that 


Kor to 
| Wma — 2 BinnetU ki | < e(Mo + O (no + 1A 


m = 0, 1,° © +, Mmo; n= Q, 1,- - 


Therefore 
Rony ko lo 
S] U mn | < S | 2 2s mmr Oar | +e 
; m,n=0 mM,n=0 
Since 
Mono Kolo “se En lo Ro lo 
> Omar Un = SIS 5 bmnktupa | 
mnz=0 k, l=0 mn=0 p,g=0 kzp leq 


korlo Motto Kolo l 
= 2 2 > Bmnxt | | Upa | ; 
prq=0 myn=0 kzp, I=q 


we have, as a consequence of (34), 


3 | wn | < Ba S | tne | 


mn=0 Mma 
< BLU* ne €. 
Therefore : 
Moa Nno 
> | U mn | = B,U* 
m,n=0 
or 


a8) 
S | umn |< BeU*. 


ly n=0 


z > Ng- 


The proof of each of the following two theorems is the same, except - 
for the proof of the existence of the transform, as that of Theorem 85. 


THEOREM 86. S-an—a are (10) and (84). 

THrorEM 87. S-a— a are (10), (11), and (84). 
THEOREM 88. S-arn—an are (17) and (34). 
THEOREM 89. S-an— an are (17), (18) and (84). 
THEorEM 90. S-a—>an are (17), (18), (19) and (34). 
THEOREM 91. ‘arn —> aurn are (24) and (34). 


THEOREM 92. 


Rn TR RRR a 


THEOREM 93. 


` curn —> aurn are (10), (24), (25) and (34). 


-an—>aurn are (10), (24), (26) and (84). 
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THEOREM 94. S-a—>aurn are (10), (11), (24), (26), (27) and (84). 


THEOREM 95. S-arn—>arn are (81) and (84). 
-an—>arn are (10), (81), (82) and (84). 


‘a—>arn are (10), (11), (81), (82), (83) and (34). 


THEOREM 96, 


TR R n n 


THEOREM 97. 


7. Conclusion. The conditions which have been proved sufficient in 
Section 6 are also necessary. This can be proved by the use of the theorems 
of Section 5. 

If the conditions of Theorems 38, 41, 51, 55, 74 or 87 are satisfied, 
a —> c, bc, urc, burc, rc or a, respectively; in each case U’ is found in (65). 
In order that U’ = UA,.it is sufficient that ax; = %,0 = 401 == 0; therefore 
U’ = UA, and hence U’=-0 when U = 0, if in each of these theorems we 
replace conditions (14) and (15) (which are included by implication in the 
case of Theorem 87) by (17) and (18). If, in addition, A —1, we have 
U’ =U. In both cases the conditions are not only sufficient, but necessary 
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ON THE LOCATION OF SPECTRA OF DIFFERENTIAL. 
EQUATIONS.* 


By Sytvan WALLACH. 


1. Let f(t) be a. real-valued continuous function on the half-line 
0<t< œ, and let A be a real parameter. The function f(t) and the differ- 
ential equation 


(1) a” (A+ f(t))o—0 


are said to be of Type I if not every solution of (1) is of class £7(0, œ) for 
some A, (hence for every A, cf. [8], p. 238). Otherwise f(¢) and (1) are 
said to be of Type II. (The two types correspond to the Grenzpunktfall and — 
Grenzkreisfall of Weyl [8].) If f(t) is of Type I, then it is known that (1) 
and the boundary conditions l 


(2) s(0) sina + z (0) cos « = 0, 


(3) | JS Peat < rA 


define a self-adjoint boundary value problem and determine a spectrum S, 
in accordance with the theory of Hiulbert’s space. 

. If f(t) is of Type I, let Pa denote the point spectrum, Ca the continuous 
spectrum and D, the cluster spectrum of (1), (2) and (38), so that 
Da = Pa -+ Ca + Da. Then d is in S, if and only if the differential equation 


a” + (A+ FCE) Je = g(t) 


and boundary conditions (2) and (3) fail to have a solution for some con- 
tinuous function g(t) of class £°(0, œ); whereas A is in Pa if and only if 
(1), (2) and (3) have a solution z(t) £0; finally Da consists of the cluster 
points of Pa. It is further known that Ca + Da, the derived set of Sq, is 
independent of a; cf. [8], p. 251. This invariant A-set will be called the 
essential spectrum and can be denoted S”. 


2. We shall prove: 
(I) 1f 


(4) f TdL o, 
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then | | 
(i) (1) is of Type I, 
(ii) no positive à is in Pa, 
(iji) every non-negative À is in Oa 
(iv) no negative à is in Ca, 
(v) Da consists at most of à = 0, 
(vi) Pa ts a bounded set (for fixed a). 
(Il) If 
(5) lim sup t | f(#)| < œ, 


then the assertions (i), (iv) and (vi) of (I) are true. Further, if b denotes 
the limit superior in (5), then 


(ii*) no àA > b? is in Pa, 
(iii*) every A= b? is in Cy, 
The following theorem is stated for the sake of completeness. 


(IIT) If either 


(a) ROLET: 
or : 
(b) [| af(t)| o, with Fc) =o, 


then (i) to (vi) of (I) hold. 


Case (a) of (III) (with the additional assumption f(t) —o0(1), as 
t-> œ) goes back to Weyl [8] (see also Titchmarsh [4]). The method of 
treatment depends on the determination of the spectral resolution ; however, 
both cases in (IIT) are easily proved by virtue of known asymptotic formulas 
and oscillation theorems, without the explicit determination of spectral 
resolutions. 


8. The assumptions of the theorems imply that f(¢) is small in some 
sense as t — co. In (I) and in case (a) of (III) smallness is imposed by an 
integrability condition, so that f(t) need not be bounded, whereas in the 
remaining theorems f(t)—o0(1) as —> œ. Although the condition 
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f(t) =o0(1) alone is sufficient that (i) and o hold, it remains undecided 
whether the same is true of (iii). 


4. Nevertheless, it can be shown that the theorems are the best possible 
in so far as assertions (ii) and (ii*) are concerned. In what follows let 
e > 0. 


(I*) Assertion (11). of (I) is not true if (4) is relaxed to 


(6) a f Peep(tyat < 00, 


(II*) Assertion (ii*) of (II) ts not true if the lower bound b? for x 
is replaced by b?—«. Moreover b? cannot be replaced by an absolute constant. 


(III*) Neither 


(a*) fJ O | redt < œ 
nor 
(b*) PLP) at o, with fæ) 0 . 


is sufficient that (ii) hold. ` 


5. Before proceeding with the proof of (I), some facts implied by a 
weaker assumption than (4), namely, ` 


i 00 
{i J POH o, 
will be stated as a lemma: 


(IV) If f(t) is of class L? (0, œ), then (1) is of Type I. Moreover, 
if (1) has a solution x(t) 540 of class L? (0, œ)for à= ^ then a’(t) and 
x(t) are of class L? (0, 0); s(t) and x’ (t) are o(1) as t—> œ; and, if 
hy HO, 

(8) lim “a (s) ds 
t—0o * 


exists; (i.e., x(t) is improperly integrable.) 


Since (7) and the assertions of (IV) are invariant under the substitution 
T= | à | 4¢, which replaces A in (1) by sgn A, it is sufficient to consider only 
the three cases A= 0, A= + 1. Suppose then, that for A = ào = 1, æ(t) 
is a solution of (1) which is of class L?(0, œ). In view of (7), f(t)a(t) 
is of class L(0, œ), so that x(t) is a solution of the integral equation 
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t 
(9) a(t) = {c + J f(s)a(s) coss ds} sin ¢ 


0 
+ {e2 + if f(s)x(s) sin s ds} cos t, 
t 
for a suitable choice of the constants cı, ĉa. Thus 


(10) x(t) = c,sint-+-c,cost-+o(1) as to, 
where 


Cs = G +- ST Eels) cos s ds. | 


In order that x be of class L?(0, ©), it is necessary that c2 == Cs = 0 in (10). 
Hence (9) can be written in the form 


(11) . a(t) = Sre) sin (t — s} ds. 


Moreover, since 
&O 
J 1fle)2(s)| as < @, 


formal differentiation of (11) is justified, so that 


` (12) wave J F(e)2(6) cos (t-a) de. 


Formulae (11) and (12) show that v and z’ are o(1) as t-> œ. The bounded- 
ness of z, along with (1) and (7), then implies that æ” is of class L? (0, œ). 
Hence z’ is also of class L? (0, œ). 

For the case A==1 of (1), let y(t) be any solution of class L°(0, œ). 
Then the Wronskian, zy’— yz, is 0(1) as ¿—> œ. Consequently x and y 
are linearly dependent, and this implies that the differential equation (1) is 
of Type I. The remaining assertion of (IV), for the case A, = 1, follows by 
a quadrature of (1): | 


a’ (ta) ee) 4- IROL -+ f Oeo. 


Since fx is of class L(0, œ), and z’ = o0(1), the preceding formula line 
implies the existence of the limit (8). 

The truth of (IV) for the case ào == — 1 can be readily inferred from 
known asymptotic formulae [2]. For in this case the differential equation 
(1) has a solution s(t) of class L?(0, œ) which satisfies 


a(t) ~ etolt), w(t) /a(t) ~—1, as t-> œ. 
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Consider finally the case Ay = 0. Then (1) reads © 
(13) g” +-f(t)c=0. 


Integration of (13) shows that the limit of #’(¢) exists as {—> œ, and since 
æv is of class L’ (0, co), this limit must be 0. Therefore (t) is o(1) ast— œ, 
which means that z” and, in turn, 2’ is of class L?(0, œ). This completes 
the proof of (IV). 


6. The first assertion of (I) was proved in the lemma (IV). In order 
to prove (ii) and (ii) in (I), it can be assumed that A= 1. Accordingly, 
if (1) has a solution z(t) s£0 of class £7(0, œ), then s(t) satisfies (11). 
Hence (4) (which implies (7)), and (11) give 


(14) e(t) < f *f2(u) du f “st (v)do. 


Moreover, the solution x(¢) is assumed to be not identically zero, so that the 
positive function 


E (t) me f 2*(s)ds 


is strictly decreasing. After introduction of r into (14) as a new dependent 
variable we obtain 


Zr Er f PC)as, 
t 
that is, 


(18) 02 (logr’=— f P(s)ds 
t 
Upon integration of (15) there results 
t © 
(16) log (r(£)/r(0)) =— f f “P(s)de du. 
: 0 u 
Since: r(t) =o0(1) as ¢— œ, (16) implies 
t 
lim f sf? (s)ds = œ, 
tao” a : 
but this contradicts (4). Hence (ii) follows. 


The truth of (iii) can now be concluded from an oscillation theorem 
of Hartman and Wintner which states that every A is in Sa for some q, cf. [3]. 
Since no positive A is in Pa for any a, it follows that every positive A is in 
Ca for some a. On the other hand, every A in Oa for some q, is in the essential 
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spectrum 8’. Since 9’ is the derived set of Sa, every positive A is in Oa for 
every a. The fact that Ca is a closed set completes the proof of (iii). 


7. ‘The assertion (iv) will be proved for (1), (II) and (III) together. 
It is known that any one of the conditions 


f(t) =o(1) as t> œ, 
f(t) is of class £°(0, 0), p2=1 


is sufficient in order that (1) be of Type I and that all solutions of (1) be 
non-oscillatory (that is, have only a finite number of zeros) when A < 0 (see 
[1] and the references cited there.) It was also proved in [1] that if the 
solutions of (1) are non-oscillatory for à =A», then no A < ào is in the con- 
tinuous spectrum and only a finite number of characteristic numbers are less 
than A>. This proves (iv), and in view of (ii) or (ii*), (v) and (vi) when- 
ever the latter are asserted. 


8. The assumption (5) of (IT) implies 
(17) f(t) =0(1) as t> œ. 


It is known that if f(t) satisfies (17) and if à > 0, then any solution x(¢) 
of (1) has, on some half-line tọ < t < œ, the following properties (see for 
example [7]). There exists a sequence to < uy < Ug <`- such that the 
distance Uns — Un tends, as n— œ, to a finite positive limit (= 7/A*), and 
a(t) is positive and concave, or negative and convex (from below) according 
as ¢ is on the open intervals (U, tz), (Us, Us), (Us, us), * * OF (Us Us), 
(Ua, Us), (Ue, tr), © +, the points É == Ui, Us, Us, ©- being both the zeros 
and the points of inflection of x(t). Furthermore æ(t) is nowhere constant, 
and so there exists on each of the intervals (Un, Unn) a unique point, say 
É == Va, at which the derivative of s(t) vanishes. The absolute value of the 
slope v’(#) has on the interval (Vn, Uns) a unique maximum, say bn, and 


(18) Ons <= L (Uns) > 


Thus the local maxima of the absolute values of x’(¢) occur just at the zeros 
of x(t).. Moreover, let cn denote the (absolute) area of the n-th half-wave 
of s(t). Then it is known [7] that 


(19) Cnsi/Cn > 1, 


(20) Onir/On > 1, 
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and 
(21) l Cn/On —> 2/d. 


In order to prove the above facts Wintner made use of the inequality 


* ~% 8 
(22) log |((B)/b(a) E f° | f(#)| dt, 
where h == $ (x° + Az*), and a (> to) and 8 > « are arbitrary; [7], page 391. 
It will be shown that Xc»? diverges by virtue of the assumptions of (IT), 
and this in turn will imply that s(t) is not of class L? (0, œ). In (22) -put 
& = Un, B= Uun Then since 2’ (un) = bn, £(Un) = 0, 
(28) [og (B%nn/b%) | Sf PFA) | gtr’ 
; tin 
Let A > 67, and choose e > 0 so small that 
0 < A3(b 4-€) (rà? + €)/(wA A — e) S11. 
Since Un — Un = wh 2+ 0(1), there exists on the one hand a positive 
integer N such that | 
Unit — Un L 7A? + ¢ for n >N, 
and, on the other hand (by telescoping the reverse inequality), 
. Un = n(n — e) for n>N. 
Choose N so large that also 


EIFL <b pe | for tÈ umn >N. 
Then ; , 


(24) xt f TIOL SENI — u) max | FC] 
ETE EE SI /n 

by virtue of the preceding inequalities. Combining (23) and (24) we obtain 

(25) log (bnma/bn) 2 —I1/n for n>N, 


and (25) is sufficient that %0,? diverge. Hence, according to (21), Cn? also 
diverges. By Schwarz’s inequality, 


o= ( | EOS (inatin) f Eat 
tin in 


840 SYLVAN WALLACH. 


The boundedness of Un, — Un and the divergence of Sc,? now imply 


ROLE G; 


" This proves (iiř) of (II). Then (iii*) follows from (ii*) as did (iii) from 
(ìi) in (I). Since (i), (iv), and (v) of (II) were proved in 7, the proof 
of (II) is complete. 


9. It is clear from the proofs of (I) and (II) that only assertion (ii) 
of (IIT) requires proof. If (a) holds and if A > 0, then any solution 2(¢) 
of (1) satisfies the well-known asymptotic relation 


x(t) =acosA#t + b sin At + 0(1) as t—> œ. 
Hence s(t) cannot be of class L?(0, ©). 


Much less than an asymptotic formula is needed for case (b) of (III). 
Let A > 0 and let U1, we, + +, Un, * > be the successive zeros of any solution 
z(t) of (1). Then if f(t) satisfies (b) there exists a constant c > 0 such that 


* tnt 
f z’ (t)dt =c +o(1) as n—> 0, 


ef. [6], pp. 258-260. Thus again x(t) cannot be of'class £°(0, œ). 


10. All the assertions of 4 can be proved by applying a method of con- 
struction due to Wintner [6]. Let » and y > 0 be constants. Then 


t 
(26) a(t) = exp (wf s71 cos? vs ds) cos vt, t>0, 
is a solution of i 
(27) a” + (+ F(t) e= 0, 
in which 
(28) F) = 2pvt sin 2vt + pt-? cos? yt (1 — p cos? vt). 


It is evident that the potential f(t) defined in (28) does not satisfy (a) or 
(b), but does satisfy (a*) and (b*). Moreover, the boundedness of tf(#) 
implies that (6) also holds. Further 


(29) lim sup ¢| f(#)| =2 |» |». 


t 
Since f s cos? vs ds ~ 4 log t, the solution s(t) of (27) can, according to 


(26), be written 
a(t) == t#/2+0Q) cos t 
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If p < — 1, then x(t) is of class L?(0, 00). The truth of. (1*), (1I*) and 
(III*) is now easily inferred. 
If we put v==0 in (26), (27) and (28), we obtain the differential 
equation 
z” -+ p (1 — p) t?s = 0 


with the solution #({¢) ==». This shows that the lower bound b? for » can 
be in the point spectrum. It follows also that the limitation Ay 0 in the 
last assertion of (IV) cannot be removed. 


THE JORNS HOPKINS UNIVERSITY. 
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THE SPECTRA OF PERIODIC POTENTIALS.* 


By Sytvan WALLACH. 


1. Let f(t) be a real-valued continuous function with the period 1, and - 
let A be a real parameter. Boundary value problems associated with the 
differential equation 


(1) : a” + (A+f(t))2=0 


have been extensively discussed in the mathematical and physical literature 
(see for example [3], [4]}. The nature of the spectra for certain of these 
boundary value problems will be examined below. 

It is well known that the characteristic equation of (1) has the form 


(2) p?—2A(A)p +1 =0, 


= where A(A) depends only on A. If complex values of the parameter À are 
admitted in (1), then A(A) is an entire function which is real when À is real. 

Let p(A) be one of the roots of (2), so that the other root is 1/p (à). Then 
there exist two real sequences Ai, i = 0,1,2,- °°, and Aj*, j= 1,2,- °°, such 
that (1) has a periodic solution $;(¢) with period 1 when A == Aj, and a half- 
periodic solution ¢;*(¢) with period 2 when A~=Aj;*. On the interval 
07 < 1, i(t) hasi ori + 1 zeros and ¢;*(#) has 7 —1 or 7 zeros according 
as t and 7 are even or odd. Furthermore, 


(3) LAZME CAS LA SA <: 


The corresponding values of p are p(Ai) = 1, p(As*) = — 1, and the A-values 
occurring in (3) are the only ones for which p(A) = + 1. 

If p(A) £ + 1, that is, if À £ AG, A =~ Aj", then (1) possesses two linearly 
independent, complex-valued solutions of the forms 


(41) s(t) = pt (t), (42) 2 (t) = p*0(t), 
in which 6, and 62 have period 1, so that 
(5:) a(t +1) = part), (52) (t+ 1) = ptae(t). 


It is further known that if A is in one of the open intervals (— 0, ào), 
(Aois Avie) OF (Azja™,Aej*), then p(A) is real, so that the solutions (4) are 
unbounded on —- œ < t< œ. Such A-values and the corresponding intervals 
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are said to be of unstable type. On the other hand, if A is in one of the open 
intervals Oude?) or (Azise™, Aviv), then p(A) is not real, in which case 
the solutions (4) are bounded—in fact, uniformly almost-periodic. Accord- 
ingly, these A-values and intervals are said to be of stable type. For the facts 
stated above see, for example, [4], p. 15. 


2. Let n be a positive integer. The differential equation (1), the 
boundary condition ` 


(6) i a(0) a(n) = 0, 

and the normalization 

(7) | MEOT 

s 0 : 
determine a point spectrum 8” == {A;"}, i = 0,1,2,:--, and a sequence of 


characteristic functions yi". The following facts concerning S” will be proved. 


(I) The spectrum S* = {A:”} of the boundary value problem determined 
by (1), (6) and (7) has the following properties: 


(i). If p(A) ts a complex 2n-th root of unity, then A is in 8”. 
(ii) p(Amn-1”) 48 real for m = I: 2, ee Ie 
(iii) ,Àmn=-1” = Amna for ho 1, rA tg 


(iv) p(Ai”) is a complex 2n-th root of unity for +4 mn—1, m =1, 
2,---. Consequently, there is just one characteristic number, Amn", in the 
closure of each interval of unstable type and there are n— i successive charac- 
teristic numbers, Ay", t= mn, > ° mn + n—?, in each open interval of 
stable type. Moreover, the characteristic functions Wmn-1" == Ym- have the 
form (41) or (42). All the other characteristic functions have a period, 2n. 


Theorem (I) generalizes and completes a result of Wirtinger [7], who 
proved, for the case in which f(t) is an even function, that à is in 8” only if 
p(A) is a 2n-th root of unity. Although Wirtinger does not explicitly assert 
the partial converse-—that A is in 8” if p(A) is a complex 2n-th root of unity— 
its truth is evident from the arguments used. Wirtinger’s proof is repeated, 
with somewhat more detail, by Hilb [2]. 


A corollary of (I) is: 


(II) A continuous determination of the argument of p(A) is a strictly 
monotone function of à when p(A) is not real. 
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Instead of (6) and (7), consider the boundary conditions 


(9) S rou- 1. 


These boundary conditions, together with (1), define a boundary value problem 
and determine a spectrum in the sense of Hilbert’s space. We shall prove: 


(III) The continuous spectrum Se of the boundary value problem (1), 
(8) and (9) consists of the closure of the set of X values of stable type; the 
point spectrum is contained in the set {Àm}; and the cluster spectrum con- 
sists at most of the point àA = œ. The characteristic functions are contained 
in the set {Ym}. 


The first assertion of (III) was proved by Wintner; cf. below. 


(IV) If f(t) is an even function, then the point spectrum of the boundary 
value problem (1), (8), (9) as empty. 


The statement (IV) is particularly interesting in view of an oscillation 
theorem of Hartman and Wintner [1] which states that every A not in the 
continuous spectrum or the cluster spectrum is in the point spectrum for some 
homogeneous boundary condition, (0) sin « +- z (0) cosa—0. Thus, as g 
varies, the point spectrum sweeps over the intervals of unstable type. Never- 
theless, (IV) states that the point spectrum is empty when « = 7/2. 


3. It is not known in what sense, if any, the continuous spectrum Se 
of the boundary value problem determined by (1), (8) and (9) can be defined 
to be the limit, as T — ©, of the spectra ST of Sturm-Liouville boundary value 
problems associated with (1) on the bounded intervalOS tT. That some 
caution is required in formulating a definition, according to which Sz is the 
limit of ST as T—> œ, can be seen from the following simple considerations. 
Let the boundary condition (6) be replaced by 


(6 bis) 2(0) =2(T) =0, T > 0, 


and let S? = {r;i7} be the corresponding point spectrum. It is then clear, 
from the continuous dependence of the points of the spectrum on T, that every 
A > Ao is the limit of some sequence Ai,7* in which % and Ty tend to œ with k. 
Moreover, if T is restricted to integral values, Se is not the set of points, A, 
for which there exist sequences Aj," —> À as m—> œ, since Àm? is in S” for 
every n, but Am1* is not, in general, in S*. Nevertheless, the following state- 
ment can be proved. 
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(V) For the boundary value problem (1), (8) and (9), S"—>Se as 
n— œ, in the following sense: If à is in Sc, then for every « > 0 and for 
every aia integer k, there exists an integer N (k, e) such that the a 
borhood of à contains more than k points of Sn whenever n >N (k,e); 
the other hand, if X is not in Se, there exists an e > 0 such that the eh a 
hood of X never contains more than one point of Sn, n == 1,2, °° 


According to (IID), the continuous spectrum Se consists of a sequence of 
closed intervals, viz. the closures of the intervals of stable type. The content 
of (V) can be expressed by saying that, as n> oo, the points of 8” become 
dense in the intervals of stable type, whereas the unstable intervals remain free 
of the point spectra except for isolated A-values. 


4. Theorems (III), (IV), and (V) complement certain results of Hilb 
[2] who obtained the analogue of the Fourier integral theorem for that case 
of (1) in which f(t) is even. Hilb’s method consists essentially of two steps— 
first representing the Green’s function for the boundary condition (6) in terms 
of the characteristic functions and then passing to the limit as n —> œ. He 
proves that the Green’s functions tend to a bounded kernel which is expressed 
as an integral whose domain is the “ continuous spectrum.” The “ continuous 
spectrum ” was taker to be the sequence of intervals in which the points of the 
S" become dense. ‘That Hilb actually obtained the continuous spectrum in the 
sense of Hilbert’s space is shown by (III) and (V). 


5. Proof of (I). Let p(à)5& + 1. Then the general solution z(t). of 
(1) is a linear combination, 
(10) z(t) = az, (t) + bax2(¢), 
of the linearly independent solutions (4). In view of (5), the solution (10) 
satisfies (6) and (7) if and only if the system of homogeneous equations 
(11) a(0) == azı (0) + bza(0) = 0 

s(n) == ap"21(0) + bp"r.(0) = 0 

possesses a non-trivial solution. (a, b), that is, if and only if the determinant, 
(12) A = (0) 220) (p — p”), 


of (11) vanishes. According to (12), A = 0 whenever p(A) is a 2n-th root of 
unity. This proves (i). 
Suppose, on the other hand, that A = A,” is a characteristic number with 
e(A) not a 2n-th root of unity. Then it is evident from (12) that A == 0 only 
if 2,(0) or za(0) vanishes, say #,(0) —0. From the form (4,) of 2:(t) 


o 
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it is clear that the zeros of zı (t) are periodic, with period 1. Hence sı (n) = 0. 
It follows that the characteristic function y:” is some constant multiple 
(perhaps complex) of æı(ż). Separation of v,(¢) into real and imaginary 
parts shows that this is possible only if p is real. 

Moreover, yi” vanishes at t= 0,1,2,---, so that Wi" = yin”, m =Í, 
2,° °°. In other words, every characteristic number A for which p(A) ~ +1 
is real is a characteristic number for every n. That this is true also for 
p(X) = = 1 can be seen as follows. Let 8=0 or 1 according as p is +1 or — 1. 
Then, when p== + 1, there exist linearly independent solutions e**°'y,(¢), 
and et (y.(¢) + ctxi(t)), in which x, and xz have period 1, and c is a 
constant. If E 

ya” (t) = e {axı T b (xe + ctx) } 


is a characteristic function, vanishing at t = 0, t =n, it is easily seen that 
L = 0. Hence wv,” vanishes at t = 0,1,2,- +. 
So far we have proved that: 


(*) When p(à) is not real, à is a characteristic number tf and only if 
p(dA)** = 1; when p(à) is real, X is a characteristic number for every n or 
for no n. 


6. It will now be proved that there is just one characteristic number in 
the closure of each interval of unstable type, (— co, ào) excluded. According 
to,(¥), this assertion is independent of n; hence it may be assumed that 
n= 1. But then there are no characteristic numbers for which p(A) is 
complex, and the assertion follows from the remark preceding (3) by virtue 
of Sturm’s comparison theorem. 

Consider now the sequence of characteristic numbers 


Aot, A1% Àa * ta Ama; 
and the corresponding sequence of characteristic functions 
1 al L re ey L.. - 
Pos Wr", We, 2 Ym- 


Since Ym-1* has periodic zeros, vanishes at t = 0, 1, 2,: > >, and has m zeros 
on [0,1], Ym-ı* has mn + 1 zeros on [0,7]. Consequently, 


(13) m1? = Amn-1" ; Wm-1 = Wmn-1", mM=1,2,° °°, 


and the characteristic numbers in (13) are all the characteristic numbers for 
which p(A) is real. This proves (ii) and (iii). 
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For fixed n, the characteristic numbers occurring in (13) are 
Ani”, Aen-1"y Asn-1")* °° 


Hence there are just n — 1 characteristic numbers in each open interval of 
stable type. This proves (iv) and completes the proof of (I). 


7. Proof of (II). It is known, cf. e.g. Strutt, loc. cit., that p(A) is 
positive in the intervals Avis, Azio and negative in the intervals Awj-1*, A2j*. 
According to (2), the continuous function p(A) cannot change sign without 
crossing one-half of the complex unit circle. Thus, as À traverses an interval 
of stable type, p(A) is a complex 2n-th root of unity at least n— 1 times. 
The truth of (II) can now be inferred from the facts that there are exactly 
2 — 1 characteristic numbers in an open interval. of stable type, the 2n-th 
roots of unity are dense in the unit circle, and p(A) is an analytic function. 


8. Proofs of (III) and (IV). ‘The differential equation (1) has a 
solution z(t) £0 of class L?(0, œ) if and only if A is of unstable type. Let 
s(t) s£0 be of class ?(0, 0). Then if (8) is also satisfied, x(t) —0 for 
¿= 0,1,2,:---, and so a(t) also satisfies (6) and, except for a constant 
factor, (7). Therefore, À = àm-ı* for some m. This proves all of (III) 
except the assertion concerning the continuous spectrum. This assertion, how- 
ever, is a particular case of a theorem of Wintner on the location of continuous 
spectra, [5] p. 23, see also [6]. 

In order to prove (TV), one need only observe that according to Wirtinger, 
lec. cit., f(t) == f(— t) implies that p(A)*" = 1 for every characteristic number 
à of the boundary value problem (1), (6). But then every characteristic 
function is either uniformly almost periodic or of the form x(t) + ctyi(t). 
Hence no solution can be of class L7(0, œ). 


9. Proof of (V). The proof of (V) is implicit in the arguments used 
above. If A is in Se, then every neighborhood of A contains infinitely many A 
values for which p(A) is a complex 2n-th root of unity. On the other hand, 
in the interior of each interval of unstable type there is at most one A value, 
namely Am-ı*, which can be in S”. 
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"THE LEAST CLUSTER POINT OF THE SPECTRUM OF BOUNDARY 
' VALUE PROBLEMS.* 


By Puinre HARTMAN and Carvin R. PUTNAM. 


1. In the differential equation 
(1) y” + (A—g)y = 0, 


let q'== q(x) be a real, continuous function on 0 & s < œ and let A denote 
a real parameter. Only real-valued solutions of (1) will be considered. 
For a fixed A, the differential equation (1) is said to be oscillatory or non- 
oscillatory according as every non-trivial solution y =. y(x) has or does not 
have an infinity of zeros on OS gz < œ. 

If, for some A (and hence for all A), (1) possesses a solution y == y (s) 
for which . 


(2) ~ Í, y? (x) dx == œ 


is satisfied, the differential equation (1) is in the Grenzpunktfall according 
to Weyl’s terminology; [7], p. 238. In this case, (1) and a homogeneous 
boundary condition 


(3) ay (0) + By’ (0) = 0, (a? + B40): 


determine an eigenvalue problem. The set S of cluster points A of the spec- 
trum of the boundary value problem (1), (8) is independent of the choice of 
the boundary condition (3) and is determined by (1) alone; [7], p. 251. The 
object of this paper is to characterize the least point (possibly + œ) of the 
closed set 9’. 

For example, it is known that if q = q(x) satisfies. the condition 


(4) p = lim inf g(t) > — ~, 

B00 
then the differential equation (1) is in the Grenzpunktfall; [7], p. 238: 
furthermore, if (1) is oscillatory for A = p, then A = n is the least point of S”; 


[7], p: 252. 
Also, it has recently been shown [6], $10 that if 


(5) poli q(c) 
D> OO 


* Received April 27, 1948. 
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exists, then À = p is the least point of S’ (whether or not (1) is oscillatory 
when A=). The proof of this assertion depends on an adaptation of the 
variational methods associated with non-singular Sturm-Liouville boundary 
value problems. This method will be combined with recent results [4] on 
differential equations (1) which are non-oscillatory for some A to prove 


(*) Let g==q(a),where0 Sa < oc, be continuous. Define m as follows: 
(i) if (1) is non-oscillatory for all A, let p= 0 ; | 
(ii) if (1) is non-oscillatory for some but not all à, let u be the umque 


number with the property that (1) is oscillatory when à > p and non-oscillatory 
when À < p; 


(iii) if (1) is oscillatory for all à, let p = — o. 


in the cases (i)-(i1), the diferential equation (1) is in the Grenzpunktfall 
and p is the least point of S’; in the case (iii), p ts the least point of S’ when- 
ever (1) is in the Grenzpunktfall. 


The cases (i) and (iii) of (*) are known; cf. [4], Corollary, § 6, and 
[11], pp. 318-314, respectively. That (1) is in the Grenzpunktfall in the 
case (ii) is also known; [4], Theorem, § 1. 

If (1) is replaced by 
(1 bis) (py) + A— Dy =9, 
in, (*), where p= p(x) >0 and q=q(«) are continuous and such that 
(1 bis) is in the Grenzpunktfall, then the proof of (*) will show that the 
corresponding number y is the least cluster point of the spectrum of the 
boundary value problem determined by (1 bis) and (8): (It can be mentioned 
that if (1 bis) is non-oscillatory for some A, then the condition 


0o 
f p*(x)dz == œ 
0 


is sufficient for (1 bis) to be in the Grenzpunktfall; [4], end of § 2.) 
Clearly, the theorem ‘(*) contains the assertions made above concerning 
(4) and (5). Also, (*) and Sturm’s comparison theorem imply 


COROLLARY 1. If q = q(x), where 0 Sa < œ, is a continuous, bounded 
function, then (1) is in the Grenzpunktfall and the least point p of 8’ satisfies 


lim inf g(x) S p S lim sup q(z). 


Bio > OO B-3 OO 


Another consequence of (*) and Sturm’s comparison theorem is - 
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COROLLARY 2. Let q(x) and q2(x) be two continuous functions on the 
half-line 0S s< © such that 


(6) qı (£) — qz (£) 0 as a> o. 
Then either both of the differential equations 
(7x) y” + (à — qu) y = 0, (k =], 2) 


are or neither of them is in the Grenzpunktfall; in the first case, the spectra 
of the boundary value problems determined by (8) and (Yx), for k =T or 2, 
have the same least cluster point (possibly + œ). 


The first assertion of this corollary, that concerning the Grenzpunktfall, 
is known and holds even if (6) is replaced by 


| qu (£) — qe (x)| < const. (OSr< ow); 
ef. [1], p. 513 or [9], p. 266. 


It remains undecided whether or not the “same least cluster point” in 
the last part of Corollary 2 can be replaced by the “same set of cluster points.” 
Finally, it will be shown that (*) implies 


COROLLARY 3. If the continuous function q = q(x), where OS t< œ, 
satisfies 


‘ [e @) 

(8) f: | q(£)—p|" de< œ for some r21 
0 i 

and some number p, then (1) is in the Grenzpunktfall and p is the least 
point of g. l 
‘The case p == 1 of Corollary 3 follows from a general oscillation theorem 
[5] and known asymptotic formulae for the solutions of (1). (The required 
asymptotic formulae can be obtained from [2] by a suitable change of variables; 
cf. also [8] and [10].) This particular case of Corollary 3 can also be obtained 
from [7], p. 258, if it is noted that the assumption (5) is actually not needed 
in the proof of the theorem [7], p. 258. 


2. Proof of (*). Since the cases (i) and (ili) of (*) are known, the 
case (11) will first be proved. In this case, it only remains to show that u 
is the least point of 9”. | i 

The theorem [4], § 1, implies that if (1) is oscillatory when A ==», then 
à = p is the least point of S. On the other hand, if (1) is non-oscillatory 
when A= pz, then the.spectrum of the boundary value problem determined by 
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(1) and (3) contains at most a finite number, say Ñ, of points which do not 
exceed u. Let 
Ar < de << Aw (OSN < w;dAvSp), 


denote these points. 


Suppose, if possible, that » is not a cluster point of the spectrum. Then 
there exists a number «e > 0 such that the A-interval p < ASS p + 2e does not 


contain a point of the spectrum. 
Let dn = dn(t), where n =1,2,---,N, denote the normalized eigen- 


functions belonging to A1,A2,° * *,Aw respectively; so that y = ¢n(z) is the 
solution of (1), with A = An, satisfying (3) and 


(9) {-¥(@)ae— 1. 


Let p = ¢(x) denote an arbitrary non-trivial solution of (1), where A = p -+ &. 
Jn view of the definition of » the function ¢(x) possesses a sequence of zeros 
to L Tı L ta L`- -, In terms of a set of numbers Ci; Cay" hy CHa: define a 
continuous function @== (zr) for OS g < æ by the formulae 


m P(x) = cjo (x) for 4.52 <s; and j—1,---,N+1; 
a p(s) =0 for 0S r < r, and ayy Se <o. 


The set of orthogonality relations 
i : | 
(11) f ®(2) dn (2) dx = 9 for n=1,:--, N 
0 
is either vacuous or is a set of N linear homogeneous equations for the N +1 


constants ¢;,° © *,¢€ws. It can therefore be assumed that these constants have 
been chosen so as to satisfy (11), and the normalization 


00 
(12) f 6° (xz) dx = 1. 
0 
The definition (10) shows that 
OO N+1 "ws ; 
Joata | agde 
i= j-i 
An integration by parts gives 


ay j > gj 
f (pas q) =— J p(” — qh) dz, 
Bit T-t 
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tor lz) == $ (Zi) = 0. Since (x) is a solution of (1) with A =p +e, 
the last integral equals 
wi 
(u+ €) pde. 


%4- 
Hence, 


0o ; N+ wF o0 

J te= (ute Sot (7 parc ato fede, 
0 f= 2-1 0 : 

so that, by (12), 
Oo 

GET tempt 


Let p(A), where — œ <A < œ, be a monotone function which de- 
termines the spectral resolution for the boundary value problem (1) and (38); 
so that the spectrum consists of those points A, in every neighborhood of which 
p(à) is not constant. Cf. Weyl [7], p. 239; in contrast to the notation of 
Weyl, it is assumed here that the monotone function has appropriate discon- 
tinuities at the eigenvalues so that the standard relations involving “ Fourier 
transforms” can be expressed in terms of a Hellinger integral only, instead 
of’a series and a Hellinger integral; see, e. g., [6], §1-§ 2. 

Let P(A), — 0 <A < œ, be the “ Fourier transform ” of (x), so that 


J P(ary*/ae— REZO = l; 


as above, the notation differs from that of Weyl [7], p. 251, in that the con- 
tributions of the eigenfunctions as well as the eigendifferentials are contained 
in I'(A). Then it follows from the Lemma in §2, [6], and the Corollary and 
Remark in §3, [6], that 


00 l co 
CET ae f“r(ary*/ap. 
0 “OO 
Since the only contribution of the half-line — œ < AS p + 2e to the spec- 


trum is the set of eigenvalues A;," >, Ay and since @(x) satisfies the ortho- 
gonality relations (11), it follows that dr (A) 0 for A < p + 2e and so 


J aan) dp = (p + 2e) J Tam). 


The last four formula lines lead to the contradiction p + e = p + 2e. There- 
fore the assumption that A == is not a cluster point of the spectrum is un- 
tenable. This completes the proof of the case (ii) of (*). 
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_ A proof similar to that above can also be used for the case (iii). Let 
(1) be in the Grenzpunktfall and oscillatory for every A. Suppose, if possible, 
that A = — œ is not the least cluster point of the spectrum of the boundary 
value problem determined by (1) and (3). Then there exists a pair of 
numbers u* and « > 0 such that the half-line — 0 < A & u" + 2e contains 
no point of the spectrum. Since (1) is oscillatory for A = a” + «, the proof 
can: be completed as above (for the situation when W 0). This completes 
the proof of the case (ili) and of (*). | 


3. Proof of Corollary 3. In order to prove this corollary, it is sufficient 
to show that if g(a) and p satisfy (8), then the case (ii) of (*) applies. Tt 
is known ([3], §18) that (8) implies that (1) is non-oscillatory when A < p. 
It only remains, therefore, to verify the fact that (1) is oscillatory when A > p. 

Suppose the contrary, so that there exists a A > p corresponding to which 
every solution y = y(x) of (1) possesses at most a finite number of zeros. Let 
X be chosen so large that y (£) =£0 for every r= X. If (1) is divided by 
y= y(x), where « = X, and the identity 


y/u = (Y 4Y + (y’/y)* 


is applied, it is seen that 
(y'/y)’ + (yy)? + A— nu) + (u— g) = 0. 


A quadrature of this relation leads to 
7 E ? ® l 
y'/y = const. — in (y'/y)’dx — (A— u) t — f (u— q) dz. 
In view of (8) and the Hölder inequality 


| {ode sae f" |ual” day 


it follows from A— p> 0 and r= 1 that 
y [y —>— œ as TD, 


-In particular, y and y’ are of opposite sign for large æ, so that y tends monoto- 
nously to a finite limit. Consequently, y is improperly integrable and there- 
fore absolutely improperly integrable (since it cannot change sign for large 
x-values) 

“Thus, if y = y(@) is an arbitrary solution of (1), the function y = y(x) 
is bounded and its derivative y’ (s) is absolutely integrable. This, however, 
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contradicts the fact that the Wronskian of two linearly independent solutions 
of (1) is a non-vanishing constant and establishes Corollary 3. 

This proof shows that Corollary 3 remains true when (8) is replaced by 
the Tauberian condition 


f (u—q(t))dt/~—+0 as > œ. 
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TWO-DIMENSIONAL TRANSONIC FLOW PATTERNS.* ' 


By STEFAN BERGMAN. 


1. Introduction. The successful development of the mathematical 
theory of two-dimensional steady flows of an ideal incompressible fluid is 
largely due to the fact that the complex potentials of such flows are analytic 
functions of a complex variable. J unction-theoretical methods may therefore 
be used in order to obtain and to investigate flow patterns possessing at given 
points the assigned singular character and satisfying given boundary 
conditions.? | 

In investigating the flow of an incompressible fluid by theoretical methods, 
two alternative treatments have been used. The behavior of the solutions has 
been studied either in the so-called physical, i. e., the plane- in which the motion 
actually occurs, or in the hodograph plane, i.e., the plane whose cartesian - 
coordinates are the velocity components. In the incompressible case, both the 
potential and the streamfunction are harmonic functions, irrespective of 
whether the motion is considered in the physical—or the hodograph plane. 

In the compressible case, both the potential and the streamfunction 
considered in the physical plane satisfy complicated non-linear equations. By 
considering the motion in the hodograph plane, and making a few appropriate 
transformations, it is possible to linearize these equations. (See [11] and 2 
of the present paper.*) 

The treatment of the problem in the physical. plane has, of course, the 
fundamental advantage of making the boundary conditions enter in an obvious 
way. The gain in simplicity due to the linearization is, however, so consider- 
able as to make the hodograph method vastly superior for various purposes. 

In the present paper the theory of compressible fluid flow is- developed 


* Received August 2, 1947. 

* Research paper done under Navy Contract NOrd 8555-Task F, at Harvard Uni- 
versity. The ideas expressed in this paper represent the personal views of the author, 
and are not necessarily those of the Bureau of Ordnance. 

* Poles, logarithmic singularities, ete., of the complex potential represent doublets, 
sinks, sources, vortices, ete., of the flow. 

*The numbers in brackets refer to the bibliography at -the end of the paper. 
Acquaintance with the contents of these publications is not assumed in the present 
paper. 
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by studying the linearized equation and applying to it the operator method 
developed in [1-10]. Generalizing the procedure: “taking the real part,” 
this method leads to the determination of certain linear operators which trans- 
form functions of one variable into stream (or potential) functions of com- 
pressible fluid flows preserving many fundamental properties of functions to 
which the operator is applied. In the present paper, two operators of this 
kind are considered: the so-called integral operator of the first kind (3) and 
that of the second kind (4-6). For some fluid dynamical applications, and 
in particular for the study of the behavior of the flow near the sonic line, 
the second operator seems to be more appropriate. In this case, however, the 
relations between the properties of functions to which the operator is applied 
and those of generated functions is more hidden. This is why it is useful at 
first to investigate the special case which is obtained by assuming a simplified 
equation of state. This simplifying assumption results in the equation for 
the stream function taking the form 


(1.1) — CH (8%4,/00) + (8%,/0H2) = 0, | C>0 


_ Where H is a function of the Mach number, M, which is negative for M < 1 
and positive for M > 1. (See (2.1) and (2.3)). 

In an important investigation, Tricomi [16] studied the boundary value 
problem of equation (1.1) and showed that if we consider a finite domain D, 
bounded in the supersonic region. by two characteristics, say BA and CA, 
and by a curve BmC in the subsonic region, and if the boundary values are 
prescribed in BmC and on one of the characteristics, say BA, then the boundary 
value problem has a unique solution. Frankl [13] considered questions allied 
with Tricomi’s investigations in the case of the exact compressibility equation. 


The questions arising in our approach are, however, of a somewhat 
different nature than those considered by the above-mentioned authors. 


In the first place, we seek to find conditions for a function, say f, of one 
variable in order that the generated function P(f) will be defined in a pre- 
scribed domain B, which in general lies partially in the subsonic and partially 
in the supersonic region. 


Secondly, and this is the most essential difference, we are considering 
solutions of the compressibility equation which possess singularities (e. g., 
branchpoints) in the hodograph plane. In the applications of the theory, 
the consideration of this type of solution cannot be dispensed with, since, 
notwithstanding the singularities in the hodograph plane, the behavior of the 
solutions in the physical plane can be perfectly regular. Furthermore, certain 
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singularities in the physical plane have a hydrodynamical meaning and must 
be considered in investigating flow patterns. 

The methods employed in the case of equation (1.1) are to some extent 
capable of generalization to the case in which the coefficient (— CH} is 
replaced by an arbitrary function 7(H). (See 5). This includes, in particular, 
the exact, i. e., non-simplified compressibility equation. 

In 3, we introduce the so-called integral operator of the first kind, P4. . 
This operator yields a streamfunction of a subsonic, compressible fluid flow 
in terms of an arbitrary function of one complex variable. The representation 
holds for * E[M < 1,— œ <0< wo]. Here M is the Mach number and 6 
the angle which the velocity vector forms with the positive s-axis. 

An analogous representation for the streamfunctions of supersonic flows 
in terms of two differentiable functions of one real variable holds for 
E[M>1,—0<6< æ]. Using the integral operator of the second kind, 
we obtain (4, 5) four analogous representations in terms of arbitrary functions 
of one variable. These four representations are valid in four adjacent domains 
of the M, 6-plane, namely 


D, = E[M < 1,6 >33 |A(M)|] + ELM > 1,6 > A()], 
D,=E[M < 1,| 0| < 82 [A(M)]1, 


D; == ELM < 1,60 < — 83? | A(M)|] + B[M > 1,0 < — 34A (M)], 
D, = E[M > 1, — 83A (M) <0 < A(M)], 


respectively. Here 0 = + 32A(M) and 0== (—12)A(M) are certain 
curves which pass through the point M == 1, 9 == O and which lie in the sub- 
sonic and supersonic region respectively (see fig. 1). 

In the simplified case these four representations can be combined into 
one, yielding a representation which holds in the whole M, 8-plane. This 
result is based on certain theorems of the Fuchs theory of ordinary differential 
equations with singular coefficients. The question of combining the analogues 
of the above four solutions in the exact case, and generally, the study of the 
solutions leads to the investigation of partial differential equations with 
singular coefficients, which, when solutions are continued to complex values 
of the arguments, can be attacked by methods representing a generalization 


* The functions y = P, (f) may be multi-valued functions which may possess singu- 
larities. The statement that P,(f) is defined in E[4f < 1] means that the projections 
of the domain in which P,({f) is defined on the schlicht M, @-plane, lies in E[M <1]. 

E[ ] denotes the set of points whose coordinates satisfy conditions indicated in 
the brackets. 
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of the Fuchs theory for ordinary differential equations. These questions, and 
in particular the problem of combining the four above representations into 
one, will be treated in a subsequent paper. 

In 6, we determine the “ associate ” function for Pa(f) in terms of the 
values of the stream function y == Im[P.(f)]|, and its derivative with respect 
to M on the line M = 1 (sonic line). 

The author would like to take this opportunity to thank Bernard Epstein 
and A. Zeichner for helpful advice and aid in connection with the present 
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paper. He would also like to thank Z. Nehari and M. Schiffer for a number 
of helpful suggestions. 


2. Equation for the streamfunction of a compressible fluid flow. 
Exact and simplified equations. Assuming that the thermodynamical equa- 
tion of state of the fluid has the form p == cp", where o and k are constants, 
and p and p the density and pressure respectively, and introducing as new 
variables 


q q A 
D Hm f o(d) = f i—i igg, 


and 6, where g is the speed and @ the angle which the velocity vector makes 
with some fixed direction (say the positive z-axis,), we obtain the following 
linear equation for the streamfunction: 
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(2. 2) SW) ==] (H) (0°y/06*) + (@y/0H*) = 0, 1(H) = (1—M’)/p’, 
where l 


(2. 3) M = q/{1— 3(k—1) 9?) 


is the Mach number. The denominator in (2.3), being the local velocity of 
sound, M will be smaller or larger than 1 according as the flow is subsonic 
_or supersonic respectively. The differential equation (2.2) will therefore 
be of ellipitic or hyperbolic type, corresponding to the subsonic or supersonic 
character of the flow. 

A formal computation > shows that the Taylor development of (H) in 
the neighborhood of H == 0 is 


(2.4) I(B) = [2/ (e —1)] 0/0- [(— 2H) 
— ( (2k + 5)/ (2k + 2)) ( (k + 1)/2)%/ 0- (— 2H)? 


+ kt + (43/6) k" ri (31/2) k + 31/6 ((k + 1) /2)¥/@-1) (— 2H)? À’ 


In considering a flow (or a portion of a flow) which is purely subsonic, 
it has some advantages to replace H by the variable A defined by 


(2. 5) =—— f “U(r Par. 


à can be expressed in a closed form as a function of M; a formal compu- 
tation yields 


1—(1—M?)? {1 +h — Meyag ` 
Ro acto [pamm ramy) d 


h = [(k—1)/(k + 1) F. 
Now 

— pAg = — plil (H) J, 
(2.7) dan = yal + (2) = pal — blg = li + prg] 
so that (2.2) becomes 


(2. 8a) yaa t Yaa + Ndr = 0, 
5A detailed account of formal derivations of some expressions used in the present 


paper can be found in the Appendix to Technical Report 10, of the series “ Operator 
methods in the theory of compressible fluids,” Harvard University, 1948. 
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or, in complex notation, 


(2.8b) - bine + 4N (v2 +-¥a) =0, 


where 
4 
(2.9) N=} "ly =— [(k + 1)/8] I I” E EET E EEEE 


See [6, (46)]. It should be noted that the interval — œ < à < 0 corresponds 
to the interval ~o <H <0. © 

In the supersonic case (i.e., for M > 1) the right-hand side of (2. 6) 
becomes purely imaginary. If we introduce the new variable A defined by 
(2. 10) i À = ià, 
it is easily confirmed that 
(2.11) A = h™ arctan [h(M? — 1)?}] — arctan [ (M? —1)}]. 

In this case, (2. 8a) will take the form 


> k+l M* 
(2. 12) yaa — Yoo + 44Na = 9, M= y ELA 


Remark. Equations (2.8) and (2.12) can be simplified. If y is 
replaced by 


(2. 18) | y* == y/P 

where (0R/0Z) = N, then y* satisfies the equations 

(2.14) y*n t Yoo + 4Fy* = 0 and oh, — Yo — 4AF y* = 0, 
where 


(is) pep ETDM et ha ere) Le oY 


64 (i— mM)? 


For subsequent use, we write down the expansions of N and F in the 
neighborhood of A == 0 | 


(2.16) N= (1/12) [1— 4 (k + 1)a[ (2+ 324)k 4+ 5-B—2] X 
[2-1/682/8 (Ie + 1)-3/6 (— r) 2/8] +. i ‘1, 

(2.17) F = (5/144) (— A)? + A2(—A) 2 + Ao + Aa (—a)* 
p-s 5/86(— 2A)? q 


In the vicinity of H= 0, i.e. the sonic line, (H) may be replaced by 
the first term in its expansion (2.4). Using this value of 1(H) in (2.2), 
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we obtain the so-called “simplified” compressibility equation (1.1). In 
considering transonic flows, the solutions of the simplified equation will 
therefore give a fair approximation—in a certain neighborhood of the sonic 
line—of the exact streamfunction. 

The expression for N, F, and H will, in this case, reduce to 


(2. 18) N = Nt =— (1/6) (1/(— 2a)), 

F = Ft = (5/36) (1/(— 2a)?), 

H = H} — (37/3 /2) (2/(k _ 1) ) (k-2)/(3k-3) (— d) 2/3, 
respectively. 


REMARK. We are using the same variable à in both the exact and the 
simplified case, as this facilitates the comparison of the respective flow patterns. 


3. Application of integral operators to the compressibility equation. 
Integral operator of the first kind. The use of integral operators in the 
theory of the compressibility equation is based on the following theorem: 


THEOREM 3.1. Let B(Z, Z,t) be a function of two real and one com- 
plex variables, à, 0, t, which is defined for t along a curve connecting t = — 1 
and t =1, and for (A, 6) eG. G denotes here a sufficiently small neighborhood 
of the origin. 


Let E satisfy the following conditions: 


1. E possesses continuous partial derivatives with respect to all three 
of tis arguments, up to the second order. 


2. The expression 
(3.1) [(1— #)B(Z, Z, t) /Zt] 0/07 


is continuous for Z==0, and approaches zero, uniformly with respect to 
(A, 0) £ G as t—— 1 ort. 


3. E satisfies the partial diferential equation 


(83.2)  G(E) = (1— €) (Ez: + NE:) — (1/4) Bz + 2ZL(E) = 0 
where 
(3. 3) L(E) = baz +N (Ez + Ez) = (1/4) Ba + (1/4) Bog + NE). 


If f(£/2) is an analytic function of ¢ defined in a simply-connected domain P, 
which includes the origin, then the expression u(Z, Z), given by 
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(3. 4a) u(Z,Z)—=P(f), 
(8.4) P= f EZOZ.) 


is defined in a simply-connected domain which lies in G[) P, and satisfies 
the equation L(u) = 0. 


The proof of this theorem is given in [1, § 1 and 6, pp. 34-89]. The 
function f will be called the associate of P(f) with regard to the operator P. 


Since (8.2) has an infinity of solutions, there exist infinitely many 
integral operators; a closer investigation of their properties will show which 
type of operator is best suited for the purpose on hand. The following 
property of the integral operator plays an important role in some of the 
applications. | 

As is well-known, a harmonic function G,(d’,6’) == G(Z’, Z) may be 
written in the form 


G(Z’, 2’) = (1/2) [g (2’) — 9 (#)]. 
Here €! 


Z =X +W, P =X — il, N=A—d, O = 6 — bo ào < 0. 


If now the harmonic function G, (A, 6’)-is continued to the complex values 
of the arguments A’ and 6’, i. e., if we assume that Z’ and Z are not necessarily 
conjugate to each other, and if, in particular, we consider G and g in the 
so-called characteristic planes Z’ == 0 or Z == 0, then we see that the analytic 
function of a complex variable and the continuation of the real harmonic 
function differ only by constants; ” indeed, 


G (2, 0) = (1/20) Lg (27) — 9(0)]. 


An integral operator generates complex solutions of L, and we may demand 
that. these complex solutions possess an analogous property. We shall show 
that there exists an integral operator-p (which is connected by relations 
(3.11), (3.12) with P) such that the complex solution of (3.3) 


° In the discussions, it will be useful to consider a shift of origin to the point A, 8o 
(puiut of reference of the operator). 


In this section Z’ and Z’ will be treated as independent variables. 

7 Analytic functions of a complex variable represent a very special subclass of 
complex harmonic functions (i. e., the totality of functions G -++ iH, where G and H are 
two arbitrary real harmonic functions). Operator (3.4a), (3.4b) generates also a 
subclass of complew solutions of the equation L. 
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u(Z’, Z) = p[g(2’)] 
and the real solution 


(4, 4) = Im[u(2’, 2’) ] 


are connected by the following relations 
(3.5) (2,0) = (1/21) |u(Z’, 0) —R(Z’, 0) const.],  u(2’,0) = 9(2’) 


where R(Z’, Z’) is a given function defined in (3.7). This operator P will 
be called “integral operator of the first kind” and will be denoted by Py. 

Defining the generating function #,(Z’,Z’,¢) of the operator of the 
first kind by the requirement that 


(3. 6a) B,(Z',0,t) =1 

and 

(3. 6b) E,(0, 7, t) = exp [ — f “ Na”, 
J 


we shall show that these relations imply the property (3.5). 
Writing the generating function of the first kind #, in the form 
(3.7) Ey, =R(Z’,7)E*, (Z,Ž, t); 


z7 -` . 
R(2’, Z) = exp [— | N(2 +. 74)a71] 
0 
and assuming that Æ*, has the development 
. © = 
(3. 8) Be, = 1 -4 SZ’ PO (27,2), 
nzi 
it is found that (3.7) satisfies the relation (3. 6b). Substituting this into 
equation (3.2) we find that the P™ satisfy the following recurrence relations: 
(3.9) Pe 42F 0, (2n4+1)Py™) + 2Pz7™ + 2F PO — 0, 
| U1, 23,5 3 
Finally, (3. 6a) is satisfied by imposing upon the P~ the initial conditions 
(3. 10) P™ (Z',0) =0, n—=1,2,3,--°. 
By the above requirement, the P‘ and hence the generating functions Fi 
(of the first kind) are uniquely determined. Applying the considerations 


of [1, pp. 1173-76] it can be shown that the series (3.8) converges absolutely 
and uniformly in a sufficiently small neighborhood of the origin Z’ 0, 


TWO-DIMENSIONAL TRANSONIC FLOW PATTERNS. 865 


Z —0(. The existence of an integral operator of the first kind thus is 
assured. Assuming that the associate function f is regular in a sufficiently 
large domain, we prove that by applying to it the integral operator of the 
_ first kind, we obtain a solution u(Z,Z) (see (8. 4a), (3.4b)) of (2. 8b) 
defined in a sufficiently small neighborhood of the origin. We shall show in 
the following that if f is regular for M < 1, this solution can be continued 
throughout the whole subsonic region. 


REMARK. Integral operators of the first kind can also be written in a 
somewhat different form which is useful for various purposes. Namely (as 
can be shown by a A computation, see [4, pp. 618- oe 
we have® | 


(3.11)  P(f) = P(g) 


= R(Z', Z) [g (Z) + $ gre ait P&® (2, Z) gh (27) 7 


Tin+l 
gil (Z’) = Í, “ i (G9 (Zn) abn» - dZ 
-GED S (2! — OMID 
where 
(3.12) © gZ) = f. FBZP) — P). 


(3.11), (3.7) and (3.10) imply (3.5). 


We proceed now to the proof that every real solution of equation (2. 8b) 
can be represented in a sufficiently small neighborhood of the origin Z’ == 0, 
Z — 0 as the imaginary part of the right-hand side of (3.11) with suitably 
chosen associate function f (or g). | 

Let y(Z’, Z) (Z being conjugate to Z’) be a real solution of equation 
(2.8b) which is regular in a sufficiently small neighborhood of the origin. 
Since this equation is of elliptic type and its coefficient N is an analytic 
function of two variables, y (Z, Z’) can be written in the form of a power 
series s 


WZ, 2) =Ù S DinZ!™Z, Dun = Dum 


m=0 n=0 


which converges in a sufficiently small 1 neighborhood of the origin. 
8 f and g are associates of the same solution of (2. 8b), the first with respect to the 


operator P, the second with respect to p. In order to avoid any confusion we shall 
speak about “ p-associate” and “ P-associate.” 
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In the plane Z’ == 0, we have: 


oO 
(3. 13) y(Z’, 0) = 2 Dm” = G (Z) 
mz 
and in the plane Z’ == 0, 
Q00 
(3. 14) (0,2) = > Doin” = G2(Z’) ; 
=O 


G, and Gh are two analytic functions of one complex variable Z’ and 2%, 
respectively, which are regular in a sufficiently small neighborhood of the 
origin. (We note that G,(0) =G.(0) and G.(7’) =G,(Z’) since for Z’ 
conjugate to Z’, y is real.) On the other hand, by classical results (the initial 
value problem in the theory of partial differential equations), it is known 
that if functions G: (Z), G2(Z’), Gi(0) = G.(0), are given, there exists one 
and only one solution ¥(Z’, Z’) of equation (2.8b) such that (3.13) and 
(3.14) hold. The integral operator (3.4) enables us to write down the 
solution. Indeed, let us determine two functions say gi(Z’) and g2(Z’), 
g2(Z) == 9,(Z’), such that 





(3. 15) 9:(Z’) + 92(0) B(0, 2’) = G,(2’) 
and therefore: l 


ge (Z) + g9:(0)R(0, Z’) = Ge (2). 
Now 


(3.16) R(2Z', Z) gs(Z’) 


+3 Ten +1) P&H (Z’, Z’) foo f e ATA - - dZı] 


1 2T (n+ 1) 
+ B(Z’, 2’) [92(7) 
0 2 n z Zn = 5 


will represent a solution of (2. 8b) which satisfies the conditions (3.18) and 
(3.14); our assertion that every (real) solution can be represented as the 
imaginary part of (8.13) is therefore proved. 

As already mentioned, (8.18) is a priori only defined in a sufficiently 
small neighborhood of the origin. We shall prove, however, that provided f 
is regular for X <A, the solution y(Z’,Z’) obtained in this way can be 
continued into the whole region E[Re(Z’ + 2’) < 2d, |Z | < 0, |Z| < œ]. 
As shown in [6, pp. 56 ff.; 8, p. 48ff.], the quantity F == F(4(Z’ + Z’) ) 
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introduced in (2.15) is a function of two complex variables Z’, Z’ which is — 
defined in the above region. Therefore the expression ° 


25 Z. Zz m 
(3.17) R(Z, Z) [g:(2) — f f F.dZ,d2, 


ee fr SF PLY. = . ‘F9,dZ,dZ_|dZ,d2, +++ +] 


Land ath wh Z’ Zz n 
HEZ, Zle) — S" f Poaza, 
0 


z Z 24 Za 2 = 
i f f UF. f f Fg-dZ:42,]dZ, dZ, 4] 
0 0 0 


‘satisfies the differential equation (2.8b) and the initial conditions (3. 13), 
(3.14). It is evident that the series ( 3.17 ) converges in any simply- 
connected domain which includes the origin Z’=-0, Z’—0 and which is 
common to the regularity domains of F, gı, gz. Since by the above require- 
ments a solution of (2. 8b) is uniquely determined, the expressions (3. 16) 
and (3.17) must coincide, so that they are two different representations of 
the same function. 


We proceed now to the discussion of the relations between the domains. 
of regularity, a and k, of the pi-associate function g and the generated 
solution p:(g) in the real plane, i. e., for Z” conjugate to Z”, 


THEOREM 3.2. Let B be a bounded region of the (real) N, 0-plane, 
situated in B[N < dg]. If g is regular in B, then p,(g) is also regular in B; 
conversely, the regularity of pi(g) in B implies that g ts regular there. 


Proof. In order to prove our statement we investigate the relations 
which exist between the regularity domain of a solution y (Z, Z) of (2. 8b) 
in the real X, 6’-plane (i.e., for Z” conjugate to Z”) and in the space of two 
complex variables, A, 0 (i.e., when Z and Z’ are two independent complex 
variables). Let B be a domain in the A, 6-plane. We denote as the hull +° 


° The integral operator of the first kind may be regarded as a generalization of the 
Riemann formula in the theory of linear hyperbolic equations uyy + a(X,Y)uy 
+ b(X, ¥)wy + ¢(X,Y) =0 to the elliptic case, where the real variables X, Y are 
replaced by two independent complex variables, Z’ and Z’ respectively. If we consider 
the solution in the real plane, i. e., for 2’, Z' conjugate, we thus obtain solutions of 
elliptic equations. See [5, pp. 317-318]. 

1° The superscript indicates the dimension of the manifold ‘under consideration. 
In the case where the manifolds are one- or two-dimensional and are situated in the 
{real) A, 0-plane, these superscripts are omitted. 
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H*(B) of B the intersection B,* f) Bo* of two cylinders of (four-dimensional) 
` space, B, == R[Z e B, Z arbitrary], B- = E[Z’ arbitrary, Z’ e B]. 
It is well-known that a solution y*(Z’, Z) of the first equation of (2. 14) 
can be represented in the domain B of the real A, @-plane in the form . 


7 ay* (£,¢ nL? Gp F ap* (Z Z’; 5 
(3. 18) HZD = f [PRED gz, 2560) — GD a e8, 


where b denotes the boundary of B, nè the interior normal to b, dsg the line 
element of b. Here ¢* is a fundamental solution of (2.14), and we have 


(3.19) $* = 4x(2, 736%) [Ig (Z —£) + 1g (#@—Q 1 + (4, W582) 


where 11 


(3.20) x(2’, 45 & &) 


-1— f fj Pata, 


ame | T j if Se PAZ ,dZ_ dZ,dz, + 
(3.21) 0(2’, 2; ,Z) 


- Se f Ž q4Z,dŽ, 
4 
z eZ 2, {i E z 
-f Sees, GdZ-d.] åZadZ, ++, 
G = — (1/ (Z — E) ) (8x782) — (1/ (Z — £) ) (6x/82’) 


_ Since F is defined for all values: Re((Z’ + Z’)/2) < ìo |Z| < œ, |Z| < œ, 

it follows from (3.17) that if g, is regular in B, B = E[A’ < Ao], then pi(g:) 
is regular in H*(B), and therefore also in the domain B, which is the inter- 
section of H*(B) with the real A, @-plane. This is the first assertion of 
Theorem 3. 2. 

From (3.18), (8.19), (8.20), (3.21) it follows that every solution 
which is regular in the domain B of the real A, 6-plane can be extended to 
the complex values in H*(B). Since B represents the intersection of H*(B) 
with the plane Z’ ==0 as well as with Z =0, ¥(Z’,0) and y(0,2Z’) are 
regular in B. Since R(Z’, Z’) is regular in E[Re((Z’ + 2’)/2) < do, | 2’ | <0, 
|Z | < œ], it follows from (3.17) that G,(Z’), (as well as Ga (Z) = Gi (2^ 
see (3.15)) is regular in B. See [1, §1 and 2, $2]. This completes the 
proof of Theorem 3. 2. 


~ 


11 We note that x(Z’, 2’; 0,0) = p: (1). 
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As has been shown in [5, pp. 318-319], the function generated by integral 
operators P(f) defined in (8.11), will have branchpoints of finite order,?? _ 
at the same points as the function 


(3.22) P= f aeae 


As a consequence, the following holds. 


THEOREM 3.3. Suppose that the function 


(3. 23) 9(Z) = Po(f) 


is defined and regular in a region R situated on a Riemann surface, which 
possesses in tts interior a finite number of branchpoints, each of finite order. 
Let further the i of R on the schlicht à, 0-plane lie in H[— œo < N 
< Ao]. 


Then the function 
(3.24) R= S BZ, Z OZAP) ae) 


(see (8.2), (8.7), (8.8), (8.9), (8.10)); is a solution of (2. 8b) defined 
in R, possessing branchpoints at the same points and of the same orders as g. 

y = Im [P.(f)] satisfies equation (2. 8a) and can be interpreted as a 
streamfunction (in the'à, 6-plane) of a (possible) flow pattern of a com- 
pressible fiucd. 

Making an obvious modification, we can in a similar way extend the 
definition of the operator P, so that it can be applied to functions of one 
variable A -+ 0 and A —-9 respectively, thus generating solutions of equation 
(2.12). The expression 


(3.25) P,(f:(A + 8)) + Pi(fe(A — 6)) 


where fı and f are two linearly independent functions, will represent a 
(possible) streamfunction of a‘supersonic flow pattern. 

4, The integral operator of the second kind in the case of the sim- 
plified compressibility equation. The integral operator of the first kind, 
convenient though it is for many purposes, -has the disadvantage that it does 





*2 At poles and logarithmic singularities, operators P(f} do not, in general, preserve 
certain properties of P,(f) which are essential in aerodynamical applications; in these 
cases, we have to use other means (see [3, 9]), in order to produce the necessary 
singularities of y. 
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not represent solutions of the.:compressibility equation in the neighborhood 
of the sonic line. Furthermore, it has the disadvantage from the practical 
point of view that the P'™(Z’,Z’) are functions of two variables which 
makes tabulation of the values of P™ very time-consuming. 

These two disadvantages can be removed by the use of another operator— . 
to be termed “ operator of the second kind ”—for which the P™ are functions 
of one variable only and which yields a representation of the streamfunction 
in the neighborhood of the sonic line. This operator has a number of other 
distinctive features which will best be elucidated by the detailed discussion 
of the so-called “ simplified ” compressibility equation, i. e., where N = N+ 
= (12A) in equation (2%. 8a) or alternatively, where F = F} == 5/144)? in 
equation (2.14). | 

According to Theorem 3.1, any function W of the form 


(4.1) E = HE", 
where #* is a solution of the equation 
(4.2) G.(E*) = 1—®) Bx — (1/i)E*z + 22th" zz + 2ZtPE* = 0, 
and H is defined by 
(4. 3) H (2A) == exp [ — EG dr] 
L Qe) (kee 


= So(— 2A) p ( (— 2d)*/*) 
with 
p((—2A)?) = 1 + 8 (— 2A) + 82(— 2AA 4° --, 
So == Q(2k+1) / (8k-8) 3-1/6 ( J Ae 1) (2-k) /(elk+6) ` 


(4.4) Sp = (1/10) (8/4) (k + 1) (2h + 5), 

Sa = — (1/1400) (3/4) 4/8(b 4 1)/2 (64k? 470k 4 Y5), -> 
may be used as a generating function of our operator. In the case of 
the simplified equation, we have N} = 1/ (12A), p((— 2a)**) = 1, H} (2A) 
= o (— 2A), FT = 5/1442. 

We now introduce a new variable 
(4. 5) u = ËZ/ (Z + 4), 


and we shall show that in the simplified case there exist solutions of (4. 2) 
which are functions of u alone. 


r 
* a : 
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LEMMA 4. 1. y4 | 
(4.6) E*+(A, 6, t) = A,F(1/6, 5/6, 1/2, — (A + i8) /— 2a) 
4+ Bi(— (aA + 18) /— 2a) (2/8, 4/3, 3/2, — P(A + i0) /— 2a) 


(where F(a, B, y, X) denotes the hypergeometric function and A, and B, 
are arbitrary constants) is the most general solution of (4.2) which is a 
function of u alone. Let us note that there exist other solutions of (4. 2) 
which are functions of one variable, see (4. 20).) 


Proof. We shall show that (4.2) can be reduced to an ordinary 
differential equation whose solution is (4.6). A formal computation yields 


6u/Ot == 2u/t, uZ = (Pu — u?) /PZ, du/dZ = — u? / tZ, 
BE*+z ee wien tn sy, E* +94 — — 2424-37 -1 [uE* tun + E*+, | l 
E* zz = — wt tZ] (ut? — u?) E” fuu + (P — 2u) B* tu], 
Ft = (5/86 jwt Z. 

Substituting the above expressions into (4.2) we obtain 
G (E*}) = — wt Z [u (1 —u)E”Țuun + (4 — Ru)E” tu — (5/36) EF] = 0. 
The equation 
(4.7) u(1—u)E* fuu + (4 — 2u) E” ty — (5/36) E*} =0 


is a hypergeometric equation whose general solution can be represented in 
the form 


(4.8) E*}=— A,F(1/6, 5/6,1/2, u) + BaF (2/3, 4/3, 3/2,u) |u| <1 
(4. 8’) — Asu ™ E (1/6, 2/3, 1/3, 1/u) 

+ Byus/*F (5/6, 4/3, 5/3, 1/u), |u| >1. 
Replacing u by the right-hand side of (4.5), we arrive at (4.6). 


Thus, combining (4.1) and (4.6), we obtain for the generating function 
in the simplified case * 


*8 We note that in many instances we may omit the second term on the right-hand 
side of (4.9) since 


G 2/8 4/8,3/2, — POA + 18) /— 2) FBC — 1) )41/ FY = 
f=-1 ; 


if f is regular at Z = 0. 
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(4.9) Et(A, 0, t) = AySo(— 2A) F (1/6, 5/6, 1/2, — (A + i0) /— 2a) 
+- BySo(— 2A) 2/3 [— t (A + 16) JAF (2/8, 4/3, 3/2, — t? (A + i0) /—2a), 
P E E 
(4.9) = ASof (— #2) (A + i0) J-F (1/6, 2/3, 1/3, — 2A/— E (A + i0)] 
-F BoSo(— 2A) A| (— £) (A + 18) 5AF (5/6, 4/3, 5/8, —2a/— (A + i0) ); 
| —2A/— (A + i0) | < 1. 


In Theorem 3.1 we proved the existence of a generating function by 
means of which we can obtain solutions of the compressibility equation in a 
sufficiently small neighborhood of the origin. We shall now show that in 
the case of the simplified equation and the operator of the second type this 
result in the small can be replaced by a result in the large. This result 
enables us, from the behavior of the associate f, to make conclusions con- 
cerning the behavior of the generated solution of the compressibility equation 
in its entire domain of definition. An exact formulation of this statement, 
at first for the subsonic region, is given in the following theorem: 


THEOREM 4.1. Suppose that the function 


(4. 10) g(Z)— f aAa e) 


is regular in a region B (situated on a Riemann surface) which possesses in 
its interior a finite number of branchpoints, t each of finite order. Let 
further the projection of B on the schlicht A, 6-plane lie in B[— 0 <A < 0]. 


The function 
(4.11) y=Im[PH(f)], | 
PRA) = f OGD P] E, =at 


(where C is a suitably chosen curve in the complex t-plane connecting the 
points t = —1 and t= 1) is a solution of (2.8) with N = N} = 1/12); 
this solution is defined in B and possesses branchpoints at the same points 
and of the same order as (4.10). y==Im[P}:(f)] can be interpreted as a 
streamfunction (in the à, 6-plane) of a (possible) flow pattern of a com- 
pressible fluid (for the simplified compressibility equation). 


24, We assume here that the only singularities of g in B are branchpoints. In 
applying the integral operator method in the case where g has poles or logarithmic 
singularities, certain modifications, indicated in [9, p. 469, footnote 14], are needed. 
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Proof. In order to prove our statement, we have to show that by (4. 6) 
and (4.10) and slight modifications of these formulas, #+2(A, 0, t) is defined 
for all values à < 0, — œ < 8 < œ and for values ¢ belonging to a suitable 
simple, sufficiently smooth curve in the complex ¢-plane which connects 
t=--—-1 and ¿= 1. Obviously, this curve has to avoid the points t= 0, 
t= = (2A/(A + 76) )3 as these would give rise to singularities of the hyper- 
geometric function. On the other hand, any such curve will be suitable for 
our purposes. However, with a view to the subsequent generalization of our 
procedure to the “exact” case, we shall use two special paths of integration, 
C, and Ca, the former apart from its terminals t == + 1, inside E[|7¢| < 1], 
and the latter outside E[|¢| 1]. C, will be used for values A, 6 satisfying 
(A+ 16) /2A| <1 and Cz for the case |(A + 16)/2A | > 1. 

It should be noted that the two terminals of the integration path, viz., 
t= + 1, will never be singularities of Hy2(A,6,1) since, for ¢= + 1, 
(A + 16) /2A 541 for real » and 9. 

The expressions thus obtained will not necessarily be analytical con- 
tinuations of each other (qua functions of A, 8). Since, however, the hyper- 
geometric equation has only two linearly independent solutions, the constants, 
A,, B, and As, Bə can always be so adjusted as to make these two solutions 
analytical continuations of each other. 


Remark. It would, of course, also be possible to characterize the path 
of integration in a manner which is topologically invariant with regard to 
the way the singular points of Ețtə(À, 0, t) are by-passed; using this definition 
we would, for any value (A, @), obtain one and the same function (A, 6). 
However, although this procedure has some theoretical advantages, its actual 
carrying out may give rise to certain difficulties; in practical applications 
it is much easier to assure analytical continuation by the determination of 
the constants Á», Ba if A,, B, are given, or vice versa. | 

The integral representation (4.11) can be immediately generalized to 
. the supersonic case where it will produce, in an analogous manner, solutions © 
of (2.12) with N, = NF, (see (2.18)). Indeed, replacing à by the variable 
o= À+ iA and considering the solution ¥(w,@) of (2.82) in the plane 
AX==0, it is seen that y(iA, 0) satisfies equation (2.12) with N==1/12A. 
Repeating the procedure which led to the generating function (4.9) in the 
subsonic case, we now obtain the generating function 


(4.12) Et = (asSo/(2A)*) F (1/6, 5/6, 1/2, P(A + 6) /2A) 
| ++ (bao (A + 6)8¢/(2A)2/*) F (2/3, 4/3, 8/2, P(A + 0)/2A), 
| 2(A + 6) /2A] <1. 
13 
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If F(a, B1,-y1,4) denotes only the hypergeometric series and not the hyper- 
geometric function, (4.12) has to be replaced, for | t?(A + 6)/2A | > 1, by 


(4.13) Et == (a8o/ (P(A + 8) 7°) F(1/6, 2/8, 1/8, 24/1 (A + 0)) 
+ (b8 (2A) (P (A + 6) °°) B(5/6, 4/8, 5/3, 24/1 (A + 8)), 
where the constants dz, ba are easily expressible in terms of a1, ba 


If 0A and t? =— 1, there arise certain difficulties, since the hyper- 
geometric functions in (4.12) will then become singular. By the trans- 
formation formulas of the hypergeometric function, (4.12) may be written 
in the neighborhood of ((A + 6)/2A)#? == 1, in the form 


(4.14) Et = (a8o/ (2A) 8) F(1/6, 5/6, 3/2, 1— P(A + 8)/2A) 
bae (2A/ (2A — P(A +0) ) E (1/3, — 1/3, 1/2, 1 — (A + 6) /2A). 


In order to avoid the complications which arise from the fact that the second 
term of (4.14) has a singularity for A == 6, t? — 1, we shall therefore take 
bz; == 0. The function Et will accordingly be of the form 


(4.15) E} == (aeSo/(2A)*) F(1/6, 5/6, 3/2, 1— #(A + 6)/2A). 


We note further that all these considerations can be repeated with A 
replaced by — A. Our operator will therefore yield two independent types 
of solutions, depending on whether the argument of the associate function 
is taken as A+ 6 or A — 8. 

The exact conditions under which our operator can generate solutions 
of the compressibility equation in the supersonic case are given in the 
following theorem: 


THEOREM 4.2. Suppose f.(£), s==1,2, are real functions of the real 
variable £ and everywhere differentiable with the possible exception of E =Q; 
suppose further that in a fixed neighborhood of ¢ = 0, fs can be approximated 
to any prescribed degree of accuracy by the expressions of the form 


Ş Án MEE K,=21. Then , 

(4. 16) H(A, 0) = Ria (f) + Rtl), 

Ria (fe) — f Eia (A, —(— 1) D felh (A—(— 1) 0) (1 — #) Jdt (1 — t3, 
s= 1,2 

represenis a solution of the compressibility equation, which is defined for any 


A > 0 and can be interpreted as a streamfunction of a (possible) supersonic 
flow pattern. 
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Prok By (4.12) we have 
a 17) Rfi(fi:) = a/ (RA) 


x f P (1/6, 5/6, 1/2, P((A + 0)/2A)f( (A + 0) (1— t) /2) (1 — t) 4a 
+ e(a + 6)8(2A)-*5 
x f (2/2, 4/3, 8/2, P(A + 6)/2A)fC(A-+ 0) (1— t) /2) (1 — #8) Aa 


In view of A > 0, the only values of (A, 6) for which this expression may not be 
differentiable are those for which A + 6 == 0 or for which u = f(A -+ @)/2A 
coincides with either of the values 0,1, œ for —1 < t< 1. The case u = œ 
is ruled out because of A > 0; the case u = 1, although corresponding to a 
singularity of the hypergeometric equation, does not give rise to a singularity 
of R, by virtue of our particular choice (4.15) of EH}. The case u = 0 need 
only to be considered for A +- 0 = 0, as ¿= 0 obviously does not cause any 
difficulties. 


Under our assumptions, it is sufficient to consider the special case 
(4. 18) fı (£) = faa = OLS, «= 1, 
in which (4.17) reduces to 
(4.19) Rt, (fi) = ai/ (2A) 


x f ram, 5/6, 1/2, (A + 0)/2A) (A + 0)“ (1 — t) © 4dt 


+ 6, (24) f EF (2/3, 4/3, 8/2, (A + 6)/2A) (A + 6) (1 — 2) 2d, 


For A + 6->0, this expression is obviously continuous. The same is also 
true of the derivative OR}.1/0H}. Indeed, OR}.,/0OH} (see (2.18)) behaves 
in the neighborhood of A + 8 = 0 like (A + 0)“; in view of x = 1, it there- 
fore remains continuous there. This completes the proof of Theorem 4. 1. 

Before we proceed to investigate the behavior of our solutions on the 
. sonic line, we note that (4.6) is not the only solution which si daca only 
on one variable. If we write 


(4. 20) p == I (A — Ap + 16) /2A 


and try to solve (4.2) by a function of one variable p, a formal computation 
shows that #*} as a function of » must satisfy the hypergeometric equation 
(4.7) with u replaced by p. 
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Accordingly, the generating function (4.6) for the operator of the second 
kind may be replaced by 


(4.21) EtA, 0, t) = Ay(— 2a) F (1/6, 5/6, 1/2, (A —Ao + 16) /2A). 


Besides its greater generality, the generating function (4. 21 with Ay 340 
has a number of additional features, which make it superior to (4.6) in 
many cases. In: (4.6) the point A=0, 60 is a singularity since, by 
approaching this point in a suitable manner, the argument of the hyper- 
geometric function can be given an arbitrary value. In (4.21) such a 
singularity does not exist, since A and A—A,-+ 76 cannot vanish simul- 
taneously if Ay =< 0. 

Another singularity, which can be removed by using (4.21) with A, 340 
instead of (4.6), occurs in the supersonic case. For ?==1 and A = 9, 
the second term of the right-hand side of (4.14) becomes singular. In order 
to allow for this case, we had to assume that b, = 0, thus somewhat restricting 
the generality of the solutions we could obtain. Setting A == 1A, it is seen 
that in the supersonic case the argument of the hypergeometric function in 
(4.21) becomes 


(4. 22) p= É(A + ido + 6) /2A. 


For ¢ == + 1, we have u s4 1 for real values of A, 6; the singularity in question 
is therefore removed and the constant b, in (4.14) may now take any 
arbitrary value. Moreover, (4.22) shows that u40 for A+-6—0; as a 
consequence, the line A+ 9 = 0 loses its singular character and the dis- 
cussion of the equivalent of (4.17) is considerably simplified. 

Thus, by the use of integral operators of the second kind with the 
generating functions (4.9) and (4.12) as well as (4. 21) we obtain solutions 
y == Im[pe(g)] which are defined in the subsonic and supersonic regions 
respectively. If g is defined in a (not necessarily schlicht) domain G, in the 
subsonic region and has, as its only singularities in G,, branchpoints of finite 
order (but not poles or logarithmic singularities), then the generated function 
is again defined in G,. (In particular, it has branchpoints at the same points 
and of the same order as g). 

If g is a twice differentiable function of one real variable in a schlicht 
domain G, in the supersonic region, the generated function will be a solution 
of (2.18). 

Thus by this procedure, we can generate solutions of (2.2) which are 
defined in adjacent domains, one in the subsonic, the other in the supersonic 
region. Our object is to show that these solutions can be continued across 
the sonic line. 
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This fact is immediately seen if we introduce a new variable," 


s= (—à)? for »A< 0, 


(a28) § = — A?/8 for A>Q0. 


The variable s==s(Mt+) considered as a function of Mach number Mf, 
possesses the property that s(1) == 0, and that 


(4. 24) ds(M+)/dM} = — 253 (8k + 3) M+ + O(1 — MF?) 
is non-vanishing and bounded in a sufficiently small neighborhood of Mt =L. 


If Ao s£ 0, and if g is regular for (—@ & 0 5 bo, 8 = À = A = 0) then 
the generated function is an analytic function of @ and s (and therefore of ĝ 
and M+) for (— b S0 S ho —s SsSs), s sufficiently small. 

If Ap == 0, we have to assume that lim Z*/8f(Z) exists (or alternately 


that lim Z/8q’(Z) exists) in order to assume that the generated function 
a 5 is rege also at the point 0 = 0, s = 0. 


5. Integral operator of the second kind in the case of the ‘‘ exact ’’ 
compressibility equation. As we mentioned before, any solution E* of the 
equation 
(5. 1) E* ze — PH zt — (L/t) "2 + 22th zz + 2ZtFE* = 0, 


LZ+Z 

multiplied by exp f Na] , (see (4.3)), is a generating function of 
-00 

an integral operator P(f) (see (3. 4b) which produces solutions of equation 


(2.8b). The series 1 3 (#°Z)"Q'™ (2), where the Q‘’s are solutions 
nzi 
of the system: 
2À 
(5.2) (20+ 1) QD 4 QQ” +4FQM = 0, QO —=—4 f Pa 
s ~00 


(see (87) of [6]), is a solution of (5.1). The above series converges for 
|Z| <2]A]| and reduces to the first summand of (4.6) for F = Ft. 

It is therefore desirable to obtain solutions of (5.1) which are defined 
in |Z|>2]A|. In this section we shall determine two power series 
H*) (k == 1,2), both converging in | Z | > 2 ||, such that in the simplified 
case, Ao RE*™® +. BoRH*@) reduces to (4. 9’). 





18 We note that in the simplified case we have 
s = — 2 « 3-2/3 (2/ (ke — 1) ) (2-%) /(3k-8) Ht. 
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THEOREM 8.1. Let 

Q 

(5.3) qm) = Y, Oy) (— A) ot (2/8) (a) k= 1,2, 
pz 

be a set of functions which are connected by the relations 
(5. 4a) Grn) +. Fq) == 0 
(5. 4b) 2 (1 + Fx) gn - gyn + AF m4) — 0, 


e hy ee. 
Then each of the functions 


(5. 5) ; ets) = S g) / (— AA id (2/3) « 
n=0 


is a solution of (5.1). Hach of the series converges in E[2|A|<|Z|]. 
Proof. Substituting the series (5.5) into (5.1) and equating the 
coefficients of ¢- (6+4)/8(_. 7) -(6n+1)/8 n == — 1,0, 1,: - +, to 0, we obtain the 
following set of equations: : 
(5. 6) gaz) + Bq) == 0, (n+ 2x) gz (rts) -+ zg th) +- Pq) == (), 
| n=0,1,-°°, 
which, if we assume that the q% are functions of » alone, result in the 


equations (5.4a) and (5. 4b). 
According to (2.17), F can be written in the form 


(5.7) : Pems*8(s),  s—=(—a), 


where S(s) = a + as + aos? +--+, % = 5/144, a, =—0,---, see (2.17), 
considered as a function of s, is regular in a circle of radius sọ say, with 
center at the origin. 
Introducing the variable s, we obtain 
grt) = — (ds/d(—2r)) (dg™® /ds) = — 3(— A) (dq /ds) 
= — 2572 (dg (™*) /ds) 
OAA (NELA) oes (4/9) [— 4s*¢6 (n+1,4) +. Siqa MUA) |, 


Hence, the system (5. 4a), (5.4b) assumes the form 
(5. 9a) 87gas Or) — sqa + 98 (s) ql = 0 


(5.9b) —8(n-+ 3x) s/q) 4 sgg (nts) — Fsg (me) 41 98 (s)q (ne) —= 0, 
. n == 0; 1, 2,38 e *’ 
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Lemma 5.1. There exists a system of solutions g(*), m=0,1,2,-:-, 
of (5. 9a), (5. 9b) of the form 


(5.10) qO a D DAT (9), Teih (8) = $ Cui g, CD 4 0 
y=0 i 


where each 7,'".(s) is a power series which converges in the circle | s | < so 


Proof. We shall first prove the above lemma for g®*) and then for 
arbitrary n by induction on n, i.e., we shall show that if the lemma holds for 


g(™*), then it must hold for q+. Let us first consider the homogeneous 
equation 


(5. 11) | SW es eo AsWs -i 9S(s)w = 0, 

The indicial equation (see [15], p. 225) is 

(5. 12) p(p—1) — $p + 5/16 = 0, or pı == 5/4, po = 1/4. 

By substituting w = s*/*y, we obtain the equation 

(5. 13) y” +- 9s" [S (s) —5/144]y = 0. 

Since s*[S(s) — 5/144] is a regular function of s for |s| < So (see 5. 7)) 
we may choose the two particular solutions of (5.18) as 

YJ, = C(O + GC, (01) g? + 0; (0,1) 93 -+ sa 

. Yo = C1, (92) 5 + CO, 6%) g? + er (0:2) 93 + as 
which yield 
gt) E C (92) gil/4 -+ OF (0,1) 99/4 -j (7, (9:1) 813/4 + e. == 94W (1) (s) 
q2) == (15%?) 98/4 a O, (%2) 59/4 A Op (%1) 18/4 Jaa = gë/4W (2) (s). 


In the case of the simplified equation we have [see (4. 9), (4.1), (4.3)] 
gti) = OF (04) (— A), Ct, (01) —. 216, 
gf?) = Ct, (0,2) (— A) 5/6, Ct (0,2) a= 95/8, 
In order to obtain analogous series for the “exact” case we choose 


(5.14) OOR = C(O) = 2/8, OKD = CF (08) — 26/8 


Let us now instead of (5.9a) consider the solution of the non-homo- 
geneous. equation (5. 9b) and let us assume that for n = 0, we have already 
proved that qg(*) has the form (5.10) and Tk™ (s) converges for | s | < so 

In order to prove that there exists a solution of the equation (5. 9b) 
of the form g(t) =a (3/2) (n+3+(2/8) s) Pp (+1) (s), we proceed as follows: 
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Let 
(5.15) ` qi) (s) = w(s)u(s), 


where w(s) = s**/4W)(s) is a solution (see above) of the homogeneous 
equation (5.11). Then u will satisfy the equation 
(5. 16) WUss + (BWs — W/28) Us = 3 (n + Fx) shgg(*), 


The particular solution of this equation is easily verified to be 


(5. 17) u == 3 (n -+ $x) f° wea f wq ™ ds) ds 
0 0 
Expanding q+), we obtain 


(5. 19) q (atte) (s) aod: g (3/2) (n+h+ (2/3) x) Tr (n+1) (s), 
T) (0) 
== [ (6n — 3 + 4x) (3n + 2x) /(38n + 8) (3n + 4k — 3) ]Tk™ (0) 40 
the series for T.(“* (s) converging for |s| < so. 


This completes the proof of Lemma 5.1. In order to prove Theorem 5. 1, 
it remains to be shown that it is legitimate to interchange the order of 
summation in the double series 


(5. 20) ŞS (—— tZ ) ~(n-Bt (2/8) 8) s Oy (ms) (—A) n~4+ (2/3) (x+y) 
n=0 y=0 


for 2 |A| < |Z|. For this purpose, we shall prove 1° 


LEMMA 5.2. 
(5.21) | Cp LD | = 2e4M/s,# 


for n -+ $4 = po, where Op'"**) are the coefficients of the series (5.2). 
Here, pọ and M are sufficiently large constants, and s, = s)(1-+ «)™. 


Proof. We shall give a proof by induction. Consider at first the C,(”, 
n=0,1,2,---. If we substitute the power series (5.3) into (5. 4b), it 
becomes evident that the C} depend only upon a, and are independent 
of the remaining coefficients an, n > 0, of the series expansion of S(s), 
(see (5.7)). On the other hand, if we substitute a% = 5/144, a, = 0 for 
n > 0, we obtain the simplified case considered in (4. 9’), where we had a 
representation for F} as a power series in (2A/-—-#?Z). Using the fact that 


16 We shall consider here only the case when x = 1. Exactly the same proof holds 
for k= 2. 
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E*} = Et/Ht = Sot(— 2a) Et (see (4.1) ff.) we obtain two power series 
for H*+; the first of which corresponds to the case x = 1 and the second to 
the case k = 2% Thus, setting A,=1 in (4. 9’), we have 


(5.22) B*t = (— 2a/— tZ) eF (1/6, 2/3, 1/3, —2/— PZ) 
= (— 2d/— BZ) "° | f 
Lit- atn) atn) 


+E 


n=1 4(4+ 1): -- (4 +n) -n! (— 2A/— (2Z)n+1/6 


whence 
(5.23) Co) = Ofod = U8, 0, D = Of, (m0) 


AFD G Fann! i 
1 Oy Rs 


from which the inequality (5.21) for u= 0 follows. 


REMARK. Since in this case v = p = 0, the number s, in (5.21) where 
v is replaced by u) may be given any positive value. For n = — 1, and an arbi- 


trary m, the inequality (5.21) follows from the fact that got) = > O61) satt/4 
is a solution of (5.9a) and the fact that S(s) = 5 Gus’ iS ecules in the 


#=0 
circles of the radius sọ (see also (5.13)); accordingly, 


(5. 24) | ap | S T/S” 
holds, if T is a sufficiently large constant. 


We now proceed to the proof (by induction) of (5.21) for n > —1 
and u >0. Let us assume that this inequality holds for some n + 1, and 
u= v— 1 as well as for N Sn and pS v+ 1. We shall prove that (5.21) 
then holds for N =n + 1, u =v. 

If we substitute the series (5.3) (with «x= 1) into (5. 4b), we obtain 
the relation 


atp (M+ rE (m+ EL By) (M+ at gr) Crs 

5. 25 v-1 

( ) ae 4go Oy.n) + 5 AC yD ayy er |) 
=0 f 


Hence, 


(5.26) | O21 + (4ao/ (n + E+ 8r) (m+ + 8))] | 
S M/s {[(1 + 2/8n)/ (1 + 7/6n + (2/3) (v/n))] 
+r (n +4 g) (m+ gH) 
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If n+ Sv > po, then 


(5.27) | Cy [1 + deto/po?] | S 2"*M/s081"*[1 + 6T'/po], 
or l 
Oy (mt) | < IM (1 + e) /Sos1 a IIM /34”. 


This completes the proof of Lemma 5. 2. 
In order to show that it is legitimate to interchange the order of summa- 
tion in (5. 20), we shall show that for 


| A | 2/8 S so — e, | —2A/— PZ | S 1— e, where e> 0, 


the series converges absolutely and uniformly. Indeed, by Lemma 5.2 we 
obtain : ' 


(5. 28) | S (42Z )- (2/8) ~n 3 y M1) (— A) 2+ (2/8) + (2/8) | 
n=0 p=0 


< M Ş ŞS an (— À) REGIS) ENAS] 7g Y | eZ | (1/6) +n 


n=0 y=0 


—M|—a/—#2| [1 —|—ay— ez [PL — | ye) J 


which for |A|? < so—e |—2A/—#Z|<1—.« 0<¢e<1, becomes 
smaller than M(1— «)1/°/e?, which shows that the series converges absolutely 
and uniformly. 

In order to obtain a continuation of a given streamfunction to the 
supersonic region, i. e., for imaginary values of A, it is convenient to replace 
à by the variable s = (—-2)?/8 used before in a different context (see (4. 23)). 
Then the generating function in the subsonic case may be written as 


(5.29) Bd, 6, t) = H (2A) B* (a, 0, t) 


= Soep (s)s* ŞS 5 C(t) g 63/2) ngvgy / (— tZ) n-3+ (2/8). 


n=0 p=0 
Ls Peay? s| A<] eE, 
(see (4.3) and (5.5)) where now 
(5. 29a) = — 59/2 + ib. 
By replacing A by «A, we see that (—A)?/* is changed to — A?/8. Thus 
we obtain as the generating function in the supersonic case 
(5.30) E(A, 86, t) 
Z S, (gjs 5 S ing, mn) (— s) (372mg (— t?Z ) n-h+(2/8)k 


n=0 p=d 
[s| < so 2|s|7<]|Z], 
where 


TWO-DIMENSIONAL TRANSONIC FLOW PATTERNS. 883 


Let us now restrict ourselves to a neighborhood of the point A == 0, 6 = b, 
(840) lying entirely in the domain D = E[| s | < so |s| < 3-8 | @| 7/9]. 


For (s, 6) e E[s? + (6 —6))* < 67/25], we have 
(5.81a) ZY = (i0)7[1 — (8%? —i(0— 6) )/i60]7 


= Ý, Gmn (8 — 4) 58/20 for M < I, 
(5.31b) ZY = (i64)7[1 + ((—s)% + (0—66))/6]7 
== X, bmn (8 — bo) "s/n for M >i 


because then both | (s°/?—1(6— 8o) )/iðo | and |((—s)?” + i(0 — Oo) )/8o | 
are less than ` 


(| s 8? + a |) /| 8 | 
< (3? |8| + | 0—60|)/| b | < -32+ 1)/5 <1. 


Here amn and bma are suitably chosen constants. Thus both the subsonic 
generating function and the associate function, and therefore P[f(—s°/? 
+10) ], may be expanded in integral powers of (@-—6,) and s¥/?, Similarly, 
in the supersonic case, P[f(i(—s)*/? + 160) ] may be expanded in integral 
powers of (9 — 8.) and (—-s)*/*. Both functions are determined and equal 
to each other for s = 0. 

We shall show that if f is regular in D, the coefficients of s’/*, yv odd, 
vanish, and therefore P[f(— s% + 76)] is an analytic function of s and 
(8 — 6) at (0, A). 


Truorem 5.2. If f is regular in the domain D=E[]s] < so 


|s | < 3-3 | 0 | 2/5], then the solution P[f(— sè + 10) ] is a regular function 
of sand (80 — b) in D. 


Proof. We have shown that P(f) may be expresed as a power series 
in s¥? of the form 


(5. 82) P(f) = >> In (8 — Go) 8*/?. 
Using the variable s, and noting the fact that N = (1/12)s?/(1-+ È An418"** ) 
(see (2.16)) equation (2. 8a) becomes 
(2. 8) tss + 98¥00 + le X ana” — 0. 
By substituting (5.32) in (2. 8’) we obtain the recursion formulae: 


(5. 38a) hes tgs 0 
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(5.33b) Ansa 


n~1) /2 | 
——[1/(n +4) (m+ 2) JA ae +2 > ( (3/2) + f)aenymyey-sheoies] 


for n odd, 
(5.330) Ainsa 


= [1/(m 4) (0 2) EM na +2 È (+ jaena] 


for n even. 


Since An, where n is odd, depends only on the previous m for odd m, 
we see from (5. 38a) that An == 0 for all odd n. 
Thus (5.32) becomes 


(5. 32’) RUF (—s°/* + i) ] = È fa (0 — bo) 3. 


Since s is unchanged by the result of putting iA for A, we obtain 


(5.34) © PHE s) +0] = È fa (0—0). 


The expressions P[f(— s°/* -+ i0) ] and P[f(i(— s) -+ i0)], qua functions 
of s and (6 — ĝa), are analytic continuations of each other across the sonic line. 

Thus, assuming that the associate function is regular in a sufficiently 
large domain, and applying the integral operator of the second kind, we 
obtain solutions of a compressibility equation defined in four adjacent domains, 


D,=E[M <1,6 > 8¥?|A(M)|] + E[M > 1,6> A(M)], 
Do = B[M <1,|6| < 3? |aA(M)]], 


D; = E[M < 1,6 < >32 | M(M)|] + E[M > 1,6< — 3a()], 
D, = E[M > 1,—3A(M) <0 < A(M)]. 


(See fig. 1, p. 859.) The solutions defined in D, and D; were derived in the 
present paper, while those defined in D, and D, were derived in [6, § 11]. 
In the simplified case, using the theory of hypergeometric equations, it 
was possible to combine these representations into one, which yields solutions 
of (2.2) defined in the whole M-6@-plane. In the exact compressibility equation 
the problem remains of combining these four representations into one. This 
problem can be attacked by using the integral operator of the first kind in 


addition to that of the second kind, and, in analogy to the simplified case, — 


developing a theory of differential equations with singular coefficients, which 
would furnish us with information corresponding to that used in the simplified 
case. As will be shown elsewhere, the methods of the Fuchs theory for ordinary 
differential equations can be generalized to the case of partial differential 


4 
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equations of type (2.14) with F being an analytic function of two complex 
variables and possessing certain singularities. In particular, if the singularity 
‘surfaces are linear, the following results which will be proved in a subsequent 
paper, will be valid: 


Tunorem 5.3. Let the coefficient F of y in equation 
(5.35) (84/022) + (84/022) + Fy=0, Zp=rA+iA, Za=0+ ù, 
have the form 
(5.36) FS S Amana WiZ, A, , £0, 

g Tetis a= 

where the coefficients Amn satisfy the inequalities 
(5. 37) | Amni | < A/p”p AZL pr >0, p> 0, 
being suitably chosen constants. 


If r0 is a complex constant which satisfies the inequalities 


(5. 38a) t A— (m/2)[1 = (1 + A.1-1/mn)*], 
0S arg (1+ A.1,-1/mn)* < 7/2, 


(5. 38b) T Æ As 1/4N, 
(5. 38c) Tso— m 
for m == 0,1, ©- ; n=0,1,---5; (m, m) (0,0), then the expression 


(5. 39) yy —— Wr7Z-A-w-1/ar $ BinnW™2", 


n=O 


will represent a solution of (5.35). Here Boo is an arbitrary complex 


~ constant, and the Bun have to be determined from the equations 


(5.40) 4[mn + rn — (A.1,-1m/4r) [Bann 
m-i n n-1 
= —— > ` Åm-p, Apa inv ` A.1, EE a 
u=0 p=0 p=0 
(5. 88) converges in 
E[| W | < p/AB, | Z| < p2/AB] where B = max [1, | Boo|, M/4], 


and 
M = max { (mn + m -+ n)/| mn +- rn — 4r mA,- |}, 
m = 0, 1,2,- -, n=0, 1,2, +, (mn) ~ (0,0). 
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THEOREM 5.4. Let the coefficient F of y in (5.35) have the form 


(5. 41) P == Zy? A oo + ZA (Za) + S Ap (Ze) Zi" 
n=0 
where 
(5. 42) Avo (1 — n?) /4,, n=0,1, 2, 


and the An(Z2) are analytic functions of Za which are dominated by 
A/ (R — 2)", (i.e, for which A,(Z.) << A/(R — 2)? n= — 1,0,1, 
2.° <- holds) A and R being suitably chosen positive constants. Then the 
CLPTESSLON 


(5. 43) pa Zits S By (Z2) Z", s= 1,9, 
n=O 


represents a solution of (5.35) which is defined in . 


(5.44) . EL[Z:|< (R—|4.|)/ +8), 

| Ze | <1—((—1)"(1 —44-29)4 + A)/(1— A209) 
where . 
(5.45) e= max [|(1— (—1)*(1— 44-29)? + A)/ (1 — 44-20)8 |, 


AUF ta) ] 
Te = $ -+ (— 1): (4 — A0), OS arg (4 — A20)? < 7/2, s=]1,2. 
Here Bo(Z:) is an arbitrary function for which 
(5. 46) Bo(Zs) << B(1— Rs), B>0, 
and B,(Z2) are to be determined by the relations 


(5.47) [1 + (—1)*(1 — 44-2,0)?]Bi(Z2) == — An(Z2) Bo(Ze) 
nin -+--(—1)*(1—44-2.0)2] Bu (Ze) 


te 
= — [B"n2 (22) + È Arv- (Z2)Brv(Z2)]  n=2, 8, +> 
val 


We should like to add here a remark regarding the general question of 
analytic continuation of a solution ¥(Z,Z) of a linear partial differential 
equation. If y is given in two different domains, say B, and Ba by different 
representations, say, in B, by the integral operator of the first kind in the 
form 


(5. 48) y = p = plg(Z)] + plh(Z)] 
[see (3. 11)] and in B, by another operator 


(5.49) yoyo fEZ,2,)FG20—#)) (dt (0—8) 


TWO-DIMENSIONAL TRANSONIC FLOW PATTERNS. 887 


[see (8.4a)] (not necessarily of the first kind), and the origin lies in 
B, {| Ba, then the problem of the analytic continuation of y, into the domain - 
B, is equivalent to the determination of g and A from a given f= 3 AnA”, 


n=O 


Setting Z = 0, and Ž = 0, respectively, in the relation 


(5.50) plg(Z)] + BIMZ)1—= | BZ, ZAGU — eatae) 


we obtain the identities ` 


(5.51) SZ" Š rav av = g(Z) + R(0, Z)h(0), 


n=0 
too X! Bran?) —= R(0, Z)g (0) + h(2) 
n=0 


where 
š ; 
(5. 52) try) == f #B, y™ (1 —— t?)"-22-"dt, 
t=-1 
a 
tan?) = f E, ® (t) (1 — #) dt, 
t=-1 


E(Z,0,t) =S E, (t)Z",  E(0, 2, t) = Š En (t) 2". 
2-8 nz=9 


[See 5, page 310.] It is thus seen that the analytic continuation of ya into 
B, and all the problems arising from it, such as the determination of the 
sinpularities, etc., are reduced to similar problems in the theory of functions 
of one complex variable which are given by their power series expansions. 


6. The determination of the associate function in terms of the given 
streamfunction. We now turn to the problem of determining the associate 
function f in terms of the given streamfunction. In the case of the integral 
operator of the first kind, the formulas (3.7), (8.10), (3.15), (8.16) yield 
the associate g,(Z). Therefore, if the continuation of the streamfunction 
(which a priori is given in the real plane) to complex values of the argu- 
ments is known, then these formulas immediately yield the associate. In the 
case of general integral operators (in particular, of that of the second kind), 
if the streamfunction is given in the form of a power series, then it may be 
shown (see [5], p. 310) that the associate can be expressed in the form of a 
power series. On the other hand, the streamfunction y is, in many instances, 
given in some different form, say the values of y and d¢/0M are given on a 
line M == const. If these quantities are analytic functions of 6, then from 
these data it will be possible to determine the coefficients of the series 
development from which we may then determine the associate functions in 
the way indicated above. However, this procedure gives only the function 
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element of f(Z), so that the function is in general determined only in a 
sufficiently small neighborhood of the interval of M = const. along which the 
values y = yı (0) and 0//0M == y2(@) are given. We shall show in the present 
section that, in the case of certain generating functions of the second kind, 
a formula expressing f in terms of the values y = y, (8) and 0¥/0M = x.(@) 
on the sonic line, M = 1, can be derived. According to the consideration 
of 5 an integral operator of the second kind can be written in the form 1” 


(6.1) yQ,0)— Im S ZOGA) ae) 
= (7 f Ba ey tae 


where 
(6. 2) B= ABO 4+ [47(1—#) PPA, Ax complex const. 


Here FE“), «==1,2, are the generating functions introduced in (5.5) and 
(4.1); Cə is a simple curve in the complex ¢-plane which connects t == — 1 
with ¢ = 1 and, except for the endpoints, lies outside E[| ¢| 1]. Moreover, 
C, has to be chosen in such a manner that [42 (1 — ¢?)] lies in the regularity 
domain of f for the values of Z under consideration. 

We assume the associate function to be of the form 


(6.3) f(E) = 3 ong i. cy complex const. 


which is suggested by previous considerations. Under the assumption that 
‘the (complex) constants Aj, A» satisfy the inequality 
(6. £) Im[ 4241] Æ 0, 


the desired inverse formula for f in terms of yi(@) and y2(@) is given in 


THEOREM 6.1. Let y(à,0) be a (real) solution of the compressi- 
bility equation (2.8a) which is defined in a domain, say B, situated in 
[31] A| <]8], àA <0] and such that its boundary includes an interval 
[65S 6S6,] of the transonic line X—0 not containing the origin. Let 


oO 
(6. 5a) lim y (à, 6) = x (8) = X a 6, av“) real const. 
A ->07 v=0 


(6. 5b) lim yar(, 0) =x) =a) dy 2) 6", Yar =— O4/0M, 


v=0 


(see (2.6)) then the Pa associate f of the integral operator (6.1) with 
generating function (6.2) and Ai, As satisfying (6.4) is given by 


27%n the remainder of this section we’ shall omit ene subscript “2” in a and 
shall write simply F., 
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(6. 6) F(E) =— { (—- 2ig) T =3.Im body] y[— af. 1% (o) di 
+S (1) f %e(0) dt] 
kzl C z 


where 
(6.7) o = — ué( 1 — 2), 
the constants dy, v == 0,1, 2, are 
(6.8) dy == — (2/8) 49/842, dy = —(2°/8/3)iV98,8,A1, de = — iGol 
the Sy are defined in (4.4). . 

REMARK 6.1. Developing the right-hand side of (2.6) into an infinite 
series and inverting it, we obtain the following series for (0\/0M) 
(6.9) @A/0M = [8/8 (1 — h*)*/8] (— à) 8 

X [1+ 3e (1 — A2) ( (8/10) + ah? — (4/5) 4) (=A) > +] 

Therefore it is legitimate to consider lim (— à)" (8y/ðA), instead of 
m (3p/3 M). 

Proof. A formal computation yields (see (5.3), (5.5), (5.14), (6. 8)) 
(6. 10). lim E(Z, Z, t) = — dgt/39-4/6 

A07 ; 

and 
(6. 11) — (— A) E (Z, Zt) = [dt + dot (1 — PIE ake 
We now Jete rine the limit values as à — 0- for the right-hand side of (6.1) 
and the derivative of this expression multiplied by (— à). Since by 
assumption these limit values are equal to expressions S aV and 


co p=0 
' E 38¥3(1 — hk?) ay 20 respectively, we obtain (by equating the coefficients 
v=0 


' of the 6”) the following system of equations 
(6. 12a) dy) == Tm[(— 24)- 0/9 dT, c], 


(6. 12b) dy?) == Im | (— 2¢)~ 1/8) oe + dolly )ev], v= 1,2,-°° 
where 


(6.180) DO = Í p/s (1 — #2) 9g 


T(1/3)r (v + 2/3) 
e F n = 0, am 8 


== + fe (4/8) nmi ( e (4/8) rs — 1) 


(6.13b) [Ty =f 45/3 (1 — 12) */8qt 
, en eee 1/8)P(v + 4/3) 
ae -— (2/8) nri { p— (2/8) rt _ at SIS cae ASE SOO I ae 
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We note that the last term on the right hand side of (6.18b) is obtained 
as follows: 


¢ Ty) a ones (3/2) f (1 PES g(t) 
Ca 
gos £5 (3/2) [t?4 (1 —s pyes] ee 8 (v J: 1/3) f ei — $?) v-2/3 dt, 
t=~1 Ce 


The first term in the last expression vanishes and in the second term, as in 
Ivy, we replace the integration curve Ca by the segments (—1,0-) and 
(0*,1) and a half-circle around the origin. 


. REMARK. Since the curve C, need only satisfy the inequality 

| t| > | 2A/(A + 40)|# (see 4.11), it is valid to replace it by a curve con- 
sisting of the segments (—1,0-) and (0*,1) and a half-circle around the 
origin provided the radius of the latter is greater than | 24/(A + 76)| 4 which 
approaches zero as A~>0. The right hand sides of (6.18a) and (6. 13b) 
are obtained by making the substitution #2 — r and considering the integrals 
in the three-sheeted 7-plane. In the following, we choose the sheet for 
which n—1. i 


We introduce the integrals 


(6. 14a) Jy® = Í, {5/31 — 4) rat 
k i l T(—1/3)T (v+ 1) 
san ~(2/8) nwt ( o- (2/3) rt 1) AT Rj aY T 
BOE) ZG BB) 
(6.14) Ty — f (a(t — eya 


: T(1/3)T (vy + 1) 
+ $e ni (e rt 1) To + 473) 
and note that 


(6. 15) TO Jy) = [yO J, 2) = — 39/2929, 


The determinant of the system (6.12) does not vanish for any v since 
it equals 
(6. 16) —(i/2)Im [dodo OF] 


which would vanish only if Im[d)d.]=—0. Since, by (6.8), Im[dode] 
== (2/3) So? Im[AeA,], the determinant does not vanish, because of condition 
(6. 4). 


E 


AN 


(6. 17) . Cy == 
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Solving (6.2), we obtain 


CT E T E EE cag i 
(34So?) Im[4-4:] á 2 v™® did y 


from which (6.6) follows. 


10. 


11. 


12. 


13. 


14. 


15. 
i6. 
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ASYMPTOTIC RELATIONS FOR THE EIGENFUNCTIONS OF 
CERTAIN BOUNDARY PROBLEMS OF POLAR TYPE - 


By ÅKE PLEIJEL. 


Introduction. Let V be a bounded connected and open domain in the 
Euclidean (£1, Ze, &3)-space and let § be its boundary. We consider the 
equation 
(1) AU — p (Ti, To, La) U + AG (T1, V2, gju = 0 in V 


with one of the boundary conditions 


(2) u==0 on 9 

or 

(3) du/dn = 0 on VS, 
In (1) 


A = 0?/dx,? + 0*/dx.? + 6?/dx,? 


is the Laplace operator, p({a1, Z2, %3) and q (Zi, Z2, 3) are given real functions 
and à is a parameter. In (8), ĝu/ðn is the derivative of u in the direction 
of the normal of S. The boundary conditions (2) and (3) shall be taken 
in R. Courant’s generalized sense and when (3) is concerned we assume 
V -+ 8 to be of the type considered by this author in his investigations on 
eigenvalue-problems of the kind (1), (8); see [3].4 In the main part of 
this paper we assume that the function p has a positive lower bound in V. 
In 12 we indicate how our results can be shown to subsist even under the 
more general condition that p is non-negative. Although less restrictive 
regularity conditions would suffice for our discussion-we assume the functions 
p and q to be bounded and continuous with their first-order derivatives. 

As is well known the eigenvalues of each of our problems (values of A 
for which the problem admits of a solution £0) are all real and have no 
‘finite limit-points. If g is non-negative (and £0) there are an infinity of 

positive but no negative eigenvalues. The problems are said to be of polar 
type if the function q changes its sign in V. In this case there are an 
infinity of positive eigenvalues and an infinity of negative ones. We denote 
these eigenvalues by An, n=: - -—2,—1,0,1,2,°--, and the corre- 


* Received March 25, 1948. 
1 Number in brackets refer to the bibliography at the end of the paper. 
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sponding eigenfunctions by ¢n(%1,%2,%3). The sequence of eigenvalues is 
supposed to be orderd so that Ai S Ax if i< k, M <0 if i< O'and AZO 


if += 0. The eigenfunctions shall be orthonormalized so as to fulfill the 
conditions 


. = § sign A, if a 


where P = (4%, %2,%3) and dV = d2z,da2dzz. We introduce the functions 
P) if g(P 0 
g (P) = } q(P) if g(P) > 


0 if g(P) =0 
and 


—q(P) if g(P) <0 
Se oe j 0  ifg(P)=0. 


Ii N (0 <An< T) and N(—T < n <0) are the numbers of eigenvalues 


in the assigned intervals the asymptotic relations ° 


(4) NO<M<T)ALES g (P)AV/6]T + 0( TH) 
and. , 


(5) MAT <a < 0) Lf go (P)AT/6a] TM + o(T%) 


“are known to hold true for each of the considered problems apn T tends to 


++ œ (see [5]). 


Following a method due to T.'Carleman ([1], I) we deduce the 
asymptotic relations for the eigenfunctions 


(6) 2 pH (P) = [a (P) /6t 1D? + o (7%) 
(7) S gut(P) = [g (P) /6r]T + 0 (T) 
-T <hn<0 


valid when q(P) 0. Let us remark that after-a multiplication by q (P) 
a formal but evidently non-legitimate integration of A and (7) gives the. 
asymptotic formulas for the eigenvalues. 

Let P and Q be points in V and let z be a complex number. We denote 
by G(P,Q;z) the Green’s function which for P == Q is singular as 1/4rrrę 
and which as a function of one of its argument points satisfies the equation 
Au — pu + zqu =Q in V and the boundary condition (2) or (3) on Ø. 


f(T) =0o(g(T)) when T> + © means that lim f(T)/g(T 


=+00 
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G(P,Q;2) exists if z is not equal to an eigenvalue. We put G(P,Q;0) 
= G(P,Q). Lf q has a positive lower bound in V we have 


CO 
(8) G(P, Q52) —G(P, Q) =z È n(P) n(Q) /M (n — 2) 
where An, n==0,1,2,:--, are the positive eigenvalues of the considered 


problem. (If p==0 and if the boundary condition (3) is considered, the 


value z = 0 is an eigenvalue; in this case, (8) should be replaced by a similar ` 


development of G(P,Q;2) —G(P,@;4%) where zo is no eigenvalue). If 
for z real and equal to — r the asymptotic behaviour of — 


(9) lim [@(P, Q; 2) — @(P, Q)] 
Q=P 


is deduced for r tending to + œ one obtains from (8) an asymptotic formula 
for the sum 


> dn? (P) /An(An + 1): 


By the use of a Tauberian theorem (see 9) it is then possible to prove the 
relation 


D pn (P) = [gt (P) /6x7] T°? + 0 (T/?) 
Anc T 


valid when the function q has a positwe lower bound in V. 


In attempting to apply this method in the case when q changes its sign 
in V we cannot let z tend to infinity through real values but have to consider 
the expression (9) for large complex values of z Actually we shall study 
(9) when z tends to infinity through imaginary values. We do this by 
considering certain variational problems of saddle-point type. By the help 
of an asymptotic formula for (9) obtained in this way we verify that the 
development 


(10). lim [4(P, Q52) —@(P, 0) 1 = È bi (P)/M (Oa — e) 


is valid when q (P) 540. Hence the asymptotic behaviour of the series in 
(10) is known when z tends to infinity through imaginary. values and when, 
at the point P, g(P) <0. By a suitable use of the Tauberian theorem the 
relations (6) and (7) follow. 


1. The. Green’s function. For a fixed but arbitrary position of the 
point P in V we choose the singular part T(P, Q; 2) of the Green’s function 


G(P,Q;2) =T(P, Q;2) —y(P,Q32) 
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so as to fulfill the following conditions. The difference | 
u(Q) =I(P, O32) — 1/4rrro 
~ 


shall be continuous having continuous derivatives of the first and second order 
with respect to Q; the integral 


Í, (grad? u + pu?) dV 


shall be finite. We consider a sphere V’ = (rea < R) with center in P which 
together with its boundary S’ = (rpg = R) shall be contained in V. Outside 
of V’ the function T'(P,Q;2) shall vanish identically. The explicit con- 
struction of T(P,@;2) will be performed in 6. 

As T(P,Q;2) and its derivatives vanish when Q approaches ©, the 
regular parts y(P,Q;2) of the Green’s functions fulfill the conditions 


(A— p+ zq)oy(P;, Q32) = (A— p +24) (P, Q52) ia V 
and 
y(P,Q;z2)==0 when Q lies in § 
or 
dy (P,Q;2)/dn = 0 when Q lies in 8S. 


2. Introduction of certain integral forms. Under suitable regularity 
conditions on u and v which do not necessarly involve continuity at S’ we 
obtain from | 


| D(u, v) — f, (grad u grad v + puv — zquv)dV 
by partial integration the expression 
D* (u, v) = — Í, u(Av — pv +- zov) dV 
+ Í, u(dv/én) dS + J oona +. J, «(00/on) ds. 


Here S’; and S'e both coincide with 8’. But 8’; is considered as the boundary 
of V’, its normal is directed outwards from V’ and the values of the functions 
in tho integral over 9’, arc obtained by approaching Gf frum tke inlesius uf F'. 
In the same way S'e is considered as one part of the boundary S-+- 8’ of 
V — V’; the normals of § and S'e are directed outwards from V — V” and 
in the integrals over 9 and S'e the values of the integrands are obtained by 
approaching § and S’ from the interior of V — V”. 
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The relation 


D* (T(P, Q32),u(Q)) —D*(u(@), T(P, Q;2)) = u(P) 


is easily seen to be valid if u is sufficiently regular and in particular for 
u(Q) =y(P,@;z2). With these values of u(Q) the identity 


D* (u, u) — 2D* (u, T) + D* (T, T) — D* (T — u, T — u) 
= D* (T, u) — D* (u, T) 
gives 
D* (y, y) — 2D* (y, T) “{- D*(T, T) n a e r—y) 
| = y(P, P;2). 
Here D¥ (y, y) equals D (y, y) and D*(T — y, T — y) vanishes. Thus for the 
regular parts of our Green’s functions we obtain the formula 
(11) E(y; T) + D*(T, T) =y(P, P32) 
where E(u; T) = D(u, u) —2D*(u,T). | 
By splitting real and imaginary parts we write z = x +- iy, U = U; + itz, 
G == Gy -+ 12, T =I + Wy, y = yı + tyz and s 
D (u, v) = D: (Ui, Ue; Vi, V2) + iDo (Urta; Vi, Ve), 
D* (u, v) == D*, (Urta; Vi, Va) -+ iD” a (Ur, Us 3 V1, V2), 
E(u; T) = E (th, the 5 T, Ta) + tE (ui, Uas F, T). 
The relation (11) is equivalent to the two formulas 
(12) E (y, ¥25 T, T2) +- D*, (T, T; T, Ts) = yi(P, P; z), 
(13) Ea(y,yo3T1,T2) + D*2(T1, T2; Ti, T2) = ye (P, P32). 


With 2¢(Q) = Ah (Q) + the(Q) we have 


E (ty, U23T 1,2) = J, {grad? u, + pu? — grad? us — pu,” 


(14) — h, (U? — U?) + 2hetiztle 
+- 2u, (AT, — ply + AD — he) 
— Bus (AT, — pl, + ATs + Ari) AV. 


3. Variational problems. We denote by ©’ the class of functions u 
which have the following properties. They are continuous and admit piece- 
wise-continuous first-order derivatives in V — 9. The integral 


y 
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(u, u) = Í, (grad? u + pu*)dV 


exists. In the case of the problem (1), (2) the functions of ’ vanish on 
S in Courant’s generalized sense. 
We denote by (”’) the sub-class of D containing functions which are 
continuous and have piecewise-continuous first-order derivatives in V. 
Putting x = 0 (which gives h,(Q) =0) we consider the following type 
of variational problems connected with the form 2, (uw, ve; T, T2). 


(A) With fixed values of the function us and varying u, we search for 
M (te) = min. E (tis Ube 5 T, Te). 

(B) Varying us we search for M = max. M (uz). 
We distinguish five problems I, IT, IMI, LV, V of this kind by the conditions 
on u, and Ue: 


I II IIT IV LV 
U, = Oin V w e (D) wu & (D) tw & LY Uz & D 
Us & D tts & LY uze (D) Us & (D) UW = 0 in F 


We call the values M (u2) obtained in these problems Mi (u2), ME (uz), 
- + -M7 (uo). By {M (us)}, {ME (u2)}, - - {MY (u2)} we denote the sets 
of values M!(u2), MY (u2), © -M’ (ue). The least upper bounds in these 
sets are MI, MY,- © - MY. 

Evidently M! (uz) = MY (u2) for the conditions on u, are stronger in 
problem I than in problem II. 1% follows that M! = MY. In problem III 
the class of admissible functions u» is part of the corresponding class in 
problem II which shows that {MWF (u:)} > {MVI (u:)}. This gives 
M! = ME, Continuing in this way we obtain 

MI Z MUS W > MIP > MY 
of whieh however we use only 
(15) M = MY 2 yp”. 
Note. It follows from |g(F)| = [max. | q |/min. p]p(P) that 


if hottyU2dV | S const. (Ur, U1)? (te, Ue2)4, 

v 

(16) if uy (AT, — pl, — hala) dV | S const. (Us, ur)3, 
v 


| f, ua (AT — ple + heT1) dV | S const. (Uz, ta)? 
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By the help of these inequalities it is easily seen that M (u) in the problem 
(A), (B) is >— œ. For an arbitrary but fixed u*,, M (u) S Fi(u*s, we; 
I, T2). From (16) follows that max #,(u*,;u2;Ty,T.) has a finite upper 
bound when this maximum is calculated with u*, fixed. Thus M = max M (uz) 
obtained in the problem (A), (B) is finite. 


4, The values of MI and MV. In problem I the class u, consists only 
of the function u,==0. Hence £;(u,u2.;T,,%,) reduces to 


(17) E (0, v2 3 Ts, T2) 
EA Í, [grad? us + puz? + Rus (AT — pIo + hr) ] dV 


and in order to solve our problem I we have to search for the maximum of 
this expression when u,e %®, which leads to the equations 


(18) 


Atle ——o7 puz =< AT, >, pre + hol; in y’ \ 
and 


6Uo/0n == 0 on 8’, 


Auo — Pus == 0 in V — V’, . 7 
(19) ĝus /ðn == 0 on. 8’, a 9 
Us = 0 on § or du./dn = 0 on $. J 


The last set of equations (19) give u:==0 in V—V’. And if G*(Q, D) 
is the Green’s function which belongs to the equation Au — pu =Q in V’ 
and to the boundary condition ĝu:/ĝn — 0 on S the solution of the first 
set (18) is 


(20) ua(Q) =— f, G (Q, I) (AP. — prs + als) on dV 
With this function ua(Q) (u2(Q) =0 in F — V’)we have 


Ma == E (0, tha 3 T, T) . 


On account of (18) we obtain by partial integration 


(21) M! = — if Us (AT, — pls + Ali) dV. 

For MY we find similarly í 

(22) MY = Í, tia (AT; — ply — hol.) dV 

where 

(23) wun (Q) =— Í, G*(Q, IL) (AT, — pPI, — hato) pgd V y | 
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5. The value of MUI, A simple way to handle problem III is to 
consider the corresponding problem in (©) X (D) where (D) is the Hilbert 
space obtained by completing (D) with respect to the metric 


(u, u) = J (grad? u + pu?)dV. > 
4 


Taking into account the inequalities (16) we see that the expression 
(according to our choice 2 = 0 we have h, = 0) 


E, (watz; Ti Te) = Í, [ grad? u, +- pu,? — grad? ug — pu,? 

-H RhottUs +> PATA (AT, —_— pry — he¥2)— RU (AT, = pls + hT) ] ay 
defines a non-homogeneous quadratic form in (D) X(D) which can be written 
(24) Ey (ay, uz; Ts, T2) 

== (Uy, U1) — (Ue, Uz) + 2 (Hu, Uz) +2 (thi; fi) — 2 (Ue, fe) 
where Hf is a linear, self-adjoint and bounded operator in (©) and where 
fı and fa are elements in (©) uniquely determined by the functions 
(AT, — pT, —A.T2) and (AT,— pr: + rı). The problem (A), (B) for 
the form (24) has a unique solution in (D) X (©) which at the same time 
is the unique solution of the problem to find a wu: u: in (D) X (D) for 
which the variation of (24) vanishes. This problem, however, is solved by 
Uy = Yı; Us = y2 Where yı + tyz is the regular part of the Green’s function 


G(P,Q@;ty). yı and y: can evidently be considered as elements of (D). 
Hence, 


M™ = E, (Yn Y2; Ts, Te) 
or according to (12) 


ME == y, (P, P; iy) — D* (Du T25; I T2). 
From this formula and from the inequalities (15) it follows: that 


(26) M+ D*: (Du Ye; Da, Da) S ya (P, P; iy) = MY + D* (Tu T25 Pa To). 


6. Estimation of y,(P,P;iy). We choose 
(27) PCP, Q32) = [nr(reo)/4rrpo] exp {— (p(P) — zg (P) ) rre} 


where 


| | Behar he 
R(T) =< 1—X(r)/X(R) when 4R Cr SR, 
| 0 when R <7, 
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and 
X (r) = J (t — 3R)? (t — R)?di. 
Evidently i i 


(28) |ar(r)|S1, | dnr(r)/dr | S const. R7, 
| d'r(r)/d? | S const. R. 


The radius R of the sphere around P, V’ == (rpg < R), shall be so small 
that the sphere together with its boundary lies entirely in V. The square- 
root in (27) shall have a positive real part. We put z = iy. 


Provided q (P) £0 at the fized point P? 
(29) T(P, Q3 iy) = 0 (reg exp(— cyrego)) when y>+ œ, reg E k, 


where ¢ is a positive constant (independent of Q and y). When r S 4R 
the function yr is constant == 1 and 


(Ag — p(Q@) +iyga(Q))T(P, Q; y) 
= (p(P) —p(Q) )T — iy (4 (P) — ¢(Q) DT. 


Hence, 
(30) (Ao — p(Q) + tyq(Q) )T = O (y exp(— cy*rrg) ) 


which by the help of the inequalities (28) is easily seen to hold true through- 
out the interval 0S rS R. 


On account of (29) and (30) we find that 
(31) D*(T,T) = Oy f exp (— 2cy?r)r dr) = 0 (1). 
The Green’s function G*(Q, I1) fulfills the relation | 
. G* (Q, TL) = Oren), Q and H in V. 
On account of this and the evident relation _ 
y exp (— ohr) = O (yr) 


where d is an arbitrarily small positive quantity we find for the function (20) 
u(Q) = 0 (y4 f ae on Teg? dV). 


3 As usual f = O {g} means that f/g. is bounded when the variables range in pre- 
scribed ways or in indicated domains. i 


a 


ae we 


a 
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holds true, the theorem asserts that 
(42) EBs [Hsin (xb) /n(1—D) Ju? + o (w) 
for u tending to infinity. 


Putting Àn? = un and y? =r in (40) we get a formula of the type (41) 
and the Tauberian theorem gives : 


D pra? (P)/| dn | = H| a (P) P/2r]T? + o(T5) 
An <T 


when T tends to -+ œ. It follows that the series 


(43) È ga? (P)/| de | 9" 


+O 
is convergent for every positive « Thus 3) ¢n?(P)/A,? converges and (39) 
N=~0O 


can be written in the form 


[J (eP, nav — F gut(P) /ra? sign io] 
(44) + È $u2(P)/| Ma [Qn — iy) 
= [ (sign g (P) +i) {$ |g(P) [8/40] y4 + 0>). 


From the convergence of (43) it is easily seen that the last sum of the left- 
hand side of (44) tends to zero when y tends to + «. It follows ‘that the 
expression in brackets on the left of (44) is zero and (44) reduces to 
+00 : 7 
(45) F oat (P)/] da (On — iy) 
— [ (sign g(P) -+ i) {$ | ¢(PY|}8/4ely? + O(g). 
10. Consequences of the Tauberian theorem. From the Tauberian 


theorem of the preceding paragraph we deduce results to be used in connec- 
tion with the formula (45). 


Let (An), n=- + -— 2, — 1,0,1,2, - +, be a sequence of real numbers 
‘such that A; S àx 'when t< k, M <0 when i<0, 20 when i20, 
o liM = — o and lim Àn = 4 œ. Let A, be positive numbers such that 

N=- OO n=+0) - , 


+00 i 
x An/| Àn | converges. We assume the relation 
n=-09 
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+00 pt 
46 Au An — = (Hi z LH kf- if {ye > 
(46) 2 4 /( iy) = (Hi + tHa)y age ) 
(a real, O<a<1) pas 


‘to be valid when y tends to + œ. By splitting real and imaginary parts 
we obtain from (46) when y tends to +- oo 


(47) È Anda/ (An? -+ 3°) = Hy” + o(9°);, 
(48) È An/ (a bY) = Hay + o (ye). 


We put Àn? = pn and y? =r and get from (48) a formula of the type (41). 

By the help of the Tauberian theorem we deduce cotrésponding to (42) a 

formula’ describing the asymptotic behaviour of the sum 2 A, for T 
Ani <P 


tending to + œ. By the Abel theorem which is the converse of the Tauberian 
theorem (41), (42) we find an asymptotic formula for the function 


Si | AnAin |/ (Àn? + 42) valid when y tends to ++ œ. By adding this formula 
N=~O0O 


to (47) we get an asymptotic formula for EN, (An? + 4°). Putting 


n=0 
Àn? = um, Y? =r in this formula and applying once more the Tauberian 
theorem we obtain a formula from which the asymptotic behaviour of 


© AnAn can be derived. The result is that 
Oman tT 


(49) 2 An = | (HM, sin(na) + H, cos(4ra))/r(2 — a) | T?-* + o( T?*) 
0<dn< 


when T tends to + œ. In a similar way we find 
(50) DS AnAn = [(— H, sin(4ra) + Ha cos(4aa))/x(2 — a) |? 
-T <Ant 
+ (2) 
for T tending to + œ. 

Note. We remark that the same result (49), (50) is true even if the 
hypothesis An > 0 is replaced by Ann > 0. To pror“ ¥his one has only to 
interchange the rôles of (47) and (48) in the indicated deduction of (49), 
(50). 


t 


11. Deduction of (6) and (7). With 


An = pra? (P)/| n|; H = {3 | g(P) |}?/4r sign q (P), 
H, = {} | g(P)|P/4r, a=} 
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the formula (45) takes the ‘form (48). Corresponding to (49) we find the 
relation (6) ee 

: Sb ) = [g (E) y6] T? + o(T*). 
j o o< 


Similarly, the rélition re l is ana from the formula (50) 


A p (P) = [q2 (P) /61°] T + 0(T%). 

12. On the case when p=0. We indicate briefly how our results 
can be deduced in the case when- the hypothesis min. p(a1, 22, Ta), > 0 is 
replaced by P(t, To t) = 0. We may as well ee the method when p 
vanishes identically in F. , 

We consider first the equation (1) with min. p > 0, but instead of ps 
Green’s function G(P,Q;ty) we consider G(P,Q;2-+ iy) with TÆ 0.. 
order to estimate -y(P, P; s +iy) when g(P) > 0, we choose 2 ae 


~~ i 


' In the same way as before we. get 


—_ 


‘ 
v 
j 


(51) MS JË P; ee ty) — D*, (Ty, T2; Pu r2) 2 MY 
but where now 
C=T(P,Q;¢+%y), 
M! = — min. Í, [ grad? us + pug? — hitz? 
+ Bua (AT, — pl, + hala +- Aor) lav, 
MY = nin T [grad? u, + pus? — min? 
+ 2u, (AF, — pr, + AT, — hr) dV. 
In (51) we let p tend to zero, thus obtaining a similar inequality but with 
yz T, and T, related to the equation Au + zqu == 0 instead of (1). The 


obtained values of 37” and MY are finite because of the fact that — hi is 
non-negative and not identically equal to zero in V”. With p == 0 we deduce 


estimates for MI, WY and D*(T, T) from which folléws 


n(P, P; + iy) =O(1) when y tends to -+ œ. 


In @ similar way 


15 
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ye(P,P;s -+ wy) =O(1) when y tends to -+ œ% 


is deduced. The case when g(P) is negative in the considered point P is 
treated similarly but with æ positive. 


This proves (6) and (7). 


13. Asymptotic formulas for the eigenfunctions in sub-domains where 
q(P) =0. We once more consider our problems under the condition that. 
min. p > 0. Let P be a point in a neighborhood of which q(Q) == 0 and choose 
R so small that ¢g(Q) ==0 in the sphere V’ = (rpg < 0). Because of this 
choice I'(P,Q;ty) is independent of y. The development of 5-7 remains 
valid (and is simplified) and we obtain 


lim [G(P, Q; iy) — G (P, Q)] = O(1) for y tending to + o. 


By considerations analogous to those of 9-11 it follows that when T tends 
to +- œ 
2 on (P) = o0 (T=), PEE 


ee ae 


x on (P) = 0(T**), 


-T chao 


where « is an arbitrarily small positive quantity. 


Without the assumption min.p>0 we cannot expect such simpic 
asymptotic rules tz be valid in sub-domains where g vanishes identically. 
Thus for the properly normalized eigenfunctions ¢,(z) of the one-dimensiona, 
problem 

du/da? + dq(a)u—=0 in —r Etr, 


du/de == 0 for zt = — r and for s = r, 
where 
i in 0257, 
ie) { 0 in —rS2< 0, 
one finds 


i/r when 0<t<r 
-$ 2 — 
‘im T eter (x) j 2/~r when —r <T <0. 
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C. T. Rajagopal, “ On Riesz summability and summability by Dirichlet’s 
series: addendum and corrigendum,” this JOURNAL, vol. LXIX, pp. 851-852: 


In condition (i*) of Corollary 3, p. 851, line 17, ‘t+. is to be 
corrected to t- +0? - 


C. T. Rajagopal, “ Some limit theorems,” this JOURNAL, vol. LXX, pp. 
157-166: 


Page 157, 1. 4, to be read as ($ 3) instead of (3). 


Page 158, 1. 9, to be read as 5 instead of Š ; 
N+1 


ntl 


Page 158, 1. 9, to be read as Dy instead of Dn l 
wr My Mpz 


Page 158, 1. 18, to be read as (Py +--+] instead of [2> p.e]. 
My Mpe 


Page 159, 1. 4, to be read as lim instead of lim. 


Page 159, 1. 4, to be read as A instead of A. 


- 





1 ee Ns 1 l 
Page 160, 1. 20, to be read (;- x) instead of ( Be Dai) ; 
Page 160, 1. 22, to be read L =) instead of 5a) 
A D -Dia De Dey’ 


Page 162, 1. 21, to be read as lim instead of lim. 
Page 165, 1. 27, to be read as > entn instead of J, enda. 
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